UNDERGRADUATE

MAJOR e
NATHENATICAL

SUIENCES

A REPORT OF CUPM
THE GOMMITTEE ON THE UNDERGRADUATE PROGRAM IN MATHEMATICS

THE MATHEMATICAL ASSOCIATION OF AMERICA




Committee on the Undergraduate Program in Mathematics

Jerry L. Bona, Pennsylvania State University

Bettye Anne Case, Florida State University

James W. Daniel, University of Texas at Austin
James Donaldson, Howard University

Wade Ellis, Jr., West Valley College

Jerome A. Goldstein, Tulane University and MSRI
Deborah T. Haimo, University of Missouri, St. Louis

Barbara A. Jur, Macomb Community College
Zaven Karian, Denison University

Bernard Madison, University of Arkansas
William A. Marion, Jr., Valparaiso University
Seymour V. Parter, University of Wisconsin, Madison
Sharon Cutler Ross, DeKalb College

Lester J. Senechal, M:. Holyoke College

Linda R. Sons, Northern Illinois University
Ivar Stakgold, University of Delaware

Lynn Arthur Steen, Chair, Sz. Olaf College
Uri Treisman, University of California, Berkeley
Alan C. Tucker, SUNY at Stony Brook

Thomas Tucker, Colgate University

Carol Wood, Wesleyan University




Contents
INtroduction ... .....coooiieiiiiiii i 1
Philosophy ..........ccooiiii s 2
The Program ..., 4
} AQVISING ..o s 5
E Structural Components ................c.ooooiiiiiiins 5

A. Calculus (with Differential Equations)
B. Linear Algebra

C. Probability and Statistics

D. Proof-Based Courses

E. An In-Depth Experience
F. Applications and Connections
G. Track Courses, Departmental Requirements,

and Electives

Curriculum Tracks ... i 12

Completing the Major .......................ocoie 15
Integrative Experiences
Communication and Team Leaming
Independent Mathematical Leaming
Structured Activities

Additional Considerations .................ccooioin 17
Secondary Teacher Preparation ..................... 18
Future Graduate Study .........ccooiiiiiiiiiiianen. 18

— .

T AT ey

Information Needs ...t aenn 19
CONCIUSIONS oottt 20

RETETEIICES .o ermmnis sk sisie 55 0 ais Wi s ailedais s salaresica 21




The Undergraduate Major

in the Mathematical Sciences

Introduction

As the 21st century approaches, better mathematics preparation and
involvement of more students in higher levels of achievement are rec-
ognized as central components in efforts to remain competitive in the
world economy. The collegiate mathematics community, aware of the
foundational nature of mathematics as a driving force behind techno-
logical change, is giving serious attention to these concems. (See, in
particular, [6, 14, 15, 32, 33, 42, 48, 52].) Although some problems
are beyond the scope of college faculty to address directly [20], mathe-
maticians can develop and implement a college mathematics curriculum
that meets current needs and gives cogent attention to methodologies for
{eaching mathematics.

During the 1950s, the Mathematical Association of America (MAA)
organized its Commitiee on the Undergraduate Program in Mathematics
(CUPM) to express and shape consensus in the mathematical commu-
nity concerning the undergraduate curriculum. CUPM recommendations
about the undergraduate mathematics major appeared in 1965 [17], 1972
[12], and 1981 [54]. The CUPM Subcommittee on the Undergradu-
ate Major (SUM) was created in 1987 to update the 1981 publication.
After a careful review of the 1981 report and its relationship to previ-
ous reports, SUM solicited views from broad sectors of the mathematics
community, placed calls in national publications (8, 50], held public hear-
ings, exchanged information with committees having related charges, and
encouraged dialogue both at its meetings and by correspondence. The
Subcommittee’s report was adopted by CUPM at its January 1991 meet-
ing.

The curriculum recommendations that follow present both a philos-
ophy to guide curriculum development and a framework on which to
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1" construct departmental requirements for the undergraduate mathemati-
cal sciences major. Issues of teaching and advising are natural adjuncts
to the discussion. The program structure takes into account the reali-
ties of current practice and reflects successful experience. This common
framework provides the opportunity for choices among a broad variety of
courses while assuring both depth and flexibility. This report is offered
in a helpful spirit as a practical tool for those who want to provide strong
preparation for students having widely varying goals. By issuing these

| recommendations at this time of curricular revitalization at all levels in
mathematics éducation, CUPM hopes to help sustain the momentum for
reform in undergraduate mathematics and to provide answers for those
who want assistance in their efforts to bring about effective change.

Philosophy

Students who complete mathematics majors have often been viewed by
industry, government, and academia as being well-prepared for jobs that
require problem solving and creative thinking abilities. The philosophical
views that underlie the concrete recommendations of this report provide a
basis to ensure that this reputation is upheld and enhanced. The first five
tenets in this philosophy reflect timely small changes from those in the
1981 CUPM report [54]; the added four reflect new realities and national
issues.

