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ABSTRACT

In this work, we use splines of arbitrary degree and arbitrary smoothness to find
approximations of the 3D Navier-Stokes equations in velocity-pressure formulation.
We start by showing how to use splines to solve the 3D Poisson equation, the 3D
biharmonic equation and the 3D Stokes equations. For these problems the equations
are put in variational form and the associated energy functional minimized over a
subset of a space of splines. For the Navier-Stokes equations, we also derived based
on energy arguments the discrete equations satisfied by the solution. Numerous
numerical results are provided.
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CHAPTER 1

INTRODUCTION

We consider in this dissertation numerical solutions of Partial Differential Equa-
tions using splines of arbitrary degree and arbitrary smoothness over an arbitrary
tetrahedral partition of a bounded domain in R3. The basic strategy used here is
to minimize a suitable functional over a subset of a spline space. We have traced
back the idea of minimizing functionals to as early as 1972 where the first theore-
tical study of the method of Lagrange multipliers appeared [Babuska’72]. The book
[Fortin and Glowinski’83] gives an account of such methods. The main contribution of
this dissertation is that we have implemented approximations of PDE’s on bounded
domains in R? using splines of arbitrary degree and arbitrary smoothness. The
approach we take here using the B-form of splines over tetrahedral partitions falls
within the framework of the so-called Generalized Finite Elements [Babuska’96]. We
notice that extension to arbitrary smoothness has been announced in [Babuska’96]
but has not been yet implemented tested and experimented. However in the frame-
work of [Babuska’96], the basis functions are assumed to already have some smooth-
ness properties. In [Babuska’72|, Lagrange multipliers are only used to enforce the
boundary conditions, the idea to use them to systematically enforce smoothness
conditions does not seem to have attracted attention. Dorr, [Dorr’88] used Lagrange
multipliers to enforce continuity compatibility constraints in domain decomposition
methods. Let’s also mention that there’s a current trend to use penalty terms to

weakly enforce interelement continuity of solutions and of their normal flux in the
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so-called discontinuous Galerkin methods, [Cockburn, Karniadakis and Shu’00]. We
have been able to construct numerical solutions of arbitrary smoothness across inte-
rior triangular facets which do not share a face with the boundary. To summarize,
our approach is like the finite element method using piecewise polynomials over
tetrahedral partitions. The main features are: no local basis is constructed, smooth-
ness can be imposed in a flexible way across the domain at places where the solution
is expected to be smoo th, and we can use polynomials of arbitrary degrees. There
are still questions about the convergence of the method for higher order smoothness
we have not settled. This has to do with the fact that not much is known about
the approximation properties of trivariate spline spaces. We first review the ques-
tion of how to refine a tetrahedral partition while retaining basic properties that
guaranty the quality of the numerical solution. We identify a refinement strategy
and indicate some of its properties. Then we introduce the spline spaces which will
be used in this dissertation. The B-form representation of splines [cf. de Boor’87]
is discussed in that chapter and we review what is known about the approxima-
tion properties of trivariate spline spaces. We continue by exposing our method of
solving numerically partial differential equations. The basic idea to use splines was
first suggested by Ming-Jun Lai then we framed the problem in a minimization set-
ting. We have in an extensive way benefited from his implementation techniques for
2D problems. The programs have been implemented in MATLAB. To compute least
squares solutions of equations involving square singular matrices, we added a row
of zeros making the matrices non square. When the matrices become very large, we
have found useful to use an algorithm that reduces the problem to solve systems
of equations of smaller size. We consider how the method is applied to the Poisson
equation with both Dirichlet and Neumann boundary conditions then we study the
biharmonic equation. The motivation to study the biharmonic equation is that it

would be useful to approximate the solution of the Navier-Stokes equations in stream
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function formulation. In any case it gives an example of how our techniques can be
applied to a high order partial differential equation. The next chapter is devoted
to the Navier-Stokes equations. We provide a heuristic derivation of the equations.
Then using energy arguments, we derive the discrete equations satisfied by the solu-
tion. We then consider the numerical approximations of the Stokes equations and
the Navier-Stokes equations. We give a uniqueness result for the discrete equations
and prove convergence of our numerical schemes. Finally we conclude with remarks
about the strengths and weaknesses of our techniques and some additional topics

that will constitute a sequel to this work.



CHAPTER 2

TETRAHEDRAL PARTITION OF POLYGONAL DOMAINS OF R3

To increase the accuracy of numerical computations, one typically subdivides the
domains of numerical computation into smaller elements taking care that the ele-
ments do not degenerate, (a measure of degeneracy is introduced below). This is
because the error bounds for numerical solutions involve a constant which depends
on the degeneracy of elements and the size of these elements. So the idea is to assure
that the degeneracy of the elements does not exceed a threshold, i.e. that one has a
quasi-uniform partition.

In R?, by connecting the middle points of the three edges of a triangle, one obtains
four sub-triangles which are all similar to the original one. Proceeding this way, one
can get a uniform triangulation. The situation for tetrahedral elements is completely
different. It is not difficult to convince oneself that it is impossible to subdivide a
regular tetrahedron into eight identical sub-tetrahedra. We start by showing that
without careful subdivisions, one can at each level of refinement introduce tetrahedra
which are more degenerate than the ones at the previous level. Then we show that
it is possible to subdivide a model tetrahedron (which is non-degenerate) in such
a way that only one type of tetrahedron arises upon successive refinements. Then
we show how to extend this procedure to an arbitrary tetrahedral partition to get a
quasi-uniform refinement.

We start with a few notations and definitions.



2.1 NOTATIONS AND DEFINITIONS

A tetrahedron is said to be non degenerate if

h
O'T:—T<OO
pr

where hr is the diameter of 7', i.e its longest edge and pr is the diameter of the
largest sphere inscribed in 7. A tetrahedral partition is said to be quasi-uniform or

shape regular if there is a constant o such that

T
or=— <0<
pr

for each tetrahedron 7" in the partition, [Braess’92].

We will deal in this dissertation with a polygonal domain Q of R? with piecewise
planar boundary. This hypothesis is made to make sure that the domain can be
subdivided into tetrahedra. Some results hold for more general domains. At times
we will indicate other assumptions on the boundary. A tetrahedral partition 7 =

{t1,...,tar} of Q is said to be admissible provided that
LtCcOVEteT, Ut =9
2. 7Nt = 0, Vt;,t; € T and t; # t;, where 7 denotes the interior of ¢;.
3. Vt;,t; € T, exactly one of the following holds:

e ¢; and ¢; have a common vertex, a common edge, a common face or their

intersection is empty.

2.2 A GLOBAL REFINEMENT SCHEME

It is desirable when refining a tetrahedral partition to keep the partition admissible as

well as getting a quasi-uniform partition as explained above. We distinguish two basic
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strategies to refine a tetrahedron. A refinement into two tetrahedra and a refinement
into eight tetrahedra. We'll discuss extensively the latter since it leads to a 'more
stable’ refinement in the sense that the sub-tetrahedra are never more degenerate
than the original tetrahedron. Throughout this dissertation, by tetrahedral partition,
we shall mean an admissible one.

Given a tetrahedron T with four vertices ai, as, as and ay, we let a9, a13, @14, a23, Go4
and azs be the midpoints of the edges, where a;; is the midpoint of the edge joining
the vertex a; to the vertex a;. Using these points we form four tetrahedra in the
corners of T" and an octahedron. The four corner tetrahedra are (ai, iz, ai3, a14),
{(ag, 12, a3, o4), (a3, ass, a13, azs) and (a4, a14, o4, ags). There are three diagonals of
the octahedron: (ajs,ass), (@14, azs) and (as4, ai3). The choice of a diagonal of the
octahedron determine the other sub-tetrahedra.

If the diagonal (a1, as4) is chosen we get the following tetrahedra: (a4, o4, @12, azs),
(12, azq, a13, A1), (12,34, @24, az3) and (ajo, asg, ais, asz). The octahedron can be
seen as formed with two pyramids which are then each divided into two tetrahedra.

We have then three possible refinements 7y, 75, and 73 depending on the choice
of the diagonal. Let 0; = max{oy,,t; € T;}, i = 1,2,3. There are various rules to
pick the diagonal. We suggest to simply pick the one that yields the smallest o. It
appears that for an arbitrary tetrahedron, one of the o]s is always bigger than the
others so it is possible to always pick a diagonal generating a sequence of degenerate
tetrahedral partitions. The proof of this result can be found in [Zhang’88]. We show
that for the model tetrahedron introduced in [Ong’94], the smallest o corresponds
to the one that measures the degeneracy of the original tetrahedron. This assures
quasi-uniformity of the refinement. The extension of this algorithm to a tetrahedral
partition is straightforward. For each tetrahedron in the partition, we simply apply
the above refinement strategy. The only inconvenience for this refinement strategy

is that it is time consuming to compare all the choices before picking one.
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To proceed we’ll need a more computer tractable formula for the shape measure

o. We have for any tetrahedron T,

6V

== 2.1
pT ST ) ( )

where V7 is the volume of T" and St its surface area.
To see this, notice that the four tetrahedra formed by connecting the vertices of
T to its center have the same height, the radius r of the largest sphere inscribed in

T. The volume Vr is given by the sum of the volume of the four sub-tetrahedra. So
1 1 1 1
Vi = 5517” + 5527“ + gSgT + §S4T,

where the S;’s are the area of the faces. It follows that Vr = %STT where St is the
total surface area. So r = % and finally we get (2.1).

Using (2.1) as a shape measure we have made some experiments which we now
report. The type of a tetrahedron is defined by the lengths of its edges.

We refine a model tetrahedron T, with vertices a; = (0,0,0), as = (1,0,0),
az = (0,1,0) and a4 = (0,0,1) such that the diagonal that produces the most
degenerate sub-tetrahedron is chosen. We list in the following table the number of

tetrahedra, the maximum shape measure o for the refinement and the number of

types of tetrahedra.

Tetrahedra | Sigma | Types

1 4.1815 1
8 6.8102 2
64 10.1948 4
012 16.6254 10

4096 26.8399 24
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We now choose the diagonal such that the shape measure o is the minimum
among all three choices. This leads to a uniform refinement in the sense that we
have tetrahedra of the same shape at all levels of refinement. This rule seems to
satisfy Ong’s rule of uniformly refining a cube [Ong’94]. We therefore conjecture
that when applied to an arbitrary tetrahedron, we’ll get a quasi-uniform refinement

and that at most six types of tetrahedra will arise upon iterative refinements.

Tetrahedra | Sigma | Types
1 4.1815 1
8 4.1815 1
64 4.1815 1
512 4.1815 1
4096 4.1815 1

Notice that for the model tetrahedron, only one type of sub-tetrahedron arises
after refinements. This is not the case for an arbitrary tetrahedron. For example
if we uniformly refine the tetrahedron with vertices a; = (1,0,0), as = (2,2,0),

az = (0,1,0) and ay = (0,0, 1), we get the following table:

Tetrahedra | Sigma | Types
1 5.3660 1
8 5.4495 3
64 5.4495 4
512 5.4495 4
4096 5.4495 4




2.3 LOCAL REFINEMENT

In the previous section, we described a strategy to refine a single tetrahedron into
eight sub-tetrahedra and indicated that this strategy could be applied to all tetra-
hedra in a partition to get an admissible one. Let’s point out that in some situations
it is desirable instead of refining all tetrahedra in the partition, to refine only a few.
For example one may want to avoid solving a very large system of equations as
a result of having too many tetrahedra and at the same time want to reduce the
approximation errors in some regions where it is unacceptable. In that case it is more
delicate to get an admissible partition. Our refinement scheme for a single tetrahe-
dron could be combined with ideas of [Liu and Joe’96] to get a local refinement

strategy. We refer to their paper for additional details.

2.4 CONCLUSION

We have presented a refinement strategy which is basically a concatenation of
previous results. The numerical solution of three dimensional partial differential
equations is expensive in terms of CPU time and computer memory so in general we
have not been able to show several levels of refinement. If one simply subdivides a
tetrahedron into two sub-tetrahedra, the accuracy of the numerical solution does not
decrease fast through refinements. On the other hand it does not lead to a uniform
refinement which will definitely help show numerical evidence of convergence of
our algorithms. The bisection method for tetrahedra has been theoretically studied
in [Liu and Joe’94]. Basically, given a tetrahedron T = (a4, as, as,as), using the
midpoint ¢ of its longest edge say (aj,as), it is bisected into two sub-tetrahedra
{(a1,t,a3,a4) and (t,as,as,as). We show here for a cube of volume one subdivided
into six tetrahedra the shape measure and the number of type of tetrahedra which

appear at different level of refinements. We have numerically checked that for this
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situation, simply bisecting each tetrahedron in the cube with its longest edge leads

to an admissible tetrahedral partition.

Tetrahedra | Sigma | Types
6 4.1815 1
12 4.4142 1
24 3.8284 1
48 4.1815 1
96 4.4142 1
192 3.8284 1
384 4.1815 1
768 4.4142 1
1536 3.8284 1

These jumps in the shape measure o, as we shall see, will have an effect on the

quality of the numerical solutions. For this reason, the bisection method has not

been used extensively in this study.



CHAPTER 3

TRIVARIATE SPLINE SPACES

In this chapter, we introduce trivariate spline spaces. We generalize to the 3D setting
some results in [Lai and Schumaker’00] which will be needed. [de Boor’87] presents
a different approach in a multivariate setting.

Given a bounded domain Q of R? with piecewise planar boundary, let d > 0 be
a fixed integer and let 7 be a tetrahedral partition of 2. We are going to use the

spline spaces
SH(Q) = {p € C"(Q), py € Py, W€ T)

to approximate solutions of PDE’s defined on 2. P; denotes the space of trivariate
polynomials of degree d. The B-form representation of splines on tetrahedra will be
used, [de Boor’87]. This enables us to efficiently handle the condition that p € C" ().

We are interested in trivariate polynomials of degree d. Those are functions

defined on R? of the form

p(z,y,2) = Z Oéijkl"iyjzk, (3.1)
0<i+j+k<d

where the o, are real numbers.

3.1 THE B-FORM OF POLYNOMIALS ON TETRAHEDRA

We will derive a representation of a polynomial p on a tetrahedron equivalent to

(3.1) using barycentric coordinates.

11
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3.1.1 BARYCENTRIC COORDINATES

Let T' = (v, v9, v3,v4) be a non-degenerate tetrahedron with v; having coordinates

(i, yi, 2i), 1 = 1,2,3,4. We have
Lemma 3.1.1 Every point v = (x,y, z) can be written uniquely in the form
v = bivy + bavo + byvs + byvy, (3.2)
with
by + by + b3+ by = 1. (3.3)

The .s,i = 1,2,3,4 are called the barycentric coordinates of the point v = (z,y, 2)

relative to the tetrahedron T'. Moreover each b; is a linear polynomaial in x,y, z.

by
by
Proof: (3.3) can be written ( 1111 ) =1 and (3.2) can be written

b
by

T T T2 T3 Ty

Yy - b1 Y1 + b2 Y2 + b3 Y3 + b4 Y4

z 21 Z9 z3 Z4

This written in matrix form combined with (3.3) in matrix form gives

by 1

b2 T
v —

bs )

b4 z

11 1 1

X1 To T3 T4
where V' =

Yr Y2 Ys Y4

21 R2 23 24
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We have det V' = 6 volume(7'), which shows that the equation is nondegenerate

proving existence and uniqueness. Using Kramer’s rule, we have

11 1 1

r Ty T3 T4

det V Y Y2 Ys Ya

Z R9 R3 24

and similar formulas for the other bls,i = 2,3,4. This shows that they are linear
polynomials in z, ¥, z.

Remark: In the interior of the tetrahedron (vq, vy, vs, v4), we have b; > 0, i = 1,2, 3.
This can be seen by noticing that b; is a linear polynomial with value 1 at the vertex

v; which vanishes on the face opposite to v;.

3.1.2 THE BERNSTEIN FORM OF POLYNOMIALS

For v = (z,y,2) € R3, let (by, by, b3,bs) be the barycentric coordinates of v with
respect to T = (v, ve, v3,v4). We introduce the Bernstein polynomials of degree d

as follows
d!

d _
Bijn®) = o

VibGbEDL, ik l=d.

They are polynomials of degree d since each b; is a linear polynomial. We have

Theorem 3.1.2 The set B* = { Bl (v,y,2),i+j+k +1 = d} is a basis for the

space of polynomials Pj.

Proof: We recall that the dimension of Pj is (d;f?’) and notice that the number of

Bernstein basis polynomials is equal to the dimension of P,. It is therefore enough to

show that any polynomial z"y*2",0 < v+ u+k < d can be written as a combination
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of elements of By.

1= (by + by + b3 + by)*

d' 11771kl
= > i!j!k!l!blb%%b‘l
i+j+k+l=d

itjtk+l=d

so 1 belongs to the linear span of B And this is valid for any d > 0. Now

r = b1£U1 + b2£U2 + b3£U3 + b4£U4

= (byxy + baxo + b33 + byxy) Z B?j?cll (v),

i+ jt+k+H=d—1
and we have

i-1 o (A=D1
b B, = blwbﬂf;bgm

1 d! i+1177kyl
= dagemtr Pababa
i+l d!
d i+ DYED

i+1
=g Ditlikp

by b 050,

etc, so

[+ D21 B g + (G + D22 Bl ]

QUl

>

itjtktl=d—1

1
p ["‘(/‘7 + 1)$33fl,j,k+1,l + (I + 1)$4B§i,j,k,z+1}

L. .
= Z 8(@1‘1 +]IL’2 + kl‘g + ll‘4)B;i’j,k’l.
1+j+k+l=d

and analogous relations for y and z. This shows that x,y and z belong to the linear
span of B
Now for 1 < p+ v+ k < d, we have
ahy" 2" = (biwy + bawz + baxs + bawa)" (bryr + baya + bayz + baya)”

X (blzl + b222 + b323 + b4Z4)K(b1 -+ b2 + b3 + b4)d7/l71/7h]
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and

d! : .
(bll‘l + b21‘2 + b31‘3 + b41‘4)u == Z W(blxl)l(lbl?)]
i+j+k+l=p

X (bgl‘g)k (b4l’4)l

_ . L
- § C(Z,],k,l,$1,$2,$3,l’4)Bi]~kl,
i+j+kHl=p
with e(i, 7, k, 1, 1, X9, T3, x4) = 2} xjx5x. Finally

vk .o 1
i+j+k+l=p

X Z C(iajak7l7y17y27y37y4)Biﬂjkl
i+j+k+l=v

.o I
X E c(z,], k1, 21, 29, 23, Z4)Bijlcl
itj+k+l=x

d—p—v—=k
X E Bijkl .

i+j+k+l=d—p—v—-k

Collecting terms, we get
ahy” " = Z c(p, v, /i)ijlefjkl(a:, Y, 2)
it j+htl=d
for some constants c(yu,v, k);jp which depends on (x1,22,23), (y1,%2,y3) and
(21, 22, 23). This completes the proof.
As a consequence any polynomial p of degree d on T' can be written uniquely

itj+k+l=d

The representation (3.4) is referred to as the B-form of p. The c¢;;, are the B-
coefficients of p. The B-net of p is a vector of all B-coefficients for all the tetrahedra
in the tetrahedral partition. For later use we define the set of domain points in 7" to
be

’iUl + jUQ + Iﬂ)g + lU4

- idj+k+l=d) (3.5)

Dyr = {&ijm =

It is common practice to associate the coefficients c;jp; with the domain points &;j.
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3.1.3 INTERPOLATION BY TRIVARIATE POLYNOMIALS ON TETRAHEDRA

The following will be an essential tool when we study smoothness conditions, i.e.
conditions on the B-coefficients that assure that a piecewise polynomial on a tetra-

hedral partition is smooth across tetrahedra.

