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ABSTRACT. We prove a convergence result for a natural discretization of the Dirich-
let problem of the elliptic Monge-Ampeére equation using finite dimensional spaces
of piecewise polynomial C"' functions. Discretizations of the type considered in this
paper have been previously analyzed in the case the equation has a smooth solu-
tion and numerous numerical evidence of convergence were given in the case of non
smooth solutions. Our convergence result is valid for non smooth solutions, is given
in the setting of Aleksandrov solutions, and consists in discretizing the equation in
a subdomain with the boundary data used as an approximation of the solution in
the remaining part of the domain. Our result gives a theoretical validation for the
use of a non monotone finite element method for the Monge-Ampére equation.

1. INTRODUCTION

Let Q C R?% d = 2,3 be a convex domain with polygonal boundary 9. In this paper
we prove a convergence result for the numerical approximation of solutions to the
Dirichlet problem for the Monge-Ampere equation

(1.1) det D*u = f inQ, u = gon 99,

by elements of a space V}, of piecewise polynomial functions of some degree k > d
which are globally C'. The expression det D?u should be understood in the sense of

Aleksandrov c.f. section 2.5. For a smooth function u, D*u = ((8%)/(8%8%))
ij=1,..d

is the Hessian of u and f is a given function on (2 satisfying f € C'(Q) with 0 < ¢y <

f < ¢ for constants ¢y, ¢; € R. We assume that g € C'(952) can be extended to a

function g € C(Q2) which is convex on €.

Let fon, gm € C>(Q) such that 0 < c2 < fm < 3, fin converges uniformly to f on Q
and g, converges uniformly to g on . See for example [3]. Let u,, € C(Q2) denote
the Aleksandrov solution of the problem

(1.2) det Dy, = frn i€, Upy = Gy 00 O,

Finally let Q be a convex polygonal subdomain of (2. We prove that the problem:

find uy, € Vi (Q), up =y, on Q\ Q and

(1.3) > | (det D*uy, — fo)vp dz = 0, Yoy, € Vi (Q) N HY(Q),

~ JK
KeTn(Q)
1
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has a (locally unique) piecewise strictly convex solution u;, on Q) which converges
uniformly on compact subsets of €2 to the solution @ of

(1.4) det D@ = f,, in €, @ =y, on Q2 \
which is convex on € and continuous up to the boundary of Q.

Here 75,(€2) denotes a quasi-uniform triangulation of the domain Q and V;,(€) denotes
a finite element space on Q of piecewise polynomial C* functions of degree k > d. We
make the abuse of notation of writing u; = u,, to mean that our approximations are
discontinuous on the boundary and that u;, coincides with u,, at the Lagrange points
on 9. For simplicity, we do not indicate the dependence of @ on m.

A piecewise strictly convex function which is C! is strictly convex as a consequence of
(27, Theorem 6, p. 1091] and [41, Lemma 8.32]. Thus our approximations are strictly
convex.

1.1. Relevance of the convergence result for practical computations. Prob-
lems in affine geometry motivated the study of the Dirichlet problem for the Monge-
Ampere equation. See for example [7] for a numerical study of the Gauss-curvature
equation which is a Monge-Ampere type equation. The Monge-Ampere equation also
appears in several applications, e.g. optimal transport and reflector design, but with
the so-called second boundary condition, a term used to indicate that this type of
boundary condition was studied much later than the Dirichlet problem. Formally,
the numerical study of the second boundary condition can be reduced to a sequence
of Dirichlet problems using a fixed point algorithm.

Recently, several researchers have used a standard discretization of the type conside-
red in this paper for the numerical study of the reflector design problem [13]. Even
if one uses the same type of discretization for the Dirichlet problem (1.1), there is
not yet a convergence theory. The convergence result of this paper, as stated above,
addresses this issue.

Let 6 > 0. It is known, c.f. Theorem 2.15, that the Aleksandrov solution wu,, of
(1.2) converges uniformly on compact subsets of €2 to the Aleksandrov solution u of
(1.1). We choose m such that |u(z) — un(z)| < §/2 for all z € Q. By unicity of the
Aleksandrov solution u,, of (1.2), we have @ = u,, in (2. Thus our results give on each
compact subset of €, |up () — um ()| < 8/2 for h sufficiently small. The solution u of
(1.1) can then be approximated within a prescribed accuracy by first choosing m and
then h sufficiently small. We emphasize that the solution @ of (1.4) is not necessarily
smooth.

It remains to chose the data to compute the local solution of (1.3). We may assume
that |f(z) — fm(z)| < 9, |§(x) — gm(x)| < & and since u,, = g,, on IQ and u,, € C(9),
we may choose Q such that |t, — gn| < 6 on €\ Q. Thus, from a practical point of
view, for the implementation, we see that one can take Q= Q, frn = f withup, = gon
0. A similar situation arises in the routine use in the finite element literature of the
approximation of a smooth domain by a polygonal domain. Numerical experiments
with the discretization considered in this paper were given in [2] for both smooth
and non smooth solutions. For that reason, they are not reproduced here. Another
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possibility, but with results of less accuracy, is to actually implement the method on
a subdomain. This can be easily tested on a code for (1.1) by extending g to a larger

domain Q2 and using the restriction of g on o) as boundary value. For the extension
of the framework of this paper to the second boundary condition, only the choice of
fm and € is needed. We wish to address this in a separate work.

1.2. Methodology. The purpose of this section is to explain the need for regula-
rization of the data and the need of a subdomain for our convergence result. The
methodology of this paper may be applied to other settings where one has numerical
evidence of convergence for discretizations of (1.1). The general methodology consists

m

1-

Prove the convergence and local uniqueness of the solution of the discrete
problem (1.3) when (1.1) has a smooth solution. See [5]. Under the assump-
tion that the discrete problem (1.3) has a solution which is piecewise strictly
convex, prove local uniqueness using the continuity of the eigenvalues of a
matrix as a function of its entries. See section 6.2.