L. Attitudes and skills. The mathematics curriculum should have as a
primary goal developing the attitudes of mind and analytical skills
required for efficient use, appreciation, and understanding of math-
ematics. It should also focus on the student's ability to function as
an independent mathematical learner. The development of rigorous
mathematical reasoning and of abstraction from the particular to the
general are two themes that should run throughout the curriculum.

II. Program level. The mathematical sciences curriculum should be de-
signed around the abilities and academic needs of the typical math-
ematical sciences student while making supplementary material or
courses available to attract and challenge particularly talented stu-
dents.

_ [IL. Interaction. Since active participation is essential to learning math-
W 'j ematics, instruction in mathematics should be an interactive process
{ in which students participate in the development of new concepts,
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IV.

VI

VIL

questions, and answers. Students should be asked to explain their
ideas both by writing and by speaking, and should be given experi-
ence working on team projects. In consequence, curriculum planners
must act o assure appropriate sizes of various classes. Moreover,
as new information about leamning styles among mathematics stu-
dents emerges, care should be taken to respond by suitably altering
teaching styles.

Applications and theory. Applications should be used wherever
appropriate to motivate and illustrate material in abstract and ap-
plied courses. The development of most topics should involve an
interplay of substantive applications, mathematical problem solving,
and theory. Theory should be seen as useful and enlightening for all
courses in the mathematical sciences, regardless of whether they are
viewed as pure mathematics or applied mathematics.

Recruiting. First courses in a subject should be designed to appeal
to as broad an audience as is academically reasonable so that students
entering college will be attracted to the discipline by the vitality of
subjects at the calculus level. Students in such courses should be
led to sense the intellectual vitality of the mathematical approach
to problems and of the construction of theories that resolve those
problems.

Concentrations. A system of tracks within the mathematical sci-
ences major is an appropriate response to the diverse interests of
students and to the potential opportunities for undergraduate majors.
However, the undergraduate mathematics program, and the courses
in it, should be designed in such a way that students are not forced
to make choices about their post-baccalaureate lives too early in
their undergraduate careers. In particular, all tracks should incorpo-
rate the major intellectual components of the discipline—including
the interplay of theory and applications, study in depth, and the con-
struction of general theories and proofs—so that bachelor’s graduates
will Tetain maximum flexibility in pursuing diverse opportunities for
employment or further study.

Technology. Computers have transformed the world in which to-
day’s undergraduates live and work. Recent advances have made it
possible for computers and graphing calculators to play an impor-
tant and expanding role in the teaching and leaming of mathemat-
ics, just as they do in mathematical research. Curriculum planners
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should take advantage of modem computing technology. Beyor
being competent in a high-level programming language, mathem:
ical sciences majors should be familiar with symbolic manipulati
software. In applied courses such as statistics, numerical analysi
and operations research, they should be exposed to standard softwa
packages used by practitioners.

VIIL. Transitions. The nurturing of the next generation of doctoral matl
ematical scientists is a special shared responsibility of all unde
graduate and graduate teachers and advisors. College and universii
faculties should work together to ease the transition for students wh
move from mathematical sciences majors to the more theoretical fc
cus of study for the master’s or doctoral degrees. Professional societ
channels should be used as a resource both for communications an
for recommendations concerning graduate study.

IX. Advising. Advising of mathematics majors throughout their under
graduate years is an important responsibility. Careful and sustaine
individualized advising is a crucial aspect of the student’s mathe
matics program. Creating specialized concentrations within a de
partment’s major imposes added advising responsibilities.

The Program

This section describes a general intellectual and support framework fo
the mathematical sciences major of the 1990s which is designed to imple-
ment the tenets of the philosophy enumerated above. The framework it
shaped by a curricular structure which has fixed components but allows
considerable latitude in the choice of specific courses. Combined with
the creation of specialized curriculum concentrations or tracks within the
major, this structure provides both flexibility and utility. It does, how-
ever, impose a serious advising responsibility on the mathematics faculty.
Moreover, since the effectiveness of any curriculum depends strongly
on the quality of teaching, mathematicians will need to become aware
of research, innovations, and recommendations concerning undergradu-
ate teaching, (See, for example, Undergraduate Mathematics Education
Trends and many of the references cited below, including (6, 7, 16, 19,
29, 32, 33, 39, 41, 42, 43, 45, 47, 49, 51, 57. 58].)
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Advising

Unlike an earlier, simpler day when all mathematics majors 100k es-
sentially the same sequence of courses with only a few clectives in the
senior year, the typical undergraduate mathematical sciences department
today requires students to make qubstantial curricular choices. As a result,
departments have advising responsibilities of a new order of magnitude.
Students need departmental advice as soon as they show interest in (or
potential for) a mathematics major. Advisors should carcfully monitor
each advisee’s academit progress and changing goals, and together they
should explore the many intellectual and carcer options av ailable to math-
ematics majors. Career information (€.£. [28]) that informs students of
the wide variety of carecer options open 10 (hem is important. If a “minor”
in another discipline is a degree requirement OF option, then achicving the
hest choice of courses for a student may necessitate coord ination between
the major advisor and faculty in another department.

