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Abstract

Attention is given to the initial-boundary-value problems (IBVPs)

uptuy +uuy +uvey =0, ftorx,t 20, .1

u(x,0)=¢x), u0.ry="n '
for the Korteweg—de Vrics (KdV) equation and

Uy +ty + ity —tyy Huyee =0, forx,r=0, 02)

u(x,0)=¢x).  uw,1)="h(r) :

for the Korteweg—de Vries—Burgers (KdV-B) equation. These types of problems arise in modeling waves generated by a wavemaker

in a channel and waves incoming from decp water into ncar-shore zones (sec [B. Boczar-Karakiewicz, J.L, Bona, Wave dominated
shelves: a model of sand ridge formation by progressive infragravity waves, in: R.J. Knight, J.R. McLean (Eds.), Shelf Sands and
Sandstones, in: Canadian Society of Petroleum Geologists Memoir, vol. 11, 1986, pp. 163-179] and [J.L.. Bona, W.G. Pritchard,

L.R. Scott, An evaluation of a model equation for water waves, Philos. Trans. Roy. Soc. London Ser. A 302 (1981) 457-510] for

cxample). Our concern here is with the mathematical theory appertaining to these problems. Improving upon the existing results
for (0.2), we show this problem to be (locally) well-posed in H¥(WT) when the auxiliary data (¢, 4) is drawn from H*(M+) x

sl
H T (T, provided only that s > —1 and s % 3m + % (m=0,1,2,...). A similar tesult is established for (0.1) in H3 (M)

loe
il
provided (¢. 1) lies in the space H (M) x H T (W), Here, H) (0iT) is the weighted Sobolev space
HYOT) = f e HY(WF): ™ f e HY (W)

with the obvious norm (cf. Kato [T. Kato, On the Cauchy problem for the (generalized) Korteweg—~de Vries equations, in: Ad-
vances in Mathematics Supplementary Studies, in: Studies Appl. Math., vol. 8, 1983, pp. 93-128]). Both local and global in
time results are derived. An added outcome of our analysis is a very strong smoothing property associated with the problems
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(0.1) and (0.2) which may be expressed as follows. Suppose h € HI‘;‘C> and that for some v > 0 and v > —1 with s # 3m + %
(m=0,1,2,...), ¢ lies in H (M+) (respectively H* (MT)). Then the corresponding solution u of the IBVP (0.1) (respectively
the IBVP (0.2)) belongs to the space C(0, oo; Hl‘,’o(})i+)) (respectively C(0, oo; H®M1T)). In particular, for any s > —1 with
s#£3m+ % (m=0,1,2,...),if ¢ € H* (M) has compact support and & € H2 (9), then the IBVP (0.1) has a unique solution
lying in the space C(0, 0o; H®(MT)).

© 2008 Elsevier Masson SAS. All rights reserved.

Keywords: Korteweg—de Vries equation; Korteweg—de Vries—Burgers equation; Initial-boundary-value problems; Nonlinear dispersive wave
equations

1. Introduction

In this paper, we continue the study of the initial-boundary-value problem (IBVP) for the Korteweg—de Vries (KdV)
equation and the Korteweg—de Vries—Burgers (KdV-B) equation posed in a quarter plane, namely

Uyt vy +uuy — gy + g =0, forx,t 20,
w(x,0)=¢(x), u(0,t)=nh(),

where @ = 0 for KdV and u > 0 for KdV-B. These IBVP’s arise in mathematical descriptions of water waves gener-
ated by a wave maker in a channel and in other situations where a wavetrain is generated at or impinges upon one end
of a stretch of a medium of propagation that suffers both non-linear and dispersive effects in response to disturbances
(see [2,3,5,35]). Our main concern is the well-posedness of (1.1) in the sense to be specified now, in the classical
Sobolev spaces H* (™) for small values of s.

(1.1)

Definition 1.1 ( Well-posedness) For a given real number s, the IBVP (1.1) is said to be well-posed in the space
H (M) x HT(‘R+) if for any r > 0, there exists a T = T(r) > O depending only on s and r such that for
s-compatible (¢, k) € H* (M) x H_J5_(0, T) satisfying

) h pi <

“ @ )l Hf(.‘H+)><H__5_l(0.T)

the IBVP (1.1) admits a unique solution
u e C([0, T]; H*(%Y)).

Moreover, the solution depends continuously in this latter space on variations of the auxiliary data in their respective
function spaces.

r?

A pair (¢, h) € H¥(R+) x iy (0, T) is said to be s-compatible for (1.1) if, in case s > s

5
&1 (0) = h (0)
fork=0,1,...,[s/3]1—1 whens—3[s/3] < S andfork =0, 1, ..., [s/3] when s —3[s/3] > &, where hy (t) = h®) (1)
is the kth order derivative of A,
$o(x) =¢(x), and
B () = — (¢, (0) + 4 (0) — gy, (0) + 5[ ()b j—1(0)]) ]
fork=1,2,.... Here, for non-negative numbers r, [r] is the largest integer less than or equal to r.

The well-posedness described by Definition 1.1 is usually called local well-posedness since the life-span T of the
solution depends on the size r of the auxiliary data. If, instead, T is independent of r, then (1.1) is said to be globally

(1.2)

well-posed in the space H*(M1) x Hk?c‘_ (MF). When s > 3, the term ‘solution’ in Definition 1.1 is understood to
refer to a strong solution, which is to say u satisfies the equation in (1.1) in the space L?(0™) for all ¢ € [0, T]. When
s < 3, the solution u in Definition 1.1 is understood to be a mild solution as defined below in Definition 1.2. One of
the advantages of using the concept of mild solution instead of solution in the sense of distributions is that one does
not need to be concerned with whether or not the non-linear term uu, in the equation makes sense in the relevant
function class, a point that is especially telling when s is negative.
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Definition 1.2 (mild solution). Let s € i and T > 0 be given. For a given s-compatible pair (¢, ) € H*(NT) x

sl
T(‘)i+) a function u € C([0, T]; H*(M™)) is said o be a mild solution of the IBVP (1.1) on the time interval
[0 T if there exists a sequence [u,,}” | in the space

c(1o, T3, H*(MT))nct(lo, T1; L2 (%))
with
On(x)=u, (x,0), h,t)=u,0,t), n=1,2,...,

such that

(i) u, solves the equation in (1.1) in L2(ﬂi+) forO<t<T;
(D) limy o0 [l — tllcgo.ry ms iy = 03

(i) limy, 00 I — &l n+y =0 and limy o0 171y — Al ‘_JrTI(() T)

Remark. If s > 3 and u is a strong solution of (1.1), then the constant sequence u, = u for all n sutfices to determine
1 as a mild solution.