Theorem 3.1.3 There is a unique polynomial p of degree d that interpolates any

given function f on a tetrahedron T = (vy,vq, v3,v4) at the points in (3.5).

Proof: Let m=dimP, and (,)7_, be a set of basis functions of P;. We can choose
for (v,)7, the Bernstein polynomials we have just introduced. The problem is to

find

m
P=> CaYa
a=1

such that

plag) = flag), B=1,...,m,

where the ag’s denote the domain points in (3.5). This amounts to finding (¢,)7,

such that

m

anfya(aﬁ) = f(ag), B=1,...,m.

a=1
Let G = (7a(ag))a g1, ¢ = (c1,...,cm)" and b= (f(a1),..., f(am))". The problem
is then to solve G'c¢ = b. Since G is square it is sufficient to show that G is nonsingular.

Let ¢ such that Ge = 0. That is, there is a polynomial p = """ | ¢,7, such that

plag) =0, [F=1,...,m.

We show that p is the zero polynomial which will imply that ¢ = 0. We use the

following lemma whose proof can be found in [Lai and Schumaker’00].
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Lemma 3.1.4 A bivariate polynomial p of degree d is uniquely determined on a
triangle (vy,vq,v3) by its values at the domain points &, = witjvetkvs - Note that

d

here the domain points have three indices.

For each [ = 0,...,d, let ayxz + By + vz = &; be the equation of the plane P
containing the domain points {&;;x;, @+ j + k +1 = d}. For each [ the domain points
on that plane can be considered as domain points on a suitable triangle. Let’s assume
that the theorem is true for d — 1, we show that it is true for d. Since p reduces to a
bivariate polynomial of degree d on F,, by the previous lemma p vanishes identically

on P, and we write

p(z,y,2) = (aox + Boy + Yoz — do)q(x,y, 2),

with ¢ of degree d — 1. This implies that ¢ of degree d — 1 is identically zero on
the domain points {§%kl,l # 0} = Dy, r. By induction hypothesis ¢ is the zero
polynomial. This completes the proof.

Numerical example: For computational purpose, we need to order the c¢;jp, i +
j+ k+1 = d. The order we choose for the domain points on the tetrahedron
(v1, v9, v3,v4) can be described as follows: First we list the coefficients on the triangle
(v1, v9, v3) the ones on the edge (vy, ve) first starting with the coefficient associated
with the vertex vy, then we continue with the other coefficients towards the coefficient

associated with v4. Specifically for d=2, the order is

C2000, €11005 €0200, €10105 €C0110, €00205 C1001, €0101, Co011, C0002-

Explicitly, for t = (vq, vy, v3,v4) with v; = (0,0,0), v = (1,0,0) v3 = (0,1,0)
and vy = (0,0,1) and p(z,y,2) = z? + 3xz + y?® of degree 2, the B-net is
(0,0,1,0,0,1,0,1.5,0, 1). This result was obtained by running a Matlab code but it

can be computed by hand.
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3.1.4 DE CASTELJAU ALGORITHM

There’s a recurrence relation about Bernstein polynomials that has algorithmic con-

sequences (De Casteljau algorithm). Notice that

d!
d ) k
Bijkl ' 'k"l'blb%b b4
_ (d ) 7 k
= b bibkD,
d—
:(i—i-j—l—k—i-l)( )b’bfb’“b4,

i1k

since 1 + j + k + 1 = d, so that

d— d— d—1 d—1
Bzgkl blB 1] k.l + b2B i,j— 1 ksl + b3Bi,j,k71,l + b4Bz’,j,k,l71'

Now, let

_ Y
b= E CZJleijkl

itjtk+l=d

. 0 . .
and let’s write c;j, = ngl?;z- Using the recurrence relation for Bfljkl, we get,

- d— d— d—1
p = E blcz]le 1.k + bZCZJle ij—1,k,l + b3cz_]le7,] k—1,
i+j+h+l=d (3.6)

(0)
+ b4¢;531 Bijiei—1-

Each term in the sum (3.6) can be treated the same way. For example,

(0) pd—1 _ (0) d—1
Z blcl]leZ_lﬂvk,l - Z blcz'i—l,]:k,lBZ,]:k,l
i+j+k+l=d i+j+k+l=d—1
We can therefore write, noticing that BZ] k18 a common factor in all 4 terms,
_ d—1
p= ) (01641, + b2 g1,k + b3Cijger1y + bacijpi1) By j gy (3.7)
itjtkti=d—1

We therefore define, for a positive integer r

() _ 1) 1) 1) r—1)
Ciim(b) = blcz-}—l gkd T bZCz Gl T bSng k1 T bac} SR NARE
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so that

_ (1) d—1
p= Z Cijlcl(b)Bijkl ’
i+jtkHl=d—1
with

igkl — Cijkl-

And one can easily verify, using induction that
_ (r) d—r
D= Z Ci;kl(b)Bijkl’
i+jt+h+l=d—r
where b = (by, by, b3, by) denotes the barycentric coordinates of the evaluation point.
As a consequence
d
p= C(()o)oo-
This is the so-called de Casteljau algorithm.
It is possible to write cg-,)d(b), i+j+k+!0 = d—r in terms of the ¢;jp, i+j+k+1 = d.
We have

Theorem 3.1.5

b)Y = D CiragrsmiesBls s ), i+tjtk+l=d—m.  (3.8)
a+B+y+i=m

Proof: By induction on m. For m = 1, we have by definition

(1) _
Cijr(V) = b1cit1jng + DaCiji1 ks + b3Ci jhv1 + 0aCijp i1,

since Biyoo(b) = by and similar formulas for By, Bigio and By, -

We assume the result true for s — 1. We have
(s) _ -1 -1 —1 -1 .
Cigkt (V) = D167y gy 0267 4y g 03C7 g 00 ks
but by the induction hypothesis

-1 — . .
CEL,J'),k,z(b) = Z Citttajtbhini+sBag,s(V), i+j+k+l=d—s+1,
a+fB+y+d=s—1
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and similar formulas for the other terms. We also have

m—1 __ (m_]')' a+11.8171.0
"B = it P2
(@+1) pm
a+1767776,

and similar relations for biBZLﬁ;}s,i =2,3,4. So

. B (a+1 pm
Ci1 kel = E T Ctlta+Bktri+iDat1 g6
a+B+y+d=m—1

(B+1)
+ 7Cz‘+a,j+1+ﬁ,k+7,l+63&nﬁ+1m6

(v+1)
+ ——CitajtBk+147+0Ba g 4115
(0+1)
+ Cz‘+a,j+,8,k+7,l+1+6BZjﬁ,%6+1

_ [Cita,j 48 k4v,04+0 T BCitaj+Bk+7i+0) 1ym
- m a’ﬁ7775

o+pB+y+o=m

[VCitaj+Bk+v0+8 T OCitaj+Bktvi+0) 1ym
+ m 0,76

— m
= E  CitagBhri+sBa s s
o+B+y+0=m

since a + 3 4+ v + 6 = m. This completes the proof.

3.1.5 DIRECTIONAL DERIVATIVES OF POLYNOMIALS IN B-FORM

We want to give formulas for the directional derivatives of p in a direction defined
by a vector u. For
p= Z Cijkl B;‘ijkb
i+j+k+=d

_ d
Dup = E Cijkl DuBijk;la
i+j+k+l=d
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noticing that ijkl is a product of 4 terms, we get

d! L — -
DBy, = W(mubl DLIED, + Dby BB BED, 4 kDybs b ULETDL

+ 1Dyby bIDLDEBLT)
= d(Dubi B} + Dbz Bij-161 + Duby Bijg—14+ Dubs Byjgi-1).
We write Dyby = a, t=1,...,4, with a = (ay, as, as, as) so
d d— d— d— d—
DuBijkl =d(a Bifll,j,k,l + as Bz’,jfll,k,l +as Bi,j,/iq,z +aq Bi,j,/i,lq)a
and collecting terms we can write
1 d—1
Duwp=d Z Cz('jl)cl(a) Bijki -
itjtkHl=d—1
The a;, t=1,...,4 turn out to be what are called T-coordinates of u. If u =y —=x
with (aq, as, az, aq) and (B, Be, B3, f1) being the barycentric coordinates of z and y

respectively, the T-coordinates of u are defined to be [ — a; for all k. Using the

definition of directional derivative, we have

Duby(v) = lim bi(v + su) — b(v)

s—0 S

= %bt(v + SU.)|5:0.

Recall that (b1, by, b3, by) denote the barycentric coordinates of v. Those of v + su
are by + s(B; — ay) so that we get Dyb, = B, — ay = a, for all ¢.
For a polynomial of degree d, and for 1 < m < d, if u;, 2 = 1,...,m are m
directions defined by T-coordinates a®, we immediately get
d! (m) /(1) (m) d—m
Dy, -+ Dy,p(v) = m Z ciim(@’, .., a™) B (v),
i+jrk+l=d—m

with the obvious notation
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For example, if we put d;jn = cg.,)cl(al), then cg',)cl(al, apz) = d%,ll(az). In particular

. d! m —m
Dip(v) = r Z Cz('jk)l(a)ngkz (v).

m)!
) i+j+k-Hl=d—m

Example: For u = vy — v;, a = (—1,1,0,0) we have
(1) _
Cijr (@) = —Cit1 ikt + Ciga1 -

3.1.6 INTEGRALS AND INNER PRODUCT OF POLYNOMIALS IN B-FORM

There are precise formulas for the inner product and integrals of polynomials in B-
form. The inner product we use here is the integral of the product of two polynomials.

We begin with

Theorem 3.1.6 Let p have B-net cijp, @+ j +k+1 = d on a tetrahedron t. We
have

volume(t
/p(xaya z) dadydz = (dT)() > e
t 3 i+j+k+=d

Proof: Using an integral formula for the multi gamma function, we get

volume(t)
/ijkl(x,y,z) dz dy dz = — 5
t ( 3 )
Therefore
volume(t)
it+j+k+l=d it+j+k+l=d
This proves the theorem. Now
d! d!
d d o 7 k r1sitiu
Bi]lemu = z’]'k’l’ et 'b b’b b4b b3b5b}
d! d!

o : : i+r1J+spk+trl4+u
AN st by b3 by

and

L (2d)

= bz+rb7+sbk+tbl+u
i+r,j+s,k+tl+u (Z—|—7”) (] + 8) (k‘—|—t) (l + )




SO

gt gt 4 d (i +0)G+9)(k+ 0 +w)!
ikl st G N sl (2d)!

X Bi2$¢‘,j+s,k+t,l+u
_ GG+ (kO u)! dld!

el glst KD llul o (2d)0 nItskabbu
SRISPICVIEY
- J(2d)k l BiZJir,jJrs,kth,lJru'
d

It follows that

(57 (5 () () volume(r)

/ngkl(xayaz)Bgstu(xayaz) d:Udde = 2dY (2d+3
: () 57)

As a consequence for two polynomials
_ d _ ~ d
p= E Cijleijkz and ¢ = E CrstuBystus
i+j+k+i=d r+s+t+u=d

their inner product is given by

volume(t -
/p(ZU, Y, Z)Q(xa Y, Z) dxdydz = Wd«k(?)) Z CijklCrstu

() C57) i im

r4+s+tt+u=d

()

This can also be written in the form

volume(? ~
/p(I, Y, Z)q(.’L', Y, Z)dxdydz = ng_fg;cTGca
d 3
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(3.9)

(3.10)

(3.11)

where C' and C' encode respectively the B-net of p and ¢ respectively and G is a

(m, m) square matrix with m=dimP;.

This process can be carried out for the product of three polynomials of degree d;, do



24
and d;. We have

di! dy! g
d d d o 1 2 3 171kl 1rsit 1u b1V K10
Bijia BranBuos = 5 FUEN lstth! u!y!m!é!blb?b3b4blbzb3b4bl b3t

dy! dy! ds! ;
i!j!;c!l! r!s!2t!u! /j,!l/!?:‘i!(ﬂ by T
dy! dy! ds!
VRN rlsttlu! plutkld!
y (i+r+w!(G+s+ )l (k+t+r)(+u+d)
(dy + dy + d3)!

% Bdl +da+d3
i+r+u,j+s+v,k+Ht+k,l+u+d

CFr ) GEsH) k-t F ) (I +u+6)!
o adlrly! jlslv! klt!k! ['uld!

o di!dyd3! dy oy t-ds
(d1 +dy + d3)| itr+p,j+s+vk+t+r,l+uts

(it (itr+p\[(jts\[(Jts+tv [ k+1
(00
y <k+t+/<;> <l+u> (l—l—u) dy'dsd3!
k+t I J\i+u) (dy +dy + ds)!

% Bdl +do+d3
i+r+u,j+s+vk+t+k,l+u+o

: 1 2 3
so if (Cijkl)i-l-j-i-k-i-l:dla (Crsw)r+s+t+u=d, and (Cﬂma)u+u+n+6=d3 encode the B-nets of

p1, P2 and ps respectively, we have

volume(t)(d; + dg + d3)!
/tpl (1‘7 Y, Z)p2(1‘7 Y, Z)p?)(l‘a Y, Z) dxdydz = dl'dQ'd:’,' (d1+d2;-d3+3)

XD s O CrumaC?,

ptv+r+d=ds

(3.12)

where G .5 1s a (my, m2) matrix with m;=dimPy, and my=dimP,,.

3.2 SMOOTHNESS CONDITIONS

Let 7 be a subdivision of a domain € into tetrahedra and let p be a spline of degree

d defined over €, i.e. p, € Py Vt € T. It is assumed that we have the B-form of each
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polynomial piece
itj+k+i=d
We say that we have the B-form representation of the spline p. We would like to

give conditions on the ¢!, that will assure that p has certain global smoothness

ijk
properties.

Theorem 3.2.1 Let t = (v, vq,v3,v4) and t' = (v1, v, v3,vs) be two tetrahedra with
common face (vy,vy,v3). Then p is of class C" on t Ut if and only if

v t ! _
Cijkm = E Ci+u,j+u,7+n,6Bu,u,n,6(U5)7 form=0,...,r
ptv+r+d=m

and 1+j+k=d-m.
The proof will follow from several lemmas.

Lemma 3.2.2 Ifuy, us and us are 3 independent directions in R?, f is of class C"
at v if and only if DS D32 DS f(v) is continuous at v for all o, |a| = an+as+as <,

2

where D, is the directional derivative operator in the direction u,;.

Proof: Let u; have coordinates (u},u?, u?),7 = 1,2,3. We have

1,2 .3 d

D,, Uy uy o Uy Bz
— 1,2 .3 d

Dy, Uy Uy Uy By
1 .2 .3 d

Dy, Uz Uz Ug 5

Because u, us and us are linearly independent, the transformation matrix is invert-
ible so that the continuity of %, 3% % is equivalent to the continuity of the D, , 7 =

1,2, 3. This proves the lemma for r = 1. Iterating we can express the D! D32 Dg f(v)

olalr

in terms of the m

and conversely. This shows the result.

Lemma 3.2.3 D}'p(v) at v € (v, ve, v3) is uniquely determined by the c;jp;, 0 < 1 <

m.
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Proof: We look at the B-net of Di'p(v).

d!
D™p(v) = ——— e\ (@) BEm (v),
(d —m)! i+j+l§l::d—m i -

(d—m)! j1kl
gk bibabsby

Big"(v) =
for v € (v1,ve,v3), by = 0 so for I # 0, ijjcgl(v) = 0. Therefore
m d! (m) d—m
Dy'p(v) = m Z Cijko(a)Bijkl (v),
D it jtk=d—m
which shows the result taking into account (3.8)
Cgﬂ)o(a) = Z Cz‘+a,j+ﬁ,k+7,53am,g,7,5(a)-
a+B+y+i=m

Lemma 3.2.4 If p and q are defined on two adjacent tetrahedra which share a

common face (vy,vy,v3), then p and q are joined in a C" fashion if and only if
Di'p(v) = Di'q(v), v € (vi,v,0v3), m=0,....r
where u s a direction not in the face (v, vy, v3).

Proof: We note that u; = v9—v1, uy = v3—v; and u are 3 independent directions

and we need only to show that the condition of the lemma is equivalent to
Dyt D2 Dyp(v) = Dyt Dy? Dyq(v), a1+ ay +a=m,
m =0,...,rin view of Lemma (3.2.2). This will be done by looking at D2p(v). Let
Dyp(v) = Z Cijlefijkza Diq(v) = Z dijleEijkl
i+jt+k+l=s i+jtk+l=s
Since a < r, by the lemma cjji = diji,t + 7 + k +1 = s. We then show that
D¢ Dg2 Dgp(v) depends only on the c;j; and this forces continuity. But this is imme-

diate since these derivatives are determined by the values of DZp(v) on (vy, va, v3).

And these values are completely determined by the ¢;ji = dijp,t +75 +k +1=s.
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Lemma 3.2.5 Let t = (vy,v9,v3,v4) be a tetrahedron and w another point in R3
with barycentric coordinates a = (ay, az, az,as). On (vy,ve,v3, W) P can be written

p= Z dijlegjkl,

i+j+h+l=d
with
dijii = Cg‘)}go(a) = Z C§+u,j+u,7+n,632,u,n,6(w)-
ptv+k+d=m
Proof: For each v € ¢, let by (v), by(v), bs(v) and by(v) be the barycentric coordi-
nates of v relative to (vq, va, v3, w). We substitute w = a,v1 +asvy +azvs+a4vy in v =

by 01 + byt +byvs +byw and get v = (b~1+b~4a1)vl+(b~2+bN4a2)112+(lz),+l;1a3)v3+bt;a4v4.

Thus
d! ~ ~ ~ ~ ~
Bg,ﬁ,%é( ) Oé’ﬂ ’)/'(5' (b1 + b4a1) (bg + b4a2)ﬁ(b3 + b4a3)7(b4a4)5
a—p~p B\ ~B-v~v
_ZZZQW |5|< )bl bs a1< )bl by ay
p=0 v=0 k=0
X (Z) b1 b4 a1b4 a4
a B
oz'ﬁ' 51 o — @103 — 1AL — ]
y b~1a_ugzﬁ_ylg’y_n&u—l—y—i—ﬁ—l—éafa;agai.
We have
ptv+e+6 _(ILL+V+K/+5)!}LVH5
TR (’U]) - /,L'V'/ﬁ)'(;' 109030,
and
7 d!
a—u,B—v,y— n,u+l/+n+5( ) - (a_u)!(ﬁ_ V)!(f)’_ K)!(/L—i—l/-l-Ii—F(s)!
y [f)vla—ui); —V[')E))'y—nglu—l—u—l—n—l—(i,
SO

5
a—p,B—vy— K ptvtE+d (v) 5;;3“ (w).