Advisors should pay particular attention 1o the need to retain capa-
ble undergraduates in the mathematical sciences pipeline, with special
emphasis on the needs of under-represented groups [23, 34, 37, 39, 52,
53]. When a department offers a choice of seve a4l mathematical tracks
within the major, advisors have the added responsibility of providing stu-
dents with complete information even when students do not ask many
questions. Track systems may jead students to make life-time choices
with only minimal knowledge of the ramifications; therefore, departments
utilizing these systems for their majors must assure careful and timely
information. One requisite of an individualized approach 10 advising is
that each advisor be assigned a reasonable number of advisees. (See also
the chapter on advising in [421.)

Structural Components

This section describes a framework which is 2 useful tool for con-
structing course requirements for a department’s mathematical sciences
major. This structure involves both specific courses (e.g., “linear alge-
bra”), and more general experiences (€.£., “gequential learning”) derived
through those cOUTSES.

Seven components form the structure for 2 mathematical sciences ma-
jor:

A. Calculus (with Differential Equations)
B. Linecar Algebra
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Probability and Statistics

Proof-Based Courses

An In-Depth Experience

Applications and Connections

Track Courses, Departmental Requirements, and Electives.

QEEEO

The first six components will normally require nine or ten courses, at
least seven of which would be taught by the major department. (By a
course, we mean a three or four semester-hour course.) Local curricular
requirements or the desire to achieve strong preparation may necessitate
further specificity in the major. Choices within components should be
based on close consultation between student and advisor. To facilitate
coherent choices, a department may organize a system of specialized con-
centrations within the major. Additional courses appropriate to particular
tracks are part of the last of the structural components.

Under normal circumstances, every track of a department’s mathemat-
ical sciences major should require courses fitting each of these seven
components. Exceptions would be warranted in those situations where
a track offered by a mathematical sciences department conforms to the
curricular recommendations of another professional society—for exam-
ple, a computer science track conforming to current national guidelines
(presently [55]) or a statistics track following American Statistical Asso-
ciation (ASA) recommendations, Departments should name such special
tracks appropriately, and should inform students of the sources of the
curricular recommendations that are the basis for any special tracks.

A. Calculus (with Differential Equations)

All mathematical science major programs should include the content
of three semesters of calculus. This requirement is central to the ma-
jor. There is much interest in the mathematical community in reworking
calculus courses, originating during the late 1980s [16, 46] and contin-
uing into the 1990s [20, 56]. Several professional societies and funding
agencies have focused their attention on calculus, so the resulting pro-
totypes should receive consideration during curriculum planning. Since
more client disciplines require calculus than any other course in the ma-

Jor, serious attention to concems of those disciplines is necessary and

appropriate. For example, the most recent recommendations for com-
puter science students include a minimum of two calculus courses which
are to include series and differential equations. These recommendations,
which were in preparation during the period 1988-1990, also place heavy
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emphasis on theory, definition, axioms, theorems and proof as & “process
...present in .. .introductory mathematics courses—calculus or discrete
mathematics.” [55]

Calculus courses show wide variation in arrangement of topics, levels
of rigor, and methods of presentation. Central topics from calculus nor-
maily include discussion of limits, derivatives, integrals, the Fundamental
Theorem of Calculus, transcendental functions, elementary differential
equations, Taylor’s theorem, series, curves and surfaces, partial differen-
{iation, multiple integration, vector analysis including Green’s, Stokes’,
and the divergence theorems, and experience with approximations, nu-
merical methods, and challenging computations. Betier-prepared students
may be given much more, and the level of rigor and sophistication will
vary substantially from course to course.

This requirement will typically be satisfied by the equivalent of a
sequence of three mathematics Courses.

B. Linear Algebra

Every mathematical science major should include a course in linear
algebra. This requirement serves three distinct purposes. First, it intro-
duces students 1o a part of mathematics which is the foundation of an
ever-widening family of significant applications. Second, it provides a
geometrically based preparation for many upper-level courses in algebra
and analysis. Third, it serves as a needed bridge beiween lower- and
upper-division mathematics courses. Since first-year calculus is usually
taught as a service course with little emphasis on theory, many mathe-
maticians see a balancing emphasis on mathematical structure with an
introduction to theorems and proofs as an essential and natural compo-
nent of linear algebra. (When linear algebra is an integral part of the
lower-division component of the major, close consultation between the
two- and four-year colleges in a given region is advisable.)