Boundary-value problems for non-linear, dispersive wave equations began with the work of Bona and Bryant [3]
for the BBM-equation. The study of the IBVP (1.1} with & = 0 was initiated by Ton in [54], where existence and
uniqueness were established assuming that the initial data ¢ is smooth and the boundary data h = 0. The first well-
posedness result in the sense of Definition 1.1 for the IBVP (1.1) was presented by Bona and Winther [13,14]; they
showed that the IBVP (1.1 is (globally) well-posed in the space H¥F!(9t%) with (¢, h) € H¥+1 () x HEF! (1)
for k = 1,2,.... There have been many works on (1.1) since then. The reader is referred to [4,8—12,20,26-29,33,
32,31,30,34] and the references therein for an overall literature review. In particular Bona, Sun and Zhang in [8]
extended the theory of Kenig, Ponce and Vega in [41.42] on the initial value problem (IVP) for the KdV equation

posed on the whole line 0 (o the IBVP (1.1), showing that it is well-posed in the space H*(R) x Hloc (‘)i+) for

s > 4 In [20], Colliander and Kenig demonstrated how the powerful theory developed by Kenig, Ponce and Vega,
Bourgain and others for the pure initial value problems for non-linear dispersive wave equations can be adapted to deal

with initial boundary value problems for the same equations. They showed in [20] that for a given s-compatible pair
s+

(¢, h)e H*(MT) x HII M) with0<s < 1, s # %, the IBVP (1.1) admits a solution u € C([0, T]; H*(M*)) which
depends continuously on (¢, 1). This result was strengthened later by Holmer [34] to include the case —% <s<0.In
a recent paper [12], Bona, Sun and Zhang showed that the IBVP (1.1) possesses a strong global smoothing property
that comes about because of the dissipative mechanism introduced through imposition of the boundary condition at
x = 0. With the aid of this boundary smoothing property and the use of restricted Bourgain spaces, they resolved
the uniqueness issue left open in [20] and showed that the IBVP (1.1) is unconditionally well-posed in the space

vl
HYOF) x H,D (WF) forany s > —3.

The following question then arises naturally.

Question 1.3. Is the IBVP (1.1) well-posed in the space H* for any values of s < —%?

The issue of how large can be the spaces of auxiliary data and still maintain well-posedness also arises for the pure
initial value problem (IVP) for the KdV-cquation posed on the whole line |, viz.

wy+uuy +uyy =0, x,teM
t K XXX 1 (1.3)
u(x,0) =),
or posed with periodic boundary conditions, which is to say, posed on the unit circle S in the plane,
wtuty+uy,=0, xe8, el (1.4)
u(x,0) = (x), xes. '
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After considerable effort (see [7,6,15,17-19,21,22,37,39-44,46,50,51,53] and the references contained therein), it is
understood that the IVP (1.3) is well-posed in the space H*(M) for s > —% and the IVP (1.4) is well-posed in the
space H*(S) fors > —%. The analogue of Question 1.3 in the context of (1.3)-(1.4) is the following.

Question 1.4. Is the IVP (1.3) well-posed in H*(9t) for some s < —% or is the IVP (1.4) well-posed in H*(S) for

some § < —%?

The answer is instructive. For the IVP (1.3), when s < —%, the IVP (1.3) has been shown to be ill-posed in H* ()
in the sense that the solution map, if it were to exist, cannot be locally uniformly continuous (see [16,55,19,45]). The
same can be said for the IVP (1.4); it is ill-posed in H*(S) when s < —% in the sense that the solution map cannot
be locally uniformly continuous. When s = ——%, a weaker form of local well-posedness has been established for (1.3)
in [21]. Thus, the indications were that the answer to Question 1.4 was almost certainly negative. It came as quite
a surprise when Kappeler and Topalov [36] demonstrated recently that the IVP (1.4) is (globally) well-posed in the
space H*(S) for s > —1. In addition, there is another recent and very interesting paper [47] of Molinet and Ribaud on
the pure initial-value problem

up+ Uity + gy —txx =0, x €M, t>0] (1.5)

u(x, 0) = ¥ (x), x et

for the KdV-Burgers equation. They showed that (1.5) is well-posed in the space H*(%) for s > —1 and is ill-posed
when s < —1 in the sense that the corresponding solution map is not CZ. This is also a surprising result since the pure
initial-value problem for the Burgers equation, namely

U+ uny —t =0, xeMN, t>0} (1.6)

u(x,0) =v(x), x e N,

is known to be well-posed in the space H* (W) for s > —% and is ill-posed in H*(N) for any s < —% [1,25]. Molinet
and Ribaud achieved their result by taking full advantage of the combination of the dispersion introduced through the
term u,, and the dissipation inherent in the Burgers’ term —u, though their analysis is informed by the work of
Bourgain, and Kenig, Ponce and Vega. The corresponding solution map is real analytic when s > —1. In contrast, the
approach of Kappeler and Topalov is completely different from those of Bourgain and Kenig, Ponce and Vega, being
based on the classical inverse scattering transform. The corresponding solution map associated with the IVP (1.4) is
continuous, but not locally uniformly continuous when s < -—-%.

An implication of the work of Kappeler—Topalov and Molinet-Ribaud is that it is reasonable to conjecture the IBVP
(1.1) is well-posed in the space H* (%) for at least some range of s < —%. Indeed, their works not only indicate that
an affirmative answer to Question 1.3 is possible, but also suggest two possible approaches:

(a) seeking to use the dissipative mechanism inherent in imposing the boundary condition for (I.1) at x = 0 in a way
reminiscent of what Molinet and Ribaud did with the Burgers term in (1.6);
(b) using the inverse scattering methodology as did Kappeler and Topalov.

Recent work in the direction of an inverse scattering transform for (1.1) by Fokas, Its and Pelloni (33,32,31,30]
shows promise for its use in rigorous studies. In the present essay, we have elected approach (a), in part because results
obtained by such considerations are likely to have more scope as they rely upon a less rigid structure. A theory based
on the inverse scattering transform is being investigated separately.

There are two important auxiliary points arising in the present analysis that are worth singling out, as they have
independent interest. One is an accurate appraisal of the damping implied by imposition of the boundary condition at
x = 0. The other is a relation between the IBVP’s for the KdV-equation and the KdV-Burgers equation. These points
are explained now.

It is a simple matter to see that the imposition of the boundary condition u(0, t) = h(t) in (1.1) results in dissipation.
Indeed, suppose for example that A(t) =0 forall 1 > 0 and that « is a suitably smooth solution of (1.1) which, along
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with its first few partial derivatives, decays rapidly to zero as x — oo. Multiplying the KdV-equation by u, integrating
over the hall-line W, and integrating by parts, leads to the formula

d T o2 I, .
dT/I“(“)| dx =—Zu30,1) forallr >0.
0
Thus the LZ-norm of the solution is seen to be decreasing, and strictly so whenever «, (0, 1) # 0. This dissipative
mechanism is somewhat more subtle than that induced by a Burgers-type term in the equation itself, or other forms of
point dissipation. These have been studied and quantified in the works of Bona, Sun and Zhang [12] and Russell and
Zhang [48]. In particular, it was shown in [12] that the IBVP for the linear problem

4y +ueyey =0, x,t>0,
w(x,0)=0, u(,1)=h(t), x.t>0 0.7)

associated to (1.1) has the following smoothing property; its solution u(x, t) is the restriction to R+ x M* of a function
w(x, t) delined on M x N which is such that

o VI o

( [ / (1+ I_El)z'\'(l +e —E3|)2/’

— B0 —00

2

I/
o 2
W(E, 1) dEt’T) SCIAI ety (1.8)
H i) (M)

| D . L . | Ky I K . . g S .
where b is any value in [0, 5= %) il —% < s < |, b is any value in [0, % — %] il —% <5 < | and C is a constant

depending only on s and b. As a direct consequence of this estimate, we derive the corollary that

he Hk)g (.‘W’) implies that the solution u of (1.7) belongs to the space L2(0, T; H+3 (ﬂi+)).

This is a much stronger smoothing result than the well-known Kato smoothing property which only implies that
welLX0,T, Hi:-»:- Ltty) (see [12]). This global boundary smoothing property is the key Lo our proot in [12] that the
IBVP (1.1} is unconditionally well-posed in H*(MT) for any 5 > —%.