Verify that the numerical method is robust enough to handle the standard
tests for non smooth solutions. In [2], we prove the convergence of iterative
methods which preserve weakly convexity and their effectiveness in capturing
a convex solution of (1.3) was illustrated with numerical experiments.

Choose m, fin, gm and Q as specified in section 1.1.

Consider a sequence of smooth uniformly convex domains {25 increasing to {2
[9], with the property that 2 C € for all s, and the problems with smooth
solutions [43]

det D*tUps = frnin Qs, Upns = G 00 0.

From Theorem 2.15, u,,s converges uniformly on Q to the solution U, of (1.2)
and hence to u as s — o0.
Establish that the discrete approximation s of the smooth function s,

on Q and with boundary data wu,,s, converges uniformly to u,,s on Qas h —
0. This takes the form of an error estimate with constants depending on
derivatives of ;.

Because () is an interior domain, interior Schauder estimates allow to get a
uniform bound on the derivatives of u,,s. In other words, w,,s) converges

uniformly to u,,, on compact subsets of {2 at a rate which depends on €2 but
is independent of s.

The local equicontinuity of convex functions allows to take a subsequence
in s. This gives a convex finite element function u;, which solves the finite
element problem (1.3). The approximation wy, is shown to converge uniformly
on compact subsets of ) to the solution @ of (1.4). Local uniqueness of the
discrete solution is a consequence of the work done in Step 1.

1.3. Possible disadvantages of the approach in this paper. We prove that
(1.3) has a strictly convex solution which is locally unique. Even when (1.1) has
a smooth solution, global uniqueness of the discrete approximation has not been
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addressed in previous work. In the standard finite difference context, a variational
approach presented in [6] allows to select a special discrete solution. Numerical results
reported therein indicate that such an approach is effective when the right hand side
of the Monge-Ampere equation is a sum of Dirac masses. The analysis in [6] uses
heavily results on the existence of local solutions.

The convergence result in the paper uses results available for the approximation of
smooth solutions of (1.1) using standard discretizations. See for example [5]. When
(1.1) has a smooth strictly convex solution, these results say that the discrete problem
has a solution for h < hg where hy — 0 as a high order Sobolev norm of u approaches
infinity. Thus for example when |[u[|cx+1(q) is very big, existence of a discrete solution
would hold for A close to machine precision. And this is just for smooth solutions.
The interior Schauder estimates give a possibly large upper bound on |[ums| w1 g, as

the latter depends on the distance of Q to Q. Thus it is not possible, in this setting,
to quantify how small h should be for the existence of w,,s 5. We recall that w,,, and
Unms,», Were introduced in step 5 of the methodology described in section 1.2.

Results for the numerical approximation of viscosity solutions for (1.1) in the degene-
rate case f > 0 are stated in terms of uniform convergence on compact subsets with
no quantification of how small A can be. Thus no information is given about how
small h should be for a reasonable reduction of the error, although in that setting
there is no restriction on the size of h for the existence of a discrete solution.

1.4. Relation with other work. A convergence analysis for a discretization of (1.1)
starts with a choice of a notion of weak solution. For an analysis based on the notion
of viscosity solution, we refer to [24] in the finite difference context, and to [23] in
the finite element context for radial solutions with a biharmonic regularization. The
discretization proposed in [24] is a monotone scheme and thus enjoys a discrete max-
imum principle. One of the advantages of a monotone scheme is that one can prove
existence of a discrete solution with no restriction on the size of the mesh. Netherthe-
less, the reader should be aware that there are many non monotone schemes for
problems given in the setting of viscosity solutions e.g. [28]. The lack of a maximum
principle for the discretizations analyzed in this paper is related to the difficulty of
proving stability of the discretization for smooth solutions without assuming a bound
on a high order norm of the solution. For that reason, we introduced the theoretical
computational domain €2 and fix the parameter m in the regularization of the data.

The weak solution in the viscosity sense is known to be equivalent to the weak solution
in the sense of Aleksandrov for f € C(Q) and f > 0 on . The arguments of this
paper are based on the notion of Aleksandrov solution. To the best of our knowledge,
a proven convergence result for the numerical resolution of (1.1) via the notion of
Aleksandrov solution was only considered in [36] for the two dimensional problem.
The approach in [36] uses geometric arguments and is different from the one taken

here.

When the weak smooth solution of (1.1) is a smooth strictly convex function, B6hmer
[10] studied C' approximations and his method has been implemented in [18]. See
also [17]. Bohmer’s method requires a modification of the Argyris space and nume-
rical results in [18] used Newton’s method and did not address some of the standard
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test cases for non smooth solutions. In [13], it is shown that with a standard C*
approximation based on B-splines, Newton’s method coupled with trust region me-
thods is effective for these standard test cases. Newton’s method was also used in
[22] in the vanishing moment methodology. See also [4]. In [5], we analyzed the dis-
cretization (1.3) for C' approximations and gave numerical evidence of convergence
for non smooth solutions if one uses Lagrange elements and a time marching method.
We previously gave the corresponding numerical results with C! approximations in
[2]. In [34] it is shown that Newton’s method is effective if one uses a mixed formu-
lation and implement the resulting method in primal form. See [33] for a description
of the method for linear non variational problems. However in all these works, i.e.
[10, 18, 13, 22, 4, 34, 5], no proof of convergence is given in the case the solution of
(1.1) is not in H?(Q).

In this paper, we present a theory which explains why standard discretizations of the
type considered in this paper exhibit numerical convergence for non smooth solutions
of the Monge-Ampere equation. The easiest way to get insight into the problem,
is through the approach which consists in regularizing the exact solution [3]. The
latter approach is less general in the sense that it does not apply to collocation
type discretizations such as the standard finite difference method. In fact, it is a
standard technique in the analysis of Aleksandrov solutions of the Monge-Ampere
equation, e.g. [19, Lemma 3.1], to regularize the data f, g and take a sequence
of smooth uniformly convex domains approximating the given domain. It is then
natural, following principles of compatible discretization, that a similar approach can
be followed for a discretization. Spaces of piecewise polynomials C' functions can
be constructed using Argyris elements, the spline element method [2] or isogeometric
analysis.