The content of the first linear algebra course is currently under dis-
cussion in the mathematical community. The traditional vector-space-
oriented linear algebra course begins with matrix calculations, develops
vector space ideas starting with R2, moves to R", and then io the study
of abstract vector spaces and their linear transformations: it culminates
in a brief treatment of eigenvalues and eigenvectors. A second type of
course is matrix-based: it emphasizes more applications and computa-
tional topics such as LU decomposition and pseudoinverses, and stresses
the pervasive use of linear modeling in quantitative disciplines. A com-
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posite approach which is receiving increased attention [5] gives the
linear algebra course a more matrix-based focus while
same level of mathematical ri gor as the traditional vector space appr
Actual applications of linear algebra are rarely small and neat.
result, many linear algebra software packages have been developed
are widely used by practitioners. How these packages should be
in the introductory courses is not yet well established; however, {
should be active experimentation on the use of these mathematical
in the first linear algebra course.
This requirement will generally be satisfied with the equivalent
one mathematics course, although the essentials of linear algebr
may be included in some calculus sequences.

C. Probability and Statistics

maintainin,

Every mathematical sciences major should include at least
semester of study of probability and statistics at a level which usc
calculus prerequisite. Many elements of the chapter on statistics in
1981 CUPM report [54] are still timely; see also [11, 29].

Since it is a severe limitation to compress an introduction to probabi
and an understanding of statistics Ino one course, care must be tal
that it not be a course focusing only on statistical theory. Versions
this course can be developed in which about a month of a sugges
fourteen-week syllabus is devoted 1o probability theory; other cour.
in the curriculum (e.g., discrete methods, modeling, operations resear
can be coordinated to include additional basic probability topics [24, 4

The major focus of this course should be on data and on the skills a
mathematical tools motivated by problems of collecting and analyzi
data. Data collection and description are important. It meets practic
needs and helps motivate the difficult idea of sampling distribution |
29]. Students must be trained to look at data and be aware of pitfal.
1o see for themselves the results of repeated random sampling and I
variability of data [4, 10, 18, 30, 40, 51].

The probability and statistics course description in the 1981 CUP!
report included a computer programming prerequisite and a recommer
dation that instructors “use library routines or pre-written programs ¢
they wish.” Because statistical software packages have become so in
portant in the actual uses of statistics in recent years, any statistics cours
taught now should use a nationally available software package.

This requirement will generally be satisfied with the equivalent
of one mathematics course.
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D. Proof-Based Courses

All students in a mathematics or mathematical sciences major should
have within their program two terms of proof-based mathematics with
a calculus-level prerequisite. One of these courses should be in alge-
bra (or discrete mathematical structures) and one in analysis (continuous
mathematics).

Such courses can come in a myriad of attractive packages, and it is
not the intent of these recommendations to specify categorically which
particular courses would be good selections for the various tracks. How-
ever, all students should encounter sustained mathematical discussion that
involves the concatenation of definitions and theorems to build a substan-
tial mathematical structure. Indeed, such an intellectual configuration has
been one of the central paradigms within mathematics during this cen-
tury, and all mathematics students should be exposed to it, regardless of
where their majors will ultimately lead.

Departments will find that this component in the major structure can
be filled in quite different ways. Two natural choices within this category
are a mature course in modem algebra and a proof-based course in analy-
sis which could be any of what are often entitled real variables, advanced
calculus, introduction to functional analysis, or complex analysis. (De-
partments should strongly recommend completion of both the traditional
algebra and analysis undergraduate sequences for students intending to
pursue graduate work in a mathematical science.) Some departments
offer a very rigorous introduction to linear algebra, and such a course
could be used as the algebra part of this component. Additionally, other

courses, different from the traditional ones mentioned above could fulfill
this component. For example, courses in mathematical logic, computa-
tional complexity, linear programming, and graph theory can be taught
in ways that would make them appropriate.
This requirement will generally be satisfied with the equivalent
of two mathematics courses, although a rigorous course used for

the linear algebra component might also satisfy the algebra part of
this requirement.

E. An In-Depth Experience

Every mathematical sciences major should pursue in depth at least
one mathematical area beyond calculus. The aim of this component in
the major structure is that the student participate in a sustained two-
course sequence in at least one important area of mathematics. For many
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students a requirement like this is best met by a two-course sequen
with a calculus prerequisite such as the traditional abstract algebra
real analysis sequences. In addition to any second course that buil
on one of the proof-based courses outlined above, a variety of oth
combinations would be useful ways 10 assure this in-depth mathematic
experience for some students. Examples include a two-term sequence
probability and statistics, numerical analysis, or combinatorics and graj
theory. The critical condition is that there be a coherent sequence wi
the second course using and building on the first which in tum has
calculus-level prerequisite.

There are many ways to satisfy this requirement with the equiva-
lent of one mathematics course beyond those required to satisfy the
Jour previous components; some choices (e.g., numerical analysis)
may involve two additional mathematics courses.

