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ABSTRACT. Reported here are results concerning the initial boundary value
problem (IBVP) for the Korteweg-de Vries equation in a quarter plane, viz.

Ut + Ug + YU+ Ugge =0, forz,t >0,
(0.1)

u(z,0) = ¢(z), u(0,t) = h(2).
The present study commences with a representation of solutions of (0.1) de-
rived in our earlier paper [Trans. American Math. Soc. 354 (2001), 427-490].
The problem (0.1) arises naturally in the modeling of various types of wave
phenomena, but the focus here will be on two mathematical points, namely a
type of boundary smoothing and its impact upon the well-posedness of (0.1)
in the L2—based Sobolev spaces H°(R™).

It has been known for some time that the KdV equation posed on the

quarter plane possesses the Kato smoothing property just as do solutions on
the whole plane of the pure initial value problem; that is to say

41
¢ € H*(R*) and h € H, 3 (R*) implies w € L?(0, T; H}' (RT)) for

loc
any finite value of T' for which the solution ezists on [0,T].
It is shown here that the linear IBVP obtained by dropping the nonlinear

term uug in (0.1) has the following somewhat startling smoothing property:
a1
if ¢ =0 and h € H, 3 (RY), then the solution u of the linear version of
(0.1) belongs to the space L2(0, T} H"’+%(R"')).
The linearized version of (0.1) with zero initial data, ¢ = 0, has another

interesting property. The solution u(x,t) is the restriction to R x Rt of a
function w(z,t) defined on R x R which is such that

oo oo 1/2
2s _ £3[y2b) 2
([ aviamasir—ep®ioe niaer) <Ol ssuan

where b is any value in [0, % —§)if —% <s< %, b is any value in [0, % —glif
—% < s < 1and C is a constant depending only on s and b.

Aided by these boundary integral estimates, and after introduction of
suitable versions of the Bourgain spaces whose underlying spatial-temporal
domain is & quarter plane, we demonstrate that the full nonlinear IBVP (0.1)
is unconditionally locally well-posed in the space H*(R*) for any s > ——%.
More precisely, it is shown that .

for a given compatible pair (¢,h) € H*(R*) x H, 2 (RT), there es-
ists a T* > 0 such that the IBVP (0.1) admits a unique mild solution u €
C([0,T*), H*(Rt)), which depends continuously on the initial value ¢ and the
boundary value h.

Moreover, the IBVP 1(0.1) is shown to be unconditionally globally well-
posed in H*(R1) x Hi:ir_ (R1) for s > 3, while unconditional global well-

14a+4+ec
posedness is shown to hold for 0 < ¢ < 3 in H*(RT) x H,::_a_t (RT) for any
e > 0.
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BOUNDARY SMOOTHING PROPERTIES 3

1. Introduction

In this paper, we continue the study of the initial-boundary-value problem for
the Korteweg-de Vries (KdV) equation posed in a quarter plane, namely

Ut + Ug + UUy + Upze =0, forxz, t >0,
(1.1)

u(z, 0) = ¢(x), u(0,1) = h(t).
As pointed out by several authors, (see [1] for an early commentary in the context
of the BBM-equation), initial-boundary-value problems of the form (1.1) may serve
as models for waves generated by a wave maker in a channel, or for waves approach-
ing shallow water (e.g. the shore) from deep water. Similar problems arise in other
physical contexts where KdV-type equations serve as models. Here, two mathemat-
ical issues connected to (1.1) will be addressed; boundary smoothing properties and
the well-posedness of this initial-boundary value problem (IBVP henceforth) in the
L2 —based Sobolev spaces H°(R"). The overall thrust of our theory is that stronger
boundary smoothing properties than heretofore noticed allow the formulation of a
sharper well-posedness theory.

We begin with a review of existing theory which provides a setting in which to
state precisely our results and put them into present day context. Recall that for
the pure initial-value problem (IVP henceforth) for the KdV-equation

(1.2) Ut + Uty + Uggz =0, u(z, 0) = ¢(x), z, t € R,

written in traveling coordinates, it is well-known that there is no gain or loss of
regularity in the Sobolev classes H*(R). As Saut and Temam [38] pointed out, for
any t € R,

u(-,t) € H*(R) if and only if ¢ € H*(R),
at least for suitable values of s. There is, however, more subtle smoothing associated
with the initial-value problem (1.2). In the late 1970’s, Kato [28, 29| discovered
that for solutions of (1.2),

(1.3) ¢ € H°(R) implies that u € L?(0, T; HSY(R)).

loc

This property, now known as Kato-smoothing, stimulated an extensive investigation
of various smoothing properties associated with solving the KdV-equation and other
dispersive wave equations (see, for example, [10, 11, 14, 31, 32, 33, 34, 39, 43]
and the references contained therein). In particular, Kenig, Ponce and Vega [31]
demonstrated that, when ¢ € H*(R) with s > %, there is a unique solution u of
(1.2) which belongs to the space C(R; H*(R)) and is such that

A

T 2
(1.4) ( sup |3;+1U($,t)|2dt> < Cl@l gramy >
—oo<z<t0o0o J T
T 4
(15) (/ sup |8:cu('at)|4dt> S C H¢||H-'-‘(R)
T —oco<z<+00
and

1

+o0 2
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where the constants C' on the right-hand sides depend only on s and on T when
it appears. The inequality (1.4) is a sharp version of Kato smoothing and (1.5) is
sometimes called global smoothing of Strichartz type, while (1.6) reveals a kind of
global temporal smoothing.

In the early 1990’s, in attempting to establish the well-posedness of (1.2) in
H*(R) for smaller values of s, Bourgain [11] found a yet more subtle smoothing
property for solutions of (1.2). This property may be expressed as follows: for
¢ € H*(R) with s > 0, (1.2) admits a solution u € C([0, T]; H*(R)) which is the
restriction to R x (0,T') of a function w on the whole plane R x R such that

) 00 1/2
(L7) (/ / (1+l€|)2“’(1+|T—£3I)Iw(§,f)|2d£df) < C 118l ey

where C depends only on s and @ is the Fourier transform of w with respect to
both of the independent variables. Because of this smoothing property of solutions,
Bourgain could show that (1.2) is (conditionally) well-posed in H*(R) for s >
0. (The distinction between well-posedness and conditional well-posedness will be
drawn presently.) Later, the smoothing property (1.7) was improved by Kenig,
Ponce and Vega [33, 34] to the stronger property

(1.8)

0 poo 1/2
N p(w) = (/oo/oo(l + €N (1 + IT—§3I)2blw(£,7)|2d£dT> / <C|gl
for any ¢ € H*(R) with s > —%, where % < b < 1 depends only on s and C depends
on s and b. Note that if s € R and U is the unitary group in H*(R) defined by
U(t) = exp (itP(Dy)),
where P(D;) is the Fourier multiplier with symbol P(£) = £3, then (cf. [36])
N p(w) ~ [U(—t)w|| oo

where H*®* = HY(R; H3(R)). For given f € H%®, the larger the value of b, the
smoother is f with respect to time ¢. In partlcular itb> 5, H* b is continuously
embedded into the space C(R; H3(R)). The inequality (1. 8) allowed Kenig, Ponce
and Vega to show that, locally in tlme the IVP (1.2) is (conditionally) well-posed in

H*(R)

H*(R) provided only t.hat 8 > —3. This result was recently strengthened to include
(conditional) global well- posedness in the same function classes, by Colliander, et
al. in [13].

For the IBVP (1.1), the Kato smoothing property for (1.1) was established by
Bona and Winther (8, 9], where they showed that solutions lie in Ly(0, T; Ht1(R*))

loc

if ¢ € H*(R*) and h € H}'?(R*) for n > 2. Smoothing properties analogous to

loc

(1.4)-(1.6) were established by Bona, Sun and Zhang. These were derived in [4] in
the following form.

For s > 2,if € H*(R*) and h € Hs (R"‘) satisfy certain compatibility

conditions at (z,t) = (0,0), then the IBVP (1.1) admits a unique solution
u € C(0,T; H*(RM)) n L*(0, T; HEF (RT)),

loc

which satisfies the additional properties

&
(1.9) ( sup / |02 u(x, t)]zdt>
0<z <400 Jo

1
2

<0 (W + Il ., )
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1
T 4
4
(1.10) (/ sup 0,u(t)| dt) sc(nqsnm(m+||h||H¢31(O,T))

0<z <400
and
o 3
(1.11) (/0 Ozg£T|u(w,t)|2dx> sC(|I¢IIH,(R)+IIhIIHi31(O,T)>

where the constants depend only on s and T. As just stated, the results in [4]
were local in time; corresponding global results were also established but were only
optimal if s > 3. Global results very nearly corresponding to the local theory in [4]
are obtained in the recent paper [19] of Faminskii.

Recently, Colliander and Kenig [12] in a paper concerned with the IBVP for
the generalized KdV-equation wherein uu, is replaced by uPuz, showed in the case
p = 1 that solutions of (1.1) also possess a Bourgain smoothing property which can
be expressed precisely as follows. For ¢ € L2(R*) and h € H 3 (R1), (1.1) admits
a solution u € C(0,T; L?(R*)) which is the restriction of a function w(z,t) defined
on the whole plane satisfying

(112) 85(0) < C (19l () + 17l 3 ()

where

AS(w) = (st,b(w) +/—‘: /_11(1 . |T|)2a|1f’(§,7')|2d§dq->%

with o > % and where the constant b is required to be strictly less than % in contrast
to the theory for the IVP (1.2), where b > 7 obtains.

The discussion is now turned more directly to the contributions in the present
essay. We commence with boundary smoothing properties. Note first that if the
boundary value h in (1.1) vanishes identically, the solution u satisfies the energy
identity

d oo

dt Jo
Thus, the L2—norm of the solution u is decreasing and is strictly so as long as
uz(0,t) # 0. This suggests that some dissipative mechanism is introduced through
imposition of the boundary condition at * = 0. An interesting question arises
naturally in this situation:

u?(z, t)dz +u2(0,t) =0 for all £ > 0.

Can one quantify this boundary dissipative effect?

Tt is well-known that a solution often becomes smoother under the influence of
dissipative effects. Thus a further question presents itself:

Do solutions of (1.1) becomes smoother because of this boundary dissipative
effect?

To address these issues, it is helpful to consider carefully the linear problem

Ut + Uy + Ugze =0, z, t € RT,
(1.13)
u(z,0) =0, u(0,t) = h(t), z, t€RT
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associated to (1.1) and present some new boundary smoothing properties for its
solutions. The Kato-smoothing result of [8], when extended to fractional-order
spaces, states that the solution u of (1.13) belongs to the space

C(R*; H'(BY)) N LY (RY; HHH(RT))

loc

s+1
if h € Hy® (RY), at least if s is not too small. The space HJ(R") is the closure
of D(RT) in H"(RY), as usual. It will be demonstrated in this paper that (1.13)
possesses the following additional boundary smoothing properties.
THEOREM 1.1. For a given pair (b, s) satisfying

0<b<z—% if s<0,o0r
(1.14)
0<b<g-f i -L<s<i,

41
there exists a constant C depending only on s and b such that for anyh € Hy* (RY),
the corresponding solution u of (1.13) is the restriction of a function w(z,t) defined
on the whole plane satisfying

. 3 < dbta—1/2 .
(1.15) Nos(w) < C bl i

Remark: Notice that this improves upon the just described result of Colliander and
Kenig [12] both as regards the range of b (solutions are seen to be smoother in ¢ )
and by allowing for negative values of s.

As a corollary, there appears the following boundary smoothing property for
solutions of the IBVP (1.13).

THEOREM 1.2. Let s > —% and T > 0 be given. There exists a constant C
241
such that for any h € Hy® (R™), the corresponding solution u of (1.13) belongs to
3
the space L?(0,T; Hg+2 (RT)) and satisfies

(1.16) 1ell oo risre+8 (moyy < C IRl g

for a constant C' depending only on s and T'.

Remarks:

(1) The smoothing property presented by (1.16) is global in the spatial variable
z.
(if) This smoothing property only holds for (1 .13); it is not valid for the linear
IBVP associated to (1.1) nor for the nonlinear problem (1.1).
(iii) For any T > 0 and € > 0, the following estimates were established by
Faminskii [18] for the solution u of (1.13);

(1.17) lellc,riL2 ey < C(T,€) Al Loseqo,r) »

(1.18) Il (2, ')”L}(O,T;Lgo(nﬂ) <C ”h||H%+E(R+)
and

(1.19) ”uI“Lg(R"’XR"') <C “h”H%(Rﬂ )
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(iv) As a direct consequence of estimate (1.16), we have
(1.20) lluz(z, ‘)“L%(O,T;Lgo(nﬂ) <C ”h“H%"'e(R'F)

which is slightly stronger than (1.18).
(v) The estimate (1.18) plays a key role in establishing sharper global well-
posedness results for (1.1) in [19].
In addition, two improved versions of Bourgain smoothing are developed here
for the nonlinear IBVP (1.1). These take the following form.

THEOREM 1.3. For given s in the interval —% < s £ 1, there exists a constant
abta—1/2

b € (0,31] depending on s such that for ¢ € H*(RT) and h€ H™ s (R*), with
#(0) = h(0) in case s > %, the IBVP (1.1) admits a solution u € C(0,T; H°(R"))
which is the restriction to the domain RT x (0,T) of a function w(x,t), defined on
the whole plane, satisfying

(21 50 < O (Wl + 10 s )
for some o> %. In particular, if h € H*F (RY), then

(1.22) 23 0) <C (10l + Il o ) -
Remarks:

(i) In case s =0, (1.22) is a slightly stronger version of the estimate (1.12)
due to Colliander and Kenig [12] in that it allows b= } instead of asking

that b be strictly less than %
(ii) As pointed out earlier, one needs that ¢ € H*(R*) and h € H %3 (R*) to

loc
have the solution u of the IBVP (1.1) belonging to the space C(0,T; H*(R™)).
However, when b < %,
3b+s—1/2 < 1+s
3 3
Estimate (1.21) thus reveals a boundary smoothing property for the non-

linear problem (1.1).

The second main issue addressed in this paper is the well-posedness of the IBVP
(1.1). Here and above, well-posedness means existence and uniqueness of solutions,
and continuous dependence of solutions on auxiliary data. The following definition
encapsulates the precise sense of well posedness enforced here.

DEFINITION 1.4 (well-posedness). Let s, s’ € R be given. The IBVP (1.1) is
said to be (locally) well-posed in the space H*(R*)x H, folc(RJr) if for any v > 0 there
ezists a T = T(r) > 0 with T(r) — oo as r — 0 such that for given ¢ € H*(RT)
and h € H, i"o'c(R*’) satisfying suitable compatibility conditions, and if

61l o (rty + 1Bl et 0,1y < 7

then (1.1) admits a unique solution u = u(z,t) in the space C(0,T; H*(R')). More-
over, the solution depends continuously on its initial data ¢ and its boundary value
h in the corresponding spaces.

Remarks:
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(i) The well-posedness described above is called local well-posedness since the
T in the above definition may depend on r. If T may be taken to be
independent of v, then (1.1) is said to be globally well-posed in the space
H*(R") x HY (RY).

(ii) By a standard scaling argument, the above definition of well-posedness is
equivalent to the following statement:

There ezists a & depending only on s and s', such that for given ¢ €
H*(R*) and h € Hf, (R™) satisfying suitable compatibility conditions and
having

@1l s (r+y + Il
then (1.1) admits a unique solution u = u(z,t) in the space C(0,1; H*(R™)).
Moreover, the solution depends continuously on its initial data ¢ and its
boundary value h in the corresponding spaces.

H(0,1) S 5,

(iif) There is a weaker notion discussed by Kato [30] of conditional well-
posedness in which solutions are only known to be unique if they satisfy
additional auziliary conditions. Solutions satisfying such conditions are
often available via the contraction mapping principle applied to an asso-
ciated integral equation, but they are not necessarily known to be unique
in the broader class not respecting the extra conditions. This point will be
further elaborated presently.

The mathematical study of the IBVP (1.1) began with the work of Ton [42]
in which, existence and uniqueness were established assuming that the initial data
¢ is smooth and the boundary data h = 0. The first well-posedness result in the
strict sense of Definition 1.4 for the IBVP (1.1) was presented by Bona and Winther
8, 9].