We also mention that it is not only the imposition of a boundary condition at x = 0 that can result in smoothing
of solutions of (1.1). Indeed, for both the pure initial-value problem (1.3) and the initial-boundary-value problem
for the KdV-equation ((1.1) with j2 = 0), more rapid decay of the initial value as x — 400 leads to an increase in
the smoothness of the solution for t > 0. This well-known fact (see, e.g. [23,24,26,27,38,46,49]) has, for example,
been exploited by Faminskii [26,27] and Kruzhkov and Faminskii [46] in their study of well-posedness issues for the
KdV-equation,

Now, atlention is directed to a connection between the KdV equation and the KdV-Burgers equation. Let o, 8 € i
be given and consider the transformation

u(x, ) = e Py, ).

A direct calculation shows that « is a solution ol the KdV equation

ty oy iy + ity =0 (1.9)
il and only if v is a solution of the equation

v+ (o +a’ + B)v+ (3a” + vy + vy 4 3wy, 4 e (ow2 + vy} =0. (1.10)
If we choose

o <0, B=—o— o,

then v(x, ¢) is a solution of the IBVP for the KdV-Burgers type equation

v+ Bad 4 Dy + e @re e gy L0y by +3ave =0, x, 10,
v(x,0) =e¢ " (x), x 20, (1.11)
v(0, 1) = e+, t>0




s
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if and only if u(x,t) is a solution of (1.1). Thus, one is led to consider the IBVP for the variable-coefficient KdV—
Burgers equation posed on the half line R+, viz.
v+ Py + yovx +a1(x)b1()vvy + a2 (X)b2()V? + Vyxx — Vex =0, x,1>0,
v(x, 0) =¥ (x), x 20, (1.12)
v(0,1)=g(1), t>0
where p > 0 and ¥ € R are constants, a; € H*[0,00) and b; € C*[0, 00) for j = 1,2. Note that well-posedness
of (1.12) in the space H*(R™), the s-compatibility of the initial value 1 and the boundary value g, and the concept
of mild solution of the IBVP (1.12) can be defined just as described in Definitions 1.1 and 1.2 for the IBVP (1.1).

Using the approach developed in our earlier paper [12,56], we can extend Molinet and Ribaud’s work [47] on the pure
initial-value problem (1.5) to the IBVP (1.12) as follows.

Theorem 1.5 (local well-posedness). Let s > —1 be given with s # 3m + %, m=0,1,2,.... Forany r > 0, there

exists a T = T(r) > 0 such that if (¥, g) € H*(M+) x H%_](O, T) is s-compatible with respect to the equation in
(1.12) and satisfies

|, )]

r’

H-"(m+)><HL§_|(0.T) =
then the IBVP (1.12) admits a unique solution u € C([0, T1; H*(M¥)). Moreover, the corresponding solution map is
(real) analytic from the space H* (M) x HF (0, T) to the space C([0, T1; H*(M™T)).

Theorem 1.5 is a local result since the asserted life span (0, T) of the solution depends on the size r of its initial
and boundary data. As in [8], the following global well-posedness results obtain for the IBVP (1.12).

Theorem 1.6 (global well-posedness). Assume that the system (1.12) satisfies

|
ba(t)az(x) — Eb] (Haj(x)=0 x,te€(0,+00). (1.13)

(1) Lets 20and T > 0 be given with s # 3m + %, m=0,1,2,.... For any s-compatible pair

(¥, g) € H* (W) x HF+10)(0, T)

where
€e>0, fogLs <3,

n(S)=[0’ ifs >3,

the IBVP (1.12) admits a unique solution u € C([0, T1; H*(M™)). Moreover, the corresponding solution map is
s+l
(real) analytic from the space H*(MT) x HF W (0, T) to the space C([0, T]; H*(M1)).
(i) Lets € (—1,0) and T > 0 be given. For any (v, g) € H'(MT) x Hite (0, T), the IBVP (1.12) admits a unique
solutionu € C([0, T]; H*(MT)NCO, T1; LAM)). Moreover, ifg € H®(0, T), thenu € C((0, T]; H®(MH)).

Introduce some natural weighted Sobolev-spaces following Kato [39]. For given v > 0 and s € R, let H¥ (W)
denote the Hilbert space

HI(W) ={f € H (W), ™ f € HY ()]

with the norm

|
”f”H;)'(!H*) - (”f”?.[s(m-k) Gl ”ewf"i.\-(g)ﬁ))z-

The following local well-posedness result for the IBVP (1.1) then follows as a corollary to Theorem 1.5.
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Theorem 1.7 (local well-posedness). Let v > 0 and s > —1 be given with s # 3m + % m=0,1,2,.... Fforanyr >0,
there exists a T = T(r) > 0 such that if an s-compatible pair

(¢, h) € HE (W) x H'S (0, T)
satisfying

[¢.m]

sl <r
HYRH)xH 3 (0.T)

is posed as auxiliary data, then the IBVP (1.1) admits a unique solution u € C([0, T1; Hi(M™T)). Moreover, the corre-
sponding solution map is (real) analytic from HJ (M1) x H"%I (0,T) to C([0, T]; HE(M™)).

In addition, the following global well-posedness result holds for the IBVP (1.1).

Theorem 1.8 (global well-posedness).

(1) Let s 20 and T > 0 be given with s # 3m + % m=0,1,2,.... For any (¢,h) € Hi(NF) x HL.+T|+"("')(O, T),
the IBVP (1.1) admits a unique solution

weC(l0,T1; Hy(WH)).

Moreover, the corresponding solution map is (real) analytic from the space Hi (M%) x H 3 100, T) to the

space C([0, T); HI(M)).
(i) Let s € (=1,0), v>0and T > 0 be given. For € > 0 and any (¢, h) € HI (M) x H%“(O, T), the IBVP (1.1)
admits a unique solution

ue C([0, TY; HI (W) N C((0, T1; LA(RT)).
Moreover, if h € H®(0, T), then u € C((0, T]; HZ(RH)).

Note that Theorem 1.8 does not follow directly {rom Theorem 1.6 since system (1.11) does not satisty assump-
tion (1.13). However, (1.11) can be rewritten in the form

v+ Ga? + Doy + %auv + %(uv),\ + Uy + 30, =0, x,1>0,
b(x,0) = e~ (x), _ £330, (1.14)
v(0, 1) = e@re N (p), 120
where 1 = u(x, r) is the solution of (1.1), which is known (cf. [12,29]) to exist globally in the space H*(WT) if
(¢, hye H*MT) x H, LH_IM(G)(?H*’) is s-compalible with respect to the system (1.1). Since the equation in (1.14) is a

&
linear equation with a l\‘/":riablc coefficient u = u(x, t) that exists globally in the space H* (0™T), the solution v of (1.14)
exists globally in the space H*(MF), from which Theorem 1.8 follows.

The paper is organized as follows. In Section 2, explicit representation formulas for solutions of initial-boundary-
value problems (or the linear KdV-Burgers equation are presented. These are developed along the same lines as those
in our carlier paper [8). Various estimates will be established for the linear problems associated to (1.1) and (1.12)
and these play a central role in the analysis of the non-linear problems. In Section 3, the well-posedness results for the
IBVP (1.1) and (1.12) as described in Theorems 1.5—1.8 are established. The last section is an Appendix A containing
explanations ol some technical lemmas that are central to the analysis in Sections 2 and 3.

2. Linear problems
This section is divided into two subsections, In the first, consideration is given to linear problems associated to the

KdV-Burgers equation. As mentioned above, explicit representation formulas for solutions of initial-boundary-value
problems for this equation will be derived. Then, the boundary integral operator that arises in the solution formulas

* will be extended from the quarter plane W x R+ 1o the whole plane N x N using the approach developed in [12]. The

extended boundary integral operator will play a crucial role in our analysis. The second subsection contains a priori
estimates of norms of solutions of the linear problems and of norms of the boundary integral operators.
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2.1. Solution formulas for linear problems

Consider first the non-homogeneous problem

Uy + puy — Uyy +uyey =0, forx,t>20,

2.1)
u(x,0)=0, u,)=~h(@),

where p > 0 is a given constant.