F. Applications and Connections

All mathematics and mathematical sciences major programs shoul
include two types of courses that lie outside the core of mathematic
Both of these courses should emphasize the applications of mathematic
and its connectedness to other disciplines. Although many options ca
be identified for the two courses in this component to meet individu:
student goals, most students would be served best by one course of eac
of the following two types:

A course using computers. For a student with minimum compuie
experience, the best option would be a computer science course that ir
troduces well-structured programming and algorithmic problem solvin
in the context of a modem programming language, and includes suc
topics as an introduction to data structures and the analysis of algo
rithmic complexity. (The standard Computer Science T course such a
described in [55] satisfies this requirement.) For a student entering th
major with adequate capability in a high-level programming language
this requirement may be fulfilled with a more advanced computer sci

€nce course or a quantitative course in the mathematical sciences whicl
requires the use of computers to solve pertinent problems. Examples in
clude a course in operations research, linear or nonlinear programming
control theory, statistics, applied mathematics, or a mathematical model
ing course. (Such courses may, depending on the institution’s structure

be taught either within or outside of the major department; see also [45
58].)
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A course applying mathematical methods. Typically, this will be a
quantitative course outside the mathematical sciences that makes sub-
stantial use of the material in one or more of the mathematics courses
that are part of the previous components. The intent of this component
is to give students a taste of how mathematics is applied in another dis-
cipline and is meant to go well beyond the examples typically seen in
mathematics courses. This course must have significant mathematical
usage and be taught outside the mathematical sciences; examples include
calculus-based physics, mathematical economics, and mathematical biol-
ogy. ;

This requirement involves two courses normally taught in depart-
ments outside the mathematical sciences.

G. Track Courses, Departmental Requirements, and Electives

The major will be completed by courses from three other categories.
Usually there will be certain designated courses (or a choice among such
courses) that are essential for a particular track; some of these may be
taught outside the mathematical sciences and, depending on institutional
constraints, may or may not be counted as credit in the major. In addi-
tion, there may be institution-wide or departmental requirements such as
senior projects, seminars, or other broadening experiences that are offered
as courses. There may also be undesignated electives, some number of
which may be required to complete the major. This is especially the case
when a student skips early courses (perhaps through the Advanced Place-
ment Program) or when there are higher than usual credit requirements
for the major. Additional courses of particular relevance to the student’s
goals should be selected with careful faculty advice.

The number of courses for this component will vary by depart-
ment and track.

The total number of courses needed to satisfy components A through
F is nine or ten, but one or two of these are not normally taught in a
mathematical sciences department. A student who begins with Calcu-
lus 1 will typically satisfy A through F with eight mathematical science
courses. some of which may be equivalent to four semester hours in
length. Component G will typically include from one to four additional
courses, some of which may not be in the major department.
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Curriculum Tracks

All tracks (concentrations of courses) in a department’s mathematica
sciences major should begin with a set of common courses; students are
not normally sufficiently informed to choose a track wisely until theis
Jjunior year. Although tracks give the major a paricular focus, it car
be argued that general mathematical techniques and reasoning skills are,
in fact, the primary asset of mathematics graduates as they begin initial
Jobs or move to graduate study. It may further be argued that early
concentration is not as important as some students and faculty appear to
believe. ‘

Many colleges offer several formalized clusters of courses that may be
chosen by students majoring in the mathematical sciences; these tracks
may be offered in one or several mathematical sciences departments.
Typically a department will have two or more designated tracks with
some choices of courses within each track. Particular attention must be
given to the needs of students who initially choose one track and then
decide to change, to students lacking familiarity with the academic and
technical worlds who may need extra help and time in making choices,
and to retention of students from under-represented groups.

Appropriate choices of courses for each of the structural components
of the major will be departmentally designated or worked out in consulta-
tion with faculty advisors, taking into account employment and graduate
school constraints. The strong basis provided by structural components
A through F gives the opportunity to design meaningful coherent clusters
of track courses in structural component G. Departments should adhere
with tenacity to the component structure as a basis for tracks within the
major except when, as noted above, the track follows recommendations
developed by another appropriate professional society. Departments in
the mathematical sciences should make their faculty and students aware
of applicable guidelines related 1o the tracks offered their students.

The names of tracks vary considerably from one institution to another.
For example, some schools label a track much like the one described
below under the title “Computational and Applied Analysis” as “Ap-
plied Mathematics™ or “Engineering Support.” Most of the tracks may -
be broadly considered as options within applied mathematics. Every ap-
plied mathematics track should include some fundamental components
of “pure” mathematics just as the pure mathematics student should gain
some understanding of applied and computational mathematics.

For some tracks, considerable specificity for components A through F
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may be desirable; for others, a large number of courses may be needed
in the specialized G component. As a consequence, some tracks may
be unattractive in a setting where there are institutional limitations on
the total number of hours which may be required in the major. Here
are some examples of tracks that are commonly found in departments of
mathematical sciences:

Actuarial Mathematics Strong programs include differential equations
and courses in linear algebra, advanced calculus, computer science and
mathematical economics; these courses easily fit in the framework of
components A through F. Basic courses in accounting and numerical
analysis are desirable, as are specialized courses in actuarial or risk the-
ory and life contingencies. Departments offering this track will want
to keep abreast of the content of actuarial tests and other information
available from the actuarial societies. (See, for example, materials of
the Casualty Actuarial Society [9], the Society of Actuaries [46], and the
joumnal entitled The Student Actuary [2].)