Theorem A The IBVP (1.1) is (globally) well-posed in the space H3*+1(R+) x
HFYRY) fork=1,2,---.

loe
Faminskii, in a wide-ranging paper [16], deals with the IBVP (1.1) for a general-
ization of the KdV-equation somewhat like that appearing later in Craig, Kappeler
and Strauss [15]. He puts forward a theory of well-posedness for generalized so-
lutions set in weighted H!—Sobolev classes. Moreover, he obtains extra interior
regularity in case the initial data decays suitably rapidly at +oco. In [4], Bona, Sun
and Zhang obtained the following conditional well-posedness result for (1.1).

a1
Theorem B The IBVP (1.1) is locally well-posed in the space H*(R*)x H,* (R*)
for s > 3/4 with the following auziliary condition to ensure uniqueness;

(1.23) the solution u satisfies the estimates (1.9), (1.10) and (1.11).

Remarks: Notice that the last result reveals the relationship
, _8+1
o Saan
in the notation of the definition of well-posedness. This turns out to be the natural
consequence of the balance
Oy ~ 3.
It was not noticed in the early attacks [8,9,16-19,42] on (1.1).
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In Theorem A, solutions are in fact classical, which is to say all the terms in the
equation are bounded and continuous functions of (z,t) and the equation is satisfied
identically. In Theorem B, the solutions are distributional, but of course have the
further regularity attached to lying in C(0,T; H*(R™)) and satisfying (1.9), (1.10)
and (1.11).

The following result for (1.1) was established recently by Colliander and Kenig

[12].
Theorem C ! For any ¢ € H*(R*) and h € H*S (R*) with 0 < s < 1 which
satisfy the compatibility condition $(0) = h(0) if s > 1, there ezists a T = T (¢, h) >
0 and a solution u € C(0,T; H*(R")) of the IBVP (1.1). The map (¢,h) — u is
Lipschitz-continuous from H*(R*) x H*5 (R*) to C(0,T; H*(RT)).

This is not a well-posedness result in the sense of Definition 1.4, since uniqueness
is not discussed. Actually, a well-posedness result is established for an integral
equation

(1.24) w = HS1(¢,h) + THS, (ww,)
posed on the whole plane R X R, where HS1(¢, h) is an integral operator associated
to the linear homogeneous problem

Ut + Vg +VUgee =0, >0,t€(0,T),

w(z,0) = ¢(z), w(0,t)=h(t), z>0,te(0,T)

and THSi(f) is an integral operator associated with the linear inhomogeneous

problem
Vi + Vs +Usee =f, >0,t€(0,T),

w(z,0) =0, w(0,t)=0, z>0,te(0,T).
The precise definitions of the integral operators HS; and IH.S; are given in [12].
The relation between (1.24) and the IBVP (1.1) (without the linear transport term
ug in the equation) is that a solution w of (1.24) on R x R, when restricted to
the domain R* x (0,T), is a solution of (1.1). For the integral equation (1.24),
Colliander and Kenig established the following well-posedness result.
Theorem D Let 0 < ¢ <1 be given with s # % There exists a § > 0 such that,

if (¢,h) € H*(RT) x H*5* (R™) satisfies
1659 ey g4 gy <

and ¢(0) = h(0) when s > %, then the integral equation (1.24) admits a unique
solution u € C(R; L2(R)) satisfying the augiliary condition

~‘;‘,b(w) < 00
for some o> 1 and b in the range 0 < b < % (see the teat following (1.12) above).

The well-posedness of (1.1) presented in Theorem B and Theorem D is con-
ditional rather than in the sense of Definition 1.4 since auxiliary conditions are
needed to ensure the uniqueness. By contrast, the well-posedness of (1.1) pre-
sented in Theorem A is in the strict sense of Definition 1.4 and is unconditional.

IThis result has been extended recently by J. Holmer [25] to the case —% <8<0.
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The issue of conditional well-posedness also appears in the works of Bourgain, and
Kenig, Ponce and Vega for the IVP (1.2) where the uniqueness is established only
for solutions in the space C(—T,T; H*(R)) satisfying certain auxiliary conditions.
A basic question is are these auziliary conditions really essential to the unique-
ness? The reader is referred to [7, 30| for further discussion of unconditional and
conditional well-posedness for general classes of nonlinear evolution equations.

The issue is more interesting than might appear at first glance. There are many
ways to transform the IBVP (1.1) into an integral equation. Most of these admit
an analysis something like that made in [12] leading to Theorem C. The question
is, when two such solutions are restricted to R* x (0,T') for some T' > 0, are they
equal to each other? For the linear problem, this is established in [12], but the
point is unresolved for the nonlinear problem.

One of the main theorems proved in this paper is the following well-posedness
result for (1.1), which also resolves the uniqueness issue for the nonlinear problem
just mentioned.

THEOREM 1.9. Let s € (—2,1] and T > 0 be given. For any ¢ € H*(R™) and
he H STH(O, T) satisfying the compatibility condition

¢(0) = h(0)

1 ] * ;
when s > 3, there exists a T* > 0 depending only on ||(¢, h)”Hs(R+)st—12(o,T)
such that the IBVP (1.1) admits a unique solution u € C(0,T*; H*(R")) which is
the restriction to R* x [0,T] of a function w = w(x,t) satisfying the estimate
(1.25) 1~\j, (w) < o0

1
2

for some o > 1.

Remarks:

(i) The solution given by this Theorem is smoother than that given by Theo-
rem D of Colliander and Kenig, and by Holmer since b = % rather than
being strictly less than %

(ii) The theorem still holds if we replace 1 by some b < % in (1.25). Thus the
solutions given by Colliander and Kenig in Theorem D and the solution
provided by Theorem 1.9 are the same when restricted to R™.

Theorem 1.9 is also a conditional well-posedness result. It is natural to specu-
late whether or not the auxiliary condition (1.25) is removable. A way of resolving
this issue is to introduce a concept of mild solution for the IBVP (1.1).

DEFINITION 1.10 (mild solution). Let s < 3 and T > O be given. For given

¢ € HS(R") and h € Hf‘: (R1), a function u € C(0,T; H*(R™)) is said to be a
mild solution of (1.1) on the time interval [0, T) if there ezists a sequence {un}S;
in the space

C(0,T; H*(R")) nC*(0,T; LE(R™))
with
On(z) = up(z,0), hn(t) = un(0,1), n=1,2---,
such that
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(i) un solves the equation in (1.1) in LE2(R*) for 0 < t < T, which is to
say, each term in the equation lies in C(0,T; L2(R")) and the equation is
satisfies for each t, almost everywhere in space;

(ii) limp o0 SUPp< < [[Un (- 2) — u(:, 2)| g gty =0;

(iii) limp—oo ||Pn — ¢||H5(R+) =0 and limy,_, o0 ||hr, — h||H5%._1 01 = 0

vice versa. However, a mild solution might not on the face of it be a distributional
solution when s < 0 since u? may not be a well-defined distribution. Classical energy
arguments demonstrate uniqueness of solutions if s > % Hence, while larger values
of s can be encompassed by demanding the sequence {un}S>; be drawn from even
smoother function classes, there is no need for this in the present context.

Remark: A mild solution is a weak solution when s > 0, but not necessarily

We will show that the following facts hold about mild solutions.

THEOREM 1.11 (existence and uniqueness).

(a) The weak solutions given by Theorem B, Theorem C and Theorem 1.9 are
all mild solutions. i

(b) For given ¢ € H*(R*) and h € H, 3 (R") with s > —3, the IBVP (1.1)
admits at most one mild solution.

An immediate consequence of this theorem is that the auxiliary conditions in
Theorem B, Theorem C and Theorem 1.9 are not essential for the uniqueness and
all of them can be removed.

If the appellation solution in Definition 1.4 is understood as mild solution,
then we have the following unconditional well-posedness results as one of the main
theorems in this paper.

THEOREM 1.12 (unconditional well-posedness). The IBVP (1.1) is uncondi-

1
tionally (locally) well-posed in the space H*(R*) x H,3 (R") for s > —3. Its
solution u has the additional properties:

u satisfies the estimates (1.9)-(1.11) if s> 3;

u satisfies the estimates (1.22) if—2 <s<l.

Remark: As a model of real wave phenomena, the Korteweg-de Vries equation is
not derived to take account of singularity formulation. Thus, one would hope that
global well-posedness results obtain for (1.1). Indeed this was shown to be the case in

H*(RY)x H,* (RT) in [4] for s > 3. For 1 < s < 3, the results of [4] only yielded

loc

7i3s
conditional global well-posedness in the slightly smaller space H*(R™) x H, ) (R™).
Faminskii’s recent work [19] showed that (1.1) is conditionally globally well-posed

ld-a4e
in the space H*(RT) x H,, ¥ (R*") when 0 < s < 3, but leaves open the question
of whether the well-posedness is unconditional or not.

Concerning global well-posedness, the following result follows readily from the
local theory in Theorem 1.12.

THEOREM 1.13 (global well-posedness). The IBVP (1.1) is unconditionally
hate
globally well-posed in the space H*(RY) x H,, ¥ (R™") for 0 < s < 3 and is uncon-
=5

ditionally globally well-posed in the space H*(RT) x H,, ; (R*) for s > 3.
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The paper is organized as follows. In Section 2, explicit representation formulas
are recalled for solutions of initial-boundary-value problems for the linear KdV
equation. These were developed in our earlier paper [4] and will be used to establish
the main theorems of this paper. We will demonstrate in this section how to convert
the IBVP (1.1) posed in a quarter plane to an integral equation posed on the
whole plane, which sets the stage for using powerful tools developed by Bourgain,
Kenig, Ponce and Vega and others to study the well-posedness of the IVP. Three
different types of extension of the boundary integral operator associated to the
non-homogeneous linear boundary value problem (1.13) are provided, which are
denoted by BI.(t), BI,1(t) and BI,2(t), respectively (see Section 2 for the precise
definitions of those operators). Among those operators, BI(t) is the simplest; it is
basically an even extension (with respect to the spatial variable z) of the boundary
integral operator, from the half line R* to the whole line R. Using this operator,
we are able to prove Theorem 1.1 in case 0 > s > —%. Ifs< —%, one only has the
estimate:

Nop(w) < Ch| 22

H % (RY)
instead of the inequality (1.15) featured in Theorem 1.1. Because of this state of
affairs, the more complicated boundary operators BI,;;(t) and Bl,,2(t) are intro-
duced. The operator BI,,1(t) is helpful when s < 0, whereas BI,,2(t) is effective
when 0 < s <1.

In Section 3, attention is given to the non-homogeneous linear boundary value
problem (1.13). It is demonstrated there that the aforementioned global boundary
smoothing properties obtain, as expounded in Theorem 1.1 and Theorem 1.2. The
boundary integral operators BI,1(t) and BI,2(t) play a cruciol rolc in the analysis.

In Section 4, it is shown that the IBVP (1.1) is locally unconditionally well-

a1

posed in the space H*(R*) x H,,} (R*) for s > —2 and is globally unconditionally

well-posed in the same space for s > 3 and, for any € > 0, in the space H*(R™) x
st1lte

H,* (R*)when 0<s<3.

The last section consists of two appendices. The proofs of some technical
lemmas used in Section 4 are presented in Appendix I. The results are based on
minor modification of arguments already in the literature. The proofs are sketched
for the convenience of readers. Some discussion of the boundary integral operator
Bl is provided in Appendix II. The outcome of the analysis is a result showing
that estimates involving BI.(t) alone do not suffice to prove Theorem 1.1, thereby
providing a reason for the introduction of the more complicated boundary operators
BI,,1 and BI,,; .

2. Linear Problems and Extension Formulas

This section is divided into two subsections. In the first, some explicit represen-
tation formulas are recalled from [4] for solutions of initial-boundary-value problems
for the linear KdV-equation. Then, a method is put forward to convert the IBVP
(1.1) posed on a quarter plane to an integral equation posed on the whole plane.
The second subsection features a discussion of the aforementioned three different
extensions to R X R of the boundary integral operator associated to the boundary
value problem (2.1) given below. These extended boundary integral operators will
play a central role in our analysis.
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2.1  Ezxplicit solution formulas for linear problems
First, consider the non-homogeneous problem

Us + Ug + Ugge =0, forz,t>0,

(2.1) }
u(z,0) =0, u(0,t) = h(t).

Its solution may be written in the form (see [4])

(2.2) u(@,t) = Whar (t)h] (z) = [Us(£)h] () + [Us ()R] (2)

where, for z, t > 0,
_3!5 =i

[Us(£)h] () = % /1 - e“(“a—'”e’(' )IW -1) /0 " i (g ded.

Next, consider the same linear equation posed with zero boundary conditions, but
non-trivial initial data, viz.

Up + Uy + Upey =0, forz, t >0,

(2.3)

u(z,0) = ¢(x), u(0,£) = 0.
By semigroup theory, its solution may be obtained in the form
(2.4) u(t) = We(t)e

where the spatial variable is suppressed and W(t) is the Co-semigroup in the space
L?(R*) generated by the operator

Af=—f"—7
with the domain
D(A) = {f € H*(R")| £(0) =0}.
By d’Alembert’s formula, one may use the semigroup Wc(t) to formally write the
solution of the forced linear problem

Ut + Ug + Ugze = f, forz,t >0,

(2.5)
u(z,0) =0, u(0,t) =0,
in the form
(2.6) u(-t) = /0 We(t — 1) f(-, T)dT.

The following helpful formula for W,(t)¢ was established in [4]. As is apparent
from (2.4) and (2.6), this gives an explicit representation for solutions of the inho-
mogeneous problems (2.3) and (2.5).

PROPOSITION 2.1. For any ¢ € L%(R™), define

U (a) = = [ enes [T emeOgerdga

0

U{{_(t)d)(x) — _% /loo eiu3t—ipte-(lﬁt@>m /0°° e_wng(f)dﬁdy

and

(et / ~ emhE 3(¢)dedp.

0

U (00(e) = 5 [ e

?
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Then it follows that
2

We(t)g(z) = 3 (U} 0)6(2) + U} ((a))

=0
As a comparison, recall the explicit solution formula for the pure initial-value
problem (IVP) for the linear KdV equation (cf. (1.2))

Ut + Uy + Uggy = 0, .’L',tER,
(2.7)
u(z,0)=g(z), TER,
namely
(2.8) u(z,t) = Wg(t)g(z) = c/ ei(Ea_E)temf/ e g(y)dyde.

The formula for Wg(t) is much simpler than that of W,(t). We take advantage
of this simplicity to give a related represcntation of W,(t) in terms of Wg(t) and
Whar(t).2

Let a function ¢ be defined on the half line Rt and let ¢* be an extension of
¢ to the whole line R. The mapping ¢ — ¢* can be organized so that it defines
a bounded linear operator B from H*(R") to H*(R). Henceforth, ¢* = B¢ will
refer to the result of such an extension operator applied to ¢ € H*(R"). Assume
that v = v(z,t) is the solution of

Ut + Vg + Vg = 0, v(z,0) = ¢*(x)

for z € R, t > 0. If g(t) = v(0,t), then vy = vy(x,t) = Whr(t)g is the cor-
responding solution of the non-homogeneous boundary-value problem (2.1) with
boundary condition h(t) = g(t) for t > 0. It is clear that for z > 0 the function
v(z,t) — vy(x,t) solves the IBVP (2.3), and this leads directly to a representation
of the semigroup W, (t) in terms of Why,(t) and Wg(t).

PROPOSITION 2.2. For a given s and ¢ € H*(R') with ¢(0) = 0, if ¢* is its
extension to R as described above, then W, (t)¢ may be written in the form

We(t)p = Wr(t)$™ — Wear(t)g

for any x, t > 0, where g is the trace of Wg(t)¢* at x = 0.
Remark: This representation of W.(t) is less explicit than that presented in Propo-
sition 2.1. However, it enables us to use the well established theory for Wg(t) to
study W (t). It is worth emphasis, however, that W,, by its nature, does not depend
upon the extension ¢* of ¢. The representation in Proposition 2.2 does, of course,

depend on the extension and this representation will be useful in deriving linear
estimates.

In a similar manner, one may derive an alternative representation of solutions
of the inhomogeneous initial-boundary-value problem (2.5).