Regularization of the data has been used in [26]. If one assumes that the domain
) is smooth and uniformly convex, we can take 2 = ) and use global Schauder
estimates c.f. [43], and a bootstrapping argument, to implement the compactness
argument described in section 1.2. To address the practical issue of dealing with
curved boundaries, one should use the approach in [11] which consists in a penalization
of the boundary condition and the use of curvilinear coordinates for elements near
the boundary. The boundary condition can now be taken as 4 = g,,. The approach of
this paper can be easily adapted to explain the numerical results with singular data
presented in [1].

Without loss of generality, in subsequent papers on the analysis of schemes for (1.1),
one may assume that f and g are smooth. In fact, one can even also assume that the
solution is smooth, as the techniques of this paper can be applied to handle the non
smooth case.

1.5. Organization of the paper. We organize the paper as follows. In the next
section, we introduce some notation, recall the main results on the convergence of the
discretization (1.3) when (1.1) has a smooth solution and the notion of Aleksandrov
solution of (1.1). In section 3 we give preliminary results on smooth and polygonal
exhaustions of the domain. In section 4 we give the proof of existence of a convex
solution of (1.3). The proof of the convergence of the discretization is given in section
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5. In section 6 we prove that our approximations are strictly convex and give a local
uniqueness result. The proof of some technical results are given in section 7.

2. NOTATION AND PRELIMINARIES

2.1. General notation. For two subsets S and T of R, we use the usual notation
d(S,T) for the distance between them. Moreover, diam S denotes the diameter of S.

We use the standard notation for the Sobolev spaces WHP(Q) with norms ||.||tp.0
and semi-norm |.|;, 0. In particular, H(Q) = W**(Q) and in this case, the norm
and semi-norms will be denoted respectively by ||.||;q and |.|;o. When there is no
confusion about the domain €2, we will omit the subscript €2 in the notation of the
norms and semi-norms. We recall that H} () is the subspace of H'() of elements
with vanishing trace on 0f).

We make the usual convention of denoting constants by C' but will occasionally index
some constants. We assume that the triangulation 75,(€2) of the domain 2 is shape
regular in the sense that there is a constant C' > 0 such that for any element K,
hi/px < C, where hi denotes the diameter of K and pg the radius of the largest
ball contained in K. We also require the triangulation to be quasi-uniform in the
sense that h/hp, is bounded where h and hy,;, are the maximum and minimum
respectively of {hx, K € Tp}.

2.2. Finite dimensional subspaces. We will need the broken Sobolev norms and
semi-norms

1
2
=( 3 ||v\|?,p,K) d<p<oo

v
KeTh(Q)
[0]lt00n = max |[v]],c0r,
KeTy(Q)

with a similar notation for |v] .

We let V,,(2) denote a finite dimensional space of piecewise polynomial C*(§2) func-
tions, of local degree k > d, i.e., V}, is a subspace of

{veClQ), vlg € P, VK € TH(Q)},

and P} denotes the space of polynomials of degree less than or equal to k. We make
the assumption that the following approximation properties hold:

(2.1) v — HhUHt,p,h < Caphlﬂit‘v‘lﬂ,m

where II,, is a projection operator mapping the Sobolev space W*P(Q) into Vj,
1<p<ooand 0<t <<k Werequire that the constant C,;, does not depend on
h and v. We also make the assumption that the following inverse inequality holds

_ i d_d
(2.2) 0]t < Conuh ™27 [0, V0 € Vi

and for 0 <[ <t,1 <p,q<oo. We require that the constant C;,, be independent of
h and v. The approximation property and inverse estimate assumptions are realized
for standard finite element spaces [12].
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2.3. Approximations of smooth solutions of the Monge-Ampeére equation.
Next, we summarize the results of [5, 2, 10] of estimates for C?! finite element appro-
ximations of smooth solutions of (1.1).

Theorem 2.1. Let O4 be a convex polygonal subdomain of 2 with a quasi-uniform

triangulation Tn(Os). Assume that us € C*(Oy) is a strictly convez function which
solves

det D*uy = f, inOs, uys = g5 on 0Oy,
with f, g, € C®(0,) and f, > C > 0. We consider the problem: find u,,; € Vi,(O,),
Usp = gs on 00, and

(2.3) 3 / (det D2y — f.)on dz = 0, v, € Va(O,) N HA(O,).
KeT,(05) 7 K
Problem (2.3) has a (locally unique) piecewise convex solution wusj, with
s — s pll2 o, < Csh' ™12 <1<k,
and the constant Cs is uniformly bounded if ||us||i4+1.00.0, 15 uniformly bounded.
The result of Theorem 2.1 follows from [10, Theorems 5.1 and 8.7] and an inverse

estimate. Equation (2.3) differs from (1.3) in the sense that we assume here that u,
is smooth whereas the solution @ of (1.4) is not necessarily smooth.

Corollary 2.2. Under the assumptions (and notation) of Theorem 2.1, the approxi-
mate solution usp, converges uniformly on compact subsets of O to us as h — 0.

Proof. For each element K € T;,(O,), by the embedding of H*(K) into L>(K), we
obtain

2,K S Cshlil ‘ |us | ’l+1,oo,OS .