Applied Statistics For applied statistics, the structural components
A through G usually include analysis, numerical analysis, and discrete
mathematics. A balance of theory, methods, and applications courses in
statistics may include, at the upper-division level, topics such as experi-
ment design and analysis, regression analysis, quality control, sampling
methods, data analysis and multivariate methods, nonparametric statistics,
and elective topics. Ulilization of statistical software must be empha-
sized. Courses from the Management Science track are helpful. Courses
in Computer Science such as advanced programming techniques (includ-
ing elementary data structures), operating systems, and computability are
also appropriate.

Computational and Applied Analysis Within A through F, students

' @\N‘"‘ “should include courses from differential equations, advanced calculus

HS,. or real analysis, complex analysis, and_numerical apalysis. Modeling
W‘ and simulation courses are also imporant. Strong work in the physical

sciences is advisable. Somewhere in the course structure project or team-
oriented assignments should be emphasized.

Computer Analysis A track labeled Computer Science should follow
the recommendations of the professional computer societies [55]. Even
if offered in a joint or mathematical sciences department, such majors
are computer science majors. In a small department, a mathematical
sciences major which includes a number of computer science courses but




yad

e

14 THE UNDERGRADUATE MAJOR

does not meet fully the requirements of [55] might also include a year
of rigorous discrete mathematics and additional courses from operations
research, modeling and simulation, abstract algebra or discrete structures,
combinatorics, and applications areas.

Management Science Students desiring preparation in management
science should select their mathematical electives from the following
courses: advanced statistics, decision mathematics, design and analysis

_of experiments, applied regression, operations research, modeling and
simulation, and mathematical programming. In addition, students should
consider taking courses in accounting, economics, business law, and prin-
ciples of management or marketing.

Operations Research Beyond calculus and linear algebra, recommen-
dations for this track include advanced calculus, two courses in probabil-
ity and statistics, }i_n_car programming, stochastic models, combinatorics
or graph theory, and two courses in computer science (the second a course
with a substantial amount of data structures). There should also be at
least one course in economics. A track with_courses very similar to
those for Operations Research may be Iabclc(ﬂDiscrete Ma[hcmalicé the
two tracks sometimes exist in the same department. Coding theory is
included in Discrete Mathematics, and there is often a heavier emphasis
on theoretical computer science.,

Pure Mathematics This qption is sometimes labeled(Core Mathematics
and might also be termed| Classical Mathemati(g One year each of
abstract algebra and real analysis should be included; this requires one
course more than the minimum number to satisfy components B and D.
Strong additions are courses in topology or geometry, mathematical logic,
complex variables, number theory; some numerical analysis or theoretical
computer science is advised.

-« Scientific Computing A modem thrust in science and mathematics is
the use of computers to cast light on disciplinary issues. This has led to
a new subject area within the mathematical sciences in which students
study computational and graphical techniques with an eye to their ap-
plication in other scientific or mathematical subject areas. Within this
option, typical mathematics courses after calculus and linear algebra in-
clude ordinary, partial and numerical differential equations, optimization,
and modeling. Modern programming languages, data structures, paral-
lel and vector processing, computer graphics, computer simulation, and
software engineering are important courses from compuier science, as is
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familiarity with a variety of important computational software packages.

Systems Analysis Students with general interest in systems analysis or
information science should choose courses from the Management Science
track. In addition, they should consider courses in accounting, application
programming, advanced programming techniques, _sig_ﬁﬂmggi_m;{:ﬂng‘
databases and file structures, and management information and decision
support systems. This track should emphasize project-oriented assign-
ments.

Teaching (Secondary) After the [ull calculus sequence, real analysis
(or advanced calculus) should be included in this track because graduates
need this preparation to teach strong calculus courses in the high school
curriculum. In addition, courses in Euclidean and non-Euclidean geome-
try, abstract algebra, modeling, history of mathematics, and number the-
ory are very useful for the prospective secondary school teacher. (More
specific information is contained in the COMET and NCTM guidelines
(25, 311.)

Completing the Major

The mathematical sciences major should also involve a variety of other
types of experiences and activities that are, in some cases, “co-curricular.™
Most of the following program elements will help mathematical sciences
graduates communicate with colleagues, work with groups of people with
differing backgrounds, and build their mathematical self-confidence. (See
also [2, 3, 19, 33, 39, 41, 43, 48, 49, 53, 57].)