PROPOSITION 2.3. If f*(-,t) = Bf(-,t) is an extension of f from R* x R* to
R x R*, say, then the solution u of (2.5) may be written in the form

llyd) = /0 Walt — 7)f* (- 7)dr — Whar (t)v

2This was suggested by one of the referees of our earlier paper [4].
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for any z, t > 0 where v = v(t) is the trace of fot Wr(t—7)f*(-,7)d7 at z =0.
Finally, consider the fully inhomogeneous initial-boundary-value problem

ut+um+uzmz=f7 forz,tZOa
(2.9)
u(z,0) = ¢(x), u(0,t) = h(t),

where ¢ and h are assumed to satisfy the compatibility condition h(0) = ¢(0). Let
u(z,t) = z(z,t) + e~ * th(0). If u solves (2.9), then z(z,t) solves

2t + 2z + Zpge = f +3e*7h(0), forz,t >0, }

z(,0) = ¢(z) — e™*¢(0), z(0,t) = h(t) — e7*R(0).
Decompose z in the form z = w + v + y with
Wi + Wy + Waze = f + 3¢ 7h(0), for z, t > 0, }

w(z,0) =0, w(0,t) =0,
Vg + Vg + Vgge =0, forx, t>0,
v(z,0) = ¢(z) — e %¢(0), v(0,t) =0,
and
yt+ya:+yma:$=0; for (L‘,tZO,
y(z,0) = 0, y(0,t) = h(t) — e *h(0).

The following representation for the solution of (2.9) emerges from this decomposi-
tion together with the results of Propositions 2.3 and 2.4 and Duhamel’s principle.

PROPOSITION 2.4. The solution u(z,t) of (2.9) may be realized in the form

u(z,t) = We(t) (qS(w) — e_mqb(O)) +/u We(t — 1) (f(:l;, T)+ 3e_m_Th(0)) dr +

(2.10) + Whar(t) (h(t) — e7*h(0))] (z) + e = "*h(0).

In case s < %, the compatibility condition is not needed. One may choose
#(0) = h(0) = 0. In this situation, (2.10) becomes simply

t
(2.11) u(z,t) = W.(t)d(z) + / W.(t — ) f(z, 7)dT + [Whar (D) h] (z).
0
In any case, by Proposition 2.2 and Proposition 2.3, (2.10) may be written as

w(z,t) = Wa(t)$} () + /0 Walt — 1) (£*(z,7) + 3p(a, ) )dr +

(2.12) + [w,,dr(t) (h(t) — e"th(0) — g(t) — v(t))] () + p(z, )
for x € RT and t > 0, where

#1(x) = () — e *P(0), p(z,t) = e " th(0)
and ¢(t) and v(t) are the temporal traces of

Wr(t)¢!(x) and /Ot Wgr(t —7) (f*(x, 7) + 3p(z, T))d'r
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at x = 0, respectively. Of course, if the right-hand side f already happens to be
defined on R X R, there is no need to apply the extension operator.

The solution formula (2.12) holds only for > 0 and ¢ > 0. It will be convenient
to extend this formula in such a way that it holds for all z, ¢ € R. This will provide
a context in which to establish the well-posedness of the nonlinear problem in the
framework of Bourgain spaces. Note that the first two terms on the right side of
(2.12) are naturally defined for z, t € R. Only the third term, viewed as a function
of z and ¢, needs to be extended from RT x Rt to Rx R. With an appropriate exten-
sion of the third term, to be denoted by [W,.(t) (h(t) — e *h(0) — g(t) — v(t))] (z),
the function u(z,t) given by the formula (2.12) may be viewed as a function of = de-
fined on the whole line R, which of course solves (2.9) when restricted to RT x R*,
If one replaces f in (1.12) by —uu, and drops the extension operator, there appears
the nonlinear integral equation

wz,t) = Wal)dl(z) - / Wit — 7)u(z, )ue(z, 7)dT +

t
+3/ Wr(t — )p(z, 7)dr +
0

[Wiar(8) (B®) = ~h(0) = 9(8) — v(®)) ] (&) + (s, 1)

posed on the whole plane R x R. It is clear from its construction that if this
integral equation has a solution, then when the solution is restricted to the domain
Rt % (0,T), it solves the IBVP (1.1). It is also clear that if u € C(0,T; H3(R1)),
then it is a strong solution (distributional solution for which all of the terms in the
equation lie in C(0,T; L?(R*)) and such that they sum to the zero function in this
latter space).

2.2  Eztensions of the boundary integral operator

As pointed out in Section 2.1, to use the Bourgain spaces in a straightforward
way to study well-posedness of the IBVP (1.1), one needs to extend the boundary
integral operator Whar(t) to an integral operator Wy, (t) so that, for any given
boundary value function h(t), Wy, (£)h(8)](z) is, for each t € R, a function of x
defined on the whole line R. There are infinitely many ways to accomplish such
an extension; among them the even extension is probably the simplest. However,
as will be made clear presently, and especially in Appendix II, special extensions
are needed if one intends to capture some of the more subtle smoothing properties
induced via the imposition of a boundary condition at z = 0.

Next are presented three different types of extensions of the boundary integral
operator Wiar(t). Rewrite Wha,(t) as

Wear ()R] ()
— %Re / eiuat—ipte—(\/3’u2_4+ip,)§(3u2 _ 1) /°° e_i(us_“)gh(ﬁ)dﬁdu
v 1 0
4 X ¢S] 3
. %Re / eiﬂat—i“te_ (\/3;&2_4+z#) ¢3(m)(3ﬂ’2 — 1)1 () / etk _“)gh(f)dfdp,
w 1 0
bgeRe [ ntme (VORI 30— 1)ga(y) [ et e ) dea
2 0
V3

= % (Ii(z,8) + L(z, )}



BOUNDARY SMOOTHING PROPERTIES 17

where ¢; () and ¢2(u) are nonnegative cut-off functions satisfying

¢1(p) + ¢2(u) =1 for any p € R*

with supp ¢; C (—1,4), supp ¢z C (3,00) and ¢3(x) is a smooth function on R such
that

¢3(w)=g forx >0, ¢3(x)=0 forxz<-1,

Observe that

Vout—4 —l—e',u.m _ /4—3u? +'ui.1:
2 h 2

is purely imaginary for 1 < p < 2/ V/3. The integral I, is naturally defined for all
values of z and ¢ and, viewed as a function defined on R X R, is in fact C*°—smooth
there, with all its derivatives decreasing rapidly as  — +o0o0. Thus no complicated
extension of I; is required as the obvious one suffices. It is otherwise for I. To
discuss Iy, it is convenient to let u()) denote the positive solution of

p—p=A
for A > 0 and g > 1, while u(\) = —p(=X) for A < 0. Note that pu()) is strictly

increasing on [0,00) and that values of p > % correspond to values of A > 3%/5
By a change of variables, the integral I can be rewritten in the form

o0 o0 : z 7

I(z,t) = Re ‘/2 / ei)‘te—(\/3"3(”—4-’_1#()‘))ie_us(f)z(u()\))h(s)dsd)\
2_Jo
3v3

= /:o /oo e~ L cos ()\(t —s)— %u()\)x) b2(u( M) h(s)dsd\
325 /0

= E(z,t)
for > 0. Let the extension of E(z,t) to < 0 be g(z,t) and write

E(z,t), x>0,
Iz(f’f"t) =
g(z,t), T <0,

where g(z,t) is to be defined. Note that

Falla)(&,8) = /oo Iz(z,t)eimgdm = /0 g(:v,t)(cos(:z:f) +isin(:l:§))dx

— 00 —00

+ /Ooo E(z,t) ( cos(z€) + 4 sin(x&))d:v

= /oo (E(x,t) cos(z¢) + g(—=z, 1) cos(w&))dw
0
. = E . _ _ , . d i
+i /0 ( (,t) sin(z€) — g(—a, t) s1n(a:§)) v
Recall the identities

/Ooo sin(z§) /000 cos(zn) h(n)dndx = % /oo ;h(w)dm

—oog_x
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and
)= 2 [ contot) [ costenhinanat,

where h(z) is extended evenly to negative values of z. These relations yield

/0°° (E(x, t)sin(xf) — g(—z, t) sin(xg))da;

— /oo 1 </0°° cos(nz)E(z,t)dx — /000 cos(nz) g(—=, t)d:v) dn.

™ —ooé"—n

In consequence, it transpires that

- Faplle]l = F [/000 (E(:z:, t) cos(z€) + g(—=z,t) cos(xﬁ))dz]

+%. /_c: : 1 n]-'t [/Ooo cos(nz) E(z,t)dz — /Ooo cos(nz) g(—, t)d:c] dn.

Note that different choices of g(z,t) give different extensions of E(z,t) to z < 0.
The following three choices of g(z,t) will be studied in this article.

(i) Let g(—x,t) = E(z,t) for £ € R*. This is perhaps the simplest extension. It
results in the formula

(2.13) Faortllzl = F; [2 /000 E(z,t) cos(x&)d:z;] .

The boundary integral operator corresponding to this extension of Wy, (t) is de-
noted by BI.(t); the subscript e stands for even of course.

(ii) For z > 0, choose g(—=z,t) such that
F [/000 9(—z,1) cos(wﬁ)da:} (r)=-F; [/000 E(z,t) cos(:rE)d:z:] (m)©, )

214)  +7 [ /0 " B, cos(xE)dx] () (1= 86, 7)) w(E)(r)

where O(¢, 7) = x(|¢| — 6|7|*/%) with 6§ > 0 fixed, 0 < x(£) < 1 everywhere, and

1, £<0,
x(§) =
0, E>1,
whilst
‘_1, |§| 2 1’
v(€) = {
0, 1€l <1,

and w(7) is a smooth and bounded function to be specified momentarily. It is easy
to see that such a g is a combination of even and odd extension, viz.

Fut 2] = le(f, T) + jzz(ﬁ, )
where

Iner) =7 | [ Blat)costat)in] () (1~ 0061) (1-+ viehorr)



BOUNDARY SMOOTHING PROPERTIES

and
fzg(ﬁ, T)= :—r/_: £ i "7]:t [/000 E(z,t) cos(mn)da:] (m)
X [2@(77,1') + (1 - O(n, ‘T‘)) (1 — V(n)w('r))] dn
= %'/000 (ﬁ + Ein) Fi [/ E(z,t) cos(zn)dz ] (m)
(2.15) X [2@(7],7’) + (1 - O(n, 'r)) (1 - V(n)w('r))] dn

Because of the algebraic identity

I T 7’ )
e—n e 5(1+€2—n2 ’
we may write Ia(€,7) as

Ina(€,7) = 22/ Fi [/ E(z,t) cos(:rn)dx]

x [20(n,7) + (1 — 00, 7)) (1~ v(©u(n) | dn

+72r_2 Ooo 1—%}} [/ E(x,t) cos(xn)da:]

x [20(n,7) + (1= 80, )} (1~ v(©u(n) | dn

= Ql(&-v T) + Q2(§a T) .

Rewrite the integral E(z,t) as follows;

Blot) = fe / / mﬂ“(/\)) %e_i)‘%z(ﬂ()\))h(s)dsd)\
V3
/ / ../3;:2(.\) +w(>\)) %e—iks%(u()\))h(s)dsd)\

19

N / oo (VIOTE0) 8 v, s

/ / \W-Hﬂ()\)) 2 e—i)\s¢2 (N()\))h(s)dsd)\

ey [ [T W #0)8 00 s
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where the fact that ¢a(u(A)) = 0 for A < ﬁ was used in the last step, a point
that follows since supp ¢2 C (3,00). A direct computation reveals that

[ o (VIS st Kot A4 Ko 2+ K (1, 0)+K a1 (n, A)
and
[ o TN b 000 Kl A Ko (1, N+ Kaz(n, A)
with
(2.16) K11(n, A) = V() — 4
3ut(\) -4+ (277 + u()\))
(2.17) Ka(n, ) = oAtV 5
3u2(X) ~ 4 + (27; = p.(,\))
(362N - 4)u(y)
20 (312(3) — 4+ (20 + p(V)2) (3u2() — 4+ (2n - HN?)
(u2(/\) - 4772)#()\)
26(352(0) ~ 4+ (2 + k(V)?) (362(N) — 4+ (20— (N))?)

(2.18) Kai(n,A) =

(2.19) Kai(n, M) =

and

{ Klz("]v )‘) = Kll(na ’\)7 1{32(7?1 ’\) = K21(77’ )‘)7
(2.20)

K32(7’: )‘) = _K31(n’ )‘Jr I{‘li(n’ )‘) = _K4l(7]a )‘)
Thus, 7, [ [, E(z,t) cos(zn)dz] may be expressed in the form

7 [ /0 " B(a,1) cos(xn)dx} (r)

4 4
(221) =3 Kmi® D)o (u(m)R(T) + Y Kma(n, ~7)a(u(~7))h(~7)
m=1

m=1

where
h(r) = / e h(s)ds.
0

Here, we note that from the definition of ¢5, for any given 7 there is only one
nonzero summand in (2.21) and the sum involving the terms K,a(n, —7) is the
same as the sum involving on the terms Kp,1(n, 7). Because ¢2(u(7)) is a bounded
C*>-function, and since, as direct calculation shows,

I 5 Knsln) (1-omm))dn
0 m=1

ZCZ >0,




BOUNDARY SMOOTHING PROPERTIES 21

where C; is a fixed constant independent of 7, it follows that the formula,
(1+wir / Z K (,7) (1= ©(n,7) ) di

(222) = ~2a(u) [ Z Ko (n, )80, 7,
defines the C°°(R)—function w(r) in such a way that d*w/dr* is bounded on R,
for k=0,1,2,-- . It is clear that this choice of w(7) makes

Q1(¢,7) =0, forall T when [{|>1.

Hence, for €| > 1,

Ia(€,7) = Qu(€;7)

2

(2.23) = 52 =

Tt [/ E(z,t) cos(xn)dz] (1)Y©1(n, T)dn

where
61(n,7) =20(n,7) + (1 - ©(n, 7)) (1~ v(mw(r)) .

Moreover, when |¢| > 1 and 7 > 0,

€ §2 . "7 @1(77, T)dﬂ,

4
(2.24)  Ip(e,r) = 2 _n [Z Kom1(n, 7)$a(u(r))h(r)
whereas

Inn(€,7) = § 52

when |¢| > 1 and 7 < 0. The boundary integral operator corresponding to this
extension of Wi, (t) is denoted by BIm1(t).

Z Kma(n, —7)¢2 (=) h(~ )] ©1(n, T)dn

(iii) For = > 0, choose g(—,t) such that

i [ / " g-a,t) cos(xf)da:] ()= -F, [ / " B, 1) cos(xg)] M (1-on)

(2.25) +F; [/000 E(z,t) cos(z.f)dac] (Mo, rvE)w(r).
In this case,

(2.26) ]'-a:.t [IZ] = j;l (&a T) + j;2(§v7-)
where, if @3(n,7) =2 (1 — 0(n, 7)) + O(n, 7)(1 — v(n)w(T)), then

e =7 [[ B costatas] (ol n) (1 +veu(r)
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and

I3y (e,7) = /Z g .7-} [/ E(x,t) cos(xn)dm] (1)©2(n, T)dn

_ % /0 * (ﬁ . g_i_n) % [ /0 ” Blo,1) cos(wn)da::l (T)®a(m, T)dn

& ["&[["seo cos(an)da| (r)a(n,)dn

2 [ (n/¢)? *
+7r_£ i 1-—(n/_5)_2}-t [/0 E(x,t)cos(xn)da:] (1)©2(n, T)dn

= Q1§ T) +Q5(6,7).
Just as in case (ii), one can choose an appropriate function w(r) such that
Qi(€,7) =0  for |¢| > 1 and any T € R.

The boundary integral operator corresponding to this extension of Whar(t) is de-
noted by BI,,2(t).

3. Boundary smoothing properties

In this section, attention is focused upon the non-homogeneous boundary-
value problem

(3.1)
u(z,0) =0, u(0,t) = h(t).

Our analysis turns around a detailed understanding of the boundary integral oper-
ators introduced in Section 2.

Ut + Ugp + Ugee =0, for z, ¢ >0, }

For given s € R, 0< b <1, a >  and any function w = w(z, t):Rx R— R,
define

Aus(w) = (/ [ @@ - o™ at i ) dng),

(32) Aa(w)= ( / °° /|51<1(1 + [y e, T)Fd&df)

Consider first the operator BI,;(t).

THEOREM 3.1. Let 9(t) be a given smooth functzon of t with compact support
and assume that s and b are within the range 0 < b < 1 + < 1. Then there exists
a constant C depending only on 1) such that

(3.3) A_sb(q/;BIml(h)) < CIhl womrza

for any h € HIJ (R+)
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Proof: Recall that

[BImi(t)h] () = Ii(z,t) + Ia(z,t)
where I;(z,t) is a function defined on the whole plane R X R and is, in fact, a
C*-smooth function of z and ¢. For any t € R,

C H(S;ﬁ — 1)1 () /0 N e~ -mEp(€)de

INA

1 (2, )| L2 ()

Li(R)

IA

¢ “h”L2(R+) .