Hus - us,hHO,oo,K S Hus - us,h

Therefore

||u5 — Us,h|]0,00,05 S Oshl_lnus”l—i-l,oo,Osa
and the result follows. O

2.4. Interior Schauder estimates. Recall that 2, C Q is a smooth uniformly
convex domain. Recall also that the solution of (1.1) is not in general smooth unless
f and § are smooth and 2 is a smooth uniformly convex domain. Thus ||u||c2(q) if
defined is not finite in general. We will need estimates which depend on derivatives
away from J€; as we assume that (2 is a polygonal domain. This is the main reason
for introducing the theoretical computational domain €2. Recall that we make the
assumption that
QcCQ,, foralls,

and thus the closure of ) is a compact subset of Q. The proof of the following lemma
is given in section 7.

Lemma 2.3. Let u,,s solve (1.5). We have the uniform interior Schauder estimates
||ums|‘ck+1(ﬁ) S Cm7

where Cy, depends only on m,d, c, || fmllcx @), Q and d(Q,09).
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2.5. The Aleksandrov solution. In this part of the section, we recall the notion
of Aleksandrov solution of (1.1) and state several results that will be needed in our
analysis. We follow the presentation in [29] to which we refer for further details.

Let © be an open subset of R?. Given a real valued convex function v defined on (2,
the normal mapping of v, or subdifferential of v, is a set-valued mapping N, from €2
to the set of subsets of R? such that for any z, € €2,

Ny(xo) = {qg € R 1 v(x) > v(20) + ¢ - (x — 20), for allz € Q}.
Given E C 2, we define N, (E) = U,cp N, () and denote by |E| the Lebesgue measure
of ¥ when the latter is measurable.

If v is a convex continuous function on €2, the class

S ={F CQ,N,(F)is Lebesgue measurable },

is a Borel o-algebra and the set function M[v] : S — R defined by
M[v](E) = [Ny (E)],

is a measure, finite on compact sets, called the Monge-Ampere measure associated
with the function v.

We are now in a position to define generalized solutions of the Monge-Ampere equa-
tion. Let the domain €2 be open and convex. Given a Borel measure p on €2, a convex
function v € C(Q2), is an Aleksandrov solution of

det D*v = p,

if the associated Monge-Ampere measure M [v] is equal to u. If u is absolutely conti-
nuous with respect to the Lebesgue measure and with density f, i.e.

u(B) = / f dx, for any Borel set B,
B

we identify p with f. We have

Theorem 2.4 ([31] Theorem 1.1). Let Q be a bounded convex domain of R?. Assume
f€LYQ) and g € C(9Q) can be extended to a function g € C(Q) which is conver in
Q. Then the Monge-Ampére equation (1.1) has a unique convex Aleksandrov solution

in C(Q).
Remark 2.5. The assumption that g € C(02) can be extended to a convex function

g € C(Q) can be removed if the domain Q) is uniformly convez, [29].

We recall that for a convex function v in C*(€2), the Monge-Ampere measure M [v]
associated with v is given by

M[v](E)—/detD%(m) dz,

E
for all Borel sets £ C .

Lemma 2.6. Let v € W?%(Q) be a piecewise C? convex function such that det D*v >
0 a.e. Then M[v|(E) = [, det D*v(x)dz for all Borel sets E C Q.

The proof of the above lemma is given in section 7.
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Definition 2.7. A sequence p,, of Borel measures is said to converge weakly to a
Borel measure p if and only if

/Q p(e) dyim — / ple) di.

for every continuous function p with compact support in €.

For the special case of absolutely continuous measures p,,, with density a,, with respect
to the Lebesgue measure, we have

Definition 2.8. Let a,,,a > 0 be given functions. We say that a,, converges weakly

to a as measures if and only if
/ amp dr — / apdzx,
Q Q

for all continuous functions p with compact support in €.

We have the following weak continuity result of Monge-Ampere measures with respect
to local uniform convergence.

Lemma 2.9 (Lemma 1.2.3 [29]). Let u,, be a sequence of convex functions in S such
that u,, — u uniformly on compact subsets of Q). Then the associated Monge-Ampere
measures M |u,,] tend to M[u] weakly.

Remark 2.10. It follows that if u,, is a sequence of C*(Q2) convex functions such
that u, — u uniformly on compact subsets of Q, with u solving (1.1), then det D*u,,
converges weakly to f as measures.

We will often use the following lemma, the proof of which is given in section 7.

Lemma 2.11. Let u; denote a uniformly bounded sequence of convex functions on a
convex domain §). Then the sequence u; is locally uniformly equicontinuous and thus
has a pointwise convergent subsequence.

2.6. Approximations by solutions on subdomains. For a function b defined on
0, we denote by b* its convex envelope, i.e. the supremum of all convex functions
below b. If b can be extended to a continuous convex function on €2, then b* = b on

1.

Following [39], we define a notion of convergence for functions defined on different
subdomains. Recall that Q C R? is bounded and convex. For a function z : Q — R,
its upper graph Z is given by

Z ={(z,x411) € QX R xq41 > v(2) }.
For a function b : 92 — R, its upper graph is given by
B:={(z,24+1) € 00 x R, z4:1 > b(x) }.
Definition 2.12. We say that z = b on 0N if
B=27n(09 xR).
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Definition 2.13. The Hausdorff distance between two nonempty subsets K and H
of R? is defined as

max{ sup[d(z, K),z € H|,supld(z,H),z € K] }.

Let 2, C € be a sequence of convex domains and let z, : 2, — R be a sequence
of convex functions on Q,. We write z, — z if the upper graphs Z, converge in the
Hausdorff distance to the upper graph Z of z. Similarly, for a sequence b, : 9Q, — R,
we say that by, — b if the corresponding upper graphs converge in the Hausdorff
distance.

Finally, let as : 23 — R and a : 2 — R. We write as; — a if the a, are uniformly
bounded and a, converges to a uniformly on compact subsets of 2.

To summarize, in Proposition 2.14 below, for a sequence of convex functions on €2 or
for their restriction to 02, the convergence is convergence of the corresponding upper
graphs in the Hausdorff distance whereas for the data as we use uniform convergence
on compact subsets.