R
=
2
>
=
[l
ME
-
o
=9
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We substitute this in

pw) = Y caprsBis,sv)

a+B+y+o=d
and get
a B v
o } : } : } : ptv+r+4§
p(U) - Ca:ﬁ,%(sBu,V,n,d (’LU)
a+fB+v+d6=d p=0 v=0 k=0
md
X Ba—u,,@’—u,’y—n,u-i—u-i—n-i—é(v)'
We put
l=p+v+r+0, k=~v—k,
j = 6 -V, L= — 1,
nd _ nd : pd
S0 By, 5y y—npivints = Biji- It appears that the coefficient of By, is
Cijkl = Citp,j+v,k+v,08 v ke
ptv+r+o=Il

And this proves the lemma.

Proof of the theorem: We can now give a proof of the theorem. Let u with
T-coordinates a = (ay, az, ag,as) be a direction not parallel to the face (vq, v, v3).

We need only to show that the conditions of the lemma is equivalent to
Dypi(v) = Dy'py(v), v € (v1,v2,03) m=0,...,7.

Let p = Y i jikrimd CijutBisr on (v1,v2,v3,v5). The previous lemma tells how to

~

t eg it
relate ¢, and cj;,. To say that p; and py agree on (vy, vz, v3) gives o = Ciipgr & +

j + k = d. Moreover D,p;(v) = Dypy(v) gives Efﬁ)o = cﬁ;%,i + j + k = d which
written explicitly is

~ ~ ~ ~ _
1C; 1 ko T @26 j 11 k0 T A3C; jky1,0 T QG g1 =

t' t/ t/ t/
1C; 1 k0 T @26 j11 k0 T 3G k10t Q4G k1
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ct

This immediately gives ¢j;;; = cf;-kl, i+ 7+ k=d—1. We now assume that

D;"pt(v):DTpt,(v), UE<01,U2,U3>7 m=0,...,s—1; s<r

is equivalent to

~t

Cz‘jkmzcgkm; i+j+k=d—m, m=0,...,s—1; s<r.

Dipi(v) = Dipy(v), v € (v1,vq,v3) gives 5:5'79)0 = c';;.(,:g,i +j+k = d— s which

t(s1)

. . s— ’
written out in terms of Cijko ct

_ it
ijks — G

iiks» U+ J+k =d— s This completes

gives

the proof of the theorem using the expression of ¢t

t
ijkm ;

in terms of ¢,

Example: We give the conditions of C° and C! continuity for (vy, ve, v, v4) and
(v1,v2,v3,05). Let vs have B-coordinates (by, by, b3, ba), (cj;,) and c;?;-kl encode the

B-net of p, and py respectively. For C° continuity we have

tl

Cijko = C;?jk()a i+j+k=d.

For C' continuity, we add

!

vt 1 t 1 t 1

Cijk1 = Ci+1,j,k,oB1000(U5) + Ci,j—l—l,k,OBOlOO (vs) + Ci,j,k+1,OBOOIO(U5)
t 1

+ ¢ j k.1 Booor (v5),

but Bjyp, = b1 and similar formulas for the other Bernstein polynomials. So

t _ t t t t
Cijk1 = D1Ci41 k0 T 026 i1 g0 T+ 03¢ j k10 T 04 5 g1



CHAPTER 4

WEAK FORMULATION OF PDE’S AND SPLINE APPROXIMATIONS

In this chapter, we recall basic properties of Sobolev spaces then we introduced the
main ideas of this dissertation on an abstract variational problem. We review the

approximation properties of spline spaces and give classical error estimates.

4.1 SOBOLEV SPACES

We recall in this section the main results about Sobolev spaces which we shall use
later. A reference for this section is [Girault and Raviart’ 86]. Let {2 denote an open
subset of R?® with boundary 9. D(€) is the linear space of infinitely differentiable
functions with compact support on Q. Let D'(€2) denote the dual space of D(2) also

called space of distributions. Let o = (v, a9, a3) and set
o) = oy + an + as.
For u € D'(R2), we define 0%u in D'(2) by
(0°u, ) = (—1)*N(u,0%¢), Vu e D'(Q)

when v is |«| times differentiable, 0%« is the usual notion of derivative:

ololy,

= o1 a ag *°
O0x{" 0y’ 0xsy

0%u
For each integer m > 0 and real p, 1 < p < 0o, we define the Sobolev space
WmP(Q) = {v e LP(),0% € LP(2), V]|a| < m}.

30
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This is a Banach space when endowed with the norm

[tllmp = (3 / O u(@)Pdz)s, p < oo,

la|<m

or

[[t][m,00,0 = MaX|aj<m (ess5UP,eq|0“u(@)]),  p = 0.

We also equip W™P(Q) with the following semi-norm
1
g = (X [ 100u@)Pde)?, p< o
|aj=m Q
and the modification above for p = oc.

When p = 2, W™2(Q) is denoted H?(f2), and its norm and semi-norm are simply
referred as ||ul|m.0 and |u|m.o. Also H™(2) is a Hilbert space for the scalar product
(4, V)0 = Z / 0%u(x)0%v(x)dx.

jal<m 74
Let Wg™* () be the closure of D() in W™P(Q) for the norm ||.||mpa. Wi (Q)
is denoted HJ"(2). The following Poincare-Friedrichs lemma says that on HJ"(2),

||u||m.o and |u|n, o are two equivalent norms, [cf. Girault and Raviart’86].

Lemma 4.1.1 If Q is connected and bounded in at least one direction, i.e. there
erists n such that {|x - n|,x € Q} is bounded, then for each m > 0, there exists a

constant K = K(m, Q) > 0 such that
lullmo < Klulma, Vv & Hg* ().

For 1 < p < oo, we denote by W ™" (Q) the dual space of W™?(Q), with p/

satisfying

S - =1 (4.1)
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It is equipped with the norm

{f,v)

1l -mp 0 = SUDPyew™?(q), u;éom-

As usual W=2(Q) = H=™(Q). The following lemma, [cf. Girault and Raviart’86],

describes elements of W =™ (Q).

Lemma 4.1.2 For p and p' satisfying (4.1), f belongs to W= (Q) if and only if
there exist functions f, € L¥ (), for |a| < m, such that
f=) 0fa
o <m
Definition 4.1.3 Q is said to have a Lipschitz continuous boundary if for each
xg € OS2 there is a ball B of center xy and radius r and a Lipschitz continuous
function ¢ defined on a domain D C R? such that in a system of coordinates with

the origin at xq:
1. The set 0Q N B can be represented by an equation of type x3 = ¢(x1, x2)

2. Each x € QN B satisfies x3 < ¢(x1,T2).

Although in this dissertation, we limit ourselves to domains with piecewise planar
boundaries, it is interesting to note that some results hold for more general domains.
We also recall the Sobolev embedding theorem. For our purposes it says that elements

of H?*(Q) are globally continuous.

Lemma 4.1.4 Let Q) be an open subset of R with a Lipschitz continuous boundary

and let p € R with 1 < p < oo and m,n € N with n < m. We have

m—-n

3

1
W™P(Q) C C"(2) provided — <
p
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For example, H?(Q) = W22(Q) C C°(Q). We therefore have conditions under which
point values for functions in a Sobolev space are well defined. To give a meaning for

their values on the boundary, we’ll need the following trace theorem, [cf. Brenner

and Scott’94].

Theorem 4.1.5 Suppose that 2 has a Lipschitz boundary, and that p is a real

number in the range 1 < p < oo. Then there is a constant, C', such that
1_1_1) % 1,p
|vl|zron) < Cllvll ooy l0l1sq)  for allv € WHP(Q).

For v € W(Q), we will call trace of v on 952, its restriction on the boundary

interpreted as an element of L?(992). By definition,
H(09) = {r(u),n € H'(Q)},

where 7(u) stands for trace of u. H~2(99Q) will denote the dual of Hz(9R). Finally
we give a few Green’s formulas, [cf. Brenner and Scott’94]. Here

%:V'VU.

Lemma 4.1.6 Let Q be a bounded open subset of R® with a Lipschitz continuous
boundary and let v denote the unit outward normal on 0X2, defined almost everywhere

and by assumption is in L= (02). We have:

/V-u:/ u-v.
Q 00

o Letv,w € HY(Q). Then, for i=1,2,3,

ov ow
/Q(axi)w dx-—/ﬁv(axi)dxwL/mvw v (4.2)

e Foru € H*(Q) and v € H'(Q), we have

e Forue WhH(Q)3,

/ (—Au)v dz = / Vu- Vv dr — %v. (4.3)
B

o0 o OV
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4.2 ABSTRACT VARIATIONAL PROBLEMS

We have the following theorem due to Lax and Milgram [Lax’54]:

Theorem 4.2.1 Let V be a real Hilbert space with norm ||.|| and let (u,v) — a(u,v)
be a real bilinear form on V. xV and f : V — R be a continuous linear form. We
assume that a is continuous and elliptic on V', i.e. there exist two constants M and

a > 0 such that

|au, )| < Mljulll[ol|,  Yu,veV (4.4)

a(v,v) > allv||?, Yo e V. (4.5)
Then the problem: Find u € V' such that
a(u,v) = f(v), Yv eV, (4.6)
has one and only one solution.
We have the following corollary which will be extensively used.

Corollary 4.2.2 When a is symmetric, i.e. a(u,v) = a(v,u) Yu,v € V, then the
solution of (4.6) is also the only element of V' that minimizes the following functional

also called energy functional

J(v) = %a(v,v) ~ fo).

Proof: We show that there’s only one element in V' which minimizes J and that it
is also a solution of (4.6). By the V-ellipticity, a(v,v) > 0,Yv € V and a(v,v) =0
only if v = 0. The bilinear form a therefore defines an inner product over V. (4.4)

and (4.5) give

ol[ol* < a(v,v) < M[Jv]".
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This shows that the associated norm to a is equivalent to ||.|| and so when V is
equipped with the inner product a(.,.), it is a Hilbert space. By the Riesz represen-

tation theorem there exists u € V unique such that

a(u,v) = f(v). (4.7)
We have a(v — u,v — u) = a(v,v) — 2a(u, v) + a(u, u) using the symmetry of a so
7(0) = a(w,0) = £() = a(v,0) — alu,)
1

= ga(v —u,v—u) — Ea(u,u).

And this shows that minimizing J amounts to minimize a(v — u,v — u). We

conclude that J has a unique minimizer u solution of (4.7).

Remark: We have also thus proved Theorem (4.2.1) in the case a symmetric.

4.3 SPLINE APPROXIMATIONS BY ENERGY MINIMIZATION

We are going to seek approximate solutions of boundary value problems in finite

dimensional subspaces of Sobolev spaces. Specifically we shall use the spline space

S7(€2). We define
Su(Q) ={peC"(Q),pr € P4Vt €T}
We have S%(Q2) € H™(€). This follows from the following lemma, [Braess’92,p 60].

Lemma 4.3.1 Let k > 1 and suppose €2 is bounded. Then a piecewise infinitely
differentiable function v : Q — R belongs to H*¥(Q) if and only if v € C*1(Q).

4.3.1 APPROXIMATION PROPERTIES OF SPLINE SPACES

For r = 0, S;(Q) is the classical Lagrangian finite element space for arbitrary d.
There are classical approximation results for this finite element space which depend

on the following interpolation operator which we now introduce.
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Let T be a tetrahedral partition of Q and let h = max hy, T € T where hy is a

measure of the size of a tetrahedron 7" in 7 and denote by ¢ the maximum shape
measure associated with 7.

Let T' = (vy,v9,v3,v4) € T, for v continuous on 71" let I1¢(vy), d > 1 be the unique

i +jvz—5kv3+lv4 .

polynomial on 7" which interpolates v at the domain points ;. =

We define T1¢(v) globally by
Hd(U)|T == Hd(U|T).

The interpolant I1%(v) is therefore automatically continuous since the value of a

w1 +jva+kus
d

polynomial at the domain points 1, = of a face (vq, vy, vs) uniquely

defines it on that face. For m = 0,1, we have the following inequality [Quarteroni

and Valli’97, p.91]
v — TV [0 < CA ™0l g0, Yo € HTH(Q). (4.8)

The constant C' depends on €2, o and d and the restriction on the index m is due to the
fact that I1%(v) is merely continuous. It is the lack of a suitable interpolation operator
and estimates as the above for S7(€2) for » > 1 that makes it difficult to derive error
estimates for arbitrary smoothness and an arbitrary tetrahedral partition. Ming-Jun
Lai has proved in his dissertation these kind of estimates for S7(£2) when d > 6r +3

in the Lo, norm.

4.3.2 APPROXIMATE SOLUTIONS

We assume that the hypotheses of the Lax-Milgram lemma (Theorem 4.2.1) hold,

and a is symmetric. We approximate the problem
(P) Find v € V such that a(u,v) = f(v), Vwvely,
by a similar finite dimensional one

(Py) Find u € S such that a(u,v) = f(v), VwveES,
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where S is a finite dimensional subset of V. Typically, S will be a subset of S7((2).
We now describe S7(€2) in a way more suitable for our purposes. Recall the
following B-form representation of a spline v with B-net ¢ € RY where N is equal
to the product of the number of tetrahedra and the dimension of Py,
u = Z Z ijszzdjkz-
titjtktl=d

We shall identify S}, with
{ce R" Hc =0},

where H is a smoothness matrix of order r and degree d that encodes the smoothness
conditions that ensure that a spline is in S7().

In addition since S C S5(2), we shall describe it by additional constraints. These
constraints take the form Bc = G for some matrices B and G to impose boundary
conditions for PDE’s or Dc = 0 to impose the divergence free constraint for the
Stokes and Navier-Stokes problems. Here D is a discrete divergence matrix. For the

following abstract discussion, we shall assume that
S={ceR" Hc=0,Uc=d},

where Uc = d encode constraints in the approximating space for some matrix U
and a vector d.

Problem (P;) is equivalent to
1
(Py) Find v € S which minimizes, J(u) = §a(u, u) — f(u) over S.

For w € S, we can write for simplicity

N

U = Zci@/}ia

=1
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where ; is one of the Bernstein polynomials ijkl on a tetrahedron of the partition.

We have

N N

C; 1/)1 ) & 1/)1 Z & ,QZ)Z)
1

=1

1 N

I = 5a(3-
v N

Z a(thi, ) — Y cif (1),
j=1 i=1

Denote by F the vector (f(¢1), -, f(¥n))" and by A the matrix with entries a;; =
a(t;, ;). A will be called the stiffness matrix and F the load vector. We can write

1
J(u) = J(c) = §CTAC —c'b.

We note that A is symmetric and that problem (F), is equivalent to the following

constrained optimization problem.

1
(Ps) Minimize J(c) = §cTAc — ¢’ F over R" under the constraints

Hc =0 and Uc =d.

By the theory of Lagrange multipliers there exist two vectors A\; and Ay such that
c"A+\TH +\JU =F",

Hc =0, (4.9)

Note that the conditions encoded in U are not linearly independent since in general
U will be a (N, m) matrix with m > N. The Lagrange multipliers corresponding to
the redundant equations are zero.

(4.9) can be written
Ac+ H" )\ +U" )\, =F,
Hc =0,

Uc=d,
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or in matrix form

A HT UT c F
H 0 0 N |I=10]. (4.10)
U 0 0 Ao d

Since we have assumed that the conditions of the Lax-Milgram theorem hold,
problem (P) and similarly (P;), (P) and (P;) have a unique solution. But the
situation is not so clear for (4.10). We have existence of the component c of the
unknown in (4.10) by the existence theorem for (P;). However there is no evidence

that solving (4.10) will give the unique solution of (P3). Indeed the matrix
A H" UT
R=|1 H 0 0
U o0 0
will be, in general, singular. Let Z = [F7,0, dT]T; We have

R [T AT\ = Z =0.

It turns out that it is very convenient to find a least squares solution of the equation
Rx = 7 with MATLAB. Since R does not have full rank, there is not a unique least
squares solution to this equation. This can be proved using the projection theorem,

[Ciarlet’89, p.272]. However, for such a least squares solution (e’ 37, 1) we have
T o7 2717
||R [e 731752] _Z||:07
S0
T AT T1T
R [e 7B1752] =Z.

This means that [eT, BT BQT]T

satisfies the necessary conditions for e being a mini-

mizer of J in S. Those conditions are also sufficient since the functional .J is convex
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[Ciarlet’89, p 246]. The convexity of J is proven by using the fact that A is sym-
metric, [Ciarlet’89]. By the unicity of a solution to the problem P3, e = c. It is such
a c¢ that we compute. We’ll now indicate two issues that arise from the discretiza-
tion process. Since we are going to interpolate functions on the boundary with an
interpolation operator which is merely continuous it will be impossible to satisfy
smoothness conditions near the boundary. So we relaxed the condition of smooth-
ness and construct approximations which are smooth across tetrahedra which do not

share a face with the boundary, i.e. if we let Q denote the union of these tetrahedra

{p € C"(Q), pr € Py, YteT}. (4.11)

The second issue is that the matrix R is quite large, so it is desirable to reduce its
size. We now describe an algorithm which will be referred to later as the matrix
iterative algorithm. It is a variant of the augmented Lagrangian algorithm. It can be
used to cope with matrices of large size. The trade off is that as an iterative method,
it is less accurate than the least squares method. On the other hand, we prove below
the convergence of this algorithm only in the symmetric case. A convergence proof
for the nonsymmetric case can be found in [Awanou and Lai’03]. Oscillations in the
numerical error when the tetrahedral partition is refined makes it unappealing in

the non symmetric case.

4.4 A MATRIX ITERATIVE ALGORITHM

With obvious notations let’s write the equation

A HT UT c F
H 0 0 M =10
u o0 0 A2 d
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as
A BT c F
= : (4.12)
B 0 A G
We consider for 1= 0,1, 2, ..., the sequence of problems
A BT citt F
= , (4.13)
—el P G —eX

where \° is a suitable initial guess, for example \° = 0, and I is the identity matrix.

(4.13) reads

Actt + BIAHL = F (4.14)

B — et =G — el (4.15)
Multiplying (4.15) on the left by B? we get
BTBCZ+1 o 6BT)\l+1 — BTG o 6BT)\Z
or
BT)\Z+1 — _EBTG 4 BT)\Z + lBTBCl+1.
€ €
Substituting this last relation back into (4.14), we get
g g
Lor oy a1 L I
(A+-B'B)c" =F+-B'G—- B\ (4.16)
€ €
which reads for [ =0
| Lo T40
(A+-B'B)c =F+-B'G—-B"\".
€ €
Using Ac! = F — BT)\!, we have

1 1
(A+ =BTB)c"' = Ac' + =BT G, for [ =1,2,... (4.17)
€ €
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This suggests the following algorithm.
ALGORITHM:

Given \°, choose € > 0 small enough and define ¢! by

clz(Ae%lBTBYJ@¥+1BTG——B?W)
€ €

and iteratively define
I+1 Loy i 0, Lor
¢ =(A+-B'B) (Ac+-B'G), [=1,2,...
€ €
We have the following theorem:

Theorem 4.4.1 Assume that A is symmetric positive definite with respect to B,
i.e. w1 Ax >0, and 27 Ax = 0 with Bx = 0 implies v = 0. Then, the sequence (c'*1)

converges to the solution c of (4.12).

Remark: We prove below not only the convergence of the sequence, but also that
the convergence factor tends to 0 as € — 0. We refer to [Fortin and Glowinski’83)],
or [Awanou and Lai’03] for another proof of the convergence of the algorithm in the
context of augmented lagrangian algorithms.

Proof of the theorem.