This type of inequality is also valid for 878:1; for any j, I > 0. Thus it is straight-
forward to see that if h € L%(R™), then

(3.4) A_os(¥I1) < C|lhl| L2(rH)

for any given b > 0 and s € R where the constant C depends only on 9, b and s.
To analyze Iz(z,t), remember that

Foull)(€,7) = Inn(€,7) + Toa(€,7)
where, for €| > 1,
Ingn) =F [ /0 " B(at) cos(wg)dx] (n(1-0n) (1+w(n)
and

Inp(g,7) i/°°<——1 o )f[/ooE( t) s(x)dw]()@( )d
N = = z,t) co T T)dn.
22(§, z Jo E—n £+7 t A ) n 1\n,7)an
Since the relevant estimates in the region |¢] < 1 are straightforward, in what
follows it is always assumed that |£| > 1. First, consider the term

Lm ‘/_°° (1 + |’7' . (&3 . §)|)2b (1 i |§|)—2s f21(€,7)’2d£d7.

We have the following estimate for this term.

PROPOSITION 3.2. Let s > 0 and 0 < b < %4—% be given. There exists a

constant C such that

(3.5)
[ avr-@-on®a+ien™
for any h € H*=5" (R+).

Proof of Proposition 3.2: According to (2.21),

7 [ /0 ” E(2,t) cos(a, §)da:} (r)

. 2
< 2
I (&) dedr < ORI oo

4 4
=Y Km1 (6,762 ((0)(r) + D Kma(€, —)¢2(u(~7)h(-7).
m=1 m=1
In the following, detailed analysis is given for terms containing Ko; and Kjy;; the
estimates for the other terms follow similar lines. Suppose that £ > 0. The case
£ < 0 is entirely analogous. Write

Aml(gaT) = Kml(§7T)¢2(“(T))i"(T)) m = 17 2: 3; 4.
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For given s and b > 0, we have

/_: /ooo (L+Ir = (=)™ (1 +1e) ™ |An (&) (1 +w('r)) (1 — 8¢, T)) jzdgdf

=) ) 2
/ h(s)e™**"ds| Ba(T)dr
0

<cf " ()

with

(1+wn) (1-e, ) [2

Bu(r) = [ @ —o)* e

(362() — 4) 2 (u(r))
(3u3r) — 4+ 26 — (r))?)

Claim: Ifb< % + 3, then, as T — oo,

Gh—2a—1

le(’r) = O(T 2 )

To see the claim is true, note that in fact

(362() - 4) dau(r))

(3u2) - 4+ (26— w(r)?)’

Ba) = [ arlr—@- o) arie)

X (1 + w('r))z(l - 9(5,7)) 2d§

since ©(¢£,7) =1 when £ < § l'r|§, where § > 0 is fixed, but arbitrary for the nonce
(see (2.14)). Let £ = n(¢) be the real solution of the equation

£-€=¢ for 0<(<oo

that connects continuously to the unique real root as ¢ becomes large (e.g. ¢ > #)
Note that

n¢)~¢¥  as ¢ —oo.
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For large T, it is also the case that u(t) ~ T3, Thus, for 7 > 0 large enough,

P 0/6: (3(2#2(’:)—4)(1+Ii—él)2:Z(HICI)—%‘W(;)__I(K
pa(r) — 4+ (2n(Q) — p(r))?)
c o] A s
~ <l (1+3if(z|;<<>q_)1>) 40 gy
+ o —AaslredP 54K ¥ 5=

o (14308 + (2n(Q) — 74)?)

= Go1-1(1) + Ga1-2(7).

Continuing this sequence of inequalities, note further that

2

T3 (A+|r— §|)2b 1
Ga1a(1) < C(l+,,§}z /637 (14 ¢ % 3772(C)—1dc

% | 2b 27
< or Ut [
(1473)2 Jsor (14+¢)75
S Tﬁb—ﬂt—l
and
oo 1 _ An2b
or (1473 +C3)2(1+Q)F(E
oo 2b
<Crb .Ci..dC
27 Cl(l-l'g)
S CTGb—Zs—l

if b < % + 5. The claim is thereby established. As a consequence, the following
inequality emerges. For given s >0 and b < % + £, there exists a constant C such

that

o, et ’/ow Me)e o du Bn(rdr
3v3

2(3b—a—1/2) e 1/2)

SC/ da(u(r))T / h(w)e ™™ dw d‘r
EX
(3.6) <C ”h”i{(ab-u—l/Z)/a(R-{-)

(B*).

bllfﬂ

foranyhe H 5
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Next, consider the term

Aai (€, 7) = Ka1 (&, 7) 2 (u(7))h(7)
involving Ky;. For given b > 0 and s € R,

‘/_oo /;30 (1 + IT - (§3 - 5)')21’ (1 + '6')_28 |A41(§, 7-)12(1 il w(7’))2

00 2
/ e “Th(s)ds| By (r)dr
0

(1-en) dear <0 [ pafuir)
3V3

where By (7) is equal to

/w@¥—u%ﬂVMﬂzu+h Gi OD%U+KD471+Mﬂ)G—@@JD2
0 (303r) = 4+ 26+ w(r)2) (303(r) — 4+ (26 — ()

As in the estimation of By (), one shows that if b < 1 + £,

8h—25—1

Bu(r)=0(r" =5 )

dg.

as T — oo using again the fact that u(r) ~ 73 for large positive value of 7.
Consequently, for 0 < b < 1 + 5 and s > 0, there exists a constant C' such that

/7 $a(u(r)) /0 h(s)e™*"ds

The proof of Proposition 3.2 is complete. O]

2

By (r)dr < C ||h|| Shoeplfd oo

Next, attention is given to the term

[ [ atr-@-ona+ien™

for which we have the following estimate.

(e, )| dear,

PROPOSITION 3.3. Let s and b be given satisfying 0 < b < & + < —. Then

there exists a constant C such that
(3.7)
o0

[ [ avr-@-an®a+ien™

f22(€’7—)~ d§d7-<0”h”2 3b—s— ( 4
H 3 R

for any h € HEE%E(R"’).

Proof of Proposition 3.3: First, we note that to study a3 (&,7), we can use the
form of Iy, (¢,7) in (2.15) or (2.24). As before, details are given for only one term
in 7 [ [y E(z,t) cos(zn)dz], say

A11(§7 T) = Kll(&a T)¢2 (AU’(T))E(T)

Notice that A11(—¢,7) = A21(€,7). Hence, we may consider only the case wherein
€ > 0. Denote by g, the function

q2 (gi T) = 1

(7)) — 44 (26 + p(7))?
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and, for £ > 1, let D, be given by

o0 712 = ’
a2(n,)dn+ (1 +w(r)) / qu(nn)dn

0

* n*0(n,)
£(€2 —n?)

for £ > 61u(7) (from (2.24)) and

‘Dz(&’T) =2
0

Da(€,7) = 2/000 é%(g%qz(n,f)dn + (1 +w(T)) /Ooo qu(nﬁ)dn

for 0 < € < §1u(7) (from (2.15)), where §; > 0 is a small constant. The relevance
of these functions will become clear presently. First, note that

A1 (& 7) = @2(&, T) 2 ((m)A(T)V/3p3(1) — 4.

As for D3, changing variables in the integrals of its definition shows it to have the
form

D) = 2 gamOm i

+(1 + w(T)) /Ooo EE%T) (1 - O(n, T))Q2(17, T)dn

2 20 nz
u2A(T) /r; y(y? — ,72)@('“'(7')77, T)pa2(n, T)dn

1+w(r) [ n*
pA(r)  Jo, wly*—n?)

(1 — O(u(r)n, T))pz(n, T)dn

(3'8) = D21(y’ 7-) + D22(y’7-)
where

3|3 +1 I 1
= gy = , Y= T) > 01, ,T) = .
) 1 ) &/u(r) 1, p2(n,T) 9 _ ; ?ﬂ +(2n+1)2

We have similar definitions for 0 < y < é;. Remark that ao is bounded indepen-
dently of 7 and so for y large enough, y? — n? is bounded below for n € [0, ag).
Thus,

- 2 b n T T T
Dzl(yaT) . y3u2(7_) /0 1— (n/y)zg(u( )"7: )202(77, )d’?
1
= y3—“2‘(T)D21,2(7'7 )

where

|D21,2(7,y)| £ C for all 7 and y large.
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Turning to D33, note that O(u(r)n,7) = 0 for n > a1, so

/aoo y(y? " 2)( — ©(u(r)n, 7)) pa(n, 7)dn

R R L——
/al o ??2)102(?7 )dn

oo

= — - z y2pa(zy, T)dz
o

<1 1

1 o0
- = | i
yz e (2*y*p2(2y,T) 1/4)dz+4y2/;”; 5

v

1
= =3 (D21, 7) + Dy, 7).

Of course,
]

1 [~ 1 1 /v 1
Puawn =3 [, o= [ o
W

(e o}
1
dz=0
,/ol—zzz

as a principal-value integral. It is therefore clear that

since

C
IDzz,z(U, ) < g

for some constant C independent of T when y is large, say Y > yo. Asfor Dag 1 (y, 7),

note that

Y’ pa(ny, ) — 1/4

1
= ;p*(n,y,f)-

Rewrite Das 1(y, 7) as

1( 2 Y
D221 (y,7) = = (/ / / ) ” U dﬂ
Yy a1/y 1/2
(/ / )p_(n.J,TJdn’SC
1/2 1—n?

/1/2 " (n,u,7)
a 1- 7}'2

to obtain

and

dn| <C(1+1ny)

1/y

where C is independent of 7 and y for u(7) > 3 and y large. Thus, if y > yo, then

c 1
(3.9) IDa(u(r)y, )l < (1 )

s Gt 3 0) (5 s+ (43) )

-1
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where C is independent of T and y. The following calculation shows the relevance
of Dy;

[¢%S) 1 2
/ Avs(n, 7)1 (n,7)dn| dedr

[ oo e % =
// (L4l —(E-ON™ 1+ —

B /ooo S BIR) (3837) - 4) /ooo (Ll =€ - o)™ @+leh™

2

X dédr

/ Einqz(n,ﬂel(nn)dn

. 00_1_ 20 (MBI (- 2(r) —
= [ b wenihee) (3w26) - 4)
g /ooo (1417 = (€ =)™ (L + Ie) > IDao(€, 7) P dedr.

Appropriate bounds on D yield bounds on the left-hand side of the last formula.
Consider the quantity

B = (30 —4) [ @l € )™ A+ 1) IDa(e P

o ([ o

x (L + €)™ D3¢, 7)d¢

= FEo (7') + Egg (7') + Ez3 (T)

where 8, is again a small constant. By the choice of w(7), it transpires that for
large T,

[Bx(r)| < O (u)? | T goresge

you(T)

< C’T%,U(T)sb—zs_a / £6b—2s—6d§
Yo

Gh—2a—1
8

<Cr

if6b—2.9—6<-1,Whichistosayb<§+%.For51 < y < yo, say,

C @ 1
D < 1+/ —0 ) ’ d
IDe| < uzm( [ = O e, T
2y 1

+(1+w(n) /a y—_;(l —e(u(T)n,T))pz(n,T)an.
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Note that if §; < y < ag, then

* St an| < [ XU (507, 7) iy, )y
0

y—n
+ |pay, ) / ﬂ('r)n,

The same bound is valid if a; < y < yo. Thus,
C
p3(r)

dn| <C.

(3.10) |Dq| <

and
Yop(T)

Bl <ord [ i - @ - o) a i)

Syp(r)
T vou(r)
—3 (3 2b —2s
<or (£ / + [ )1+|T (€ - )™ (+1e) ™ de
L.,— 2frl
SC —% 2b * 1+ —25d s 1+ _(¢3 2b .o,
" (r /Mm( o)k [ (1= € o) e ag
yop(T)
+ §6b—2sd§)
21'%'

/ (1 +7l¢ — 1)%7 5" ¢dg +7‘Mim)

ot (3

gb-2 —2
_g(r dat1 2b+13‘)

< or®
sinceb>0. f0<y= Ff‘r_) < 6; in the term Dy = Djyj + Dyg, then
C |["_2% lyl
< - <
|D22| ps uz(T) ~/a.1 yz _ nz (1 9(#(7')77, T))p2("’a T)dﬂ~ = CMZ(T)

Do = 5 | [ =2 (ma(0m) ~ w000,

a0

() - (y,r))e(u(r)mdn

+/0ao (yl a5+ T pa(— y,T)) Q(M(T)n,r)dﬂ]

1
= m (D21-1+ Da1-3 + D21 _3).
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-1
Recall that pa(n, 1) = (3 - Eq‘l;)— + (2n+ 1)2) , 80 that
Do1-1(y,7) + Da1—2(y,7) =

o O(u(r)n,7) n+y+1 n—y+1
. 1 2 1 - ] dn
0 S—W-I-(2n+l) 3—m+(2y+1)2 3—m+(—2y+1)3

_ /’ “©  e(ur)n,7) —8y(n+1)
03—yt (@n+1)? |G-yt QU+ 1)HE - = T (-20+1)%)

1 1
i *3 dn.
<3 o ;:.Edf—,—] +(2y+1)2 33— ,u—;%';j + (—2y + 1)2)]
It thus transpires that
|Da1-1 + Da1—2| < Clyl.

Also,

ag 1 ag 1
Day3 = ——0 ,7)d -, —O yT)d
ns=pa(ur) [ O D +pa(w) [ S eurm

= p2(¥,7) (/Oal L+ /aao —1—9(#(7')?7,7')‘177)

Yy—n 1 Y=

a1 1 ao 1
tpa(—y, T / —d+/ L) T,Td)
pat-un) ([ ptn+ [ e

= pa(y, T)( —Inla; —y|+In |y|) + p2(-y,7) (ln lax +y| —In Iy|)

2 1O(u(r)n, 7)dn / % 1 0(u(r)n, T)dn
+p2(y, T / -+ pa(~y, T -
2( ) a n ;Hj. =1 2( ) o n # 3 1

= (~paw,) +2(-9,7) (Inlaz| = Infy]) + 2w, 7) (— Inf1-~

1—-2L
a1

)

tracu i (14 L) 4 [ 5 (14 572 ) ©mmin

= y/n
tmaoun) [ 5 (1 2 ) O(utrin,

ag

= (= v, ) +a(-9om) (imlasl =1l + [ Z0u(rIn, )

1

+pa(w,7) (— In (1 : %) + [ B ")

ra(m7) (ln (1 * C%> - /: (v f oW T)dn) '

It follows that
|Da1s| < Clyl(Inlyl] +1)
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and
o Cly| (I ly +1)
- p(r) ’
which implies that
-~ _ Cly(| ol + 1)
- 1 (r)

Thus, it is apparent that

51 (’7') 2
1Bal < 0rts [Ty ey & (1+
0

o)

sor Pt | M e (1 + |In lfi)ll) e

81
<O B4 [+ D) + n e

25 61
cortat [*evi s
0

< Or2b—(2841)/3

if 2 —2s > —1. Combining these estimates, there obtains
IEZ (,r)l < Csz—(2a+1)/3

if s < % and 0< b< l + §. This in turn implies that

// (1+[r— (€ - g)))° (1+l£|‘23/

X (26(77, T)+ (1 — O(n, ) (1 +w(r dn. dédr

A21 777 T)

2
2
dr < C”h”Hb—g

1
6

o0
SC’/ 72b—(2541)/3
0

0 .
/ h(w)e ™™ dw
0
Similar estimates for the other terms yield, in sum,
[o) oo % &
[ arr-@-op®a+ien
—o00 J/ —oo

if0<s<3/2and0<b< % + 3. This completes the proof of the Proposition 3.3.
0.

L (e, r){zdgdr < C’”h“ilb—g—%

By combining above two propositions, we obtain the estimate (3.3). The proof
of Theorem 3.1 is complete. [

Now, attention is turned to the operator BI,,2(t).
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THEOREM 3.4. Let 9(t) be a given smooth function of t with compact support
and assume that 0 < b < % + 3 with -1 < s < % Then there exists a constant C
such that

(3-12) A—s,b(¢BIm2(h)) <C ”h”H.:i!:es—_iJE (R+)

3b—a—1/2

foranyhe H, ¥ (RT).