We have
Proposition 2.14 (Proposition 2.4 of [39]). Let z; : Qs — R be convex such that
det Dz = asin €, 25 = bs 0n 08).
If
Zg —> 2z,a5 — a,by — b,
then
det D*z = ainQ, z = b* on o),

where b* denotes the convex envelope of b on 0S2. In particular if b can be extended
to a continuous convex function on 2, z =b on 0f).

We state an approximation result for Monge-Ampere equations which follows from
[39, Proposition 2.6]. A detailed proof is given in section 7.

Theorem 2.15. Let ()5 be a sequence of conver domains increasing to Q, i.e. Qg C

Qg1 C Q and d(0Qs,002) — 0 as s — 00. Assume that zs € C(Qs) is a sequence of
convex functions solving

det Dz, = ain§, zs = b on 9,

with a >0, a € C(R)). Assume that b € C(2) and is convex on Q.

Then zs converges (up to a subsequence) uniformly on compact subsets of Q to the
unique convez solution z of

det D*z = ainQ, z = bonds,

Remark 2.16. If v, is a sequence of convexr functions which converge on ) to a
conver function v with upper graph V', we can extend v canonically to the boundary
by taking the function on 0Q with upper graph V N (092 x R).
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2.7. A characterization of weak convergence of measures. The result we now
give is well-known but we give a proof in section 7 for completeness.

Let Cy(€2) denote the space of bounded continuous functions on 2. We have

Lemma 2.17. Let a,,,a € Cp(Q), am,a >0 form =0,1,... Assume that the sequence
Gy, 18 uniformly bounded on 0 and that a,, converges weakly to a as measures and let

p € HY(Q). We have
/ampdx%/apdx,
Q Q

2.8. Useful facts about convex functions. It is known that the pointwise limit of
a sequence of convex functions is convex. Also, every pointwise convergent sequence

of convex functions converges uniformly on compact subsets. See for example [8,
Remark 1 p. 129 |.

as m — Q.

3. SMOOTH AND POLYGONAL EXHAUSTIONS OF THE DOMAIN

It is known from [9] for example that there exists a sequence of smooth uniformly
convex domains (2, increasing to Q, i.e. Qg C Qg1 C Q and d(99Q,,092) — 0 as
s — 0o. An explicit construction of the sequence €, in the special case Q = (0, 1)?
can be found in [42].

Recall that f,, and g,, are C*°(Q)) functions such that 0 < ¢y < f,,, < ¢3, frn — f and
gm — ¢ uniformly on €. Thus the sequences f,, and g,, are uniformly bounded on €.
The sequences f,,, and g, may be constructed by extending the given functions to a
slightly larger domain preserving the property f > C' > 0 for some constant C' and
apply a standard mollification. See [3] for a different procedure. By [14], the problem
(1.5) has a unique convex solution u,,, € C*(€,). By Theorem 2.15, as s — oo,
the sequence u,,s converges uniformly on compact subsets of €2 to the unique convex

solution u,, € C(2) of Problem (1.2). Moreover, the solution w,, of (1.2) converges
uniformly on compact subsets of 2 to the unique convex solution u of (1.1).

Recall that € is a convex polygonal subdomain of €2 with a quasi-uniform triangulation
Th(Q). We let & > 0 be a fixed parameter and chose m and Q such that |f(z) —
Fm()] <8, 1G(x) — gm(2)] < & and |u(z) — um(x)| < 8 for all z € Q. Without loss of
generality we may assume that Q c Q, for all s.

We have

Theorem 3.1. There ezists a convex function up, € V() which is uniformly bounded
on compact subsets of Q) uniformly in h. The function u, satisfies up, = u,, on ) and

is obtained as the limit of a subsequence in s of the convexr solution sy in V,(Q2) of
the problem:

(3.1) Z / ~(det D2ums,h — fom)ondr =0,V € Vh(ﬁ) N HS(Q),
Kot I KN®

With Ups h, = Upms 0N OS2,
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Proof. Since ,,s is smooth on €2, Theorem 2.1 yields a solution to Problem (3.1).
The latter is convex on 2 as a C'! piecewise convex function, c.f. [16, section 5 |.
Given a compact subset K of €2, we have

(32) ||um5 - um57h||0,OO,K S ||um5 - ums,h||07007§ S C||um5||k‘+1,oo,§ hk‘—l.

since 0 C Q. By the interior Schauder estimates Lemma 2.3, the sequence in s
of convex functions s is uniformly bounded on compact subsets, and hence by
Lemma 2.11 has a convergent subsequence also denoted by s, which converges to
a function uy,. The function uy is convex as the pointwise limit of convex functions
and the convergence is uniform on compact subsets.

Next, we note that for a fixed h, u,s is a piecewise polynomial in the variable  of
fixed degree k and convergence of polynomials is equivalent to convergence of their
coefficients. Thus wuy, is a piecewise polynomial of degree k. Moreover, the continuity
conditions on u,,s are linear equations involving its coefficients. Thus u; has the

same continuity property as s . In other words uy, € V5 ().

Finally, since u,,, converges uniformly on compact subsets to u,, as s — oo, we have
on 0f), up = u,, as 02 is by construction a compact subset of .

As a consequence of the interior Schauder estimates, wy is uniformly bounded on
compact subsets of {2 uniformly in .

O

The goal of the next two sections is to prove that the function w; given by Theorem
3.1 solves Problem (1.3).

4. SOLVABILITY OF THE DISCRETE PROBLEMS.

The goal of this section is to prove that (1.3) has a solution. Then Problem (3.1) can
be written

(4.1) /(det D tpsp — fn)on dz = 0,0y, € Vi(Q) N HY(Q).

Q

To see that the left hand side of the above equation is well defined, we note that

Ums,p 18 a piecewise polynomial C* function and is thus in W24(2). As a consequence

det D*uy,,, € L'(Q) and since vy, € L>°(Q), this gives the result.