Proposition 2.1. The solution of (2.1) may be written in the form

u(x, 1) = [Wpar (Oh](x) = [Up (R ] (x) + [Up ()R] (x) 2.2)

where, for x,t 20,

o0 o0
1 - ; . (1L
[U/,(t)h](x) = E / e:r(m_p/t)e(a(/t)+:ﬂ(u)).x (3142 —-p)/e"f(’”—”")h(é)dédu.
N 0

Here, both a(w) and B() are real-valued functions with () < 0 for all uw € R+ and

Viut—4p

n
a(pu) ~— 3 A ) —3 (2.3)

as p — 400.
Proof. Let i and & denote the Laplace transform of u and & with respect to ¢, respectively. By applying the Laplace
transform to both sides of the equation in (2.1), one obtains
M, A 4 i (6, ) + i (6, ) — e (1, 0) =0, (0,1 =h(h).
As both #(x, A) and i, (x, A) tend to zero as x — +00, it is concluded that for any A with ReA > 0,
A(x,A) = h(r)e1®>
where r|(A) is the unique solution of
A+ridpr—ri=0
satisfying Rer; (1) < 0. Thus, for any fixed y > 0, one has the representation
icoty
ux, 1) = %m f Mh()e" X g
—iocot+y

Using the fact that the right-hand side of this relation is continuous in y up to y = 0, there obtains the simpler looking
formula

ioo 0
| . 1 CH
u(x,z):Tfe“h(x)e"wdwr—, / eMh(L)e "X g
i 2mi
0 —ioo

For each A on the positive imaginary axis, write A in the form A = i(u® — pu) for the unique value of j in the interval
P < p < +oo. In terms of p, the quantity ry () has the form
ri(A) =a(pn) +ip(u)
with a(u) <0 and
32 —4p

a(p) ~ — 2, ﬂ(u)~—%
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as pt — +00. Recalling that
o0
h(x) = f e Mh(t)dt,
0
a change of variables and straightforward calculation then reveals that for x, 2> 0,
ioo
— f M PV dn = [Up(Hh](x)
2mi
0
and, similarly, that
| ]
— | M) PN da = [Up(t)h](x),
2mi
—ioo
thus completing the proof. O
Next, consider the same linear problem posed with zero boundary condition, but non-trivial initial data, viz.

wy+ piy — ey Fiyee =0, forx,r >0, 2.4)
u(x,0)=¢(x), u,t)=0.
By semigroup theory, its solution may be obtained in the form
u(t) =We()o, (2.5)
where the spatial variable is suppressed and W,.(t) is the Co-semigroup in the space L2(9t) generated by the operator
Af =—f" = pf' + f"
with the domain
D(A) = [fe H'(MY)| f(0)=0}.

Moreover, by Duhamel’s formula, one may use the semigroup W,.(¢) to formally write the solution of the forced linear
problem with zero auxiliary data,

wy+ pity — ity +Fityge = fo lTorx,t 20,

2.6)
w(x,0)=0, u(0,1=0,
in the form
!
u(t) = / W.(t =) f(.1t)dt. 2.7

0

Recall the explicit solution formula lor the pure initial-value problem for the linear KdV-Burgers equation posed
on the whole line M, viz.

4 puy —they + ity =0, x, el 2.8)
1(x,0) =¢ (), x e, '
namely
l o) oQ
ur, 1) = W () = = / & =R gl / e~ (y) dy e, 2.9)

—0C -
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obtained by taking the Fourier transform in the spatial variable x. As the formula for Wy (¢) is explicit and simple, it is
advantageous (o give a representation of W,.(¢) in terms of Wy(¢) with a correction that involves Wy, (¢). Because of
the Burgers-type term, notice that if ¢ € H*(M) for any s € N, then u(x, t) is an H*®(M)-function of x for any ¢ > 0,
and so is C* in the domain {(x, t): x € R, ¢ > 0}. Hence, the trace of 1 at x = 0, say, is a well-defined function.

Let a function ¢ be defined on the half line R+ and let ¢* be an extension of ¢ to the whole line %. The mapping
¢ > ¢* can be organized so that it defines a bounded linear operator B from H*()T) to H*(9t). Henceforth, ¢* = B¢
will refer to the result of such an extension operator applied to ¢ € H* (). Assume that v = v(x, t) is the solution of

U+ pUxy — Upx + Vpax =0, v(x, 0)=¢*(x)’

for x € M, 1 2 0. If g(t) = v(0,1), then v, = ve(x,1) = Why,(t)g is the corresponding solution of the non-
homogeneous boundary-value problem (2.1) with boundary condition h(t) = g(¢) for ¢t > 0. It is clear that for x > 0,
the function v(x, 1) — v (x, t) solves the IBVP (2.4), and this leads directly to a representation of the semigroup W.(¢)
in terms of Wy, (£) and Wy (¢).

Proposition 2.2. For a given s and ¢ € H* (W) with $(0) =0, if s > %, if @™ is its extension to W as described above,
then W.(t)¢ may be written in the form

We()p = War()p™ — Wha, (t)g (2.10)
forany x,t > 0, where g is the trace of Wy (£)¢* at x =0.

In a similar manner, one may derive an alternative representation for solutions of the inhomogeneous IBVP (2.6).

Proposition 2.3. If f*(-,t) = Bf (-, t) is an extension of f from M x N to R x R, say, then the solution u of (2.6)
may be written in the form

t
u(eot) = f Wan(t — 2).£* (-, 7) dT — Whar (£
0

forany x,t =0 where v=v(t) is the trace off(; Wa(t = ) f*((-, t)dt at x =0.

The solution formulas in Propositions 2.2 and 2.3 hold only for x > 0 and ¢ > 0. It will be convenient to extend
them in such a way that they hold for all x, t € %. This will provide a context in which to establish the well-posedness
of the non-linear problem in the framework of Bourgain spaces. Note that the term Wy (¢) can be redefined to be

[o,9] o0

Wi () = 2L / ei(E3._pE)t—E2|r|eixE [ e—iy5¢(y) dydg
b4
—o0 —00
for all x, # € 9% without disturbing the validity of (2.10) in ®* x %+, Thus it is only necessary to extend the second
term in both formulas from R+ x RF to MR x N to effect an extension of W,.
Presented now are two different types of extensions of the boundary integral operator Wiy, (t). To begin, rewrite
Whar (t) in the form

(e8] o0
1 [ - [ s
[thr(l‘)h](x) = gRe/e”(m—”")e("‘(“)""ﬁ(“))x(3M2 _p)/‘e—l(ltq_p/t)&'h(s)ds du
JP 0
4./p o0
- LRe / eiltal—i/’/“e(d(lt)+iﬁ(lt))¢3(x)(3M2 . p)¢|(,u)/e_"(/ﬁ_p“)gh({-')dE du
2n
JP 0
o0 o0
n %Re / e 1=ipt J@UITIBUNT (3,2 _ 5 () / 108 =PE p(e) de d
i1
2/5 0
V3

1
= -2—n—{11(x,t)+12(x,t)}
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where ¢ (1) and ¢ (u) are non-negative cut-off functions satistying

O () +¢a(u) =1 forall pefRt
with supp C (—1,4./p), supp¢2 C (3./p, 00) and ¢3(x) is a smooth function on N such that
x forx 20,
0 forx<—1.