Proof: As in the proof of Theorem 3.1, it suffices to prove the following two
propositions.

PROPOSITION 3.5. Let s € R and b > 0 be given. There exists a constant C
such that

(e m)| dear

/_°° /_°° (L+]r— (€ - o)™ L +e) >

C||h||2 ob—w—35 /Lfs S %}
(3.13) < "
ClIAlI? s ifs2 3
H™ 3

PROPOSITION 3.6. Let s and b be given satisfying 0 < b < % + 5. There ezists
a constant C' such that
(3.14)

/_°° /_oo (t+ir—E-0)* @+leh™

N 2
iga(e, )| dedr < CIhIP .
22 H_'J_i(R+)

el
for any h € Hu—ﬂz(Rﬂ.

‘We only present a proof of Proposition 3.5. The proof of Proposition 3.6 follows
the same line as that of Proposition 3.3 and is therefore omitted. As in the proof of
Proposition 3.2, detailed analysis is given for the term containing K ; the estimates
for the other terms are sufficiently similar that their proof does not require further
elaboration. Suppose £ > 1 and 7 > 0 in what follows. The other cases are entirely
analogous. Define

Aml(&;'r) = Kml(E’T)¢2(IJ’(T))B(T)7 m= 1: 25 3.

For given s and b > 0, we have

/ooo /100 (1+1r— (€ - 0D @+ Ie) ™ [Au(e 1) (1 + ()06 7| dedr

2
B3, (T)dr

<0 [~ gututr) ] [ m@eas
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with

(1+w(n)otn|

B&hﬁ=l&(LHT—@3—QD%a+KDJS

(3% (r) = 4)a(pu(r))
(312(r) — 4+ (26 — u(r))?)

544

(312(r) — 4) da(u(r)
(3u2(r) — 4+ (26 — p(r)y?)’

Jré
<o +i-@-on*a+ien™

because of the properties of ©, and where § > 0 is, as before, fixed, but arbitrary
for the moment. Let £ = 9(¢) be the real solution of the equation

£ —¢=¢(, 0<(<oo, forwhich 1<¢< oo

Note that n(¢) ~ ¢3 as ¢ — co. For large 7, note also that u(r) ~ 7%. Thus, for
7 > 0 large enough that §71/3 > 1,

(Bu2(r) — 4 (L + | — ¢

F(1+IEH=¥
3u2(r) — 4+ (20(C) — u(7))?)

1
%

ord
Bh(r) < CA ( e

5% 2 2
< c ARGl ) ST S S S
/'; (1 +3r8 + (2n(¢) - r%)z)z 3¢~ 1

IA

2 5r% 2b
T8 4T =S 1 ’
C - d
(1+—r§)2/n a+KDE G -1%
I G (R )

< Caianh arow®

Gb—2

Cr s (1+'rl-ﬂh)

18b—2s—6 .
Cr— o if s
;. Hb—2 R

Cr~s

T8 1f.92%.

IA

IA
[N

i

IA
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In consequence,

[ [T @i -@ - o) asie)™ [Am(e,n) 1+t 0t | dedr
0 0

2
B3, (r)dr

<0 [ oatutr)| [ nere s

18b—2n—F6

2 ( Cr— 3 dr ifsS%,

<C / p2(u(7)) / h(s)e " ds
0 0 Csts—z dr it s> %
Clh? s HE8< 3,

_ H
CHhH;% if 8 > %

The proof is complete. [

Finally, consider the operator BI.(t).

THEOREM 3.7. Let 1(t) be a given smooth function of t with compact support.

Assume that
{05b<%+§ if s >0,

0<b<i f-1<s<0.
Then there exists a constant C such that
3bh—a-—-1 ) < l
C“h”HL\_E(R‘F) if s < 3
(3'15) A—s,b(¢BIeh’) <

g 1
Clibll oozt ge if s> 3.

b—a—1/2 3b—1
foranyhe Hy, * (RY)ifs<iandforanyheH,* (RY)ifs> 1.
Proof: To establish (3.15) it suffices to prove the following proposition.

PROPOSITION 3.8. Assume that

0<b<i+¢ if s >0,
0<b<3 if —1<s<0.
Then there ezists a constant C such that
. 1
C “h”HE’::!GT_.‘.f.E (R+) Zf s < 27
C k|| . ss-1 if s 2 %
H™3 (R+)

Ab—s—1

foranyhe Hy, ° (RY) ifs<i andforanyheHy® (RY)ifs> 1.

To see (3.16) is true, write Fz ¢[I2](n,7) as

Fodll)(n,7) = Faall)(1,7)0(0, 7) + Faallel(1,7) (1 = O(m,7)).
Then, (3.16) is seen to follow from Proposition 3.2 and Proposition 3.5. [
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Observe that
”w”Lz(O,T;H”(R)) < CAgp(yw)

for any s € R and b > 0, where 1 € C{°(R) and ¥(t) = 1 when t € (0,T). The
following theorem, which follows from Theorem 3.1, reveals a boundary smoothing
property of the linear KdV-equation.

THEOREM 3.9. For any T > 0 and s > —%, there exists a constant C' such that

(3.17) Woarll 6,2, 505+3 (mty) < € 1Rl g

14s
for any h € Hy® (R*).
Proof: From Theorem 3.1, the inequality

”Wbdrh”z,z(o,T;Hs(Rﬂ) < Asp(YBImh) < C “hHH-Wr_salfz (R+)

follows, for some constant C and 0 < b < 3 + 4. Estimate (3.17) with s = 0 is
seen to be valid by taking b = 0 and s = % To show (3.17) holds for s > 0, let
¥ = Wharh and w = u;. Then w = Wy h'. In addition, note that

Waarhll 0,005 () < Cllwllp,0m,2(a+y) -

Thus, we have

”Wbdrh“Lz(o,T;mHS/z)(R+)) < C”Wbdrh/”Lz(o,T;H(a/z)(R+))

IA

By interpolation, (3.17) holds for 0 < s < 3. A similar argument shows that it
holds for any s > 3. The proof is complete. O

14s
Remark: It was proved in [4] that h € H,® (R') implies that
Wearh € C([0,T); H*(RY)) N L2(0, T; HEYH(RT)).

loc

Theorem 3.9 does not follow from this. It represents a new, somewhat more subtle
smoothing property.

To conclude this section, we present another estimate of BI m1h and BI,,oh in
the space C'(R; H°(R)) which will be useful in studying the well-posedness prob-
lem for the IBVP (1.1) in the next section. The main difficulty in its proof is to
discover how to efficiently convert spatial regularity of BI,;h, j = 1,2 to temporal
regularity of the boundary value function h.

LEMMA 3.10. For —g <a< %, the inequality
(318) 0D 8Ll ga ry < C bl gt

holds for some constant C; for —% < a <1, there is a constant C such that

(3.19) D 1BLzhl 5oy < C Al o
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Proof: We provide the proof of (3.18). The proof of (3.19) is very similar.
According to the proof of Theorem 3.1, it suffices to show that

Pule ) = [ " g (6, Mo (u()

/0 h(s)e'i’\sds(l — O(¢, )\)) (1 + I/(E)w()\))d)\

27 o [ e Vo)
€ J oo o &2-—n?

/ ” h(s)e~***ds©;(n, N)dndx

:le—l(ﬁ’ t) + Par—2(¢, 1)
satisfies ©

sup [ (14 |7 [Por—s(€ O d < Ol
for § = 1,2, where
VT

3020 — 4+ (26— p(v)

Toward establishing these inequalities, we first study P21—1. Observe that

@1(§, ) =

/o (1 + €)% [Par—1(€,t)|* dg

= [Tasie) [ M mmwonion
(1 — (¢, )\1)) (1 + u(g)w(xl))dxl\

X

d€

[ ans (6, 2a)a u0a))i0a) (1 - €06, 2a)) (1+1(Ow(3)

—00

< /_0; /_o:o ba(u(M2)) R (2) b2 () B

i . - - dAidXe.
x ( | a6 e € 22 (1 066, 0) (1 - 06 Az))ds) 1
Now, estimate the term
1002 = [ T D@ (6 A)an (6 2) (1 - 06 M) (1 - 06 X))
Since p(X) ~ O(AY/3) as A — oo,

(L+ 11> (1 - 0(€ M) ) (1 - ©(€, A2) ) de
LAY+ (26 = w(0))?) (14 0F/° + (26 = w())?)

o0
100, 2)] < O [ (
0
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By the symmetry of this expression in \; and ),, it suffices to consider only the
case 0 < Ay < Az. Fix 6 > 0 and break up the integral IT(\;, A2) as before;

(L+ [e)** (1~ (¢, \1)) (1 - ©(€, Aa) ) d
(14X + - u))2) (1428 + (26 - u(22))?)

max(8|Az], [u(A1)) 2[p(A2)] S
= / + f + / (. o0 ) dé'
| max(§|Az], [(A)) 2|p(X2)]

= II1 (A1, A2) + I3 (Ag, Xa) + II3(Aq, Ag).

iR, Dar= /
0

Note that (26 — u(A1))? > (2¢€ — |w(A1)])2. In the integral I, either the limits of
integration are the same, so the integral is zero, or, for A; and \; large, 0 < Cplg <
A1 £ X2 for some Cp > 0. In this case,

Je(A1) (‘1 i ig”&xd‘&

Pl (T A 3) (4 [Ae]3)
< 1 ? 2
= T DT F @+ Pal)?

II1()\1,)\2) < C/
é

<O+ |Ag)F0.

In 115, note that £ — |u(A1| > 0, so that

II3(A1, A2)

IA

/El.u()\z)l (1 + |¢])2>—2d¢
51al (1 + |A2I%) + (2£ - Iu(z\z)l)

< O+ %L

2

For I3, it follows directly that

I, ) < / -

2o
2u(rg)| (1 + [€])4-2e &= O+ Al

Thus, for 0 < A; < A3 and ); large,

III(A1, A2)] < O + |Ag]) 81,
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These three inequalities imply
oo 00 Az . .
/ (1+ |E) 2 Par_s (6, 8)de < © / / B2 (1)) (1(2)) ()R (o))
0 0 0

A3 Aal¥ (1 + [Az]) 2 dAd)g

22 o (M) b2 (w(A2)) (X + M) 5+ A2]) 55 50 s
O/ / (1+IA11) L+ a3 [R(A)R(A2)|dA1dAs

Az
<c / / a8 PR (L A (14 Pal) 55 [AQDAO) dAdhs

ita s lta
<@+ e, [|@+nens

(3.20)C 1A% sge
if £ <%, 0ra< 3 (seee.g page 245 in [24]).

Similarly, for P21_3, we need only study

I, Ao) = /0 " (1 + €)% Do (¢, M) Do (€, Aa)de
where

oo 2 oo (1 —0(n,A\)
Due N =2 [ Zam(m N+ (1+ee) [ ——(Wth(ﬂ,)\)dn‘

0

Note that Da; = D3+/u?()\) — 4 with D, as defined in (3.8). Following the analysis
of II{\1, A2), fix 1 > 0 small and rewrite III in the form

81|p(A)] min{d; [n(Az)], 100]p(A1)1} S1|p(A2)|
ITI(A, A2) = / +/ +/
0 d1lp(M)l min{ds|x(A2)], 100[(A1}}

max{81[p(Az2)],100]p(X1)[} 100]42(Az)| oo
o o I Ve
1]p(Az)] max{8|pu(Az)[,100]p(A1)]}  J100]u(Az)]

= IIIl()\l,)\z) +III2(>\1,)\2) + III3(/\1,/\2) +III4()\1,)\2)

+III5()\1, )\2) + IIIs(/\l,)\z).

From the estimates of D3 in (3.9), (3.10) and (3.11), it follows that for £ > 100u()),
say,

curN)( 1+\in|§/u |\

D1 (€, <

whereas, for d1 () < € < 100p(N)
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and for 0 < & < d1u(N)

Clé|(1+ | mje/u1])
1#2(A) '
The estimate for 11, is obtained as follows:
I (A1, A2)
sy (14 16) 7€ (1+ | mle/mOu)]) (14 [1n /20
<o PO0R0a) o

D31(€,)) <

s (1 uyol) 0w (14 10 ul]) (1 -+ | mlaOwyw/m0a) )
=a W) *

1+2a

(1+ |,\2|)"% .

Continuing as in the estimate of (3.20) yields the same inequality, of course with a
different constant, as appeared in (3.20) provided e %, which is to say a > —%.
For I11,, we have

IIT;(A1, Ag)
min{d1:(Aa),1006(A1)} (1 + [€])2*[¢] (1 == Iln IE/u(/\z)ID
<c ;
S1p(A1) (A1) pZ(A2)

< Ou () 20a) < O(1+ M)

100u(A1)

< WO W) [ (1 i) (14 [m e/

S1p( A1)
SO+ )T @+ X)),

which again gives the estimate (3.20) if o > —%.
For 113, note that it is only required to consider the case wherein

100p(A1) = min{& pu(A2), 100p(A1)}.
In this situation,

ITI3( A1, A2)

/smo» (1+16) w200 (1 + i e/uO ) (1 4 o e/l
1

<C
00p(A1) §2u2(A2)

<0uon) (wo) " [ @l (1 [mleuon]

x (14 |Inlg/ura)l ) de

i+2a

<) (w00) " <o(teml) T (L)

if 2 — 1 < 0, which is to say, a < %— This gives the estimate (3.20) as before.
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Again, in I1ly, it is only necessary to consider the case wherein
max{d1(A2), 100u(A1)} = 100(A1).

In this case, d1p(A2) < 100u(A;1), which implies that 0 < CgAa < A1 < A2 for some
Cy > 0. Thus, it follows that

20
1001(A1) (1 + |£|) p e (A2)
y 3
S1p(Az)

<o(un) " (uo) " [0 ()

1p(As)

pee
( )\1)) (M()\z )- < C(1+ |)\1|)(2a)/3(1+|)\2l)—1/3

<c(1+ 1A1|)ﬂ(1 + |,\2|)_% .

For 1115, argue as follows:

III5(A, A2)

1004(Aa) (1+ |£|) © (Al) 1+ ’ln 1€/ u( A1)||)
max{81js(Ag), 100u(A1)} &3p(X2)

IIL(L ) <O

<cC

100p(A2)

<0(uw) (x0w) " [ (L) (L mleguou])ag

< o(p0w) (402)) " (w02 /m0))

1420 2

(1+ |/\2|) ®

<c(1+pul)
ifa< % Similarly,
IITg( A1, A2)

I (1-+1¢l) w200 00) (1-+ [ 1nle/uOn)]) (14 [nle/m0a])

<C
100u()2) g8

oo

< o(uoonon) [ (11el) " (14 migrmo]) (1 + [/

< o(uw) (s00) " (B0 /n00)

(1+|A1) e (1+|Az|)

if @< 5. The proof is complete. O
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4. Well-posedness

In this section, the well-posedness of the IBVP

Ut + Uy + UUg + Uggy =0, forz, t>0,
(4.1)
u(z, 0) = ¢(x), u(0,t) = h(t).

a1
is studied in the space H*(RT) x E ;iL (R*). To state precisely our results, we
introduce the following notation and Bourgain-type spaces. For any given s € R,
0<b<1,0< o<1 and function w = w(z,t) : R? - R, A, (w) and A, (w) are
defined as in Section 3. In addition, define
1/2

o= ([ ([ i) )

1/2

= . (e, )P
Qow) = | [ ) " "+ o) drdt

1/2
|w(€, )|
o= ([ [ 2 )

Let X, be the space of all functions w satisfying

and

lwlx,, = Asp(w) < oo
(see the definition in (3.2)) while Y, ; is the space of all w satisfying
lwlly, , = (G2(w) +Q2y(w))""* < oo,

In addition, let X, be the space of all functions w satisfying
1/2
lwll e, = (AZ(w) + 22 (w)*? < 00
(again, see the definition in (3.2)) and let Y% be the space of all w satisfying

1/2
lwllye, == (P2(w) + G2(w) + Q24 (w))""* < co.
The spaces X, Y5 b, X and Y, s are all Banach spaces. Note that X, and X,
are equivalent when b > . The spaces Yy, and X, _; are also equivalent when
b< % Define also
Xy =C(R; H*(R)) N X

with the norm

1/2
2 2
g, = (sup oDl ry + g, )
’ tGR a8,

By their definitions,
Xal X:iz if a1 S [0 9)) and b1 S bz,

Sb1

whereas
YO cY™ if a1 > ap and by < b,

sbz sb1
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The above Bourgain-type spaces are defined for functions posed on the whole
plane R x R. However, the IBVP (4.1) is posed on the quarter plane R* x Rt and
we are seeking its solution in the space C(R* : H*(R™)) corresponding to a given

1

initial value in the space H*(R1) and boundary data in the space H, % (R*). It
is thus natural to consider restricted versions of the above Bourgain-type spaces to
the quarter plane Rt x Rt. Let  denote a subinterval of R; define a restricted
version of the Bourgain space X3 to the domain RT X Q as follows:
+ -
Xep(RTx Q) =X, o
with the quotient norm

||u”Xs,b(R+XQ) = wéf)l(fs‘b{”w”xs,,, : w(z,t) = u(z,t) on R* x Q}

for any given function u(z,t) defined on R x Q. Of course, it is clear that ||u]| Xy =
lullx, ,(rxr)- The spaces Vs p(R* x€), X3 (RT xQ), Y3, (R xQ) and X2, (R xQ)
are defined similarly. Naturally, if W is any extension of w in X, (R x Q) to
X.p(R x R), then ||b||x, ,(rxr) = |wllx, ,(r+x0)-

For the IBVP (4.1), we have the following well-posedness result.