Recall that the discrete solution u,, ) being piecewise convex and C" is convex on (NZ,
c.f. [16, section 5 |. We define

fms,h = det DQums’h.

By Lemma 2.6, we can then view w,,;, € W24(Q) as the solution (in the sense of
Aleksandrov) of the Monge-Ampeére equation

det D2ums7h = fimspil Q.
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By Lemma 2.9, det Dzumslvh — det D?uy, weakly as measures for a subsequence s; —

co. Then by Lemma 2.17 we get for v € V;,(2) N H} (),

(4.2) /~(det D*Upps, )0 dx — /~(det D?up)v da.
o) o

It remains to prove that as [ — oo

/~(det D2umsl,h)v dx — /~ fmv dx.
Q

)
This is essentially what is proved in the next theorem

Theorem 4.1. Let V,, () denote a finite dimensional space of C' functions satisfying
the assumptions of approximation property and inverse estimates of section 2.2. Then
Problem (1.3) has a convex solution uy,.

Proof. Given v € V,(Q) N H&(Q),Nlet v; be a sequence of infinitely differentiable

functions with compact support in €2 such that ||v; — v||12 — 0 as | — co. We have
by definition of f,,s

(4.3) /~(detD2umSl7h)vd:U—/~fmsl,hvdx.
Q

Q
We have

[fmsl,hvdzz[fmsl,h(v_Ul)dl'+/~fmsl,h<vl_Hh(vl))dx
) ) )
+/~fmsl,hﬂh(vl)d$7
)

and thus by (4.1)
ms dr = msy, - d msy, —1I d
/ﬁf 1,hU AT /ﬁf h(v Ul) $+/ﬁf h(’U[ h(Uz)) €T
w1 () do
+ [ fallaton)
= [ G = f)o = w) o

Q
+éuwm—ﬁum—namwM+A¥mwm

By the inverse estimate (2.2)
| det D*ums bl oo, < Clltmsnlly oo g
< C’h_QdHum&hHgmﬁ.
Hence by Lemma 2.3
(4.5) || det D2ums,h|]0700752 < Cy,

for a constant ', which depends on h but is independent of s.
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Since f,, is uniformly bounded on €, it follows from (4.5)

(4.6) /~(fmsl,h — fm)(v —u)dz| < Cllv — |12 = 0asl — oo.
Q

Finally, since v € V},(€2), we have II,(v) = v and hence

[ P — ) (01 — () dar — / oo — ) (01 — v) da
Q Q
4 / Fonson — fon) (a0 — ) .

By Schwarz inequality, (4.5) and (2.1)
[ G = £ )Mo = ) do
Arguing again as in (4.6), it follows that

(@7) /ﬁ(fmshh — F) (0 — Thy(w)) dz — Oasl — oo.

We conclude by (4.2)—(4.7) that as [ — oo

/N(det D2umsl,h)v dx — /~ fmv dx.
Q

Q

< Cpl[Hp(v —v)llo2 < Chllv —vi][12 = Oasl — oo.

By the unicity of the limit

/~(detD2uh)vdx:/~fmvdx.
O

9
That is, the limit uy solves (1.3). The existence of a solution to (1.3) is proved. [

5. CONVERGENCE OF THE DISCRETIZATION

We have

Theorem 5.1. Under the assumptions set forth in the introduction, the convex solu-
tion uy, of Problem 1.3 (given by Theorem 4.1) converges uniformly on compact subsets
of Q, as h — 0, to the solution @ of (1.4) which is conver on Q and continuous up
to the boundary.

Proof. We recall from Theorem 3.1 that the function w, is uniformly bounded on
compact subsets of Q. Tt follows from Lemma 2.11 that there exists a subsequence
up, which converges pointwise to a convex function v. The latter is continuous on Q
as it is locally finite. Moreover the convergence is uniform on compact subsets of Q.

Recall also from Theorem 3.1 that uy, is obtained as a subsequence in s of the appro-
ximations w,,s » of smooth solutions u,,s which converge to u,, uniformly on compact
subsets of 2.

Let K be a compact subset of Q2. There exists a subsequence Unm,s,,», Which converges
uniformly to u, on K. By the uniform convergence of u,,s to u,, on K, we may
assume that u,, 5, converges uniformly to u,, on K.



15
Let now € > 0. Since uy, converges uniformly on K to v, Jly such that VI > [,
|up, (x) —v(x)| < €/6 for all x € K.
There exists [; > 0 such that for all [ > max{lo, {1 }, |Ums.n (€) — up,(x)| < €/6 for
all z € K.

Moreover, there exists o > 0 such that for all I > max{ly, 1,2 }, |tms, () —um(x)| <
€/6 for all z € K.

Similarly to (3.2), we have on K, |[tpsp, () — Ums(2)] < Cphy for all x € K. We recall
that the constant (), is independent of s but depends also on (2.

We conclude that for | > max{ly, 1,15 }, |um(z) —v(z)| < €/2 4 Ch; for all z € K.
We therefore have for all € > 0 |u,,(z) — v(z)| < e. We conclude that u,, = v on K.

Since up, = u,, on 8@, it follows that v = u,,, on 0% This proves that u,, = v on Q.

The limit u,, being unique, we conclude that u; converges uniformly on compact
subsets of {2 to .

O

6. PIECEWISE STRICT CONVEXITY AND LOCAL UNIQUENESS

The proof of convergence of the time marching iterative methods for solving (1.3)
given in [2, 5] requires the discrete solution to be piecewise strictly convex and locally
unique. These results are given in this section. We make the abuse of notation of

denoting by D?wy, the piecewise Hessian of wy, € V(). Let A;(D?*wy,) denotes the
smallest eigenvalue of D?wy,.

6.1. Strict convexity of the discrete solution.

Theorem 6.1. For k > 2(d + 1) the C' solution u;, of (1.3) is piecewise strictly
convex and thus strictly convez.