First, we need to show that A + %BTB is invertible. Since A is a square matrix, it

is enough to show that

1
(A+-B'B)jr=0=12=0.
€

1 1
t"(A+ -B"B)r = 2" Ax + ~(Bz)" (Bx).
€ €
Since 2T Az > 0 and 2" BTBxz > 0,

1
2" (A+ -B"B)r = 0= 2" Az = 0 and (Bz)" (Bz) =0,
€
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so 27 Az = 0 and Bz = 0. Since A is assumed to be symmetric positive definite with

respect to B, we get = 0. The sequence ¢! is therefore well-defined. Let’s write
[
E=(A+-B"B).
€

By (4.16),
1
Ect'=F + -B"G — BT)\..
€

The same way, using (4.12), we have

F = Ac+ BT\

G = Bc,
SO
L7 T Lor
F+-B"G = Ac+ B"\+ -B"Bc
€ €
1
=(A+-B"B)c+ B"\
€
= FEc+ BT\,
It follows that
1
Ec=F+-B"G - B"\. (4.18)
€

Therefore
' —c=FE"'BT(\ - \).

We'll show convergence of the sequence (A!), I =1,2,... to X\. This will prove the

result. Using (4.15), we get
—e(MF = )) = —e(A\' = \) + G — B

But
1
' =E'F+-E7'BTG — E'BT),
€
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SO
e =N =e¢(\ = \) -~ G+ BE'F
+ %BEIBTG — BE'BT\
=e(A\' -~ )\) -G+ BE'(F + %BTG — BT\,
Using (4.18), we have

AT =) =e¢(AM =) =G+ BE Y(Ec+ BT\ - BT\

=e(M =) =D\ =),

where D = BE~'BT and we used Bc = G. Finally

M N = (T - %D)(Al — ). (4.19)

From (4.12) and (4.13),

B(c—c') = (A7t =\,
so A'=! — \is in the range of B and we may assume that the same is true of A'=! — \
by writing the later in terms \*~! — \*, k& <[ and choosing \° such that \° — )\ is in
the range of B. This suggests that we regard D as a mapping from Im(B) to Im(B),
where Im(B) denotes the range of B. We claim that D is an invertible mapping from

Im(B) to Im(B). Since D is symmetric, it is enough to show that

T
D
R(y) = nyyy >0, ¥y € Im(B), y#0,

where R(y) is the Raleigh quotient. We have
TBE-'BT TBE-Y(FE-Y)BT
Ry) =Y BE By _v (T )B"y
Yy Yy
(y'BE)E(E_'B'y)
vy

So

_ BBy,

R(y) Ty

, (4.20)
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where we have defined a norm || ||z associated with the positive definite matrix F;

l|u||% = b(u, u) with b(u,v) = v” Fu.

We have
b(E-'BTy,v
1B~ BTyl = sup, g A2 0)
|[v]|
with
b E'leT TEEleT TBT TB
( yv) v y_vBy_vBvo g e Ry
|[v]| o] & lolle  [lv]le
So
y' Bu

. (4.21)

I1E= B y|lp = sup,erx
[lolle

We claim that B is an invertible mapping from Im(B”) to Im(B), [Segal’79]. Since

y € ImB, there’s v in Im(B”) such that y = Bv. We write ||v||> = v"v. Then,

1 <(BU)T(BU)>2 _ Bl
1BulP\ [vl]e 1eliv

|| Bul|” _ 1B
v Av + 20T"BTBv  ||v]34 + L[| Bu|

R(y) >

For an operator X, ftxmin and pixmax denote respectively the smallest and greatest

eigenvalues of X. We have, using Raleigh’s principle,

1914 < pamaxl[v]* and  [J0]]*pamin < [J0][%-

v

‘HH' We therefore have

On the other hand, since y = Bv # 0, ||Bv|| > ||1|3|

1
R(y) > [1B—1]? >0,

- H Amax + %HL?H2
which shows that D is invertible. We want to estimate the spectral radius of [ — %D.

We have

1
/L%Dmin > ER(?J)

Bl

, = Bv, v € ImB
=R+ B YT
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Taking € — 0, we get

:U’%Dmin Z L.

On the other hand,

1 yTDy
e yly
L|[E~'B"y][3,

€ yTy

:U’%Dma.x = SupyeIm(B)

= SUDyerm(B) using (4.20)
1 (y"Bwv)? ,
= supydm(B)supveRN%W using (4.21)
L||Bo|?
= Sy [
B
<|1Bul”

[loll% + <l1Boll®

= SUP,eRr~

<1

These results show that the convergence factor in (4.19) goes to zero as € — 0 since
if 1 is an eigenvalue of %D, 1 — p is an eigenvalue of [ — %D. This completes the

proof.

To finish let’s point out a classical error estimate for finite dimensional approxi-
mations, Cea’s lemma, [Brenner and Scott’94]. With the notations of this section,

let ug be the approximate solution in S. Then
|lu = us|ly < Cminges||u — vy

for a constant C'. Using the inequality (4.8), one shows for specific problems inequa-
lities of this type with right hand side depending on the discretization parameter
h.



CHAPTER 5

SPLINE APPROXIMATIONS OF THE 3D P0OISSON EQUATION AND THE 3D

BIHARMONIC EQUATION

We now apply the techniques we have developed to a simple second order elliptic
equation, the Poisson equation and to a fourth order elliptic equation, the biharmonic

equation.

5.1 THE CASE OF THE POISSON EQUATION

We consider numerical approximations of the 3D Poisson equation by splines of
arbitrary degree and arbitrary smoothness over an arbitrary tetrahedral partition of
a polygonal domain of R3. The equation is put in variational form and the associated
energy functional is minimized over a subset of a space of splines. The domain €2 here
is a bounded open subset of R* with piecewise planar boundary. We consider both
the Dirichlet and Neumann boundary conditions and in the later case, the domain

will be assumed connected.

5.1.1 EXISTENCE AND UNIQUENESS

We first consider the Dirichlet problem
—Au = finQ
uw = g on 0f)
where 0€2 will denote the boundary of {2 and A denotes the Laplace operator, A =
2?21 33—;2. Multiplying —Au = f by v sufficiently smooth which vanishes on the

47
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boundary, integrating over {2 we get after using Green’s formula,

/QVUVU:/va. (5.1)

Let a(u,v) = [, VuVv. We have the following existence and uniqueness results of a

weak solution of the homogeneous Poisson, equation. [Girault and Raviart’86].

Theorem 5.1.1 For f in H='(Q), the problem: Find u in H}(Q), such that

a(u,v) = /va, Vv € Hy () (5.2)

has a unique solution u in H} () . Moreover, since the bilinear form a is symmetric,

the solution u minimizes the functional
1 1
J:iv— J(v) = §a(v,v) — | fv over Hy(Q). (5.3)
Q

We would like to also describe the solution of the non homogeneous Dirichlet problem
as a solution of a minimization problem.

Let V.= {w € H(Q),w = g on 9Q} and uy an element of V. We may then
assume that g is in H2(99). We notice that ug + HL(Q) = V. For u € V, we write

u = up + w and multiply —A(ug + w) = f by v an element of H} (). We get
a(w,v) = /va — a(ug,v), (5.4)
so the problem: Find w in H{ (), such that
a(w,v) = /va — alug,v), Yv € Hy(Q)

has a unique solution wy in H}(Q2) by the Lax-Milgram theorem. By its corollary

(4.2.2), wyp is a minimizer of

K(w) = %a(w,w) - /wa + a(ug, w), (5.5)



A simple substitution shows that ug + wg solves the non homogeneous problem
a(u,v):/fv, Vv € Hy(Q),u € V.
Q
Let
1
L(w) = J(uy + w) = 5a(uo + w,uy + w) — / f(up + w),
Q

we have

Indeed for w in H{(S2),

zl/v(uo—i—w)V(ug—l—w)—/f(uo+w)

/|Vw|2 /fw+/Vu0Vw+ /|vu0|2 /fuo
= K(

= K(w) + J(uo).

So

L(wy) = K(wg) + J(ug) < K(w) 4+ J(ug) = L(w)

since wy is a minimizer of K. As ug+ Hy(Q) = V, this shows that ug + wp minimizes

L(w) over V. We have then proved the following well-known existence and uniqueness

result for the non-homogeneous Poisson equation.

Theorem 5.1.2 For f in H () and g in Hz (), the functional

J:v— J(v) :%a(v,v)—/ﬁfv

has a unique minimizer in V which is the unique solution of the non-homogeneous

Poisson problem.
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We now consider the Neumann problem

—Au = fin(Q
(5.6)
% = g on 0f).

f and g are given. Assuming that u is smooth, multiplying the first of (5.6) by v

smooth, we have

ou
—Auv:/Vu-Vv— —.
/Q( ) 9] a0 8n

/QVu-Vv:/vajL/mg—zv. (5.7)

If u is a solution of (5.6), then u + ¢ is also a solution for a constant c. Let’s assume

So

that f € L(Q), g € H™2(99). We define on H'($2) the equivalence relation
u~wvifand onlyifu —v € R

and seek v € H'(Q2)/R such that (5.7) holds. For u € H'(Q2)/R and v € H'(Q)/R,

let
a(u,v) = /QVu-Vv, Yu € u,Yv € 0,V u,v € H'(Q)/R.
and consider the variational problem:
Find @ € H'(Q)/R such that a(i, o) = /Q fo+(g,0), Yic H(Q/R.  (5.8)

Here (,) denotes the duality between H~2(52) and H?z(9$2). We need to find out

under which conditions the right-hand side in (5.8) is independent of v in v. Let then

Fo) = [ fo+ g0

For v,w € v, v —w € R and

F) = Flw) = [ fo-w)+ (v —w) = o= u)( [ 1+ (1)
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We therefore require
/ f+(g.1)=
Q
Notice that for g € L?(99), this reads [, f + [,, 9 = 0. On the other hand,
a(u,v) = / Vu- Vo, ¥Yu,0€ H(Q)/R
Q

defines an inner product on H'(€)/R which makes it a Hilbert space provided € is

connected. We only need to check that if a(u, ) = 0, then u= 0.
2 _
a(u, ) / |Vu|*=0
implies that u is constant i.e. u= 0. As a consequence

a(u,v) = || v ||mm
is elliptic on H'(Q2)/R. We conclude that:

Theorem 5.1.3 Let Q) be connected with a Lipschitz continuous boundary. For f €

/Qf+<g,1>=

the problem (5.8) has a unique solution in H'(Q)/R.

L2(2), g € H™3(9Q) satisfying

By the corollary of the Lax-Milgram lemma, « is the unique minimizer in H'(Q)/R

of

1) = alii) = [ fu= (.0

It is useful to notice that algebraically and topologically, H'(Q)/R. and

{ue Hl(Q),/u =0}

Q

are the same. This can be seen by considering the surjective mapping from H'(Q)

to {u € H'(Q), [, u = 0}, defined by

1
UHU_imeas(Q)/Qu'

The kernel of this mapping is R and the result follows.
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5.1.2 SPLINE APPROXIMATIONS OF THE DIRICHLET PROBLEM

To approximate the right hand side f in the Poisson equation, we approximate f on
each tetrahedron ¢ = (v, vq, v3,v4) by the unique polynomial of degree d on ¢ which
interpolates f at the domain points ;1. This gives rise to a global interpolation
operator I1¢.

Let nth be the number of tetrahedra and nbf the number of boundary faces. We
introduce the boundary interpolation operator I1¢ which is defined on each boundary
face f = (v, v9,v3), as the B-net of the unique polynomial interpolating any given
continuous function at the domain points {%,i +j + k = d}. There are

n = (d;rZ) such points and therefore

¢ : c°09) - RY (5.9)

with M = n x nbf. On the other hand, it can be seen that there’s a matrix B such

that given the B-net ¢ of an element u of S%(2)
Be = 11§ (ujpq). (5.10)

Indeed for a tetrahedron (vy,ws,vs,vs) with a single boundary face (vq,vs,vs),
H,‘f(u|3g) is a vector formed with the c;jr, i + 7+ k = d.

We now introduce a finite dimensional subspace S of V.

S ={p € SyQ),ppa =} (g)}.

Let’s fix the tetrahedral partition 7, and let n = dimP,. If nth is the number of
tetrahedra in 7, the B-net of an element p of S;(Q2) has length N = n x nth. We

denote by p, an approximant of v and ¢ the B-net of p. We therefore have

pp=>» c.B (5.11)
s=1
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We seek to minimize J(v) = 3 [, |Vv[* — [, fv over S C S5(€2). Let G encode
the B-net of the interpolant of g on the boundary. In terms of B-nets, elements of

S, are described by
{ce R",Hc =0 and Rc = G}. (5.12)

We write II(f), = >_o_, fAB% and represent the B-net of I1%(f) by F. Let u =
> 25—y ¢ B be an element of Sj(€2). We introduce the local mass matrix M' =
(flt Bng)aygzl ,,,,, » and denote by M the corresponding global mass matrix. K! =
([, VBIVBj)ap=1,..n is the local stiffness matrix and we denote by K the global

stiffness matrix. Arguing as in the continuous case, one shows that .JJ has a unique

minimizer in S. In terms of B-nets .J is written as

1
J(c):§/§2|Vu|2—/qu
1
=53 [1vup =X [
2 t 7t t Ut
1 n n
=52, > cgcg/tVBgVBg—Z > f;cg/thBg

t a=1,=1 t a=1,/=1

_ %Z(ct)TKtct _ Z(Ft)TMt

- %(C)TKC — (P

So the idea is to minimize J under the constraints in (5.12). This leads to the

existence of Lagrange multipliers A\; and A, such that

Kc+ H")\ + R\, = MF,
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We assemble this into an equation

HT" RT K A MF
0 0 H A | = 0
0 0 R C G,

where we used the symmetry of K and M. We computed a least squares solution

H" R" K MF
of Az — b =0 where A = 0 0 H | and b = 0 . The way we have
0 0 R G

arranged the system turns out to be more efficient on MATLAB than the natural
way which would follow from the system of equations.
5.1.3 SPLINE APPROXIMATIONS OF THE NEUMANN PROBLEM

The treatment of the Neumann boundary conditions is similar in ideas to the treat-

ment of the previous section. Equivalently, the problem is to minimize

K =5 [ vl = [ = [ gu

W:{wEHI(Q),/w:O}.

Q

over

Notice that the Neumann boundary condition is implicitly contained in the varia-
tional formulation. We indicate how to approximate the terms [, w =0 and [, gu.

On a tetrahedron ¢, for p = ZiHMH:d cijlefjkl, ftp = ZHHHZ:d Cijki- One
then sums over all tetrahedra to get pr for an approximant p of w. We show
explicitly how to compute ff gu for the boundary face face = (v, vy, v3) of t =
(v1,v2,v3,v4). Although g and wjsq are functions of 3 variables, they can be repre-
sented as bivariate splines on a face as described in [Lai and Schumaker]. Let then

_ d
Ujlpn = Z CijkBijk

i+j+k=d
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and
_ E B d
g = bz]sz'jka
i+j+k=d

with m = (d+2), we can write

2
/f gu = Z cabﬁ/f Bng

a=1,8=1 ace

= BTMbC(]a

where B encodes the B-net of g, Cy the B-net of ujpq and M, = ([, . Bng)a,ﬁzl,...,m
and the B%’s are bivariate Bernstein polynomials. On the other hand, if C' encodes

the B-net of u on t, we have RC' = Cj for some matrix R. Therefore
/ gu = BT M,RC.
face

5.1.4 NUMERICAL RESULTS

We simply required the solution to be globally continuous for the Dirichlet and
Neumann problem. We used two different kind of domains and give the errors in

the L*° norm of the exact solution against the computed solution.

Domain 1: It is formed by the union of two tetrahedra which share a common

face.

Domain 2: This is a cube of volume one which has been subdivided into six

tetrahedra.
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Dirichlet problem

We used three different functions referred here as Case 1, Case 2 and Case 3.

Case 1
_ 1
g_(1+x+y+@
Case 2
g=-exp(z+y+2)
Case 3

g=2(1—-2)y(1—y)z(l - 2)

Case 1 on Domain 1

Tetrahedra d=1 d=2 d=3 d=4
2 1.7843e-01 | 4.5769e-02 | 1.3600e-02 | 4.1600e-03
2*%8=16 8.5714e-02 | 1.3333e-02 | 2.4341e-03 | 4.8623e-04
16*8=128 | 3.3333e-02 | 2.9091e-03 | 2.4242e-04 | 1.2929e-05
Tetrahedra d=5 d=6
2 1.3840e-03 | 4.7872e-04
2*8=16 8.8778e-05 | 1.4836e-05
16*8=128 | 8.7533e-07 | 1.0004e-07
Case 1 on Domain 2
Tetrahedra d=1 d=2 d=3 d=4
6 2.4970e-01 | 8.8714e-02 | 3.0960e-02 | 9.9400e-03
6*8=48 1.2840e-01 | 2.8725e-02 | 6.6883e-03 | 1.4325¢-03
48*%8=384 | 5.6960e-02 | 7.2349e-03 | 7.1840e-04 | 7.3832e-05




Tetrahedra d=5 d=6
6 3.5671e-03 | 1.1280e-03
6*8=48 2.1880e-04 | 4.8372e-05
Case 2 on Domain 1
Tetrahedra d=1 d=2 d=3 d=4
2 1.5133e+00 | 2.1341e-01 | 2.6450e-02 | 3.0118e-03
2*8=16 5.7198¢e-01 | 3.9187¢e-02 | 2.4344e-03 | 1.4138e-04
16*¥8=128 | 1.7646e-01 | 5.9955e-03 | 1.5414e-04 | 2.1317e-06
Tetrahedra d=5 d=6
2 2.9148e-04 | 2.7069¢-05
2*8=16 6.2745e-06 | 2.1893e-07
16*8=128 | .0073e-08 | 9.4241e-10
Case 2 on Domain 2
Tetrahedra d=1 d=2 d=3 d=4
6 6.4017e4-00 | 1.3922e+00 | 2.3880e-01 | 3.2070e-02
6*8=48 2.7623e4-00 | 2.9100e-01 | 2.5136e-02 | 1.7554e-03
48*%8=384 | 9.5226e-01 | 4.9066e-02 | 1.5654e-03 | 5.0882e-05
Tetrahedra d=5 d=6
6 4.0221e-03 | 3.9298e-04
6*8=48 7.9726e-05 | 4.6256e-06

S7



Case 3 on Domain 1

Tetrahedra d=1 d=2 d=3 d=4
2 1.5625e-02 | 5.9040e-03 | 4.2236e-03 | 1.4040e-03
2*%8=16 8.7891e-03 | 2.2748e-03 | 5.9727e-04 | 1.8647e-04
16*8=128 | 3.2971e-03 | 4.7640e-04 | 6.0321e-05 | 3.5633e-06
Tetrahedra d=5 d=6
2 1.0287e-03 | 2.6021e-17
2*8=16 1.4766e-05 | 7.4593e-17
16*8=128 | 1.3051e-07 | 2.2465e-16
Case 3 on Domain 2
Tetrahedra d=1 d=2 d=3 d=4
6 1.5625e-02 | 7.1057e-03 | 5.3931e-03 | 1.2742¢-03
6*8=48 9.8141e-03 | 2.0937e-03 | 5.6773e-04 | 1.2085e-04
48%8=384 | 4.4806e-03 | 4.7148e-04 | 4.6600e-05 | 4.6553e-06
Tetrahedra Size d=5 d=6
6 6.4223e-04 | 1.5451e-16
6*8=48 9.5319¢e-06 | 3.5388e-16
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Neumann problem
We used three different functions for the Neumann problem referred here as Case 1,

Case 2 and Case 3.