THEOREM 4.1. Let s € (—=2,1), T > 0 and r > 0 be given. There exist T* with
0<T*<T and b with 0 < b < } such that

() if ¢ € H*(RY) and h e H.5 (RV) satisfy

8l s (m+) + “h”Hs—gr—l(o,T) <r

and
¢(0) = h(0)
when s > %, then the IBVP (4.1) admits a unique solution u € X%, (R x

(0,T*)) for some a > ;
8b-1/2 s
(ii) f p € H*(RT) and he H,,, * (R) satisfy

6/l s oty + ||h”H&—i,;*2¢

(0,T)
and
$(0) = h(0)
when s > %, then the IBVP (4.1) admits a unique solution u € X2, (R* x
(0,T*)) for some o > 1.
Moreover, the solution u depends continuously on ¢ and h in the corresponding
spaces.

Remarks: The result presented in part (i) of the above theorem is slightly stronger
than that of Colliander and Kenig [12] and Holmer [25] in the sense that u is the
restriction to Rt x (0,T*) of a function w € X2, instead of w € X, for some b
12 ’
strictly less than % The result presented in part (i) shows a boundary smoothing
3b—1/2+4a
since the boundary value h is only required to lie in the space H,,, * (R™) and
3b—1/2+s P s+1
3 3

when b < %
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The proof of Theorem 4.1 is based on the results expounded in Section 3 and the
following lemmas whose proofs can be found in [33, 34, 11, 12, 4] or derived from
them in a straightforward way. For the convenience of the reader, we provide in
the Appendix brief indications of the proofs of the results used here. In the lemmas
given below, ¢(t), o(t) € C§°(R) with ¢ = 1 on [-1,1] and supp ¥ C (=2,2),0 =1
on supp 9 and supp o C (—2,2) also.

LEMMA 4.2. Assume that 0 <5< 1, 0o < s <00,0<b<1andac(}1].
Then there exists a constant C depending only on s, b, o and v such that

_ 1—2p*

(4.2) |48 lt)WR(t)q’)”X:b SC7 @l ge(ry s
— 1—2b*

(4.3) ”'/)(6 lt)h”x;b <06 ”h“x:b,
and

t L
ay  [ueny [ wae-osew] <8 g,

i) X:‘b 5,1—
Here b* is any number larger than b.

LEMMA 4.3, (a) For —oo < 8 < oo, there ezists a constant C depending
only on s such that

4.5 W t a+1 < C 8
(45) up [Wa()o] s, < Cllélanca

for any ¢ € H*(R).
(b) For —1 < s < oo, there ezists a constant C depending only on ¥ and s
such that

(4.6) sup [[¥(Wr(t)¢| w2 g = Ol @)
for any ¢ € H°(R).

LEMMA 4.4. Let 0 < b < %, —1 < 5 < 0o and define

t
w(z,t) = / WrE —t)f(-,t)](x)dt.
0
For ¢ as described above, there erists C depending only on b, s and v such that

(4.7) 20 ¥ @)w(, t)llHtﬂa-_l . Clflly,, -

In addition, for —co < s < 00, 0<b< %,
(4.8) 2D l¥@®w(, )l gery < Cliflly,, -

LEMMA 4.5. Given s > —32, there ezist b = b(s) < 3, a=oas) > 1 and

C, it > 0 such that
(4.9) Ham(uv)“y;jb <CT* ”u”X;b ”U”X:b

foranyu,ve X ob With compact support in [T, T).

S
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The bilinear estimate (4.9) with u = 0 was established by Colliander and Kenig
[12], and Holmer [25] for any u, v € X In addition, one may observe by studying
Holmer's analysis that for s € (—32, —3), it follows that max {3 + §, £ — gr<b<
% in the above lemma. As one can see, b — % as s — —% or —%. The bilinear
estimate presented in the following lemma gives an indication of how small a value

of b one can choose for s in the range of (—%,0).

LEMMA 4.6. Let
w(z,t) = o2(671)d, (u(z,t)v(ac,t))

where u, v € X2,. For any given s with 0 < s < 1—96, choose by, b and a by

m 1-s 71 <l e
- =t = L =
*1 72 16 1S9 16 2
and suppose
1 1+ 6b
§<Ol<-——16b.

Then there ezists a constant C such that
lwllys, , < C6% Jullxs,, IVllxa,,
8,01 8 8,

for any u, v € Xfa’b and —1 < § <1, where

1—2b
=1-2 — > 0.
0p=1—-20+ T

Next, we consider the non-homogeneous linear problem

Ut + Ug + Ugge =0, for z, >0,
(4.10)
u(z,0) =0, u(0,t) = h(t).

Recall its solution may be represented in the form
u(z,t) = Wear (t)h] (z)
for x, t > 0 as explained in Section 2.
LEMMA 4.7. For a given pair (b, s) satisfying

0<b<i-2 4f s<0,0r
(4.11)
0<b< -2 if —1<s<l,

and a given o € (%,1), there exists a constant C such that for any T > 0 and
21

any h € Hy® (0,T), the corresponding solution u of (4.10) belongs to the restricted

Bourgain space X3 (RT x (0,T)) and satisfies

(4.12) lullg, e xo.y < ClIbl paetecara o o
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Proof: For T > 0, let h; € ¥ (R*) be such that ky = h in the space H* (0, T7)
and let ¢, € C§°(R) be such that 41 () =1 for any ¢ € [0, T]. Define

[sfml(t)hl] (z) if0<b<

No[=

—3and s <0,
uy(x, t) =

[Brmz(f.)hl] (z) fO<b<8—%and0<s<l,

3

olen

Observing that
u(z,t) = ui(z,t)  for (z,t) € Rt x [0,T),
and using Theorem 3.1, Theorem 3.4 and Lemma, 3.10, one arrives at the conclusion,
”“”x_gb(n+x(0,T)) = ”¢1“1“X;b <C ||h1||Hs_g_1(R+)
for a constant C' depending on 1/; and s. Thus, (4.12) follows and the proof is
complete. [0

Consider the same linear equation posed with zero boundary conditions, but
non-trivial initial data, viz.

Ut + Uy + Ugge =0, for z, t >0,
(4.13)
u(z,0) = ¢(z), u(0,t) =0.

Its solution can be written as
u(z, ) = We(t)g) (x)
for z, t > 0.

LEMMA 4.8. Assume that 3 < a < 1. For a given pair (b, s) satisfying (4.11)
and 0 < b < 1, there exists a constant C such that for any T > 0 end any ¢ €
H§(RY), the corresponding solution u of (4.13) belongs to the restricted Bourgain
space X4 (RY x (0,T)) and satisfies the bound

(4.14) lull e, (m+x(0,7y) < C 80l z7e(r+) -

Proof: According to Proposition 2.2, one may write W,(t)¢ as
We(t)p = Wr(t)¢* — Whar (t)g

for any z, ¢t > 0, where g is the trace of Wg(t)¢* at z = 0 and ¢* € H*(R) and
equals to ¢ when restricted on RT. The estimate (4.14) follows from Lemma 4.2,
Lemma 4.3 and Lemma 4.7. O

Now we turn to the forced linear problem

Ut + Uy + Uger = f, forz, £ >0,
(4.15)
u(z,0) =0, %(0,2) = 0.

Its solution can be written in the form

u(-t) = / We(t — 1) (-, T)dr.
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LEMMA 4.9. Assume that —1 < s < 1, % <a<land0 <b < % For

any T > 0, there is a constant C' such that for any f € Ysl,b_"(R+ x (0,T)), the

corresponding solution u of (4.15) belongs to the space XY (R*x(0,T)) and satisfies
the inequality

(4.16) lull o, (r x(0,09) < C I fllyipe(rex o) -

In addition, there ezists a b* € (0,1) such that if f € Y;,,:."‘(R+ x (0,T)), then
the corresponding solution u of (4.15) belongs to the space X*, (Rt x (0,T)) and
satisfies the bound

(4.17) lullxa (mtxco1y) < ClFfllyize @t x@m) -
53 )
Proof: By Proposition 2.3,
t
u(yt) = [ Walt =), r)dr — Waar e
0

for any x, t > 0 where v = v(t) is the trace of fot Wgr(t —7)f(-,7)dr at £ = 0. The
estimates (4.16) and (4.17) then follow from Lemma 4.2, Lemma 4.4 and Lemma
4.7 by noting that Y';*(R* x (0,T)) is a subspace of YR x (0,7)). O

19 !

The lemma below presents a version of a bilinear estimate in the restricted
Bourgain space X; p(R* x (0,T)) which follows directly from Lemma 4.5.

LEMMA 4.10. Given s > —3, there ezist b = b(s) < 3, @ = a(s) > 3 and
C, u > 0 such that

(4.18) ||6z(uv)||y;:=b(ﬂ+x(0,T)) <cT* ||U||x;b(R+x(o,T) HUHX:b(R‘Fx(O,T))

for any u, v € X2 (RY x (0,T)).

We are now ready to present the proof of Theorem 4.1.

Proof of Theorem 4.1: By applying Lemmas 4.7-4.10, Theorem 4.1 can be
established by the standard contraction mapping principle. The proof is provided
only for Part (i). The proof of Part (ii) is entirely similar and so is omitted.

Let ¢ € H*(R*) and h € H;? (R™) be given with s € (—3,1]. For given
with 0 < 8 < 1 (to be chosen precisely later) and v, w € X%, (Rt x (0,0)), define
'3
t
(4.19) F(w) = We(t)¢ + Whar(t)h — / We(t — 1) (wpw)(T)dT.
0
Using Lemma. 4.7 -Lemma, 4.10, it is seen that
2
Pl e, oo < O (Wl ey + Wl o ) ) + Ca8” ol ooy
and
[F () = F(w)llx, , (r+xoy < C6* |lv — w”xs_l(R+><(o,0)) v+ w||xs‘%(n+x(o,o))

where the constant C; and Cj are independent of 8, v and w. Let B, be the ball
in the space X%, (Rt x (0,0)) with radius r where
)

r=20C, ( ||¢||Ha(n+) + ”h“H%’—l(o,T) )’
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and choose 6 = T™* small enough that
20:(T*¥r =8 < 1.
Then it follows readily that F maps B, into itself and that for w,v € By,
[|F(w) — F(U)”x:l(mx(o,:m)) SBllw— v”)\.’:‘%(R"’x(O,T‘)) :
= )

Thus, the mapping F is a contraction on the ball B,.. The fixed point u of this map
F in B, is the advertised solution. For s > 1/2, we use the integral form (2.12)
together with f = —uwu, to obtain the result. O

It is next demonstrated that there is at most one fixed point of the operator F,
whether or not the fixed point is determined by the contraction mapping principle.

a1
LEMMA 4.11. Let —3 < s <1 and fix € H(R") and h € H,;E (R*). Let F
be as defined in (4.19). Supposeu; € X*, (RTx(0,6,)) and uz € X (Rt x(0,02))
19 12
both are fized points of F, where 0 < 6; < 03 < 0. Then,

Ug =Uu
te(0,01)
in X%, (R* x (0,6y)).

Proof: The argument is made by standard energy estimates using the bilinear
estimates just derived. Let w = u;—us. Then, it follows that, at least for 0 <t < 64,
(4.20)

t t

w=F(w)-Fus) = ; [ Welt-r)ouai-d)ar = [ Wett=no. (s tuzyular.
0 0

The equality

/0 We(t — )05 (u? — v)dr = /0 We(t — 7)05[(u + v)(u — v)]dT

follows from the fact that it holds for smooth functions u and v and the observation
that such functions are dense in X*, (R* x (0,6)). Let 6 be fixed with 0 < 6 < 6;.
2
Using the same analysis that came to the fore in establishing that F is contractive,
it is deduced from (4.20) that
[wllze ) (r+x(0,6)) < COlfur +uzll e (m+ x (0,00 Iwll x>, (R+x(0,6) »
'z 3 #3

where C is independent of ui,u2,6 and p > 0. Continuing this inequality, there
obtains

(4.21) wllz=, (r+x(0,0)) < COM|[w] 2, (r+x(0,8)) »
85 8,3

where
M = max{|[uix=, (r+x(0,0)) » u2]lx=, (R+x(0,6))}-
8,35 a5
Here, use is made of the fact that if v € X%, (Rt x (0,T)), then if S < T, v €
'3
X2, (Rt x (0,85)) and
'3

[vllx=, (r+x(0,8)) < Vllx=, (R+x(0,1)) -
P! )
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If 0 is chosen small enough, then (4.21) forces ||w||x= (r+x(0,6)) = 0. So, w =0
937
and u; = ug as elements of X*, (R* x (0,0)). Define 6o to be
12
G =sup{d >0:u =uz € X:% (RT x (0,0))}

and suppose g < 6;. Then, u1(-,0p) = uz(-,6p) but this is no longer true for some
0’s with 8 > 6, arbitrarily close to 6. Consider again (4.20) and for § > 6, write
it in the form

1 90 1 t
wt) =3 [ Welt =)0l + ua)uldr + / W, (t — 7)0% [(ur + ug)wldr .
0 B0
Because of the choice of 6, the first term above is zero, and so
1t
w=g We(t — 7)0z[(u1 + ug)wldr.
o

As before,
lwllxee | (R+x(80,6)) < C(6 — GO)HM”w”X“%(R‘Fx(eo,G))
g a2,

and this, too, implies w = 0 on [f, 8] if  is chosen sufficiently near 6;. Thus,
6o = 60, and

U2| =Uu
te(0,01)
as advertised. (J

COROLLARY 4.12. Letr > s lie in the interval (—%, 1). Suppose for some 8 > 0
ur € X%, (RY % (0,0)) and u; € X2, (R* x (0,6)) are both fived points of F where
12 )

41
(¢, k) lie in H™(RT) x H, ;2 (RY). Then, u, = u, in X% (RT x (0,0)).
)

Proof: Since X% (R x (0,0)) C XX (R* x (0,0)), it follows that both u, and u,
are fixed points of F in X2, (R x (0,06)) and hence must be equal there. As u, lies
in the smoother class, so does u,. O

Remark: It is worth noting that if u is a strong solution of the initial-boundary-
value problem (1.1), which is to say that u € C([0,T]; H3(R")) for some T > 0,
then u does satisfy the fized-point problem (4.19), at least for 0 < t < T. This
follows readily from the formal derivation of (4.19) in Section 2, all of whose steps
are rigorously verified in the context of that much regularity. Note, again, that the
mapping F does not depend upon any extension operations, though we have used
such operators to represent F (in a non-unique way) to facilitate its analysis.

The well-posedness result presented in Theorem 4.1 is conditional since the
uniqueness is established in the space X,,(RT x (0,T)) instead of in the space
C([0,T); H°(R™)). Attention is now given to showing the well posedness is un-
conditional. Toward this end, following the development in (7], it is first proved
that the well-posedness result in Theorem 4.1 has the property of persistence of
regularity.