Proof. Assume that det D?u;, (computed piecewise) is non zero on a set of non zero
Lebesgue measure. Then since det D?uy, is a piecewise polynomial, it must vanish
identically on an element K. Let v denote the unique polynomial of degree d+1 which
vanishes identically on all faces of Ky and with average 1 on Ky. We denote as well by

v its extension by 0 on all other elements. Then v > 0 in Ky and v? € V,,(2) N H (Q)
and thus

/fv2 dr = fv*dx > 0.
Q Ko
On the other hand

/~f1)2 dx = Z / _(det D*up)v* dx = / (det D*uy)v* dx = 0,
Q KnQ

KeTy Ko

since det D?uj, = 0 on K. Contradiction. We therefore have det D?u;, > 0 a.e. in Q.
O

Let 29 € Q. If necessary, by identifying uj, with uy, + €|z — x|, where € is taken to
be close to machine precision, we may assume that the solution wy is strictly convex.
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6.2. Uniqueness of the discrete solution.

Theorem 6.2. Let uy, be a C' strictly convex solution of (1.3). Then uy, is locally
UNIQUE.

Proof. Define B,(up) = {wy € Vi, ||wn — unll2,0 < p}. Then since Ay (D?*up) > coo,
by the continuity of the eigenvalues of a matrix as a function of its entries, wy is
strictly convex for p sufficiently small and p independent of h.

Let then uy, and v, be two solutions of (1.3) in B,(uy). By the mean value theorem,

see for example [2], we have for wy, € V,(Q) N Hy(Q)

0= /~(det D?uy, — det D*vp)wy, dx
Q

= — /0 1 { /ﬁ [(cof (1 — t) D?vy, + tD*uy)(Duy, — Dvy,)] - Dwy, da:} dt.

For each t € [0,1], (1 — t)vy, + tuy, € B,(uy) and is therefore strictly convex, that is
[(COf(l — t)DQUh + tDQUh)D(’Uh — uh)] . D(’Uh — uh) Z C||’Uh — uh||2, C>0.

Since up = v, = u,, on OS2, we have v, —u;, = 0 on 9€) and so integrating both sides,
and using wy, = vy, — uy, we obtain |vy, — up|; = 0. Therefore uy, = vy,.

O

Remark 6.3. Our assumption 0 < ¢y < f < ¢; 1s not restrictive. That is, we
consider the degenerate case f > 0 and the case of unbounded f.

For M > 0, if one defines fy; by
Ju(x) = f(x) for f(x) < M, and fy(x) =0 otherwise,

we showed in [3] how the Aleksandrov solution of (1.1) is a limit of solutions of
Monge-Ampére equations with right hand side fy; and boundary data g.

On the other hand, the constant co may be assumed to be close to machine precision.
Moreover, in the case f bounded with f > 0, for e > 0, it is a simple consequence
of [31, Lemma 5.1] that solutions of Monge-Ampére equations with right hand side
f + € and boundary data g converge uniformly on compact subsets to the Aleksandrov
solution of (1.1) as € — 0.

7. APPENDIX
We give in this section the proof of some technical results.

Proof of Lemma 2.3. In the homogeneous case, i.e. for g, = 0, the result can be
inferred from [15]. See also [20, Theorem 2.16].

In the non homogeneous case, it seems that the only genuine interior Schauder es-
timates for (1.5), with constant depending only on the diameter of the compact
subset K C €25 and not on () is to rely on the corresponding result for the complex
Monge-Ampere equation in [21, Theorem 4]. See also the corresponding A.M.S. Ma-
thematical Review. For the convenience of the reader, we finish the proof with a brief
introduction to the complex Monge-Ampere equation.
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It follows from [21, Theorem 4] that
Humsucﬂ(ﬁ) < O,

where Cy, depends only on m, d, ¢z, || finllc1 @) and d(€2,09). The estimate for higher
order derivatives follows from standard elliptic regularity arguments. For example
differentiating the equation one time, and taking into account the smoothness of f,,
and the C? estimate, one obtains a second order linear equation which, because of the
strict convexity of the solution u,,s, is uniformly elliptic on compact subsets of €2 and
with solution a first derivative of u. The interior Schauder estimates for uniformly
elliptic linear equations [25, Theorem 6.2] then applies to give the desired estimate for
the third derivatives. Repeating this process is known as a bootstrapping argument.

Let us illustrate the technique with the two dimensional Monge-Ampere equation

u$1’uyy - Uiy = f(l’, y)7

where we use another standard notation for derivatives for simplicity. Put v = w,.
Differentiating with respect to x, we get the second order equation

UyyVpg + UgzVyy — 2u$yvxy = fx
By the strict convexity of u, the equation is uniformly elliptic and hence

||U||02(5~)) <C,

with C' depending on maxo v, |[fz|lc1 @), Q, d(€,09), the smallest cigenvalue of D2u
and a bound on the C%® norm of u. The latter bound implies an upper bound on
the eigenvalues of D?*u, and since det D?u = f < C, we obtain a positive lower
bound for the smallest eigenvalue of D?u. A similar argument applies to u, and thus
[l sy < C, with C depending only on || f]| (g, 2 and d(€,09).

We finish with a brief introduction to the complex Monge-Ampere equation. First
the domain Q C R? is identified with a convex domain of C?¢. Let now u be a
strictly convex smooth solution and put z; = x; +v/—1y;,i = 1,...,d. We can then
view u as a function of z defined by u(z) = w(z). Same for f and g. The complex
Monge-Ampere equation is given by

2
det(au_) = fin Q
(7.1) 02,07, ij=1,0d
u = g on 0,
where
ou 1/ 0u — Ou
0z §<8Iz -V ayz‘)
ou 1/ ou ou
oz 5(3—%”‘1@%)'

This clearly reduces to (1.1) for real-valued functions defined on a convex domain of
R". The analogue of convex solution is a plurisubharmonic function, i.e. a function
for which the Hessian matrix in (7.1) is positive.