The integral ) (x, t) is naturally defined for all values of x and ¢ and, viewed as a function defined on % x M, is in
fact C-smooth there, with all its derivatives decreasing rapidly as x — £00. Thus, no complicated extension of I|
is required as the obvious one suffices. It is otherwise for I5. To discuss I2(x, t), it is convenient to let (1) denote
the positive solution of the cubic equation

$3(x) = {

W —pp=»r

for A > 0and p > /p, while u(d) = —u(—2) for A < 0. By a change of variables, the integral I> can be rewritten in
the form

I(x,t) = Re

E\g

oo
/eik/e(u,,()\)+iﬂ,,(A)).\'e—ik.\'(pz(u(k))h(s)ds da
0

st cos(A(t —5) + lg“()\)x)@ (“ (A))h (s)dsdx

I
ig\g

=E(x,t)
for x 2 0 with o, (1) := a(u(X)) and B, (A) := B((2)). Denote the extension of E(x, t) to x < 0 by g(x, t) so that

E(x,t), x=0,

h(x.1) = {g(x, 1, x<0,

where g(x, t) is to be defined. As in [12], the Fourier transform of /; may be decomposed as follows:

Fealll = F [/(E(X. t) cos(xE) + g(—x, 1) cos(x§)) dX}

0
+i / o : E[/cos(nX)E(.r,t)dx—/COS(nX)g(—x,t)dX} dn.
nJ) &-n
—00 0 0

Note that ditferent choices of g(x,t) give different extensions of E(x, ) to x < 0. The following two choices of
g(x, t) will be used in this article.
(i) For x > 0, choose g(—x, t) such that

.7-',[/g(—x,t)cos(x_&”)dx](r) =—.7-',[/ E(x.r)cos(x&)}(r)@(&,r)
0 0
+]—‘,|:/E(x,r)cos(x&‘)dx](r)(l —OE, DWE)w(T) Q.11
0
where @ (&, 7) = x (|€] — 8|7|'/3) with § > 0 fixed, 0 < x (£) < 1 everywhere,
. £<0,
X(§)=[0’ £50,
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whilst
1 if |gl > 1,
V() = o
0 if|§| <1,

and w(t) is a smooth and bounded function to be specified momentarily. It is easy to see that such a g is a combination
of even and odd extensions, viz.

Fealld) = b1 (8, 1) + In (8, 7)

where
I, :f,[7E(x,r)cos<xs>dx](r>(l —-6E D)1+ v®o()
and O
InE, )=~ [ ———ﬂ[fE(x,t)COS(xn)dx}(r)@@(n,r)+(1 -0, D)(1 +v®)w(1)))dn
0

= ;!(§_+§+ )E[O/E(x,t)cos(xn)dx:l(,)

x 20, )+ (1 =0, 0)(1 + v(E)w (7)) dn

Because of the algebraic identity

Ly L2t
E—n E+n & £2—n2)’

we may write fzz(E, T) as

,. o 00 00
I, T) = é/]—', l:/ E(x, t)cos(xn)dx](r)(Z@(n, D+ (1-0®, 1)1+ vE)w(r)))dn
0 0

26 [ (/6)? i
+Eo Wﬁ,[O/E(x,t)cos(xn)dx:l(r)

x 20(n, v) + (1 — 0, ) (1 + v(E)w(1)))dn
=01, 7)+ @208, 7).

Here, the Fourier transform F;[ f0°° E(x, t)cos(xn)dx] may be expressed in the form

Fi [ / E(x,1) cos(xn)dx](r) =Y Kni (1, Db2(w(@)h(@) + Y Kmo(n, —0)2(u(-0))h(=1)  (2.12)

0 m=| m=lI

where

o0
h(t) = [ e~ h(s)ds,
0

—ay, (M)
K ,)\, = = s
(. 4) 2Z0) + 1+ BN
—0ly, A
Ka1(n, ) = 2, ()

20, (M) + (n = (M)’
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a2 (W) B (Wi
Ka1(n, ) = L .
WD = D T 0 F B ONDE@E M F (= DD
(BE() — n®) B
Ko h) = d ’

@2 M) + (1 + B N2 (@2 (A) + (1~ Bu(M))?)
and
Kio(n,A)=Ku(n,2),  Kan,A) =K, A),
{ Ky, Ay==K31(n, X)), Ka(n, 2y =—Kqy(n, 2).
A straightforward calculation reveals that
4

Y K, )(1 -0, D) dn| > C2 >0,
0 m=I

for a fixed constant Cy independent of 7, and so one can choose a C® smooth function w(t) (see [12]) such that for
all 7,

Q1(€,1)=0, forall|§|>1
Hence, tor |&] > |,

In(,v) = Qa(€, 7).
Thus, when || > 1 and 7 > 0,

2iC n?
In@E, )= '5 2 Ez [ZKm](n,f)¢2(/t(r))h(t)}(2@(n,r)+(l -0, )1 +w(r))dn,

m=|

whereas
oo
I, 1) g f
25, 7)) =—/—
§
0

when |§| > 1 and t < 0. The boundary integral operator corresponding to this extension of Wy, (¢) is denoted
by BZ(t).
(i1) Choose g(—x, ) such that

[Z K1 (n, =02 (1 (— r))h(r)}(w(n, D+ (1 -00m 1) (1 +w(®))dn

m=I

o0 x

|i/g( X, t)ws(xé)c/x:|(r) [/E(x r)cos(xf)](t)(] — O, r))
0 0
+.7-',|:/E(x,t)cos(x§)dx:| (0)O(E, tHv(E)w(T) 2.13)
0
where @ is as before. In this case, we have
Feall):= I3, 1) + 36, 1)
with
I n=F |:/ E(x, t)cos(xE)dx:l@(é, (1 4+ v(E)w(r))
0
and
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. oo : 00
A 1
¢ 0 = — / Tn]:{/ E(x,t)COS(xn)dx](2(l -0, 1) +00 1)1 +vE)w()))dn

0

- /= +sin)ﬂ[/ﬂx’0ws<xn)dx]

0 0
x 2(1 =0, 1))+ O, ) (1 +vE)w () dn

[\

.C o0 o0
—l—gf}',[/ E(x,t)cos(xn)dx:| 2(1-em, 1)+ 6, 1)1 +vE)w(r)))dn
0 0

£

2%C, [ (n/8)?

g ) T—mee
0

= Q1. 1) + Q4. 7).

As in case (i), one can choose an appropriate @(t) so that

F, [f E(x,1) cos(xn)dx} Q(1-oeMm 1)+ 60, 1)1 +vE)w(r)))dn
0

Q7(,7)=0 for|&| > 1andany T €.

The boundary integral operator corresponding to this extension of W, (¢) is denoted by BI,(t).
2.2. Linear estimates

In this subsection, estimates are provided for solutions of the associated linear version of the KdV-Burgers equa-
tion. These are needed in establishing the well-posedness of the non-linear problems in the next section.
For given s € i, 0 < b < | and any measurable function w = w(x, 1) : h x R — N, define

A"""(w)=< ]" 7 (i = (€ - p8) +£7) 00

—00 =00

12
b, )| dt dr) (2.14)

where (-) = (14| -|?)!/2, Let X5 be the completion of the space of all functions w satisfying
lwilx,, = Agp(w) <00

and let
Xyp=C(R; H' (W) N Xy

with the norm
172
2 2
Il = (suplwC, Ol sy + 10l )
ret '

First, consider the semigroup { Wi (¢)}; >0 associated to the linear KdV-Burgers equation posed on the whole line i.
Recall that for any ¢ € &', the space of tempered distributions, and t > 0,

Fe(Win()¢)(€) = exp[—£2 +i (&> — p&)t]d(&).