PROPOSITION 4.13 (persistence of regularity). For given s with —3 < s <1
4
and T > 0, let p € H3(R') and h € HE (0,T) satisfy the compatibility condition
h(0) = ¢(0).
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Then the solution u, € C([0,T,]; H*(R')), T, < T, corresponding to the augiliary
data (¢, h) given by Theorem 4.1 has the property that

us € C([0,T); H3(RT)).
Proof: First, using the global well-posedness theory developed in [4], there
is adduced a unique so]utlon @ of (1.1) corresponding to the auxiliary data ¢

H3%R*) and h € H3 (R") which, for every T' > 0, lies in C([0,7); H¥(R")) n

c'([o,T); L3(RT)). To prove that u, lies in C([0, T.];H3(R+)), it suffices to show
that @, when restricted to [0,T], lies in the uniqueness class for u,, which is to
say, i € X:% (Rt x (0,Ts)). This follows since, as noted in the remark following

Corollary 4.12, 4 is a fixed point of F. Moreover, by Theorem 4.1, the value T’
depends only on ||(¢, A)|| Note also that if s; < s, then T, < T,

IP{R+)xH L1
and X* (R x (0,T R* x (0,T)) for any T > 0. In consequence of these
1.b )12 b

rummatlons, it sufﬁces to show @ € X“l(R"’ x (0,T)) for some s in the range

—i 3 <5< —5 We turn to establishing thls fact.

Let T = 2T, say, and let u1(z,t) be the even extension in both z and t of &
to the domain R x (=7, T). Multiply u; by an even cut-off function 1, (t) which is
identically 1 on [—T%, T;] and whose support lies in (—7T, T), and view U = 1, u; as
a function defined on R x R. The Fourier transform of U with respect to z and # is

U,r) = 4/000 /Oco U(z,t) cos(z€) cos(tr) dzdt .

Since U(x,t) € C'(R*; L*(R")) has a compact support in ¢, an integration by
parts gives

(6, 7) = —4 / / Uy(z, t) cos(x€) sin(tr) dzdt
0 0

which yields

17U (& )| 2rxry < CllUs(, )|l La(a+ xat)

<C ( sup ||%:(-,t)||L2(r+) + sup l|ﬁ(',t)||L2(R+)) :

t€[0,T] t€l0,T)

Moreover, by a similar argument, we have

€T, M)l zarxr) < ClUs(@,8)l| L2 (rxmt)

<C ( e (-, )| L2y + o lla(., t)HLz(R+))

0,T te[0

Thus, for ——% <s< —5,

N, @) <C / / L+ |7] + (1 + [ED>2)| (e, 7) *dgdr

SC( sup ||’u,t( t)“LZ(R+)+ Sup ”uz( )”L2(R+)+ sup ||’i2(-,t)||L2(R+)) .
te[o0,T) telo,T te(o,T

It is deduced that U(z,t) € X}, (R+ x (0, T)) for any s with —3 < s < —1, and so
U restricted to (0, Z] lies in X:‘_(R+ x (0, Z)). However, the restriction of Uz, t)
)
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for (z,t) in RY x [0,Ty] is @(x,t), and thus @ lies in X*; (Rt x (0,T5)). Therefore,
2
ug(z, t) lies in C([0,Ts); H3(RT)) and the proof is complete. O

COROLLARY 4.14. Let s be fized in the range —% < s < 1. For given ¢ €

H*(R") and h € E ;;T:L (R*) satisfying $(0) = h(0) if s > %, the solution u €
C([0,T); H*(R*)) given by Theorem 4.1 is a mild solution.

Proof: Choose a sequence {¢,} in H3(R") and a sequence {h,,} in H3(R")
such that ¢,(0) = h,(0) for n = 1,2, , ¢, converges to ¢ in the space H*(R')
and h,, converges to h in H % (0,T). Let uy, be the solution of (4.1) corresponding
to ¢, and h, determined by Theorem 4.1. It is elementary that u, depends con-
tinuously on (¢, h,) because it is obtained via the contraction mapping principle.
Thus, as n — 00, u, converges to u in C([0,T]; H*(R")). By Proposition 4.13,
un, € C([0,T); H3(RT)) is a strong solution of (1.1) for n = 1,2,---. Thus, by
definition, v is a mild solution. [

Remark: In the same manner, one can show that the solutions given by Theorem
B and Theorem D in Section 1 are all mild solutions.

PROPOSITION 4.15 (uniqueness of mild solution). Let s > —32 be given. For

any ¢ € H*(RT) and h € H;f (R*), the IBVP (4.1) admits at most one mild
solution defined on the time interval [0,T].

Proof: It suffices to show uniqueness in case of s < —‘3— as the case s > % follows
from a straightforward energy inequality and Gronwall’s Lemma. Suppose u and v
are two mild solutions of (4.1) corresponding to the given ¢ and h. By definition,
there exist two sequences {u,} and {v,} in the space C([0,T]; H3(R*)) with

Un(Z,0) = ¢n(x), va(x,0) = PYn(x), un(0,t) = hn(t), va(0,t) = gn(t)
forn=1,2,---, such that

Jm lun — wll oo,y (rHy) = W Nvn —lleo,my; 80 (rH)) =0
and u, and v, are strong solutions of (4.1) for n =1,2,---. Define

. i
Uonp, if m =2n

Vopt1 fm=2n+1

and
U (2,0) = ¢, (2), U (0,2) = hy,(t)

form = 1,2,--- . Note that (¢%,, h%,) is a Cauchy sequence in the space H*(R™) x
H*% (0,T) since both g, and h,, converge to h in H =% (0,T) and both ¢, and 9,
converges to ¢ in H*(R*). On the other hand, because of the property of persistence
of regularity, u?, is the restriction of wy, to the domain R x [0, T'| where wy, is the
solution with auxiliary data (¢, h%,) determined by Theorem 4.1 corresponding to
¢y, and b}, for m = 1,2,---. By the continuous dependence portion of Theorem
4.1, {wy,} is also a Cauchy sequence in the space C([0,T]; H*(R™)). Consequently,
u¥, is a Cauchy sequence in C([0,T]; H*(R')), which implies that

u = v in the space C([0,T]; H*(R™)).
The proof is complete. [J
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As a consequence of the above results, the following unconditional well-posedness
theorem emerges for the IBVP (4.1)

THEOREM 4.16 (unconditional well-posedness). For any given s > —3 and
T > 0, there exists a T > 0 depending only on r and s such that if ¢ € HS(R'T) and

he H, L;‘i‘—_l(RJr) satisfying the s—compatibility conditions (cf. [4]) and

loc
1Dl s (m+y + ”h”Hﬂa-_l(O’T) <

then (4.1) admits a unique mild solution u € C(0,T;H*(R*)). Moreover, the
solution u depends continuously on ¢ and h in the respective spaces.

Remark : In fact, it can be further demonstrated that the solution u depends on
¢ and h analytically in the respective spaces (cf. [44, 45]).

Finally, we turn to the issue of global well-posedness of the IBVP (4.1). A pre-
liminary global result is first derived; this result will be extended by interpolation.

PROPOSITION 4.17. Let T > 0 and € > 0 be given. For any ¢ € L3(R*) and h €
H*$°(0,T), the IBVP (4.1) admits a unique mild solution u € C([0,T}; L3(R*)).
The solution u has the additional property that there exists a u* € Xy for some

b< % such that

(4.22) lu*]l %, , < o (Il(«b, h)IILz(RﬂxH%—no,T))

and u is the restriction of u* to the domain RT x [0,T). Here g : RT — R* is a
nondecreasing continuous function. Moreover, the solution map
u=K(¢,h)

1+e

is real analytic from the space L2(RY) x H3 (0,T) to C([0,T]; L*(R*)).

Proof: Since local well-posedness has been established in Theorem 4.16, it
suffices to prove the following a priori estimate for smooth solutions w of the IBVP
(4.1):

429)  sup Dl < or (I60zmqa + 1l )
for the given value of T, where ar : R* — R' is a non-decreasing function

depending only on T.

To prove (4.23), write a smooth solution u of (4.1) in the form u = w+ v where
v solves

Vi 4+ Vg + Vgge =0, forz, t>0,
v(z,0) =0, v(0,t) = h(t)
and w solves
(4.24) Wy + Wy +wwg + (VW)g + Wegr = —vU
with the auxiliary conditions

(4.25) w(z,0) = ¢(x) and w(0,£) =0.
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By Theorem 3.9,

(4.26) sup o Mgsory < Ol a4 g -

Multiplying both sides of (4.24) by 2w, integrating with respect to z over (0, 00),
and integrating by parts appropriately, there obtains

(4.27)
(% w?(z, t)dz+w2(0,t) = —2/ v(x, t)vg (z, t)w(z, t)dx—/ v (z, yw? (z, t)dz
0 0 0

for any t € (0,T). In consequence, it is deduced that

& Dy < | (@lv(a,0s(a 0l ]+ s, 0 0,8 e

< ”v('at)”iﬂ(R*—) lw( )l 2gr+y + sup. vz (- )] ||w("t)||iz(R+) ,
from which it follows that
d 2
@ lw( )l porey < ()l g (rry + zseu}% oz (5 )| 1w (s Bl L2 (rery

for t € (0,T). The inequality (4.23) then follows from Gronwall’s Lemma and
(4.26). The proof is completed by approximating the rough solution by a sequence
of smooth solutions and noting that (4.27) continues to hold in the limit. [J

THEOREM 4.18. For any € > 0, the IBVP (4.1) is globally unconditionally

well-posed in the space
1ef-n
OC3

+e

Hé(R") x H, (RY)
if 0 < s < 3 and is globally unconditionally well-posed in the space

H*(R*) x H2 (RY)

for s > 3.

Proof: The IBVP (4.1) is known from the results in [4] to be unconditionally

s
globally well-posed in the space H®(R") x H % (R*) for s > 3. The case of
0 < s < 3 follows from this result and Proposition 4.17 by nonlinear interpolation
theory [41, 3] as expounded in [4]. The proof is complete. []

5. Appendices

5.1. Appendix I. Proof of Lemma 4.2: Let u = Wg(t)¢. Then the same
proof as presented in [33] demonstrates that

(5.1) Aep (8 t)u) < CO™F @]l ot

for some constant C independent of § and ¢. (Note that it is required in [33] that
b> 1, which is, in fact, not needed in the proof.) Since

Da(W(67t)u) < Choa($(5"t)u),
it follows from (5.1) that
1—-2a
(5.2) Ao t)u) S C6= |9l go(ary -
Estimate (4.2) is then established by combining (5.1) and (5.2).
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According to [33],
(5.3) Aop(H(67 1)) < C5*F A, ()

where b is required to be strictly greater than 1 3. However, if b< 1 3, then the proof
of (5.3) in [38] is straightforwardly modified (cf. [46]) to obtam the estimate

(5.4) Aop(@(6 1)) < OFF A, 4(v)

where b’ is any number strictly greater than 1 /2. Combining estimate (5.4) with
the estimate

Aa ($(§H)v) < CF*F= 2g (v),

which follows from exactly the same observations as did (5.3), yields (4.3).

The proof of (4.4) is based on analysis in [11, 83], though with a little modifi-
cation. First observe that

t
) /0 Wa(t — ) f(¢))dt

_ it(€®—9)
= (671¢) / / €7 (€, (T — (€ — s))——(—@dadr

_ pft( )
+(6-1e) / / z“f(s,r)(l—«ﬁ('r-(53—9))‘—(2:% v

= A+ B.

By a Taylor series expansion,

oo .k

A=Y %Jw,,(a—lt)wﬂ(t)g

k=1""

with
1© = [ Hene- € -0r v - @ -e)dr
and
k
u(518) o= (g) $EN), k=12

Asd<landb<1,

0 2
62 / ’%(&)[ 1+ |7|?)dr < C82(k+1)2.
—00
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Moreover, because of the restriction on the support of ¥,

2
gl zzsry <

c [ a+iep

2

/_ T 6N — (€ — )t — (€ — &)dr| dt

2

/ e mydr| de
|T—(€3-6)[<1

5 2
J( )
d
/ T+fr— (@@ =8l
Thus, applying (4.2) gives

6’°(k+1) 1-28°
4]l xe, <CZ — 07 lgllge(ry

- 2 %
5055;;"&'((/_00 1+ eh* /_w1+,f££’(§3_g)|df‘ dg) '

Next, consider the term B which can be written as
B=DB,+5B;

sc/_x (1+ e

< c/ 1+ ep** de.

with

B, = —p(6-0) /:o GaEH(E =) (/_oo 1 —f'(_‘f(g (¢ = —9) 4. )>

and
— oty [ eHeeren ( /_ 1‘1"(;( 53( - D fe, ))
For By, (4.2) yields -

A 2
2 1—2b* * 2s . |f(€7)|
1Bk, <06 [~ @+l (/w TERar —en“”) de.
As for Bs, applying (4.3) leads to

N i(z€+tr ®1 — (7 — 53 == ]
e (e = COL
2
sor [ [ a+ ((g’ﬂlg)l)ﬂ'-b)dw

051 2b* / / U‘ Er o
" lej<t (1+|7]) '3(1 Q)d§
The proof is complete. (O

2

1Bz, <82

X3

Proof of Lemma 4.3.
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(a). Estimate (4.5) was established in [4], Lemma 3.10 when s > 0. The proof
presented there is also valid for s < 0.

(b). Let u = Wg(t)¢ and sy := 2£L. Then s; > 0 when —1 < s < co. Observe
that there is a constant C' depending only on s such that

el my < © (Ibullzagay + 1D (00 2y ) -
For 0 < s; < 1, the Leibniz rule for fractional derivative implies
[1D¢* (b(t)ulz, 1)) — () D u(w, t) — Di*p()u(z, 8)]| L2 my
S Ol poemy 1D w(@, ) 2Ry -
Thus, it transpires that
||1/)(t)u($’t)”Hfl(R) < Cllufz, t)”H,”(R)

where C' depends on s and 1. Estimate (4.6) then follows from (4.5). If 1 < 8; < 2,
write s; as 81 = 1+ &’ with 0 < ¢’ < 1; with this notation, we have

D (y(t)u(=, 1)) = D§ (' (t)u(z, t) + ¥ (t)dsu(z, t)).
It follows that
1D2* ((t)ulz, )|l 2(ry

<c(|lof wnt),, , + [P woowe0)

)

L}(R)

< © (14,8l gy + (2 )z )

SOl e (my -

One shows by continuing this bootstrapping argument that (4.6) holds for any
s1 > 2. The proof is complete. O

Proof of Lemma 4.4. First assume that —1 < s < 2 — 3b. As in the proof of
Lemma 4.2, write w(z,t) as

w(z,t) = A(z,t) + Bi(z,t) + Ba(z,t)

where
o0

&
i
Az, t) =3 L H(OWRE),
k=1""
Bi(z,t) = $(t)Wr(t)q,
and Bs(z,t) is the remainder. Then, Lemma 4.3 yields

2 2
sup ||A(z,t)||° a2 < C :
meR|| (z, )||H02 (R) gl (R)

- 2
©  fen
/ —orr| %

<o a+ri|[ e
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and

Bi(z,t)| < Cllgl%.
iléﬁ” 1(z )”H;F(R)— gl ey

- 2
o [ IfE)
50/;51+“”2([m(1+h-wé—fn“)‘ﬁ

As for By(z,t), notice that

sup || Ba(z,t s
sup | Ba(a, ) et

<C/ u+"Hﬁ([:uan@fzf”W@ﬂ%Y¢r

= C/ A+ jrh =5 (/_: 1+|r _1(53 - E”f(ﬁa T)d€)2dr

« |f(&, )% (1 + €)*
o (L+ [T — (8- )%

»— « d&
Glr) = /_oo (L+[ED™ (L +)r — (€2 -2

dédr

where

S C 2 2s .
—oo M3 (1 + [n]) ¥ (1 + |7 — 7])2(=0)
Therefore, it suffices to show that there exists a constant C' such that for any 7 € R,

(@

5.5 G T < _ﬁ.
(5.5) (7) a1 )=
Write G in the form

G(1) = G1(7) + Ga(T) + G3(7)

with i
n
Gi(1) =/ ;
mi<3irl I3 (L+ [n) ¥ (1 + |7 — 7))20-"
dn
Ga(n = [ s
tiri<ini<zirl 1013 + n) ¥ (1 + |7 — n[)20-Y)
and p
n
G3(T) /
afri<ial 1713 (1 + 7)) % (1 + |7 — )20’
In the region || < Z!, note that (1 + |t —n|) ~ (1 +|r|) and |7 — 9| > |n|. Thus,
for s <0,

_ 3(e+1 . d‘!]
G s o+ [ :
—oo [n|E (1 + |n])21-)—3

» &
T )
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a,sb<%. When 0 < s <2 — 3,

Gi(r) < C( +|r)~ 5 /°° dn
1 - s %5 By 2(s+
oo [|E(1 + ) ¥ (1 + |r — p)20-0)- 252
_J_Z dn
SC+|r /
S In|3 (L + |n|)2-b-3
c
< n(ﬂ-}—ll

(1+|r])

In the region J-’zj < |n| < 2|7,

2|7|
55! dn
< C'
G2(7') (1 + |T| / (L+|r — ﬂl)zu_b)
<
1+ 7))

since b < 7. In the region 27| < |5|, it is the case that 1 + |7 —n| = O(1 + |n)).
Thus

G3(T) S C/ d’!}
Inl>2lr] || “5 (1 + [])20-)

< O(1+|rf) 552,

We have thus proved (4.7) for —1 < s < 2 — 3b. In particular, it holds for s = —1,
which is to say

(5.6) e @) w(z, ) L2r) < C I £llye, ,

‘To see (4.7) is valid for other values of s, let-v = = Wzzy The-definition of w implies
that

t
o, t) = / Wt — ) faza(-¢)|(2)dt"
0
Using the estimate (4.7) just proved for —1 < s < 2 — 3b, it is deduced that

t(z,t)| . <cC
D W (@) g < C iy
for —1 < s <2 — 3b. Since wy = f — Wygy — Wz, one sees that
t t s <C
up [$(E)un(w, ) a2 < Clflyg

s+8,b

) a+3,b?

or, equivalently,

sup Y@@l oge S Cliflys,,,

In particular,
(5.7) sup I (Ow(z, )| gz (ry < C I7llve, -

By standard interpolation, (4.7) holds for —1 < s < 2. A continuation of the
bootstrap argument just applied yields the desired result for other values of s. This
completes the proof. (0
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Proof of Lemma 4.6. The proof is based on some minor modifications of argu-
ments in [11, 33]. By the definition of the space Y%, it suffices to establish the
following three estimates:

(5.8) Q_,p, (w) < C5% ”””xgx.b ”'U”ng'b )
(5.9) Pa(w) < C6% Jullxa , IWllxa,
and

(5.10) G(w) < O™ Jullx_,, Illxe,, -
Define

p(x, t) B 0(6_1t)u(:c, t)a q(mat) e 0(6_1t)v(x,t),

where o is as before, and let w be defined via its Fourier transform, viz.