O
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Proof of Lemma 2.6. Since v € W24(Q), by Hélder’s inequality, det D*>v € L'(Q2) and
thus defines an absolutely continuous finite measure given by

~

N[|(E) = /E det D2 (z) da,

and we recall that v is convex. We will use a comparison principle [37, Theorem 5.1]
which permits in general to compare a convex function w with a W24 function v when
M{w] is comparable to M[v]. It is stated in [37] for a strictly convex domain, but
the result also holds for a domain not necessarily strictly convex as a consequence of
Theorem 2.4. Let thus w be the Aleksandrov solution of

Mw] = M[v] in Q,w = v on 9.

Since M[w] > M[v] and w < v on 99, we have w < v in Q by [37, Theorem 5.1].

Next, we claim that M[v] < M[v]. For a Borel set E C Q, E is the disjoint union

of Uger, £ N K and Uger, £ N OK. Moreover, the number of elements K € 7, is
countable. Thus

M](E) = M[v] ( Uker, EN K) + M| ( Uker, EN aK)

> M[U](UKeTh Eﬁf() = > MRPI(ENK).
KeTy

By assumption v is piecewise C? and thus

nK

Mp)(E) > 3 / det D*o(x) da
KeT, ' E

= Z / det D*v(z) dx = / det D*v(z) dov = M[v](E),
Koy, J ENK B
since det D*v € L(Q).

We have M[w] < M[v] < M[v] and w > v on 9. Thus by the comparison principle
[29, Theorem 1.4.6], we have w > v in Q. We conclude that w = v and since
Mw] = det D?v, i.e. M[w] has density det D?v, this proves the result.

O

Proof of Lemma 2.11. For p; € Ou;(z) and x € €2, we have by [29, Lemma 3.2.1]

W@l _
d(z,0Q) ~ d(x,00)’

Ipj| <

for a constant C' independent of j. Arguing as in the proof of [29, Lemma 1.1.6],
it follows that the sequence u; is uniformly Lipschitz and hence equicontinuous on
compact subsets of ). By the Arzela-Ascoli theorem, [38, p. 179], we conclude that
the result holds.

O
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Proof of Theorem 2.15. By convexity of z, see [35, Theorem 3.4.7], we have

zs(x) <maxb < maxb < C,Vx € (),
€ e

for a constant C' > 0.

Let now C' denote the minimum of b on 9€2;. We may assume that C' is independent
of s since by assumption b € C(f)). Since z; = bs on 0f), we have z;, — C' > 0 on
Q. Either z4(x) — C > 0 for x € (), or by Aleksandrov’s maximum principle, [37,

Lemma 3.5 | or [30, Proposition 6.15],

(—(zs(z) — C))" < ¢, (diam Q)" d(x, 095)/ adz,
where ¢, is a constant which depends only on n. We recall that a € C(Q). It follows
that the sequence z4 is bounded below on 2.

By Lemma 2.11, the sequence zg being bounded has a pointwise convergent subse-
quence, also denoted by z,, to a limit function z. But since z, is a sequence of convex
functions on €2, and (), increases to €2, the limit function z is a convex function
on §2 and the convergence is uniform on compact subsets of 2. Let us first assume
that z, has a subsequence, also denoted z,, such that the corresponding upper graphs
converge in the Hausdorff distance, i.e. z, — z. Then by Proposition 2.14, or [39,
Proposition 2.4 |, we have

det D*z = ainQ, z = bon 9N.

To complete the proof, it remains to show that z, has a subsequence such that z, — z.
We define

Ve ={(z,2411) € QX R 2411 > z4(x) },
the epigraph of the convex function z,. It is known that V is a closed convex set.
Let C' > 0 such that |zs(x)| < C for all s and z € Q,. Put

B={(z,2441) € A XR, |zars| <C}.
Thus V, N B is a nonempty compact convex subset of R*! ie. a convex body in
the terminology of [40]. By the Blaschke selection theorem [40, Theorem 1.8.7], there

exists a subsequence also denoted V', N B which converges in the Hausdorff distance
to a convex set K.

By [40, Theorem 1.8.7-a], each (x,r) € K is the limit of a sequence (z4,75) in VN B.
Since the sequence z, is bounded from below, we conclude that
{reR, (z,r)e K},

has a lower bound for all z € Q. Note that the sequence z, converges to an element
of 2. Thus the lower bound function of K, i.e. the function Z(x) defined by

Z(z) =inf{r e R, (z,r) € K},
is well defined on Q. By [32, Theorem 1.3.1], 2z defines a convex function and if we

denote by V its epigraph, K = V N B. We conclude that V, converges to ? in the
Hausdorff distance, i.e. z; — 2. We now prove that Z = z on ().

For x € Q, let (x,7,) in V, N B such that (z,7r,) — (z,7). We have r, > z,(x). If
necessary, by taking a subsequence, we get r > z(x) and thus by the definition of



20 GERARD AWANOU

2(x), we obtain 2(z) > z(z). On the other hand (z, z,(z)) € V, N B and so by [40,
Theorem 1.8.7-b], (z,z2(x)) € K. It follows that Z(z) < z(x) and this concludes the
proof.

U

Proof of Lemma 2.17. Since p € H} (), there exists a sequence p; of infinitely diffe-
rentiable functions with compact support in € such that ||p; — p||12 — 0 as | — oo.
We have

[ =apde= [ (@, ~p-md+ [ (@, - amdr

By assumption fQ(am —a)pydr — 0 as m — oo. Moreover, since €) is bounded and

l|amlo.co < C for all m, we have
O,oo‘/p_pldl‘
Q

/ (am — a)(p — pr) da
Q
< C(lamllose + lallos)lp — pilloc

<C|lp —pillo2 = 0asl — oo.

< [lam — a

This concludes the proof. 0]
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