Extend Wy to a linear operator defined on the whole real axis by setting

Fe(Wi()9) (&) = exp[—£21t1 +i (8> — p&)t]p(E)

for all ¢ € M. The proof of the following proposition regarding {Wy (2)}3° is a minor modification of arguments found
in [47].
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Proposition 2.4, Let s e M, 0 <b < land0 < § < % be given. Let { be a C* smooth function with compact support.
(i) There exists a constant C depending only on s, b and  such that
[vOWa®)¢] 5, < Cldlmson. (2.15)
(1) There exists Cs such that for all u € X.v.—{;+3’

<SGl fllx, o, (2.16)

72-+45

{
va(r) / Warlt — 1) f()di’
0

X

5

o—

(iii) There exists a constant C depending only on s such that

sup|[Wa(O)e|| « < Cllgllms . (2.17)
por 4 " " H ) =

(iv) Forall f € X_‘_. the correspondence

“Lts
!
= / Wt — Y F(Hdt'
0
lies in C(WH, HYY25(W)). In addition, if { ) is a sequence with f,, — 0 in X.\-.—5'+5’ then

—0 asn— oo.
L"‘(}H'*.HH'M (}"))

)
f Wyt —t') fu(t)) dt’
0

Next, attention is turned to the spatial traces of Wy ()¢ and f(; Wyt —t)f(,t)dt.

Proposition 2.5. Let s € [—1, 5] be given. There exists a constant C depending only on s such that

sup[War(O¢] s < Cligllaen (2.18)
xem H Yo

and
supllasWa (e s < Clidllusen 2.19)
rent H7 0

forany ¢ € H*(M).

The proof of this proposition is based on the following technical lemma which plays the same role in our arguments
as would a Plancherel Theorem. The proof of the lemma is postponed and provided in Appendix B.

Lemma 2.6. Suppose O < v < | and let I be the integral operator defined by

o0

[1(H]a):= f IOV £ (pyn  fort €W,

where ;LN — (—00, 0] is a continuous function satisfying
| ~n" asn—>0 and |ue|~nlF  as ol oo.

Then, I is a bounded linear operator on L*(W), which is to say, there exists a constant C such that
2O L2y S CUF L2y

forall f e L*).
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Proof of Proposition 2.5. We only provide the proof of (2.18). The proof of (2.19) is very similar and is therefore
omitted. Let u(x, t) = Wy (t)¢. Then, a change of variables reveals that

[ee]

w1 = / 16 QI =pE V=811 ) g
“
= f WM MI(3,20) — p) 7 B (v(1)) d,
A1>/p
where & = v(A) solves the equation
£ — pt =1

with v(A) ~ A as A — oo. By Lemma 2.6, the inequality
|

e 2
||u(x,-)||L2(,,D<c( / |(3v2<x)—p)"‘43(u<x>)|2dx) < Clglly-10m

holds for any x € 5. Note that

o0

e (x, 1) = f e*8 i€ —oOU=E21111 (3 _ pg) 4 ic()E2] (&) dE,

where k(t) = —1ift 2 0and k() = 1 if t < 0. Applying Lemma 2.6 again yields that
e, I g1 oy < CllSlazemy

for any x € . Similarly, one can show that

e, 9| ey S Cllelasan
for any x € i. The inequality (2.18) then follows by interpolation. The proof is thereby completed. O

Proposition 2.7. Let 0 < b < 1/2, =1 <5 <2 —3b, Y € CFP(N) and

{
w(x,t):/Wm(t—t’)f(-,t’)dt’.
0

Then, there exists C depending only on b, s and v such that

sup[y Qw(, )| e <Clifllx,o (2.20)
xedt H 7 m)

and
sup|[ (D (x, 1) wsPan S CIFlx, - @21
xel

Proof. The proof presented below is based on the approach developed in [15,43], appropriately modified. As the
proof of (2.21) is similar to that of (2.20), only (2.20) is proved.
First, observe that

{
w(t)/Wm(t -t f@hdt
0

_ i ixt 7 m i PiTl _ il (E —pE)—£71
=vo) [ [ i (e - € - p8)| + )

-0 =00

dédr
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ol Tl _ it & —pE)—£%

i|T— (&3 — pE)] + &2

*‘“’)/ /e’”“f(s,r)(l—w(lr—(s“—ps)l+sz)>

-0 —00

=A+ B,

deédr

By a Taylor series expansion, we see that
— |
A= Z o VO W (g
k=I

with
§6) = / FE i — (6 — p8)) +8) p(|r — (6% — p8)| + D) de

and

vty =t* @), k=1,2,....
Note that

o0
bl < [ e@PO+ 1) F ar < cte+ 1y?
gty S b ’ = )
-0
and

(o]

”g“%-l-\'(})() <C / (5}2

—00

<C / &) / fE dr

SR lt— (&3 —pE)|+£2 <1

& )
i fE. T)
<c | ¥ / .
[ & J 1+T — (&3 — p};’”{&?_ dt

—00 —

2

/ FEOi(r— (6~ 08) +& Ty (| — (8 — pt)| + &) dr| at

2
d§

2
dé

because of the restriction on the support of ¥ . Thus, applying (2.20) gives

0 2
k+ 1)
<C /\E Tk gl ey

Alx, .
splaceo]

(e2]

o0 n 2 1
. flE ) :
< KA
\C(_/(&‘) _f e R dE)
<Clflx,_,

because 0 < b < %
Next, consider the term B which can be written

B=B +B;

with

o0

- | — Y(lr — (83— p&)| +£%) ,
B = —vl(t P (53— pE) —E / 9)a
' '//()_/ ‘ @ -penre D)%

—00
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and

= . 3 . 2
B, — P (cE+1T)—E2 / | — (|t — (& — pE)| +E7) JE.
: wm—f e ( e e IR I

—00

For By, Proposition 2.6 yields

o0 o0 % 2
2 2 |f(&, 7))
Bix.n| w1 <C 4 c
fgg” 1(x )||H’_;_'(R) /(S) (/ PUCES T ey g <Clf1%, _,-
e

As for By(x, t), note that

0 00 2
et (- f |1 —y(r — & = pB) +£)]
B J
sup | Bax, t)|| C/(I+[r| </ o TR G )dg) dr
e 2
<Cf(1+|ri)&~’ﬂ / ] fe, nde ) dr
s I+[e— @ —po)+82 7
[ g 1f & o
<C 1 e G j
_Zo( +|r| (r )/ T+ Te — & — pey [ £0y% 9697
where
G(7):=
@ _Zo &2+t = = pp)| + 920D

o0

g C -/ 2 25 d}? *
o R DT o = ph2=h
Therefore, it suffices to show that there exists a constant C such that for any t € %,
C
G)S ——5—+-
(I3
To see this true, write G(t) as

G(t) =Gi(r) + Ga(7) + G3(7)

with
d
Gi(r)= / : L ,
LA+ DI A+ [T =)0
i< et
d
G 5 ¥ ; 21 ~b)
3 K _ —b
i2<ini<ae MPAH D3+ —aD)
and
dn
Gi(r) = o T ey
2 ] B .
apelgpy P A+ DF T+l —n)

In the region 2{n| < [/, note that (1 + [t — n[) > 5(1 +|r]) and |t —n| > 1|y|. Thus, for s <0,

(2.22)
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dn

e P
Gy i+ [ e
A I3 S

C
(1 +op™

asb< . When0<s <2 -3b,

<

T d
’[\III n
Gi(r) < (|+|T| / (| —p)— 2ok1)
oA+ F (4 o — gD
o0
_ 254D
<C(l+1t))” 7? /

oo |n|‘(1+|nl)2“ -3
C
[l +1r“2r.\lh

In the region |T|/2 < |n| < 2|1,

<

2z

_ 2641y
Gr(r)<C(1+]zl)” F [

Irl/2

dn 2 C
{] +|T—i1|]2“"m h (1 _l_l_rl)_‘{‘-‘—-"—l-'

again because b < 1/2. In the region 2|t| < |n|, it is the case that | + |t — n} = O(1 + |n|). Thus, it transpires that

dn _ 25t

G3(r)<C SCl+1t)” 7.
E (1 20D

ml>20e] ien
The inequality (2.20) has therefore been established for —1 < s < 2 — 3b. This completes the proof. 0O

Finally, attention is focused upon the boundary integral operators BZ(t) and BZ,(t).