Case 1
g=2(1-2)y(1—y)z(l - 2)
Case 2
_ 1
I = U+zty+2)
Case 3

g=exp(x+y+2)

Case 1 on Domain 1

Tetrahedra

2

16

128

d=2

6.0156e-03

2.9306e-03

6.7992e-04

d=3

8.9427e-03

7.9836e-04

6.8210e-05

d=4

1.7623e-03

1.9041e-04

8.0530e-06

d=5

8.5063e-04

1.3493e-05

2.1078e-07

Case 1 on Domain 2

Tetrahedra

6

48

d=2

6.9085e-03

4.3158e-03

d=3

1.0547e-02

1.0358e-03

d=4

3.5039e-03

3.1497e-04

d=5

1.4400e-03

2.3231e-05

Case 2 on Domain 1

Tetrahedra

2

16

128

d=2

8.5733e-02

2.4247e-02

5.2087e-03

d=3

2.5626e-02

4.6303e-03

5.9077e-04

d=4

7.6899¢-03

8.5796e-04

5.7704e-05

d=5

2.0860e-03

1.5101e-04

5.5329e-06

59
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Case 2 on Domain 2

Tetrahedra 6 48

d=2 2.9245e-01 | 5.9019e-02

d=3 6.6962e-02 | 1.4796e-02

d=4 3.6261e-02 | 3.6754e-03

d=5 8.6099e-03 | 8.7173e-04

Case 3 on Domain 1

Tetrahedra 2 16 128

d=2 6.7937e-01 | 8.6980e-02 | 1.1454e-02

d=3 4.1252e-02 | 2.9073e-03 | 2.3591e-04

d=4 8.5352e-03 | 2.6622e-04 | 8.5578e-06

d=5 3.9107e-04 | 5.5686e-06 | 1.1284e-07

Case 3 on Domain 2

Tetrahedra 6 48

d=2 3.6439e+-00 | 6.1377e-01

d=3 3.6204e-01 | 3.6476e-02

d=4 1.0515e-01 | 4.1420e-03

d=5 7.1862e-03 | 1.7644e-04

We have presented numerical evidence that our scheme is convergent. We now

continue with the biharmonic equation.
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5.2 THE CASE OF THE BIHARMONIC EQUATION

Let € be an open bounded subset of R with a Lipschitz continuous boundary 052.

We will study the boundary value problem

A%y = finQ
u = g on 0f2
% = h in 09},

where u : Q — R is the unknown and f : Q — R, are given with & and ¢ defined on
002 with values in R satisfying the following compatibility condition: There exists

up : Q@ — R such that

up =g on 0f2,
Ouy _
on
We have
A2y — o'u 9w O 5 O*u otu O*u

2 2 .
ox?t + oy* + 024 + 0x20y? + 012022 + 0y2022
Let’s first assume that the solution u is smooth and multiply the PDE by a test

function v € D(2). We get after integrating over 2,

/A2u v = / f .
) )
By Green’s formula, we have

/QNMZ/QA(AU)U

0Ay
= — VAu-Vv+/ v
/Q ( ) an On

:—/V(Au)-Vvasv:()onaQ
0

= / Au Avdx + @ Au.
O 0

an on
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since v has compact support in , 22 = 0 in a neighborhood of 9. So

on
/ Ay = / Au Av.
Q Q
We therefore have
/Au Avdz = / f v, Yv e D(Q). (5.13)
Q Q

Recall that HZ(Q) is the closure of D(Q) in H%(2) and
9 9 ou
Hi(Q) ={ue H(Q2),u=0on 6Q,a—n =0 on 00},

where © = 0 on 0f2 and g—ﬁ = 0 on 0f) are to be understood in the trace sense.
By approximation, (5.13) holds for all v in HZ(Q2). We notice that u —ug satisfies

homogeneous boundary values, i.e.

u—up = 0 on 02 and

O(u — ugp)

on =0 on 052
On the other hand,
/ A(u —ug)Av = / AulAv — / AuyAv
Q Q Q
= / fv— Augv.
Q

We introduce
a(u,v) = / Au Av, Yu,v € HF(Q),
Q
and assume f € H 2(Q), up in H%(2). We denote
(f,v) = / fo. (5.14)
Q
We are lead to consider the problem:

(P)  Find w € HX(Q)

a(w,v) = (f,v) — a(ug,v), Yo € HZ(Q).
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Then u = w + ug solves the problem. Notice that we have reduced the problem to
finding the solution in HZ(Q2). In view of the Lax-Milgram lemma, we need to show

that a is continuous and elliptic on HZ(2). We have

au,v)] = | / Au Av| < [|Au]| o] |20 ey

and
0%u 0%u
[Aul|2(0) < ||@||L2(Q) + ||a—y2||L2 || ||L2
< |ull 2
SO

|a(u, )| < |ullmz@lv]lmz@)

On the other hand, for v € D(2

u 82 0*u
a0l /| + 55l

- [Gar+ (2 ue e (2uy (.15

Pud*u  Pud*u _0%ud’u
+ 2 + 2 .
0x? Oy? oy? 022 0x? 022

Using Green’s formula and interchanging derivatives, we have

+2

Fudts [ ou 0
00220y o Ox 0x0y?

_/ 0?u  0%u
— Jq 0x0y 00y

and similar treatments for the terms with mixed derivatives in (5.15). This gives

1A0[720) = [0, Yo € D(Q).

By density, this is true for all v € HZ(Q). Since ||v]|s.q and |v|sq are two equivalent

norms on HZ((2), there’s a constant M > 0 such that

a(v,v) = [|Av|[720) = M|[v][20.
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We conclude that the problem (P) has a unique solution wg = u — ug in H?*(2). By

the corollary (4.2.2) of the Lax-Milgram lemma, wy minimizes the functional
1
Tw) = Saw, w) — {f,w) + afug, w)
over HZ(Q2). We show that u minimizes the functional
1
L(U) = EG(U,U) - <fav>

over V.= {v € H*(Q),v — up € HZ(Q)}. This type of argument has been fully
explained when we dealt with the Dirichlet problem for the Poisson equation.

For v € V, v = up + w for some w € HZ(Q). We have
L(v) = L(up + w) = J(w) + L(uy),

which shows that the minimum of L is reached for ug + wy = w.

5.2.1 SPLINE APPROXIMATIONS OF THE BIHARMONIC EQUATION

We seek to replace the problem of minimizing L(v) over V' by a minimization problem

over a subset of V. Recall that
SHQ)={pe€ CT(Q),p‘t € Py, Vt e A},

where A is a tetrahedral decomposition of 2.

For r > 1, we have
Sa(9) € S4(9) € H*(Q).

Next, we want to construct a subset of S7(£2) whose elements satisfy the boundary
conditions © = ¢g and % = h on 0€). If a tetrahedral partition is fixed, let nth be
the number of tetrahedra and nbf the number of boundary faces. Recall that the

boundary interpolation operator I1{ is defined as follows:

Iy : C°(0) — R/,
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with dbf = (“1?).
On the other hand, there’s a matrix B such that given the B-net ¢ of an element

u of S7(€)
BC = Hg(’LLWQ)

To satisfy the boundary condition g—ﬁ = h, we look at the ¢;jp1,i+j+k =d—1.
If n is the unit normal to the boundary face face = (v1, v, v3) with T-coordinates
(a1, as, az, ay) with respect to (vy,ve, vz, v4) and if
p= Z Cijsz%kg
i+j+k+l=d
on (vq, vy, v, vg) then

9p (1) pd—t
on =d Z Cijszz'jkza
i+j+k+l=d—1

(1) _
with Cijkl(ala g, A3, (4) = Q1Cit1 ki T Q2Ciji1 k) + A3Cijkt1,0 + QaCijkit1-
To simplify the discussion, let’s consider only one boundary face face =
(v1,v2,v3). If we write IT " (22) = {d;js,i + j + k = d — 1} then
o gD
dijr = de;jpo,
SO

d;;
Jk __
1 1Cit1,5,k,0 T Q2C; j+1k,0 T A3C; k41,0 T Q4Cij k1

Now a4 # 0 otherwise n is in the face (v1, v2,v3) and the ¢k can be computed from

T1¢(ug) so
_ dyi
Cijkl = 0 A1Ci+1,5,k,0 — A2Cij+1,k,0 — A3Ci,5k+1,0-

The c¢jjk1,0 +j + k = d — 1 can be associated to a layer of coefficients along the

boundary face face = (v1, v, v3). This process can be repeated along each boundary
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face defining a layer of coefficients along the boundary L(uy, %). Therefore there’s

a matrix N such that

0u0
Nc=1L —).
¢ (1o, on )
Identifying a spline with its B-net, with n=dimP,;, we approximate V' by

9
S={ceR"™" Hec=0, Bc=1%upq), Nc = L(up, %)}.
n

For simplicity, we write

H;)i(uwﬂ) = G,

8u0 .
L(’LLO, %) = GQ.

We now proceed to give the expression of the functional L on elements of S. Iden-
tifying again a spline with its B-net, let v = 3, > 7", ¢! B! be an element of
ST(Q) and TI(f) = >, >0, fLB¢ where II is the global interpolation operator.
We represent the B-net of TI(f) by F. We also introduce the local mass matrix
M" = ([, BiB§)a,3=1,..n and denote by M the corresponding global mass matrix.
K' = (f,ABLAB§)as-1,..n is the local bending matrix and we denote by K the

.....

global bending matrix. L is written as

L(c) :%/Q|Au|2—/gfu

:%Z/t|Au|2—Z/tfu
t t
:%Z zn: cgcg/tABgABg—Z zn: f;cg/thBg

t a=1,=1 t a=1,/=1

— %Z(Ct)TKtct _ Z(Ft)TMt

t

= %(C)TKC — (F)' M.

We seek to minimize L on R™"" under the constraints Hc = 0, Bc = G, and

Nc = (5. This leads to the existence of Lagrange multipliers A;, Ay, and A3 such
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that

Kc+ H"\{ + B"\y + N")\y = MF,

Hc =0,
Bc = Gl,
Nc = G’z.
This can be assembled into an equation
HT BT NT K A1 MF
0 0 0 H A2 0
0 0 0 B A3 G,
0 0 0 N c G-

HT BT NT

K

0O 0 0 H
where we used the symmetry of K and M. The matrix A =

B

0O o0 0 N
is in general singular so the solution may not be unique. We compute a least squares

MF

0
solution of Az — b = 0, where b = . When ||Az — b|| is sufficiently close

Gy

G2
to 0, we conclude that the least squa_res solution is sufficiently close to the unique

solution of the problem.
5.2.2 NUMERICAL RESULTS

These are numerical solutions for the 3D biharmonic equation which are continu-

ously differentiable across tetrahedral elements which do not share a face with the
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boundary. The domains we considered are

Domain 1: It is formed by the union of two tetrahedra which share a common

face.

Domain 2: This is a cube of volume one which has been subdivided into six

tetrahedra.

Domain 3: The domain here is a cube of volume one subdivided into twelve

tetrahedra.

We used three different functions referred here as Case 1, Case 2 and Case 3.

Case 1
g =exp(—a® —y* - 2°)
Case 2
B 1
g_(1+x+y+@
Case 3

g=2(1-2)y(1—y)z(l - 2)

Case 1 on Domain 1

Tetrahedra 2 16 128

d=2 1.0670e-01 | 2.0087e-02 5.3872e-003

d=3 4.7370e-02 | 4.3863e-03 4.6657e-004

d=4 7.2332e-03 | 9.5736e-04 1.9150e-004

d=5 2.5899e-03 | 2.3387e-04 | Out of memory




Case 1 on Domain 2

Tetrahedra 6 48

d=2 1.5571e-01 5.9921e-02

d=3 6.4337e-02 9.1870e-03

d=4 1.0803e-02 5.9974e-03

d=5 1.2830e-02 | Out of memory

Case 1 on Domain 3

Tetrahedra 12 96

d=2 9.4943e-02 | 1.5165e-02

d=3 1.3830e-02 | 3.9260e-03

Case 2 on Domain 1

Tetrahedra 2 16 128

d=2 6.2603e-02 | 2.5915e-02 5.4551e-003

d=3 3.0805e-02 | 4.2892e-03 5.4194e-004

d=4 7.2832e-03 | 8.4560e-04 2.5875e-004

d=5 2.5425e-03 | 1.6797e-04 | Out of Memory

Case 2 on Domain 2

Tetrahedra 6 48

d=2 1.2833e-01 8.2672e-02

d=3 1.0845e-01 1.5910e-02

d=4 2.3205e-02 6.2875e-03

d=5 2.1838e-02 | Out of memory




Case 2 on Domain 3

Tetrahedra 12 96

d=2 1.1648e-01 | 3.4038e-02

d=3 2.0580e-02 | 3.4276e-03

Case 3 on Domain 1

Tetrahedra 2 16 128

d=2 9.0998e-03 | 5.1188e-03 1.2035e-003

d=3 9.4522e-03 | 1.3539e-03 2.0061e-004

d=4 3.1107e-03 | 3.1121e-04 1.6199e-004

d=5 1.8457e-03 | 1.4199e-04 | Out of memory

Case 3 on Domain 2

Tetrahedra 6 48

d=2 1.5625e-02 7.3145e-03

d=3 1.3468e-02 1.9666e-03

d=4 5.1264e-03 1.6385e-03

d=5 8.4341e-03 | Out of memory

Case 3 on Domain 3

Tetrahedra 12 96

d=2 1.5625e-02 | 5.0647e-03

d=3 5.1140e-03 | 1.5260e-03




CHAPTER 6

THE NAVIER-STOKES EQUATIONS

In this chapter we derive the Navier-Stokes equations from physical considerations,
then we consider approximations of the Stokes equations and the Navier-Stokes

equations.

6.1 DERIVATION OF THE EQUATIONS

We give a heuristic derivation of the Navier-Stokes equations describing the motion of
an incompressible viscous Newtonian fluid in R3. The derivation is based on [Doering
and Gibbon’95]. We’ll use three considerations: material properties, Newton’s second
law and conservation of mass.

The viscosity of the fluid describes its tendency to resist shearing motions. In
mechanics, shearing forces are described by the stress tensor S. The component Sj;
of the stress tensor is the force per unit area in the jth direction acting across an
area element whose normal is in the ith direction. Forces in the direction of the
normal to an area element, (S;;), are associated to the pressure and those that act
in the plane of the element are associated with shear stresses. We have the following
decomposition of the stress tensor into portions due to the pressure P and the shear

stress tensor Tj;,

Sij = —(Sijp + Tl] (61)

71
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Since the fluid is Newtonian, the shear stress tensor T is a linear function of the rate

of strain tensor U;; = ] + —l ie.
T = aU, (6.2)

where « is a material parameter, the viscosity of the fluid. We are using here
3%1_,@' = 1,2, 3 to represent respectively 3%, a% and 3%. The rate of the strain tensor
characterizes the deviation of the fluid motion from a rigid body motion.

The dependent variables in the description of the motion of the fluid are the
density of the fluid p(x,t), the velocity vector field u(x,t), and the pressure P(x, )
for x = (z,y,2) in R%.

We consider an infinitesimal element of the fluid of volume 0V and mass dm
located at position x at time ¢ moving with the velocity u(x,t). The forces that
act on the fluid depend on the direction of the force and the orientation of the area
across which the forces act. So if we consider a rectangular shaped portion of fluid

centered at x with side lengths (dz,dy,dz), the net force on the fluid in the jth

direction is
ox ox
OF; = (S1;(z + > y,z) — Syj(x — > Yy, 2))0ydz

J J
+ (S, y+ 502) = Sy(ay — 5, 2)ad

) )
+ (SSj(xaya Z+ 52) - ng(l',y, © = 52))51.52

Using a Taylor expansion around x and keeping only the first order terms, we get

aslj(xayaz) + aSZj(xayaz) + 853]'(1',?},2)

OF; = ox dy 0z

) d0xdydz.

Hence,

0F =V -S4V, (6.3)
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where for a tensor S;;, V - S is the vector of components (% + aai;j + %). Using

(6.1) and (6.2), we have
V.-S=-VP+aV. U, (6.4)

Letting f encode the external body forces per unit mass e.g. gravity and 0F encode
the internal forces, Newton’s second law for the element of fluid mass dm at position

dx is

%(&n u(x,t)) = 0F + dmf. (6.5)

Here % refers to the convective derivative defined as the rate of change with respect

to an observer moving with the fluid. To be precise, for a function f(x,t),

df(x,t) i fx,t+6t) — f(x,1) _ 9f(x,1)
dt fixed position =0 ot ot
and
df(x,1) g S0t 61) — f(x, 1)
de moving a 0—0 ot
_ 0f(xt)
=~ +u-Vf(x,1).
(6.5) gives
dém du(x,t)
—g U )+ dm— = = OF + mf. (6.6)

We now use the consideration that mass is conserved:

ddm
=T
dt

Therefore (6.6) implies

ou(x,t)

am( 5

+u-Vu(x,t)) =6F +omf =V -S 6V + dmf,
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S0
au(x’t)—i-u-Vu(x,t): V-S+f
ot p(x, 1)
) (6.7)
— VP +aV-U)+1,
p(x, t)( )
where p(x,t) = %2 is the density of the fluid. As the fluid is incompressible its

volume does not change under motion. Therefore since the mass is conserved so is

the density. Therefore &2 = 0 and p(x,t) =constant. We write p(x,t) = p. On the

other hand, as mass is conserved

dp dom  om doV

A dov T Ve dt (68)
and
oV = dxdydz,
SO
doV  dox ddy doz

For an observer moving with the fluid, the length elements dx, dy and ¢z increase or
decrease according to the relative velocity of their endpoints. So

déx €T oxr aul
W - ul(‘qj + ?uyazat) - ul(aj - ?,y,z,t) = %(51‘

and likewise for the other components. We then get

doV
— = (V-u)dV,
= (V)
so using (6.8)
dp om
rri
Since % = 0 we see that mathematically the condition of incompressibility is simply

V-u=0.



75
A consequence of the incompressibility condition is a simplification of the term V-U,

the divergence of the rate of strain tensor; V - U is the vector of components

3

50 ] 8ul auj)_ L0 N P

= 0z 8:6] 8@- = 8—@"? — 0z ;0x;
= Au; + i(V u)
N ’ &vz ’
We now rewrite (6.7) as
P
M—l—u-Vu(x,t) :—V——i-gAu—i-f (6.9)
ot PP

We set p = % and v = %. Here, p is the kinematic pressure and v the kinematic
viscosity which will be called in the sequel for simplicity pressure and viscosity
respectively. The Navier-Stokes equations are

%—VAu—l—u-Vu(x,t)—i—Vp = f

Veu = 0.
We shall consider in this dissertation two simplifications of the equations. We’ll deal

with the stationary case

ou

—— =0
ot

and we shall investigate the situation where the velocity is sufficiently small to ignore

the nonlinear term u - Vu(x, t), the so-called Stokes equations.

6.2 SPLINE APPROXIMATIONS OF THE STOKES EQUATIONS

We consider numerical approximations of the 3D Stokes equations in velocity-
pressure formulation. The pressure is eliminated from the equations by using a set
of velocity fields which are divergence free. The later is discretized by means of

splines of arbitrary degree and arbitrary smoothness. We then minimized the energy
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functional associated with the variational problem over the set of splines to get the
velocity vector. The pressure term is computed by solving a Poisson problem with

Neumann boundary conditions.