W(E,A) = c&d * .
Also define
Bral&N) = (L+ A= (€ = O +x(OA + IN)*

where x = x[_1,1] and

FEN) =0+ €D BN BEMN], 96N =L+ €))7 Boal(&A) (6N
It follows that

||f||L§L3 = ||P||x_,,,, and ||9||L§Lg = ||‘1||x_,,,,, -

Moreover, there is a constant C for which

. [ A+ 6]) f(E M) A +IE—&D)*9(€ =&, A= M)
<l [ [ S Brale G A=A

To estimate A,(w), proceed by duality. Let (£, A) > 0, with [|h||z2rz <1
and consider the expression

r- | E1R(E, X)
re (LH[EN)* A+ A= (€2 — g™
(L&) FE,M) A+ IE—&])"g(6 —&1,A — /\l)d
Br.a1, M) Boal€ — €1, A= M) H
where dy = df1dA1déd). By symmetry, it suffices to estimate the integral in the
domain

€1] < [€ — &1l
Because of the identity

A= - -[Mm—(E-a)+A— ) — (- (& —&))] =3¢ - &),

one of the following three cases always occurs:
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(@)  IN—(&€ =8| = [¢lle - &l
(5.11) ) M= (& -6 > [ellE - &llél,
€@ =X —(E-&)® - E-&)l > Elle-allél
To bound the integral T we split the domain of integration into several pieces.

Assume first that || < 2 and [£1| < 1. Since €| < [€ — &| then |¢€ — &] < 3,
and consequently the integral T restricted to this domain is bounded as before:

S(E1, A1) g =&, A= 1)
A;h@A%1+M:~@?—&NP(L+M—A1—«&—&ﬂ“—@—ﬁom“w

= (h, By » Gy ) = (Ho, FyGs)

<C IIhIILng ”Fb”Lng “Gb”Lng

< C 3z ol racs 1Follzas

if b> %, where

2 h(§7 ’\)
B=p-@

and I:"b and fIb are defined similarly.

Assume next that [£] <2 and 1 < |&]| < |& — €£|. We consider the three cases
in (5.11). If (a) holds, the integral Y in this region is bounded by

€578 f(&1, M) € — &]" 2 g(€ — &1, X — \yp)
JGE T+ =& - A0 —m (-8 - - &Ny

|61 £ (61, M) € = &3 g(€ — £1, A — A1)
< [ e T — (B P AT M — (€6 —E—EN

dp
1 =3 - 1 1

- <h, DEFy % DE G,,> - <H0,D£ F,D? G,,>

Dig,

1
< Ol g3z | D2 R,

LgLi Ly

DiF,

<C ||h“L§L§ ||!J“L§L§ LiLe’

Here, it was assumed that

[u—
w

s—b < -, b <1, b> —.

0o
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If case (b) holds, the integral T is bounded in the following way:

/ 12X (GERE,N) €| F (€, M)IE — &|*~Pg(€ — &1, A — Al)d
Jre A+ A= (=N I+ =M= (E—€)P—(E—-& &

X(§)h(&: ) fELMIE=Galigl€ — &A= A)

B /m A+A=E =D A+ -M—-((E-&)P - E-E&)*
. <ﬁb1aﬁ*D§Gb> = <Hb1aF0D§Gb>

Dig,

<C ||'Hb1||Lng ||F0||L3L§ LALS
Tt

1
4
DGy Lars’

<C ||h||LgL§ ||f||LgL3

where

h(€, N)x(3€)
(1+|A— (& =8

’F‘bl (&v )‘) =

To effect this estimate, it was assumed that

1 1
s—b<§, 12b>§, b1 > —.

If (c) holds, then

[ Px(REREN)  |E1|R (&, MIE — E1F g€ — &1, A —\y)
& S/m A+A—(8—g™ 1+ M — (& - &P an

X(FOEN) &l f(E, M€ — &,A — M)
= C/m T R-@—anF  (+u-@-apy *F

XGOREN  |al f(6, )glE — €A —N)
rm+R=(E-OD O+ (@ -8

+C

:= B; + Bs.
Arguing as in case (b) yields

Dig,

1
By < Clhlzgeg lollzzes D3RS, ., and Ba < Cllblzus 1)z pars

Next consider the case |¢| > 2. First assume || > 2 and |§1| < 1 so that
|¢ — &] > 1. In this domain,

Lel < le— &l < el
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and so the integral T is bounded as follows:
/ € *h(€, D) x(3Ef (M)
R (LHA=(8 =D (14 M)
€ — &1]°g(€ — €1, A — A1) i
A+ =-M~(E-&aP-(E-&a))°

= <D;—~"Hb1,faD;Gb>

<cC ||D;—3H,,l|

i o W Fallzre IDEGH)

L2 %

1—
T Lf

<C ”h”z,ng ”'FaHLgLr ”D;Gb“LZZ—st

t

<C “h”Lng “ftx”Lngo ||D;Gb“LL )

& L2
-~ L
whereF, (€, \) = X{(li)ﬁg;m. In these machinations, it was required that

1 s 1
0<s<1, b1>§(1—s), b>§, a>§.

Assume now that || > 2, |&| > 1 and [¢ — ¢] > |€1]. In this region, the
inequality [¢| < 2|¢ — &1 holds and therefore the integral T is bounded above by

/ €' h(&, )
Rt (LA = (8 =€)
|611° £ (€1, M1)€ — &1]°9(€ — €1, A — A1) d
T+ = (- D A+ = — (€ -E)° - E— &P
The domain of integration of the latter integral is again considered in the three
subcases as in (5.11). If (a) holds,

/ €' *h(€, N)
rt (LA (£ =™

€1°F (€1, M)IE — &1]°g(€ — €1, X — Ay) dy
A+ = —&)DPA+A— M — (E-€)® - (€-€&))|)?

<c [ e

[€0]°75 £ (1, M)IE — E1]* P2 9(& — €1, A — )
A+ =€ —-&)NPA+ A= — ((E-&)2 - (€ -&))])?

€13 f(€1, M)E — €1]3 g (€ — €1, A — A1)
< C/R4 Mo T N = @ )+ P - (€8 = e

D3 Fb\

du

1
8

< C”h”Lng Dz Gy

LiLy it

DEF,

< Cllhllzzrs 9!l zrs b
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where it was required that

1 7
b1—8+§ZO, blzﬁ, S—b1<—.

If (b) holds, T is bounded above by

/ J€|"—*h(E, \)
m (L+ A= (€ —Ohn
[€1]° (€1, M1)€ — &a°9(€ — &1, X — A1) p
T+ P — (& —&)PA+ =M —(E—&)P—E-Ean)E "
€ — &|*Pg(€ — &, A — A1) d
T+P—M—(E-&)P-CE-&a)p*

|€ — &M (€ — &, A — A1) d
T+ P - —(E-&)P —CE-&)™*

< C/R4 |E|1—S—bh(§’ )‘)|§1|s_bf(§1,/\1)

<c [ meNFE M)

H

D Gb{

< Chllzzss 1z

the validation of which subsists on the conditions

LiLg

| =

7 3
> — = == —ph <
by 6 3b s>4, s—b

If (c) holds, we bound T above as follows:

/ [€]'*h(€, A)
re (14 [A= (="

|€1]° F(€1, M)I€ — &1]°9(& — &1, A — Aq) du
T+ —E-&)NPA+HA =AM —((E—-€) - (€ —€))))°

€' N) [P (6, M)g(€ ~ &, A — M)
re T+ A= (8 =-D™ (14 |A = (67 - &)1)

+/ EP"REN) [l F(6, M)a(€ — & A —N)
re (1+A— (- 1+ M — (& - &)

D;/SF,,’

<C

dp +

< Ol flzzzs lgllgazs

)
LiLg

for which we needed
s—b< i b d
16"

v

— 16 )

Let oo = max{%, %} , @0 < b < 3 and 70 = 1 —b. Then, using the same

argument as that appearing in the proof of Lemma 3.4 in [33], one sees that the
quantities

ot

o4
oir

1AL ) L‘;L‘t‘, HFb”LéL‘:
are bounded by

.
5% [lpl 5o
and for 0 < s’ < 1, the quantities

HDEG,,’ ,

) 1—s7
Ll=*" L2

P26

LiLg
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are bounded by
Y0
6% gy,
where C is a constant independent of 6, p and q. Consequently, by Lemma 4.1, it
must be the case that

Pa() + Qo (w) < O6% Ipllxa_ llallxe

sb

—2a40
< C§letn ”p“X‘_"s,b ”‘ﬂlxzalb

One may choose o > % such that
Yo
6p=1—-2 — >0.
0 o+ 1 >

to obtain the estimates (5.8) and (5.9).

Now, notice that

/. </R Ea xs)[”“)z‘iE

la(€, A)| 1 ?
T - @ - <1+|A—<s3—§>|>1-b1‘“) «

- (L
( i+ |Aiu(%sj)|zs)|)% d*) (/R == BIEE -M‘“) e

Since by < 1 and 2(1 — b;) > 1, the second A—integral is bounded and only the
estimate of the first term is needed. Thus (5.10) follows from (5.8) and (5.9). The

proof is complete. [J

5.2. Appendix II. Observe that, if 5> 0,7 € R and ~1 < £ < 1, then there
are constants C; and Cy such that
Crl+[m)® < L+ = (€ = O < Co(1 + |7])?
and
C < (1 + IEDS < Cs.
Thus, if s € R and b > 0,
)\b(w) < CAS,b(’w).
The following estimate then follows directly from Theorem 3.7.

LEMMA 5.1. Let 1(t) be a smooth function of t with compact support. For any
a > 0, there exists a constant C such that

(5.12) Aa($BIh) < C ], 2

for any h € H0 (R+)
The next lemma shows that the estimate (5.12) is optimal as regards the

Sobolev index on its right-hand side.

LEMMA 5.2. The estimate (5.12) in Lemma 5.1 fails if H S (R+) is replaced

by H s “(R*) for any e > 0.
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Proof: Return to the proof of the inequalities in Theorem 3.7 and use the notation
in force there. All we need to consider is the estimate of Iz(z,t) since it has been
demonstrated in the proof of Theorem 3.1 that

Asp (1) £ C bl g2 (r+)

for any b > 0 and s € R, where the constant C' depends only on ¢, b and s. Recall
that

Fa [ReIz(.’L', t)] =

cos(z€) cos [ A(t — s) — B | e b1 ((N)h(s)dsd.
Jo [ (] oo (3= 25

Now suppose |¢| < 1 and study the behavior of the kernel as A — +o0. Because of
an earlier computation, it is known that

[ eonttycon (3t - 5) - £ o= gy
0 2

V3 .
= (cos(A(t + 8)) — sin(A(t + 8)))
+Ao(€, ) cos(A(t — 8)) + Bo(€, A) sin(A(t — s))

= /\1/3 cos ( (t—s)+ %w) + Ag(€,X) cos(A(t — 8)) + Bo(&, A) sin(A(t — s))
where
|Ao(€, N)| + [Bo(&, V)] < /\3_

uniformly for |¢| < 1. The estimates for Ao(£, A) cos(A(t —s)) and Bo(§, A) sin(A(t —
s)) can be obtained as before and the results are better in fact. Thus, attention
may be focused on the term corresponding to the portion

—)‘1—1 cos ()\(t —38)+ éw),

3
of the kernel, namely

= | 1
I6L(t) = /—2\/—5 /0 ¥ cos ()\(t —8)+ Eﬂ') &1 (u(A)h(s)dsdr
= Bi1(t) + B1(t)

By = [, N [T iComimn ey,

2\/5 s 0

Taking the Fourier transform in the temporal variable leads to

) () = 3 2 “(” / =i 0o=3m) (5)ds

with

2 —7F

+zw [ e ey
0
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For any smooth function (t) with compact support in R, we have
Fi @I (2)] (1) = F[p(®)](r) * F [N (1)) (1)

_ / m P(s1) F [TL8)] (r — 81)ds.
Va

Of course, for any n > 0, 1&(7) ~ |7|~™ as 7 — oco. Break the last integral into two
parts, viz.

Fe[pOIL )] (r) = ( ) W(s1)Fe TN ()] (r — s1)ds1.

v / \/
'/|;11|> il ERVAL
The term

S BIFRE) 1)

decays rapidly as |T| — co. Consequently, we look carefully at the term

IIy(r) = /l 1IS\/m¢(SI) ILL(2)] (r — 51)ds

= "/;(31) - « —i(r—e1),
= ./|3115\/|?] mm(p(r .1))_/a e h(s)dsds,

1

a 273 Aﬂﬁm

1/:'(sl)m(,u(7- —81)) /0°° e "=V p(s)dsds; + O('r”%)

where
m(u(r ~ 51)) = 1 (u(r — 1))e'T — 1 (1 — 7))e 3.

As 7 — +o0,

IIg(T) =

1 / » -£/°° —i(r—e1)e -2
81)e's e TR h(s8)dsdsy + O(T~ 3
=3 IO | (s)dsdsy +0(r~3)

1 0o oo ) .
=— / ¢(s1)/ e~ UT=91)8¢ % |y (5)dsds, +O(r™%/3)
1 1

4rs

= 47%]-'3 [qp(s)ei%fl(s)] () +O(r~%)
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where h(s) is the even extension of h(s). Estimate the semi-norm Ay of ¥(t)I2(x, 1)
as before:

st 2¢ [ [ |z e e [ acr

[=5] 1
o[ [
0 0

-t ([ e ) o

*© 2
>C / 2273
0

- 2
> it — IRl :

Thus, if we choose h(t) = h,(t) such that

(i) ”"p(t)hn(t)”Ha—ua — 400 as n — o0,
(ii) ||hnllgga—2/2 bounded independently of n and

Ba—1_
(iii) h, converges to h* in the space Hy * — (R™)),

then it follows that

1 2

7 [#l0)e'Fhs)] ()

2
dr

A i) of - [t

0

/ h(s)e *"ds
0

Aa(I Ly (x, 8)h(E)) — 00

Ja—1 3a-—1 —e
asn — 0o. So, inequality (3.17) cannot hold with H, * (R*) replaced by Hy ° (R1),
no matter how small is € > 0. The proof is complete [
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