Integrative Experiences

Every student who majors in mathematics should be encouraged to
think about the discipline as a whole. The distinctive nature of math-
emaltical activity, its history and place in the intellectual realm, and its
usefulness in society at large are matters on which majors should reflect.
This aim may be addressed in a variety of different ways by depariments
and institutions. The form such an activity assumes is highly dependent
on departmiental faculty and their interests. For example, some colleges
require a senior independent project: this could be a modeling project
(perhaps with government or industry linkage) in an applied area of the
student’s interest, a research or scholarly investigation in an area of math-
ematics, or an independent study that includes writing about some area of
mathematics. Other examples include problem-oriented senior seminars,
an undergraduate colloquium series, Or seminars in which students present
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accessible journal articles. Most of these “capstone experiences” include
reflection, writing, and oral communication of mathematics. These op-
portunities are sometimes the most rewarding and enlightening mathemat-
ical experience a major has, so they should be encouraged and supported
in all appropriate circumstances.

Communication and Team Learning

Most mathematical sciences majors will eventually work in situations
where success requires that they be able to explain mathematical work
to non-mathemratical audiences. In these situations the ability to commu-
nicate clearly and effectively about mathematics is vital. Undergraduate
mathematical sciences programs should prepare students for communi-
cating mathematics, both orally and in writing. Student presentations in
mathematics clubs, in special seminars, and in regular classes can pro-
vide practice to help develop skills in communication. Similarly help-
ful are joint class projects requiring team work with results that are to
be well-presented in standard English. In appropriate courses, students
can be assigned to teams for collaborative investigation of mathematical
problems of some complexity. Such problems should encourage verbal
interaction among the team members as well as the written expression
of mathematical ideas. Communication skills are further honed when
upper-division mathematics students assist freshmen and sophomores in
leamning, or tutor high school students, perhaps in student service pro-
grams.

Independent Mathematical Learning

Whether a mathematics major enters a mathematical sciences career
immediately after graduation, goes directly to graduate school, or enters
another career path, the student will need to function as an independent
leamner. Imaginative curriculum and teaching can speed the development
of this independent mathematical learning. Readily accessible methods
include increasing the numbers of student presentations in junior and
senior courses, or independent study projects in which students are ex-
pected to master a mathematical subject in the strictly elective part of the
curriculum. (However, no part of the recommended component courses
A through F should be replaced by an independent study activity.)

Structured Activities

On many campuses, a variety of organized activities are available
to strengthen the undergraduate experience. Student success has been
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shown 1o be supported by linking out-of-class activities with study [53].
Such supplementary activities must be set up in a way that is sensitive
to the need to be inclusive of under-represented groups, and not just be
neutrally available, if these students are 1o benefit.

For many years strong students have participated in mathematical hon-
orary societies. On other campuses, mathematics club-type activities are
available and include a broad range of students and interests. More re-
cently, MAA has developed a Student Chapter program which encourages
participation by all students with interests in the mathematical sciences.
Within college honors programs, specialized mathematics activities may
be available. Mathematical contests may provide valuable broadening
with the opportunity for team work and independent leaming. In addition
to the long-established Putnam competition and the newer Mathematical
Contest in Modeling [36], local and regional contests at both lower- and
upper-division levels hone mathematical skills.

Undergraduate research experiences [43] including summer research
programs are valuable both as learning experiences and as identification
and recruiting devices to aid retention in the academic setting of talented
students. Stipends are often available to students for summer research
and internship activities; NSF funds a number of undergraduate research
programs at universities, and government and industrial organizations
have found that summer internships are advantageous both to the par-
ticipating students and the sponsoring organizations. Internships during
the academic year are less common in mathematics than in engineering,
but where available they provide students both funds for future terms in
school and valuable work experience. At some institutions, cooperative
education experiences are available for interested students.

Additional Considerations

Our recommendations for the undergraduate major in the mathematical
sciences arise out of current priorities and practice within the profession.
The major depends on curriculum, on teaching practices, and on stu-
dent experiences that move beyond strictly classroom learning. It must
also be based on a realistic assessment of the needs of the profession—
particularly for well-qualified and enthusiastic teachers of mathematics
at all levels. The following sections outline some related concerns that
the mathematical community must keep in mind in conjunction with the
undergraduate major.
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Secondary Teacher Preparation

Mathematical sciences departments have always played a significant
role in the preparation of secondary teachers of mathematics. Courses de-
signed according to the philosophies and practices described in this report
will enrich the experiences needed by teachers who will be confronted
with changing demands on the curriculum in the schools. The MAA’s
Commitiee on the Mathematical Education of Teachers [25] and the Na-
tional Council of Teachers of Mathematics [31] both recommend that
prospective secondary school teachers of mathematics complele a ma-
jor in mathematics. Thus students who have selected secondary school
teaching as a profession will select courses appropriate to this objective
while satisfying the structural components of the mathematical science
major. Meeting the needs of those students who seck teaching creden-
tials can be facilitated by flexibility in the department’s implementation
of a component-based major. For example, courses in Euclidean and
non-Euclidean geometry, number theory, or the history of mathematics
are useful for prospective teachers and are often required for state certi-
fication; such courses can easily be included within an appropriate track
structure.