Proposition 2.8. Let yy € C5°(N) be given and assume that 0 < b < % — g with s <0. Then there exists a constant C
such that

lvBZ iy , <ClIAN s 12 (2.23)

H T @)

s 142
foranyhe H, ¥ (W)
Proposition 2.9. Let € Cg°(M) be given and assume that 0 < b < -g— — 5 with —% < s < 1. Then there exists a
constant C such that
< (R f2 .
[vBT2]x,, <ClUbN wisae (2.24)

Mrga- 142

foranyhe Hy (W)

Proposition 2.10. Let — 2 <a< 2 and —§ < B < | be given. There exist constants Cy and Cy such that

u B ey < C o 2.25

ISEP” |h”H (M) X Of”h” —t‘u(?li+) ( )
and

sup BI>yh am S Cgllh 5 2.26

. ” 2 ”HI"(.H) = ﬁ” I ﬂ_;r_|(m+) ( )
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Observe that

“w”LZ(o,T;Hx(m)) S CA;p(Yw)
forany s e M and b > 0, if ¥ € Cg°(M) and ¥ (z) =1 when t € (0, T). The following result, which follows from
Propositions 2.8 and 2.9, presents a boundary smoothing property of the linear KdV-Burgers equation, which is the
same as that obtained for the linear KdV equation in [12].

Corollary 2.11. For any given T > 0 and s > —%, there exists a constant C such that

Whearh |l (2.27)

; <C .
L20.7: 53 i) I ”H'—,T—(mﬂ
I+
forany h € Hy* ().

The boundary integral operator W, also possesses the sharp Kato smoothing property, the final result of this
section.
Proposition 2.12. For any given T > O and s > —%, there exists a constant C such that

O Wharh| s S Clh| s 3
sup ” x YVhdr ” (‘“Jr)\ ” ”H_F(}H*‘) 2 28)

xeM+ H
145
forany h € Hy® (%),

The proofs of Propositions 2.8-2.10 are similar to the results proved in Section 3 of [12]. A sketch of the proofs of
Propositions 2.8 and 2.9 is provided in Appendix A for the reader’s convenience. As for Proposition 2.12, its proof is
the same as the analogous result in [12] and is therefore omitted.

3. Well-posedness

In this section, we study the well-posedness of the IBVP

i+ puy + yuuy +ar ()b (Duuy + ar()ba()u? + tryy — ey =0, x,1>0,
u(x,0) =¢(x), x>0, 3.1
u(0,1) = h(1), t>=0,

where p > 0 and y € R are constants, a; € H®(M¥) and b; € C®(NRF) for j =1, 2.
As mentioned earlier, for given s € % and 0 < b < 1, X, is the space of all distributions w satisfying

lwllx,, = Ag 5 (w) < 00
(see (2.14)) and

X p=C(R; H'(R)) N Xy .
In addition, for given T > 0, let Dy r be the space of all pairs (¢, h) € H*(M+) x H% (0, T) which are s-compatible
with respect to the IBVP (3.1), with norm inherited from the space H* (M) x HY 0,T),ie.,

l@.mlp,, =@
for any (¢, h) € Dy 7. Let )y 5, be the space of all functions w in X , satisfying
+o0

HA'(:H+)><HL§"(0.T)

ot " u,)X(x’ l iy =

For any w € ) », define

|

2 2

oty = (i, +supluaG 5 )
Vi X b XG?[))‘” B “H,}(N)

.

J.L. Bona et al. / Ann. 1. H. Poincaré — AN 25 (2008) 1145-1185 1165

These Bourgain-type spaces are defined for distributions whose domain is the whole plane ) x 0. However, the
IBVP (3.1) is posed on the quarter plane %+ x M* and we are seeking its solution in the space C(WF : H*(MT))

s+1
corresponding 1o a given initial value in the space H*(M™) and boundary data in the space Hlj (MT). It is thus
natural to consider versions of the these Bourgain-type spaces restricted to the quarter plane i+ x %+, Let £ denote
a subinterval of i; define a Bourgain space X, restricted to the domain W* x £2 as follows:

Xsb (m+ X -Q) =Xy bl xe
with the quotient norm
leellx, ,one @) = ir;(f {lwlix,,: w, 0y =ulx,1) on N x 2}
o Wwexys v

The spaces Xy (N x £2) and YV, ,(MT x £2) are defined similarly.
For the IBVP (3.1), the following well-posedness result obtains.

Theorem 3.1. Let s € (—1, %) and r > 0 be given. There exists T with T > 0 such that for a given pair (¢, h) € D, r
satisfying

l@.mlp,, <

the IBVP (3.1) admits a unique solution u & y\% MF x (0, TY). Moreover, the solution u depends Lipschitz continu-
ously on (¢, h) in the corresponding spaces.

The proof of Theorem 3.1 is based on the results in Section 2 and the following lemmas.
Consider the non-homogeneous linear problem

ur+ puy —tyy Hiyy =0, forx, =0, 32)
u(x,0)=0, u(0,t)=Ah(). h

Recall its solution may be written in the form
u(x, 1) = [Whar ()R] (x)

for x, t > 0, as expounded in Section 2.

Lemma 3.2. For a given pair (b, 5) satisfying
0<b<3—% ifs<0,
0<b<%—% if—%<s<l, (3.3)

b= % ifl1<s <3,

s+l
there exists a constant C such that for any T > 0 and any h € HOT (0, T), the corresponding solution u of (3.2)

belongs to the restricted Bourgain space Vs (M x (0, T)) and satisfies the bounds

Ullx. o < C|h =172 5 34
|| ” shMTx(0.T)) X ” ” I ta—1 ©.7) ( )
Uiy | W< Cllh s 3.5
” ||/‘\A_‘%(.H*><(O.7)) = ” ||I'I-+I(U.T) ( )
and
i X v < Cllh s . 3.6
” ” VI\_izl(.H'*'X(O.I)) || llH;ﬁ_l(O,T) ( )

Proof. For T > 0, let h| € H"#(.‘)ﬁ) such that iy = h in the space H'\‘#(O, T) and let ¥1 € C§°(R) be such that
Yr((t) = forall r € [0, T']. Define

G [BZ)()h1(x) ifO<b<4—%ands <0,
up(x,t)= -
: [BLy () ](x) if0<b<i—3and0<s <1,
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Observing that
u(x,t)=ui(x,t) for (x,t) e Mt x[0,T],
and using Propositions 2.8-2.10, one arrives at the inequalities
”“”.XX‘%(HHX(O,T)) < 1w ||XL% < Cllhy "Hx-_t_l(ﬂi"")
from which (3.5) with —1 < s < 1 follows. In particular,

||u||;vo J O xO.7) < Cllh| 3.7

H?'r(m+)'
When 1 <5 <3, let v=u,. Then v solves

U+ pUy — Upy +Uxex =0, forx,t 20,
v(x,00=0, vO,0)=h'().