6.2.1 EXISTENCE AND UNIQUENESS OF SOLUTION

The Stokes equations are a linearized version of the Navier-Stokes equations. For an

incompressible viscous fluid in a bounded domain € of R?, the Stokes equations are

—vAu+Vp = finQ
divu = 0inQ (6.10)
u =g on 0.

The unknowns here are the velocity u = (uy, us, u3)? of the fluid and the pressure p;
v is the kinematic viscosity, f = (f1, f2, f3) represents the externally applied forces
(e.g. gravity) and g = (g1, g2, g3) the velocity at the boundary. We immediately

notice using the divergence theorem that

0:/divu:/ g n.
Q o9

g must therefore satisfy the compatibility condition | 008 1 =0.
Let V4 be the closure in Hg(2)? of

{v € D(2)?, such that div v = 0}.
Since (2 is assumed to have piecewise planar boundary,
Vo = {v € Hy(Q)? such that div v = 0},

[cf. Galdi’94]. If we take the inner product of the first equation in (6.10) with v €
D(Q)3 satisfying div v = 0 and by a density argument, we get a weak form of the

equations

I//Vu-Vv:/f-v, Vv el
Q )
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since

/Vp-v:—/pdivv:o.
Q Q

On the other hand, since the equations involve Vp, the pressure will be unique up to
an additive constant. To have uniqueness, one can prescribe the value of the pressure

at a point or require it to have zero mean. We therefore introduce

12(9) = {p € I2(), / p=0}.

Q

We have the following existence and uniqueness results, [Girault and Raviart’86]:

Theorem 6.2.1 Let Q be a bounded and connected open subset of R® with a Lip-

schitz continuous boundary 0Q. For f € H *(Q)? and g € H%(aQ)?’ satisfying

/ g'IIZO,
o0

the problem: Find (u,p) € H'(Q)® x LZ(Q) such that
—vAu+Vp = f in €2
divu = 0 in €
u =g on 0S)

has a unique solution. (Here the first two equations should be interpreted in the sense

of distributions and the last one in the trace sense.) Moreover letting
V={uec H(Q)? u=g ondQ, divu=0in Q},
the velocity u is the unique minimizer in V of the functional

J(u):g/QVu-Vu—/Qf-u.

Proof: Recall that the weak form of the equations is:

(P) Find u € V such that 1//

Vu-Vv:/f-v, Vv e Vj.
Q )
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Let a(u,v) = v [, Vu - Vv. The bilinear form  is continuous on V. Since
v, v) = v [ [9VF = vivly e

where |V|?H1(Q))3 = |v1|? + |v2|* + |v3|?* defines a norm on H{(2)?. By Poincare’s
0

inequality, a is Vj elliptic.

Now, there’s uy € (H'(Q))? such that div up = 0 in Q and uy = g on 99, [Girault

and Raviart’86]. Let w = u — ug. For u € V, w € 1} satisfies
a(w,v):/f-v+a(u0,v), Vv e .
Q

By the Lax-Milgram lemma, such a problem has a unique solution w. As a conse-
quence problem (P) has a unique solution u = w + uy.
Since a is symmetric, by the corollary (4.2.2) of the Lax-Milgram lemma, w = u—u,

is the unique minimizer over V{ of
1
K(v) = §a(v,v) - (/ f-v+a(u0,v)>.
Q
We show that u is the unique minimizer in V' of
1
J(v) = —a(v,v) — / f-v.
2 0
Notice that V' =V + ug. For v € 1},
J(v+uy) = K(v)+ J(up).

Since w minimizes K , w 4+ uyg = u minimizes J in V. Such a minimizer is unique
since it is a solution of problem (P). This completes the proof.

Let u € V be a solution of (P). We have
V/Vu-VV:/f-v, Vv € D(Q)? such that div v = 0.
Q Q
Using Green’s formula, this gives

/(—I/Au —f)v =0, Vv € D(Q)? such that div v = 0.
Q
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This implies the existence of p € L*(Q) such that
—vAu —f = -Vp,

as elements of D(Q)’, [Girault and Raviart’86]. This shows the existence of (u,p)

satisfying (6.10).

6.2.2 SPLINE APPROXIMATIONS

We first consider approximations of the velocity vector field and then we approximate
the pressure using a Neumann equation that couples the pressure and the velocity

on the boundary.

APPROXIMATION OF THE VELOCITY

We now construct a finite dimensional approximation of V. We denote by p;, 1 <

1 < 3 an approximant of u; and c; the B-net of p;. We therefore have

n

Pijp = ZCf,st, 1=1,2,3. (6.11)

s=1

¢t encodes the B-net of p; on ¢ and ¢; its B-net on A. Let

S = {(p1,p2,p3) S 55(9)3, (p1|aQ,P2|aQ,p3\aQ) = (Hg(gl)ang(QQ)a H§(93)),

op1 Op> Ops3 .
=0 hte A
9 + e, + 90s in each t € A}

where TI¢ is the boundary interpolation operator. Recall that there’s a matrix R

such that
Re; = 11 (pian), Vi=1,2,3.

We will denote I1¢(g;) by G;. On the other hand, there are matrices D; such that D;c;
is the B-net of %. D; has size (m * nth,n % nth), with n =dimP,; and m =dimPy_;.

For example, let

_ d
P= D, CapuBigy
a+p+y+o=d
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be the B-form of a polynomial of degree d on t = (vq, v9, vs, v4). If (ay, as, as, ay) are

the T-coordinates of the unit vector of the x; axis with respect to ¢, then

Op;
ox i

2.

(1)

d—1
Caﬁyé(al’ az, as, a4)Ba575

a+B+y+d=d—-1

with

(1)

For d = 2, the B-net of p is

T
(02000, C1100, €02005 €1010, C01105 C0020, €10015 C0101, C0011, 00002)

and the one of % is

(C(l) c
10005 €0

and D; has form

az 0 0 a O 0O O

ar ay 0O
0 a1 a
0 0 0
0 0 O

0

0 az 0 0 as 0 O

1
Capys (@1, A2, a3,a4) = d(a1Cat1,645 + Q2Capi175 + 03Ca s 115

+ A4Capy511)-

1 1 1
(1)007 C(()o)m, Cgo)ol)T

a a3 0 0 a4 O

0 0 ay Qg az Q4

With a fixed triangulation of nth tetrahedra, identifying a spline with its B-net, S

can be described as

S ={(e1,¢,¢3) € (R™™M3 He; =0,i=1,2,3,

Re; = Gii = 1,2,3, D¢y + Dacy 4+ Dscs = 0}

We now show that .J still has a unique minimizer in S. Let

SO = {(p17p27p3) S 52(9)3, (pl\aﬂapﬂaﬂaplﬂaﬂ) - (0707 0)7
Op

op1 Ops
81'1 + 81'2

_|_

81'3

> —0in each t € A}.
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We have Sy C (H{(2))3, and a is also Sy- elliptic. Therefore K has a unique mini-

mizer in .Sy. Now

So + (T3 (91), 115 (92), T (g3))) = S

and arguing as in the continuous case we see that J has a unique minimizer in S

which is solution of the variational problem:
Find u € S such that a(u,v) = (f,v) Vv € S.

We now give an explicit expression of J in terms of the B-nets of elements of S. we

have

:gzt:/t|Vu|2—zt:/tf-u
:g;zt:/t|vui|2_;/tfj“f'

Let u = (p1, p2, ps) with the p; as defined in (6.11). We write IT{(f;;) = F} which can
also be written IIf (fiir) = > _n_; fi,BS and IT{(f;) = Fi. We also introduce the local
mass matrix M' = (, BgBd)aygzl ,,,,,

mass matrix. K! = ft VBdVBd)a g=1,..n 1s the local stiffness matrix and we denote

.....

by K the global stiffness matrix. We have

J(u) = J(ci,co,c3) = ZZ Z Njﬁ/VBdVBﬁ

= t a=1,=1
3

£35S fladhs [ BB
j=1 t a=1,=1

SIS IDICLLES B ALY

:tal,ﬂl

QZCJ Tch—i-Z TMc]

We now introduce a few more notations. Let

C= (617027 C3)T7 F = (Fh F27 F3)T7 G = (Gh GZ; G3)T
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and

M 0 0 K 0 0
M=| 0o M o |, K=]o0 K 0|

0 0 M 0 0 K

H 0 0 R 0 0

H=| 0 H 0|, R=|[0R o0

0 0 H 0 0 R

We finally introduce

D=| D, Dy, Dj

Y

where I is the identity matrix of R™"" with m =dimP,;_,. With these notations

J(c) = J(cr, 09, 03) = gc% 4 F T e

and

S ={c=(c1,c2,¢3) € (R™")3 He=0,Rec =G, Dc=0}.

The problem of minimizing J over S is equivalent to that of minimizing J over

(R™")3 under the constraints

Hce =0, Rc =G, and Dc = 0.

We recall that this problem has a unique solution c. On the other hand there are

Lagrange multipliers A, Ay and A3 such that

vEe+H M\ +R M+ D7)y = MF,

Hec =0,
Rc = G,
Dc = 0.
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This can be written as an equation

Arz =b
with
A R D' JK A MF
0 0 H Ao 0
A - . xr = b =
0 0 0 R A3 G
0 0 0 D c 0

The equation can be solved using the matrix iterative algorithm or directly by seeking

for a least squares solution.

APPROXIMATION OF THE PRESSURE

The pressure is computed by using an approximation of the velocity. Assuming that

u is smooth and taking the divergence of the first equation in(6.10), we get
—Ap = —div f

since div u = 0. This equation is supplied with Neumann boundary conditions

%:Vp.n:f-ﬂ—'—l/(Au)'n, OnaQ
on

We check the compatibility condition for this Neumann problem.

/—divf+/ f-n+1/(Au)-n:/ v(Au) -n
Q ) )

:/VdiVAu
Q

/Adivu
Q

=V
_07

using the divergence theorem.
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6.2.3 NUMERICAL RESULTS

For the following numerical results, the approximations of the velocity vector field
have continuous components over the domain and the pressure is globally continuous
with derivative continuously differentiable across tetrahedra which do not share a
face with the boundary.

Domain 1: This domain is formed by the union of two tetrahedra which share

a common face.

Domain 2: We consider a cube of volume one which has been subdivided into

six tetrahedra.

We consider three different vector fields g = (g1, g2, g3) with a corresponding

pressure p.

Case 1:
g1 = —exp(r+2y+ 32)

g2 = 2exp(z+2y+3z2)

g3 = —exp(r+2y+3z2)
p = exp(x+y+2)
Case 2:

g = 1/(l4+z+y+2)
g = 1/(14+z+y+2)
g3 = 2/(1+x+y+2)

p = exp(z +y + 2)



Case 3:
= z(1—2)y(l—y)z(1-2)
= (1 —2)y(l —y)z(1—2))

= §2°(y+o—D(~z+2ry — y)(22 - 3)

0n

g2

g3

Case 1 on Domain 1 with d = 3

exp(z +y + 2)

Tetrahedra Error 1 Error 2 Error 3 Pressure
2 1.1233e+00 | 2.7279e+00 | 1.6173e4+00 | 3.9290e+402
16 2.4754e-01 | 3.4290e-01 | 2.7805e-01 | 1.7609e+02
Case 1 on Domain 1 with d =4
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 6.1316e-01 | 5.4653e-01 | 7.1343e-01 | 9.7319e4-01
16 3.9387e-02 | 4.1184e-02 | 4.4533e-02 | 1.2710e4-01
Case 1 on Domain 1 with d = 5
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 1.0361e-01 | 1.0863e-01 | 9.8393e-02 | 1.3007e+01
16 3.6605e-03 | 3.7574e-03 | 4.3928e-03 | 1.5159e+00
Case 1 on Domain 1 with d =6
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 1.9113e-02 | 1.8891e-02 | 2.1345e-02 | 2.9372e+00
16 3.0237e-04 | 3.1482e-04 | 3.7262¢-04 | 9.7706e-02




Case 1 on Domain 2 with d = 3

Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.3633e+01 | 5.9431e+01 | 4.0397e+01 | 1.3466e+03
48 1.5083e+01 | 1.8709e+01 | 1.5222e+01 | 4.4382e+402
Case 1 on Domain 2 with d =4
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 1.7010e+01 | 4.4374e+01 | 3.5368e+01 | 3.8562¢e-+02
48 9.4142e-01 | 2.2094e+00 | 1.8373e+00 | 3.5278e+01
Case 1 on Domain 2 with d = 5
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.3804e+00 | 7.3711e+00 | 5.9629e+00 | 9.8470e+01
Case 1 on Domain 2 with d = 6
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.9620e-01 | 1.2238e+00 | 1.0311e+00 | 2.7404e+01
Case 1 on Domain 2 withd =7
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 6.7456e-02 | 1.9789¢-01 | 1.6260e-01 | 6.8411e+00
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Case 2 on Domain 1 with d =3

Tetrahedra

Error 1

Error 2

Error 3

Pressure

2

1.0605e-02

1.4174e-02

1.9953e-02

1.2741e+00

16

2.5841e-03

2.3599e-03

3.5273e-03

2.1682¢-01

Case 2 on Domain 1 with d =4

Tetrahedra

Error 1

Error 2

Error 3

Pressure

2

4.1169e-03

3.8110e-03

6.6898e-03

6.4602e-01

16

5.0246e-04

3.9061e-04

8.0557e-04

6.4369e-02

Case 2 on Domain 1 with d =5

Tetrahedra

Error 1

Error 2

Error 3

Pressure

2

1.5548e-03

1.2819e-03

2.1008e-03

1.1806e-01

16

1.2103e-04

6.5984e-05

1.6800e-04

8.7476e-03

Case 2 on Domain 1 with d =6

Tetrahedra

Error 1

Error 2

Error 3

Pressure

2

5.8664e-04

3.8984e-04

7.4313e-04

7.1244e-02

16

2.9003e-05

1.1554e-05

3.6974e-05

3.2856e-03

Case 2 on Domain 2 with d = 3

Tetrahedra

Error 1

Error 2

Error 3

Pressure

6

3.2488e-02

3.6178e-02

5.4013e-02

2.4606e+-00

48

2.2367e-02

2.2244e-02

2.8100e-02

6.8163e-01

87



Case 2 on Domain 2 with d =4

Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.9860e-02 | 2.9388e-02 | 5.5366e-02 | 6.8644e-01
48 2.8115e-03 | 2.7051e-03 | 4.4312e-03 | 9.8769e-02
Case 2 on Domain 2 with d = 5
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 7.1485e-03 | 6.9051e-03 | 1.3065e-02 | 2.4031e-01
Case 2 on Domain 2 with d =6
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.0444e-03 | 1.9881e-03 | 3.6732e-03 | 1.0345e-01
Case 2 on Domain 2 withd =7
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 6.0114e-04 | 5.6334e-04 | 1.0620e-03 | 4.1101e-02
Case 3 on Domain 1 with d = 3
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 5.4823e-03 | 5.1512e-03 | 4.8780e-03 | 2.9874e-01
16 1.2800e-03 | 1.1522e-03 | 1.5770e-03 | 1.6408e-01

88



Case 3 on Domain 1 with d =4

Tetrahedra

Error 1

Error 2

Error 3

Pressure

6

2.6458e-03

2.3774e-03

2.1849e-03

2.9295e-01

48

4.2214e-04

2.3788e-04

3.7809e-04

5.8393e-02

Case 3 on Domain 1 with d = 5

Tetrahedra

Error 1

Error 2

Error 3

Pressure

2

2.1517e-03

1.0184e-03

1.9192e-03

3.1441e-01

16

4.0894e-05

3.0021e-05

3.6268e-05

9.4051e-03

Case 3 on Domain 1 with d =6

Tetrahedra

Error 1

Error 2

Error 3

Pressure

2

3.9761e-09

2.3460e-09

3.9761e-09

1.5114e-03

16

5.2753e-11

5.3180e-11

5.2753e-11

3.9759e-05

Case 3 on Domain 2 with d = 3

Tetrahedra

Error 1

Error 2

Error 3

Pressure

6

1.4097e-02

1.6179e-02

1.9143e-02

1.9427e+4-00

48

1.7650e-03

1.8291e-03

3.4444e-03

5.5009e-01

Case 3 on Domain 2 with d =4

Tetrahedra

Error 1

Error 2

Error 3

Pressure

6

3.4925e-03

3.6196e-03

8.8974e-03

2.5283e-01

48

3.7584e-04

3.7287e-04

4.4346e-04

9.3024e-02
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Case 3 on Domain 2 with d =5

Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.5998e-03 | 2.5998e-03 | 2.8143e-03 | 6.5884e-02
Case 3 on Domain 2 with d =6
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.5384e-07 | 2.5384e-07 | 2.5384e-07 | 1.3852e-02
Case 3 on Domain 2 with d =7
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.3598e-08 | 2.3598e-08 | 2.3598e-08 | 2.6995e-03
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6.3 SPLINE APPROXIMATIONS OF THE NAVIER-STOKES EQUATIONS

The Navier-Stokes equations which govern the motion of an incompressible viscous

fluid in a bounded domain € of R? are
—v Au+Y 7, ugt +Vp=£f inQ,

divu=0

(6.12)
in Q.
The unknowns here are the velocity u = (uy, us,u3)” of the fluid and the pressure p.
The kinematic viscosity v and f = (f1, f2, f3) which represents the externally applied
forces (e.g. gravity) are given. The stress on the fluid is encoded in the nonlinear

term.
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6.3.1 THE CONTINUOUS PROBLEM

We shall deal with the Dirichlet boundary condition. To prescribe the velocity on
the boundary 0€) of €2, we set u = g on 0f). In view of the divergence theorem, g

must satisfy the compatibility condition

/mg-n:() (6.13)

where n is the unit outer normal to 0€.
Formally, by taking the scalar product of equation (6.12) with v € H{(£2) satis-

fying div v = 0, we get a weak form of the Navier-Stokes equations: Find u € H'(Q2)3

such that
i ou
v | Vua-Vv+ /u-—-v:/f-v Vv eV, 6.14
/ > fan =, ; (6.14)
divu=0 in Q2 (6.15)
u=g on 09, (6.16)
where
Vo = {v € Hy(Q)? div v = 0}.
Let

Li(Q) = {u € LZ(Q),/QU =0} and

H:(09) = {r(u),u € H'()},
where by 7(u), we mean the trace of u on 9Q. We have the following well-known

existence and uniqueness results, (cf. [Girault and Raviart’86]).

Theorem 6.3.1 Let 2 be a bounded connected open subset of R® with a Lipschitz

continuous boundary. For f € H1(Q)? and g € H%(aQ)?’ satisfying

/ g'IIZO,
o
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the problem: find (u,p) € H'(Q)* x L3(Q) such that
v AU+ uiutVp = £ inQ
diva = 0 in €2
u = g ondf,
has a solution which is unique provided that v is sufficiently large. (Here the first
two equations should be interpreted in the sense of distributions and the last one in

the trace sense.)

Unlike the linear case, this problem cannot be cast directly as a minimization
problem. In [Gunzburger’86] a procedure to reduce this problem to the solution
of a sequence of Stokes problems is described. Here we shall derive an algorithm

which withstands our tests.

6.3.2 SPLINE APPROXIMATIONS

We first compute the velocity vector field and then the pressure term. The difference

with the previous section is the presence of the nonlinear term.