Future Graduate Study

Any track in a mathematical sciences major following the component
structure recommended in this report can lead to successful graduate study
for students showing potential for such study. It is important that early
specialization not preclude a strong foundation for future study. The
concerns that a reasonable number of undergraduates pursue graduate
work, that they form a demographic cross section, and that they be well-
informed about ways to make the transition to graduate school smoothly,
are discussed in other parts of this report and in [6, 21, 26, 44].

For students who may wish to pursue graduate study, the courses
chosen to satisfy components D and E will be especially critical; an
expectation of mathematical maturity and sophistication is justified for
these students. Data from a survey [35] of the highest-ranked gradu-
ate departments (including some applied mathematics departments) show
that—independent of the graduate specialty—72 of 76 reporting depart-
ments rated rcal analysis or advanced calculus as essential or highly
recommended preparation for their programs.
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Information Needs

To make wise choices, one needs good information about the effects
of different options based on past experience. Unfortunately, in the area
of undergraduate mathematics, good information is rare. Here are some
examples of areas where much better information is urgently needed:

Teaching Methods. Information on effective and efficient teaching
methods for the college mathematics classroom is sparse; while there
is some information in journals and periodicals and some in the recent
helpful MAA volumes (e.g., [7, 42, 56)), too little specific information
of this kind is regularly collected and published. There are, however,
many recommendations encouraging improvement and even commen-
tary criticizing both teaching methods and the professoriate, not only in
the popular papers but also in the professional literature. It is often rec-
ommended (e.g., [6, 25, 32, 33, 48]) that teaching methods other than
lecturing should be used. To help those charged with curricula reform
on campus, practical information is needed on effective teaching styles
for various leamer groups.

Educational Environment. Continued efforts should be encouraged
for professional societies to collect and disseminate information about
ways to improve the environment of the mathematical curriculum. Spe-
cific needs noted as this report was prepared include requests for informa-
tion on the nurturing and encouragement of junior faculty, on evaluation
of teaching effectiveness, and on advising strategies, particularly regard-
ing job and further study opportunities for mathematics majors.

Major Requirements. There is not much current data about the actual
status and requirements of mathematical sciences major programs in this
country. The quintennial sample survey data of the Conference Board on
the Mathematical Sciences (CBMS) provide partial snapshots, but not in
sufficient detail about the major. It would also be helpful to have more
information about subsequent experiences of former students.

Existing Tracks. More information needs to be gathered about ex-
isting tracks within the mathematical sciences major. Some tracks may
impose only a few restrictions on the choice of courses within the struc-
tural components but require a number of courses outside the mathemat-
ical sciences. Other tracks may impose very specific requirements on the
basic structural components but allow a high degree of choice otherwise.
Dialogue between the mathematical community and the clients of various
tracks would help ensure appropriate coordination of requirements. (For
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example, discussion with actuaries may help align actuarial mathematics
curriculum recommendations with the advice both of those who make
the actuarial examinations and of those who hire actuarial trainees.)

Graduate School Preparation and Retention, National data and
anecdotal information suggest that many U.S. undergraduates who en-
ter graduate school do not persist to graduate degrees. If that is true,
then it should be a high priority of professional societies, reflecting fac-
ulty concern, to recommend improvements. Curriculum planners at the
undergraduate level and graduate faculty need better information if they
are to work together effectively to improve success rates of beginning
graduate students. (See [1, 13, 14, 15, 21, 26, 27].)

Statistics. A joint committee of the American Statistical Associa-
tion (ASA) and the MAA is currently examining a wide range of issues,
including the probability and statistics course suitable for mathematics
majors and other undergraduate statistics courses taught in (joint) mathe-
matical sciences departments. It would be helpful if this joint committee
were to publish guidelines for an undergraduate statistics major or a
statistics track within a mathematical science major.

Conclusions

Programs that follow the recommendations of this report will de-
velop mathematical sciences graduates with broad experience and good
prospects for using and continuing to learn mathematics. Whether a stu-
dent intends to teach in a secondary school, work in business or industry,
or pursue graduate study, an exciting and flexible program fashioned from
the components of this major structure will be appropriate for long-term
goals and unanticipated challenges. As with any set of rules intended to
apply in diverse situations, flexibility may be warranted in special cases
(such as majors within a mathematical sciences department that follow
another professional society’s guidelines).

The philosophy expressed in these recommendations embodies edu-
cational principles that will lead to an enriching educational experience,
and the recommended program structure provides a flexible vehicle for
fulfilling those principles. One underlying tenet, however, transcends the
particular form of curriculum implementation: It is only by requiring sub-
stantive achievement of our students that we will be able 1o produce the
sort of quantitatively expert individuals who are going to be the mainstay
of the discipline and of society for the next century.
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