APPROXIMATIONS OF THE VELOCITY

Let us fix the tetrahedral partition 7, and let n = dimP;,. If nth is the number of
tetrahedra in 7, the B-net of an element p of S}(Q2) has length N = n x nth. We
denote by p;, 1 <7 < 3 an approximant of u; and ¢; the B-net of p;. We therefore

have

n

pp=>» c B i=123,

s=1

We will consider a subspace W of the space of test functions. We’ll use

W = {(vi,v2,v3) € Sp(Q)°, (I (v1), If (v2), T (w3)) = (0,0,0),
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where I1¢ is the boundary interpolation operator which when acting on splines of
degree d is simply the restriction on the boundary.

Let d; encode the B-net of v;. Thus, if (v, vs, v3) is in W we have

D1d1 + D2d2 + D3d3 == 0, (617)
HdIZHdQZHd:J,:O, (618)
Rdl - Rdg - Rdg - 0, (619)

where H is the smoothness matrix, R is a matrix realization of I1}, i.e. Rd; is the
B-net of v; on the boundary for all : = 1,2,3, and D; is a discrete derivative. If p

has B-net ¢, D;c is the B-net of %. Let also G;,7 = 1, 2,3 denote the B-net of the

c1 dy
components g; of g. It is convenient touse c = | ¢, | andd = | ¢, [. We also
C3 ds
Gy
write G = | @, | and therefore have
G
H 0 0
HA< | o H o [d=0,
0 0 H
R 0 O
RAY| o0 R 0 |d=0 and
0 0 R



94
where I is the identity matrix of R™"" with m=dimP,;_,. With these notations,

(6.17), (6.18) and (6.19) are written

Dc =0, (6.20)
Hc =0, (6.21)
Rc = 0. (6.22)

We now proceed to the discretization of the equations. Equation (6.15) and (6.16)

are discretized as

Dc =0, (6.23)
Rc = G, (6.24)

with (py1, pe, p3) € S5(Q)? giving
He=0. (6.25)

Equation (6.14) can also be written

VZ/Vqu+ZZ/uJax V:zt:/tf-vzzt:jzi;/tfjvj.

Let’s write I1%(f;), = Y"n_, ff . Ba for the interpolation of f; and v, = >4, df s Bf
and let F}, F}, d' and d; encode the B-net of f;, f;, vj, and v; respectively.

Let Mt = ftB B )a,p=1,..n and M the corresponding mass matrix. We have

.....

> [mitson S S BB

t a=1,4=1
_Z TMtdt

= (Fy)" Md;.



M 0 0 F
Let M = 0 M 0 and F= | F, [.We have
0o 0 M F3

/f-v:(Hfﬂﬂh+(&fﬂﬂb+(&fﬂmg:FWWd
Q
Similarly we introduce the local and global stiffness matrix

K'=( / VB! VBYasorm
t

K 0 0
and K. We write K = 0 K 0 and we have
0 0 K

3
/Vu-VV:Z/Vuj-VUj
Q = Ja

=cl Kdy + cs Kdy + c3 Kdj

=cT'Kd.
Thus if we define the form ay by
ap(u,v) = / Vu: Vv,
Q
the discrete version of ag would be
ap(u,v) = c"'Kd

in the sense that ¢ and d encode the B-net of u and v respectively.

Let’s also introduce

WUV Z/U)Jal‘]
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(6.26)

(6.27)



We have
[wg2 v—z/w]ax zz/w]ax
Let’s write
n
d
Wile = ZCZ 2B Vig= Zd§,63ﬂ7 Wile = Z € By
B=1
SO

0OB¢
d a
Let Matjﬂ = (f Bd2B: Bd> so that
a,y=1,...,n

Y Ox;

.....
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where B!, (e, c) = [(e})"Mat,c}, ..., (e})"Mat!,,,ct] and if we let B;; assembled with

the BY;, we can write

3ui
Ui—V; = Bl e,C dl
/Q ]axj J( )

with Bji(e,c) = [Bj;(e,c),..., Bl (e, c)].

Finally, we have

3 P 3
jz;/ﬂwja_;-v:Z/ijax ZBﬂec

1,j=1
3 3
(ZB]'Z'(G c))d
i=1 j=1
Therefore
3 3 3
ar(w;u,v) = |> Bj(e,c) > Bple,c) Y Bjslec)
7=1 7=1 7j=1
Now since

3

ou
> ujm— v = ar(u;u,v),
j=1"/% J
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equation (6.14) is discretized as

3

Z le(c, C) Z B]'Q(C, C) Z ng(C, C)] d= FTMd

J=1

vel' Kd +

j=1
If one considers the following linear functional in d,

3 3

Zle(C,C) ZBJ'Q(C,C) Zng(C,C)

J=1 J=1

J(d) <uch +

— FTM> d,

J(d) = 0 for all d satisfying (6.20), (6.21) and (6.22). A fortiori, taking the derivative
with respect to d we must have:

J=1

vel' K +

Jj=1

3
Zle(C, C) ZB]'Q(C,C) Zng(C,C)]
7j=1 j 7=1
+MH+MR+MND=F'M

for some Lagrange multipliers Ay, Ag, A3.

This added with (6.23), (6.24) and (6.25) provided the non-linear equations which
were solved. We consider two methods for solving the non-linear system of equations,

using a simple iteration algorithm and using Newton’s method . The equations are

3 3 3 T

vKc + Zle(c, c) Zng(c, c) Zng,(c,c)

J=1 J=1 J=1

YH M+ R M+ DTAy = MF,

Hc =0,
Rc = G,
Dc = 0.



Notice that

(ef)"Mat, ¢!
B;i(e, c)l =
(ef)" Mat .t

(ef)" Mat},

(€§)TMat§,nth

L Bie)d.

] 13

And after assembling, we may write
Bji(e, C)T = Bj(e)ci,

with Bj(e) having the size of K and

(Z le(e, C) ZB]'Q(G,C) Zng(e, C))

S0 Bjle) 0 0 ) ¢

98

(6.28)

(6.29)

(6.30)

(6.31)
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where

and B(e) is defined analogous to the definition of H. With these notations,
a,(w;u,v) = (B(e)e)'d (6.32)
and the nonlinear equations to be solved are

vKc+ B(e)e+H M+ R A+ DT)\; = MF

Hec=0

(6.33)
Rc=G
Dc =0

THE ALGORITHMS

A simple iteration algorithm:

Let (c% A, A9, A) be the solution of the linear problem (i.e. the associated Stokes

equations) and define (¢"*', A7t AT \2F1) as the solution of

VK" 4+ B(c") e + H AP + RO 4 DTAMY = I[F

Hce'"tl =0
Rc"t' =G
Dc" ! = 0.

We would like to point out that Theorem 4.4.1 can be applied to solve the previous
systems. This follows from the properties of the forms ag and aj;.

Newton’s method

It is convenient to consider a mapping

T (¢, A\, Ao, \g) > (WKe+ B(e)e+ H M\ + R A\ + D'y — MF, He, Re — G, De).
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We seek to solve T'(c, Aj, A2, \3) = 0. We write X" = (¢, AT, A7, \}). Let X° be the

solution of the linear problem and define X"*! such that
(X)X — X™) = —T(X™). (6.34)

The main difficulty in evaluating T'(X") is to establish formulas for the Frechet

derivative of the mapping

which is assembled from the mappings
(cz-)TMat;lcﬁ
¢ — Bji(c,c)" =
(Cz')TMa‘t;,nthcg
We therefore introduce the bilinear mapping, for ¢, 5 fixed
(uj)TMatﬂvi
(u,v) = y;i(u,v) =
(vj)TMatjynthvi

for a series of matrices Maty—i . . The derivative of
Bji CH— 7jz-(c, C)
is

Bji(c)(h) = 7ji(c, h) + 7;i(h, )
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for h = (hy, ho, h3). As a consequence, if v denotes the mapping ¢ — B(c)c,

Z?:l Bj(c)h Z?:l Bj(h)c,
YW= | T Bk |+ | T B
23:1 Bj(c)hs 23:1 Bj(h)c;

with Bj(c)h; defined as in (6.31). In a more compact form,

7'(c)(h) = B(c)h + B(h)c.
We therefore have explicitly

(X" (XM = X?) = (WK (™ — ™) + B(c")(c™ — ¢) + B(c"™! — ¢)c”
HH (AP =00+ RS =A%) + DT - )
FT(an —¢"), R(c" — "), D(c"! — ¢")).

The equation (6.34) therefore implies

VFCnJrl +§(cn)cn+l 4 E(CnJrl - Cn)cn ( )
6.35
FH A 4 R 4 DT\ = ITF

along with
Hc""'=0, Rc"™"'—-G=0,and Dc""'=0 (6.36)

We now show that B(c™! — ¢")c™ can be written B(c™)(c"! —c*) with B(c")c” =

B(c")c". We turn back to (6.31) and (6.30).

(ch)"Matj, ¢}

Bt

ji(ca C)T =

(c5)" Matj u€;

L Bi(c)c!

] [3
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can also be written

and after assembling
Bji(C, C)T = Bj(C)Ci = BZ'(C)C]',

which gives the announced relations.
(6.35) can then be written

vEc"™ + B(c")e" ! + B’(cn)cnﬂ _i_ﬁTXIzH —|—ET)\§+1+
(6.37)

DT \s*t = MF + B(c")c".
This equation along with (6.36) provide the equations solved for the Newton’s
method iteration. Theorem 4.4.1 can also be applied to solve the above systems
because B(c™) is anti-symmetric and K + B(c™) (and consequently its symmetric
part) is positive definite with respect to L = (HT,ET, D™)T for v sufficiently large.

Indeed for a spline with B-coefficients encoded in x which satisfy Lx = 0,
XTKX + XTE(C(n))X 2 I/C| |X| |%{1(Q)3 — Cl | |C(n) | |H1(Q)3 | |X| |%{1(Q)3

But since the sequence (c™) is bounded (we prove its convergence below), there’s

02 > 0 for which ||C(n)||H1(Q)3 < 02, SO
x"Kx +x"B(c™)x > (vC — C1Ca) x| 4100

which proves what was claimed.
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CONVERGENCE OF THE ALGORITHMS

In this section, we study only the homogeneous problem, i.e. g = 0 or G = 0. The
arguments presented here follow classical arguments (cf, [Girault and Raviart’86))
and [Karakashian’82]. (In the later, Lagrange multipliers are used to enforce only
the divergence free condition.) First let’s give some properties of the form a, defined
in (6.26) and a; defined in (6.27) with their discrete counterparts.

ap is Hy () elliptic, i.e.
ag(v,v) > C||V||H(}(Q)3

for some constant C > 0.

For v in S%(2)? with B-net d satisfying Rd = 0,

I¥lEgens = | P+ [ 199
Q Q

=d"Md +d"Kd,
so the ellipticity condition says that if d satisfies Hd = 0 and Rd = 0 then
d"Kd > C||d|[3qp = C(d"Md + d" Kd).
The form a, satisfies the following important property
a;(w;v,v) =0.
when v, w are in H'(Q)? with div w = 0 and w -njso = 0. In particular if e satisfies
De=0, He=0, and Re=0 (6.38)

which can also be written

Le =0,
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with L = , and d satisfies Hd = 0, we have

S =T

(B(e)d)"d =0 (6.39)

using the expression of a; in (6.32). We also point out that the trilinear form a; is

continuous on H'(Q)3 x H'(Q)? x H'(Q)3, that is there is C; > 0 such that

jar(w;u,v) = |(B(e)e)d| < Chllel[myellellm @z ||dl[mi(0):-
These results can be found in [Girault and Raviart’86].
We derive an a priori error estimate of a solution of (6.33). We rewrite it as

vKc+ B(c)e+ L")\ = MF

(6.40)
Lc

0,

T
with A = (A, A, s ) - We multiply the first of (6.40) on the left by ¢ and
get

vel'Ke = ¢ MF.

Using the ellipticity of ay, we have

vOllellin @y < llellza@y |l e,

SO

1
llellmio) < EHFHL?(Q):‘- (6.41)

Uniqueness of the discrete velocity

We shall prove that there’s a unique vector ¢ solution of (6.33). The Lagrange

multipliers A, Ay and A3 may not be unique.
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Let (ug, A\, A2, A3) and (uy, 81, B2, #3) be two solutions of (6.33). Put € = u; —u,.
We have

vKe+ B(u))u; — B(uy)uy +FT()\1 — A1) +ET()\2 — B2) + DT (A3 — f5) =0

Hec =0
Rc=0
Dc =0

Multiplying the first of these equations on the left by €', we get
vel Ke + €' B(u))e + € B(e)uy = 0,
or
ve' Ke + ¢’ B(e)uy = 0.
Using (6.41), the ellipticity of ag and the continuity of a; we get

VO||6||§{1(Q)3 S Cl||€||%[1(Q)3||112||H1(Q)3
Ci
<~ G Fllzzpsllellfrr oy
So

Cy
(vC = Sl )llelfinay <0

We conclude that if ||F||;2qs is sufficiently small, i.e.

(vC)?
C,

|F[|£2(0) <

the discrete equations have a unique solution c.
To prove existence of a solution to (6.40), we shall need one additional lemma

which can be found in [Temam’'84].
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Lemma 6.3.2 (Brouwer fized point theorem) Let H be a finite-dimensional Hilbert
space with inner product (.,.) and norm ||.||. Let the map g : H — H be continuous.
Suppose there exists n > 0 such that (g(x),xz) > 0 for each x such that ||z|| = n.

Then there exists x* € H, with ||z*|| < n such that g(x*) = 0.

With c fixed let us consider the mapping J defined on

So={d € (R)*",Ld = 0}
by
J(d) =d" (vKc+ B(c)c — MF).

Owing to the continuity property of the trilinear form b, J is continuous on Sy
equipped with the norm of H{(2)?. Let (.,.) denote the associated inner product.

By the Riesz representation theorem, there is a function p : Sy — Sy such that

(d, p(c)) = J(d).
We have by (6.39),

(c, u(c)) = J(c) = ve' Kec — ¢c" MF
> vO|lel[5p — el Cn|IF 2

= el (u0||c||H5(ms _ cM||F||Lz<ms),

where C); is the Ly norm of the mass matrice M. Therefore for

Cul|F||L2 )
|lel g = QT() =:r,

we have (c, p(c)) > 0. It follows from the Brouwer fixed point theorem that, there
is e with [|e[|1)s < 7 such that p(e) = 0. This implies that J(d) = 0 on Sy. By
the Lagrange multiplier method, there is A for which J(d) +d” LT\ = 0. This gives

after simplification (6.40).
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We have proved the following theorem:

Theorem 6.3.3 (6.33) has a unique solution ¢ provided the (vector) spline encoded

in F has a sufficiently small L? norm or v is small enough.

Convergence of the simple iteration algorithm

The problem is to show convergence of the solution ¢"*! of

I/?Cn+1 +§(cn)cn+1 4 LT)\n+1 — MF
(6.42)
L™t =0,

T
to the solution ¢ of (6.40) where we put A»™! = ( PUSEED VA Ve ) . We have

the following theorem

n+1

Theorem 6.3.4 (6.42) has a unique solution c and the unique solution c of

(6.33) is such that

n+1

[e"™ —cllmap < nlle” — c|lm e,

n+1

for a constant v; < 1. As a consequence ¢ converges to C.

First let’s show that (6.42) has a unique solution ¢"*'. Let d"*' be another solution
and B"*! the associated Lagrange multiplier. Put "' = ¢**! — d"*!. Also put

= \rtl — gl We have
L™ =0 (6.43)
and
v + B(c™)e" ™ + LT = 0.

Multiplying this last relation by (¢"*1)T on the right and using (6.43) and (6.39),

we get

(6n+1)T?6n+1 =0
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and €' satisfies He" ™! = 0 and Re"t! = 0. Therefore €"*!' = 0 since if v is smooth,
zero on the boundary and fQ |[Vv|? = 0, v = 0. This proves uniqueness. Existence

can be proven as in the proof of Theorem (6.3.3).

Now, put €"*! = ¢"*! — ¢ and 7! = \»*!1 — \. We have

vKe" + B(c")e"™ — B(e)e + LT =0,
Le"™ =0,
)
vKe"t + B(c") "™ + (B(c") — B(c))e+ L' =0,
Le"t = 0.
Multiplying on the left by (¢"*")” after simplifications, we get

v(etHT Kt 4+ ("™ (B(c™) — B(c)c) = 0.

We notice that

It is actually convenient when necessary to use the forms ay and a; up to an identi-

fication of the splines with their B-forms. The previous relations then reads

(6n+1, 6n+1) n+1)

vag = —ay1(€e";c €
which joined with the continuity of the form a; and the ellipticity of ay yields
Colle™ i @p < Cullelm @ le™ i@ el m e (6.44)
So
1€ i < g € il el

< €3,
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C1[|Fll2(qy3

where v, = WO

. We have v < 1 under the assumption that ||F||;2qs is
sufficiently small.

Convergence of Newton’s iterations

We are interested in the sequence ¢! defined by

vEc" + B(c")e" ! 4+ B(c")e" + LTA™! = MF + B(c")c"
(6.45)
Lc" = G.

We have the following convergence result

Theorem 6.3.5 There exists r > 0 such that if ||c—c°|| 1) < T, there is a unique
c" ' solution of (6.45) and ||c — ||y < r for all n with ||c — ¢ || yq)p <
Hle - an%fl(Q)?" Moreover, if there’s n < 1 such that ||c — c°||y1(s = rn, then c”

converges to C.

Proof The existence of ¢"*! in (6.45) can be proven as in the proof of Theorem
(6.3.3). We prove first uniqueness. Given c, let d"*' be another solution of (6.45)
and B"*! the associated Lagrange multiplier. Put ¢"™! = ¢"*! — d"*!. We have:
Vfﬁn—l—l + E(cn)ﬁn—l—l + E(cn)en-i-l + LT)\n-H -0
Le"™ = 0.

Therefore

0= V(€n+1)T?6n+1 + (6n+1)T§(€n+1)cn
> ||fn+1||%{1(9)3(’/0 - Cl||cn||H1(Q)3)

> 1€ oy (vC = Cille = Mm@y — Cillellinqys)-

Using the a priori error estimate (6.41), this gives

C
0 Z ||€n+1||%{1(9)3 (VC — Cl||c — Cn||H1(Q)3 — %HFHLQ(Q)-’&)
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We want to show that
vC —Cl||C—Cn||H1( 3 — —||F||L2 )3 = 0,

which is equivalent to

Ol||F||L2 3—|—I/202
Z/COI ‘

||C — dn||H1(Q)3

—C1||F|| 2(qy3)+v>C?

We therefore let r = £ preten and prove by induction that if ||c —

||y < r, then ||c — ¢"||g1q) < r for all n. This will show that e**' = 0 and
that the solution of (6.45) is unique. Notice that » > 0 under the assumption that
||F|| 2225 is sufficiently small. That assumption is actually needed to guarantee the
uniqueness of the discrete solution.

Let e = ¢! — ¢ and 71! = \**1 — X\. We have

vKe"™ 4+ B(c")c" 4+ B(c"thc" — B(c)e + L't = B(c")c"

Le" =0,

which gives

or
vKe"t + B(c")e"™ + B(e")c + B(e"t!)c" — B(e")c" = 0.
We multiply this equation on the left by (e"*")”, and get
(e ) Re™! = (") B(e)e” — () B(e" e,
We therefore have

vOlle™ s < Cr(lle™ iy + 116" sl la @ps)

< Ci(lle" [y + 1" Ml @a (1€ |1y + llellm@yp))-
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Using the a priori estimate (6.41) and the induction hypothesis, we have

F 2 3
@C—Cﬁ_cﬂ_%glﬂwwwmmwScmymmm&

A tedious computation yields
C 1

¥l 203 o
I/O — Ol’l“ — Cl 750(9) r

So
1
e iy < ;Ilenllfm(n)s <r

completing the induction argument.

We have proved that [|c — ¢"*![[;1(a)s < 1|[e — €"|[31 gy It follows that
o1
le = ¢"llmep < [ ] = lle = <l oy
k=1

1 n
< WHC - C0||§{1(Q)3

< T e — CUH?*;l(Q)?’?
for n =1,2,... This shows that if there’s < 1 such that ||c — c°||g1()2 = r7, then

c” converges to c. Indeed in that case, we have

||c_cn||H1(Q)3 STT]Z", n:1727"'

APPROXIMATIONS OF THE PRESSURE

It is known that the pressure satisfies a Poisson equation which is obtained by taking

the divergence of the first equation in (6.12). We have
—Ap=—divf + div (u-V)u

since div u = 0. This equation is supplied with Neumann boundary conditions

%:Vp-n:f-n—i—u(Au)-n—((u-V)u)-n

and is solved numerically for p using the techniques described in the section on the

Poisson equation.
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6.3.3 NUMERICAL RESULTS

We have experimented the code on different tetrahedral partitions with different
smoothness and different degrees. We choose known vector fields which are diver-
gence free and compute the errors in the infinite norm. We first list numerical results
corresponding to continuous vector fields and pressure of class C! across tetrahedral
elements which do not share a face with the boundary. This demonstrates the
choice we have in selecting which amount of smoothness can be required of the
approximant. Typically one would construct piecewise continuous approximations

of the pressure. Here the viscosity is set to 1.

Domain 1: This domain is formed by the union of two tetrahedra which share

a common face.

Domain 2: We consider a cube of volume one which has been subdivided into

six tetrahedra.

We consider three different vector fields g = (g1, 92, g3) with a corresponding

pressure p on the previous domains.

Case 1:
g = 2 (y—z2)exp(x?+y?+ 2?)
92 = —2(z—2)exp(z® +y* +2%)
g5 = 2 (x—yexp(a®+y®+ 2

p = exp(x +y + 2)
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Case 2:

0 _ o(1 = 2)y(1 - y)z(1 - 2)

0 _ 2(1 = 2)y(1 - y)z(1 - 2))

0 _ L2y + 2 — 1) (=2 + 22y — y)(22 — 3)

p =exp(x+y+2)

Case 3:

g1 = I/1+z+y+2)

go = I/(14+2x4+y+2x2)

g5 = —1/l4+z+y+2) —31/1+z+y+2z2)
p = exp(x + y + 2)

These functions have been chosen so that the nonlinear term in the Navier-Stokes
equations do not vanish. In the following tables, Error 1, Error 2 and Error 3 are
the errors made in computing f;, fo and f3 respectively. We also indicate the error
on the pressure term. The first time a domain appears, the size of the matrix which

was solved is listed.

Case 1 on Domain 1 with d = 3

Tetrahedra Size Error 1 Error 2 Error 3 Pressure
2 290 x 290 | 7.9188e-01 | 1.8725e-01 | 8.8710e-01 | 3.4535e+01
16 2680 x 2680 | 3.9973e-01 | 1.0744e-01 | 3.9027e-01 | 1.5749e+01

Case 1 on Domain 1 with d =4

Tetrahedra Size Error 1 Error 2 Error 3 Pressure

2 005 x 505 | 2.9228e-01 | 8.8375e-02 | 3.4786e-01 | 1.4645e+01

16 4580 x 4580 | 6.3349e-02 | 2.6866e-02 | 6.2141e-02 | 2.2879e-+00




Case 1 on Domain 1 with d =5
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Tetrahedra Size Error 1 Error 2 Error 3 Pressure
2 805 x 805 | 2.8805e-01 | 1.8885e-01 | 2.8456e-01 | 5.9541e+00
16 7196 x 7196 | 8.4794e-03 | 3.9548e-03 | 8.5251e-03 | 6.7550e-01
Case 1 on Domain 1 with d =6
Tetrahedra Size Error 1 Error 2 Error 3 Pressure
2 1204 x 1204 | 5.4170e-02 | 5.0070e-02 | 5.2498e-02 | 2.0899¢+00
16 10640 x 10640 | 1.3485e-03 | 6.6982¢-04 | 1.1929¢-03 | 1.5991e-01
Case 1 on Domain 2 with d = 3
Tetrahedra Size Error 1 Error 2 Error 3 Pressure
6 960 x 960 | 5.3508e-01 | 6.8599¢-01 | 6.8599e-01 | 3.9479e+01
48 8400 x 8400 | 3.6084e-01 | 3.6084e-01 | 3.6084e-01 | 9.2745e+00
Case 1 on Domain 2 with d =4
Tetrahedra Size Error 1 Error 2 Error 3 Pressure
6 1650 x 1650 | 9.9685e-01 | 9.9685e-01 | 9.9685e-01 | 1.1079e+01
48 14280 x 14280 | 7.1163e-02 | 7.1163e-02 | 7.1163e-02 | 1.8966e+00
Case 1 on Domain 2 with d = 5
Tetrahedra Size Error 1 Error 2 Error 3 Pressure
6 2604 x 2604 | 1.9913e-01 | 1.9913e-01 | 1.9913e-01 | 4.2036e+00
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Case 1 on Domain 2 with d =6

Tetrahedra Size Error 1 Error 2 Error 3 Pressure

6 3864 x 3864 | 4.6539¢e-02 | 4.6539e-02 | 4.6539¢-02 | 1.2909e+-00

Case 1 on Domain 2 with d =7

Tetrahedra Size Error 1 Error 2 Error 3 Pressure

6 0472 x 5472 | 1.0646e-02 | 1.0646e-02 | 1.0646e-02 | 6.8582e-01

For the next test vector fields the approximations of the velocity vector field are

better and hence we get more accurate approximations of the pressure.

Case 2 on Domain 1 with d = 3

Tetrahedra Error 1 Error 2 Error 3 Pressure
2 5.4823e-03 | 5.1512e-03 | 4.8780e-03 | 2.9863e-01
16 1.2800e-03 | 1.1522e-03 | 1.5770e-03 | 1.6411e-01

Case 2 on Domain 1 with d =4

Tetrahedra Error 1 Error 2 Error 3 Pressure
2 2.6458e-03 | 2.3774e-03 | 2.1849¢-03 | 2.9286e-01
16 4.2213e-04 | 2.3787e-04 | 3.7811e-04 | 5.8395e-02

Case 2 on Domain 1 with d =5

Tetrahedra Error 1 Error 2 Error 3 Pressure

2 2.1518e-03 | 1.0184e-03 | 1.9193e-03 | 3.1441e-01

16 4.0893e-05 | 3.0022e-05 | 3.6272e-05 | 9.4046e-03




Case 2 on Domain 1 with d =6

Tetrahedra Error 1 Error 2 Error 3 Pressure
2 1.4059e-08 | 1.3591e-08 | 1.4851e-08 | 1.5114e-03
16 3.2372e-10 | 3.1183e-10 | 6.7459¢e-10 | 3.9750e-05
Case 2 on Domain 2 with d = 3
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 1.4097e-02 | 1.6179e-02 | 1.9143e-02 | 1.9430e+00
48 1.7648e-03 | 1.8289¢-03 | 3.4440e-03 | 5.5006e-01
Case 2 on Domain 2 with d =4
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.4929¢-03 | 3.6200e-03 | 8.8970e-03 | 2.5272e-01
48 3.7583e-04 | 3.7285e-04 | 4.4346e-04 | 9.3031e-02
Case 2 on Domain 2 with d = 5
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.6001e-03 | 2.6001e-03 | 2.8142e-03 | 6.5987e-02
Case 2 on Domain 2 with d = 6
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.0414e-07 | 3.0414e-07 | 2.7326e-07 | 1.3856e-02
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Case 2 on Domain 2 with d =7

Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.4135e-08 | 3.4135e-08 | 4.2451e-08 | 2.6998e-03
Case 3 on Domain 1 with d =3
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 1.3220e-02 | 2.8758e-02 | 2.2337e-02 | 2.5579e+00
16 5.9963e-03 | 6.1040e-03 | 4.7915e-03 | 9.4864e-01
Case 3 on Domain 1 with d =4
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 7.2904e-03 | 9.0516e-03 | 8.8195e-03 | 1.3839e-+00
16 7.7037e-04 | 1.4633e-03 | 1.2568e-03 | 2.4490e-01
Case 3 on Domain 1 with d =5
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 2.2836e-03 | 4.0212e-03 | 3.0422e-03 | 2.7893e-01
16 2.1804e-04 | 3.2009e-04 | 3.0179e-04 | 5.4180e-02
Case 3 on Domain 1 with d =6
Tetrahedra Error 1 Error 2 Error 3 Pressure
2 1.0482e-03 | 1.5710e-03 | 1.3561e-03 | 1.8802e-01
16 6.2463e-05 | 6.3539e-05 | 6.7752e-05 | 2.1708e-02

117



Case 3 on Domain 2 with d = 3

Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.3312e-02 | 4.0606e-02 | 5.0388e-02 | 2.9399¢e+00
48 2.3622e-02 | 2.4789e-02 | 3.0950e-02 | 1.2750e+00
Case 3 on Domain 2 with d =4
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 3.0671e-02 | 3.7226e-02 | 6.6432¢-02 | 9.4831e-01
48 3.0258e-03 | 4.1415e-03 | 6.4099¢e-03 | 1.9938e-01
Case 3 on Domain 2 with d =5
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 7.5366e-03 | 9.6083e-03 | 1.7657e-02 | 3.7409e-01
Case 3 on Domain 2 with d = 6
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 2.1930e-03 | 3.0274e-03 | 5.7868e-03 | 1.9517e-01
Case 3 on Domain 2 withd =7
Tetrahedra Error 1 Error 2 Error 3 Pressure
6 7.5139e-04 | 1.1032e-03 | 1.8545e-03 | 7.0576e-02
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Table 6.1: Accuracy of the velocity and pressure, r = 0
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Tetrahedra Size Error 1 Error 2 Error 3 Pressure
6 961 x 960 1.4097e-002 | 1.6179e-002 | 1.9143e-002 | 3.4500e-001
12 2101 x 2100 | 1.4561e-003 | 1.4561e-003 | 1.7462e-003 | 4.1284e-001
24 4291 x 4290 | 1.4511e-003 | 1.4190e-003 | 1.5752e-003 | 2.3806e-001
48 8401 x 8400 | 1.0339e-003 | 1.0308e-003 | 1.5299e-003 | 1.6460e-001
96 16441 x 16440 | 9.0358e-004 | 9.0346e-004 | 6.6460e-004 | 1.6278e-001
192 31621 x 31620 | 1.5348e-004 | 1.5121e-004 | 2.3278e-004 | 5.1888e-002

We proceed to give additional numerical results for Case 2 on Domain 2. Now, on
a cube initially subdivided into six sub-tetrahedra, we used the matrix iterative
algorithm. The bisection method of refinement was used. The purpose of displaying
these results is to show several level of refinements. We fixed the degree of the
splines to 3 and vary the smoothness. We set » = 0,1 and 2. However the pressure
is only continuous. We also display here how accurate the divergence condition,
the boundary conditions and smoothness conditions are. Although the reduced
algorithm was used, we give here the size the matrices that are solved when using
the other methods. The real size was simply 20 times the number of tetrahedra
where 20 is the dimension of the space of polynomials of total degree 3. Error 1,
Error 2 and Error 3 denote the errors on the first, second and third component
of the velocity respectively. Where we judged necessary, we also display the max-
imum shape measure o of the tetrahedral partition. The variations of ¢ is certainly
the reason of oscillations in some of the approximations. Note that if a uniform

refinement in eight tetrahedra is used, the approximations behave in a monotone way.



Table 6.2: Accuracy of the smoothness conditions, r = 0

Tetrahedra | Sigma Error 1 Error 2 Error 3
6 4.1815 | 6.4152e-003 | 6.4152e-003 | 6.4152e-003
12 4.4142 | 2.0286e-003 | 2.0286e-003 | 4.5644e-004
24 3.8284 | 5.2176e-004 | 5.2176e-004 | 2.0871e-004
48 4.1815 | 4.4773e-004 | 4.4773e-004 | 2.9773e-004
96 4.4142 | 6.5638e-004 | 6.5638e-004 | 2.1166e-004
192 3.8284 | 4.2883e-005 | 4.2883e-005 | 2.0618e-005

Table 6.3: Accuracy of the boundary conditions, r = 0

Tetrahedra | Sigma Error 1 Error 2 Error 3
6 4.1815 | 6.4152e-003 | 6.4152e-003 | 7.3923e-003
12 4.4142 | 8.8082e-004 | 8.8082e-004 | 1.2172e-003
24 3.8284 | 4.0930e-004 | 4.0930e-004 | 4.0930e-004
48 4.1815 | 4.4773e-004 | 4.4773e-004 | 4.4773e-004
96 4.4142 | 3.2819e-004 | 3.2819¢-004 | 3.2819e-004
192 3.8284 | 3.6039e-005 | 3.6039e-005 | 3.6039e-005
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6.4 NUMERICAL SIMULATION OF FLUID FLOWS

Our final numerical experiment is the calculation of a flow in a cavity. The cavity
domain 2 is the unit cube and the flow is caused by a tangential velocity applied to
the side y = 1. We assume that all external forces vanish. Since they are independent
of time, the flow limits to a steady state modelled by (6.12). For the boundary
conditions, we take g = (g1, g2, g3) with go = g3 = 0 and ¢g; = 0 except on the side
y = 1 where g; = 1. We have displayed the configuration of the flow for Reynolds

using the first and second component of

number 400, in the center plane z = %

1

the velocity, in the center plane x = 5 using the second and third components and

finally in the center plane y = % using the first and third components. We used



Table 6.4: Accuracy of the divergence free condition, r =0

Tetrahedra | Divergence
6 2.3303e-003
12 4.4041e-004
24 1.0435e-004
48 7.4622e-005
96 5.4698e-005
192 4.2883e-006

Table 6.5: Accuracy of the velocity and pressure, r = 1

Tetrahedra | Sigma Error 1 Error 2 Error 3 Pressure
6 4.1815 | 6.0223e-003 | 6.2017e-003 | 1.2326e-002 | 3.0920e-001
12 4.4142 | 2.3063e-003 | 2.2623e-003 | 1.5898e-003 | 3.7065e-001
24 3.8284 | 1.7874e-003 | 1.8019¢-003 | 1.4641e-003 | 2.8609e-001
48 4.1815 | 1.1168e-003 | 1.1432e-003 | 1.4807e-003 | 1.9697e-001
96 4.4142 | 1.6100e-003 | 1.6127e-003 | 7.5146e-004 | 1.2666e-001

Table 6.6: Accuracy of the smoothness conditions, r = 1

Tetrahedra | Sigma Error 1 Error 2 Error 3
6 4.1815 | 8.5805e-003 | 7.0732e-003 | 1.2994e-002
12 4.4142 | 2.1879e-003 | 2.2069e-003 | 1.6728e-003
24 3.8284 | 8.7277e-004 | 8.7071e-004 | 9.0578e-004
48 4.1815 | 1.0591e-003 | 1.0608e-003 | 1.1549e-003
96 4.4142 | 6.7895e-004 | 6.9228e-004 | 6.1978e-004

Table 6.7: Accuracy of the boundary conditions, r = 1

Tetrahedra | Sigma Error 1 Error 2 Error 3
6 4.1815 | 1.0924e-002 | 1.1170e-002 | 1.1592e-002
12 4.4142 | 2.6329e-003 | 2.3176e-003 | 2.8183e-003
24 3.8284 | 2.3098e-003 | 2.1577e-003 | 2.0573e-003
48 4.1815 | 1.0022e-003 | 9.3040e-004 | 1.2877e-003
96 4.4142 | 4.9163e-004 | 4.8677e-004 | 8.2081e-004




Table 6.8: Accuracy of the divergence free condition, r =1

Tetrahedra | Divergence
6 3.9109e-003
12 7.3256e-004
24 3.3587e-004
48 1.8103e-004
96 8.3684e-005

Table 6.9: Accuracy of the velocity and pressure, r = 2

Tetrahedra | Sigma Error 1 Error 2 Error 3 Pressure
6 4.1815 | 6.0223e-003 | 6.2017e-003 | 1.2326e-002 | 3.0920e-001
12 4.4142 | 2.2747e-003 | 2.2683e-003 | 1.5856e-003 | 3.7023e-001
24 3.8284 | 1.8173e-003 | 1.8082e-003 | 1.4962e-003 | 2.8492e-001
48 4.1815 | 1.0874e-003 | 1.1067e-003 | 1.4351e-003 | 1.8918e-001
96 4.4142 | 1.4268e-003 | 1.4084e-003 | 7.5803e-004 | 1.3249e-001

Table 6.10: Accuracy of the smoothness conditions, r = 2

Tetrahedra | Sigma Error 1 Error 2 Error 3
6 4.1815 | 8.5805e-003 | 7.0732e-003 | 1.2994e-002
12 4.4142 | 2.1342e-003 | 2.1335e-003 | 1.7477e-003
24 3.8284 | 9.2243e-004 | 9.3067e-004 | 9.2330e-004
48 4.1815 | 1.0547e-003 | 1.0749e-003 | 1.2324e-003
96 4.4142 | 6.2688e-004 | 5.7562e-004 | 7.8092e-004

Table 6.11: Accuracy of the boundary conditions, r = 2

Tetrahedra Error 1 Error 2 Error 3
6 1.0924e-002 | 1.1170e-002 | 1.1592e-002
12 2.7720e-003 | 2.6273e-003 | 2.8825e-003
24 2.3418e-003 | 2.1429e-003 | 2.0910e-003
48 9.3480e-004 | 9.2857e-004 | 1.3968e-003
96 5.0745e-004 | 4.9045e-004 | 8.4306e-004
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Table 6.12: Accuracy of the divergence free condition, r = 2

Tetrahedra | Divergence
6 3.9109e-003
12 7.3900e-004
24 3.5634e-004
48 2.0256e-004
96 1.2620e-004

continuous splines of degree 7 over the cube subdivided in six tetrahedra. These
results agree with the ones of [Wang and Sheu’97] who used quadratic polynomials

on cubic elements.
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Figure 6.2: Fluid profile in the y — z plane
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CHAPTER 7

CONCLUDING REMARKS

We have in this dissertation numerically solve various PDE’s using multivariate
splines, B-nets and smoothness conditions. Three dimensional problems typically
require a lot of memory for computation and this study does not make an exception
to this rule. The approximations seem to be very sensitive to the maximum shape
measure of the tetrahedral partition. We have identified a refinement strategy and
indicate some of its properties suggested by numerical results. When triangulating
the unit cube, this algorithm gives the same results as the one in [Ong’94]|. The
numerical part of this dissertation took a lot of time. When one mistake is made,
the programs which already take time to run have to be launched again. Various work
can follow this study. We plan to extend these ideas to time-dependent problems,
consider the Navier-Stokes equations in stream function formulation and numerically

solve the Navier-Stokes equations on an exterior domain.
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