Thus

e———

. < d <
llvllﬁq)l%(mx(o,r)) <Clh ”H?'f(m+) < Cllhlng(mﬂ-

Since v =uy = —puy + Uyy — Uyyy, it follows that

||u||X3 %(I)HX(O.T)) < Al (3.8)

Himh'
The inequality (3.5) with 1 < s < 3 follows by interpolation of the estimates (3.7) and (3.8). The proof is complete. O
Consider the same linear equation posed with zero boundary conditions, but non-trivial initial data, viz.

U+ puy — ey +tyee =0, forx,t>0,

u(x,0)=¢(x), u,t)=0. (3.9)

As mentioned earlier, its solution can be written as
u(x, 1) = [We()p](x)
forx,t > 0.
Lemma 3.3. For a given s € (—1, %), there exists a constant C such that for any T > 0 and any ¢ € Hﬁ'(ﬂﬁ),

the corresponding solution u of (3.9) belongs to the restricted Bourgain space _))\ ! (M* x (0, T)) and satisfies the
inequality i

lleelly, LOTxO.7) S Cll@l s +y- (3.10)

Proof. According to Proposition 2.2, one may write W,.(t)¢ as
We()¢ = W ()™ — Wiy (g

for any x, t > 0, where g is the trace of Wy (£)¢* at x =0, ¢* € H*(R) and ¢* equals ¢ when restricted on R+, The
estimate (3.10) follows from Propositions 2.4, 2.5 and Lemma 3.2. O

We turn now to consideration of the forced linear problem

Ur+py — gy Htyey = f, forx,t 20,

u(x,00=0, u(0,t)=0. @3.11)

Its solution can be written in the form

!
u(-,t) = / W.t —1)f(,t)dr.
0
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Lemma 3.4. Assume that —1 <s <3—=2band 0 < b < % There exists a constant C such that for any T > 0 and
any [ € Xy -p(MT x (0, T)), the corresponding solution u of (3.11) belongs to the space Xy 1/2(M+ x (0, T)) and
satisfies the estimate

llelly, JOI <1 < CHfllx, ot x©.7))- (3.12)

Proof. By Proposition 2.3,
!
u(-,r)=fwm(z—r)f(-,r)dr—whdru)v
0

for any x, ¢ > 0 where v = v(¢) is the trace of f(; Wy (t — 1) f(-, ) dt at x = 0. The estimate (3.12) then follows from
Propositions 2.4, 2.7 and Lemma 3.2. 0O

The next lemma presents a version of so-called bilinear estimates in the restricted Bourgain space X (%" x
(0, 7)) which follows directly from Lemma 3.1 in [47].

Lemma 3.5. Given s > —1 and T > 0, there exist positive constants C, i, 8 such that
(ENCI))

forany u,v e Xy (Mt x (0, T)).

X, s 0.1y S CTH g pore <) 1Vl 1 por x 0,7) (3.13)

We are now prepared to present a proof of Theorem 3.1.

Proof of Theorem 3.1. By applying Lemmas 3.2-3.5, Theorem 3.1 can be established by the standard contraction
mapping principle.

s+l
Let¢p € H¥(MT)and h € HISZ_ (M) be given with s € (—1, %). For given 6 with 0 < 6 < 1 (to be chosen precisely
momentarily) and v, w € y\% Ot x (0, 6)), define

!
F(w) = We()¢ + Whar ()1 — / Welt — ) (ai1biwew + azbyw?)(7) dr.
0

Using Lemmas 3.2-3.5, it is seen that
) s 2
||F(w)|| yx'% o+ x0.6y) S €1 (1l e ny + ||h||Hqu—'(O'T)) + G20 ”w"yx_% M+ % (0,6))
and
IF@) — F(w)”y Lo xy S C20" v —wlly. L Q1 x06) v+ wly L OVFx©6)
.\',z b v

where the constants C; and C; are independent of 6, v and w. Let B, be the ball centered at the origin in the space
Y, %(SH*' x (0, 8)) with radius r where

r=2C(llgpll gseu+y + Ik |IHL§_|(0‘H))v
and choose 8 = T small enough that
20, THr=8<1.
In this case, it follows readily that F maps B, into itself and that for w, v € By,

|F(w) — F(v) ||y Lo x.ry S Bllw =vlly. L OO,
3 v
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Thus, the mapping F is a contraction mapping of the ball B,. The fixed point u in B, of this map F is the advertised
solution. O

The well-posedness result presented in Theorem 3.1 is conditional since uniqueness is established in the space
y (‘)1 x (0, T)) instead of in the space C([0, T]; H*(M1)). However, following the procedure developed in [11],

one can show that in fact, uniqueness holds in the space C([0, T1; H*(%H)).
Proposition 3.6. Let s € (—1, %) and r > 0 be given. There exists a T > 0 depending only on s and r such that for a
given (¢, h) € D, 1 satisfying

l¢llp, <7
the IBVP (3.1) admits a unique solution u € C([0, T1; H*(MW). Moreover, the solution u depends Lipschitz continu-
ously in the space C([0, T1; H* (1)) on (¢, h) in the space Dy .

This well-posedness result can be extended to be valid for any s > %

Theorem 3.7. Let s > —1 and r > 0 be given with s # 3m + % m=0,1,2,.... There exists a T > 0 depending only
on s and r such that for a given (¢, h) € D, satisfying

lollp,, <r,
the IBVP (3.1) admits a unique solution u € C([0, T1; H*(MT)). Moreover, the solution u depends Lipschitz continu-

ously on (¢, h) in their respective spaces.

Proof. The proof is provided only for the case wherein 0 < s < 3. The proof of the remaining case is similar and so
is omitted.

First note that according to Theorem 3.1, for a given rg > 0, there exists a Ty > 0 depending only on rg such that if
(¢, h) € Dy, satistying || (¢, l1)||D(,.,,,“ < ro, the IBVP (3.1) admits a unique solution u € Yy 7, and

ey 7, < Cr |6 D, . (3.14)

where Cy, is a constant which depends only on rg. (This dependence can be taken to be continuous if we like.)

Moreover, for any (¢, h;) € Do 7, with ||(¢;, /1/)||D(,T < ro for j = 1,2, the corresponding solutions u;, j = 1,2,
to the IBVP (3.1) satisty

lr = u2llyy, < Cof| @1, 1) = (@2, 1) |, .
Next suppose given (¢, h) € Ds y, satisfying
[@.wlp,, <

Applying Theorem 3.1 gives a solution 1 € Yy 7, salistying the estimate (3.14). We claim this solution u, in fact,
belongs to the space C([0, Tp]l; H3(M1)) and

lellcqomimory < Cnl@ Wp, , -
To see this, let v =u,. Then v satisfies

U+ pVx + (¥ + arb))(wv)y + 2a0b2uv — vy + v = f, X, 0 eNT,

(3.15)
v(x,0)=¢1(x), v(O,1)=h ().

Here, f = —a, (x)b' (Nuu, —az()c)b,(t)u2 hi(t) = h'(t) and ¢, is defined as in (1.2). This is an IBVP for a linearized
KdV-Burgers equation with variable coefficients. The same argument as presented in support of Theorem 3.1 yields
that thele exists a T’ € (0, Ty] such that the IBVP (3.15) has a unique solution v € Yy 7 since ¢ € L2(M+) and

hy e H’T(O Tp). This, in turn, implies that 4 € C([0, T']; H- (ﬂi+)) since

V=l = —lyyx + Uy — YUy — pity —a) ()b (HDun, ~ ag(x)bz(t)uz.
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Note that T/ only depends on ”””yo,n, and therefore only on rg according to (3.14). By a standard argument, one may

extend T' so that T’ = Ty,
Thus, Theorem 3.7 holds for s = 0 and s = 3. To see it is also true for 0 < s < 3, for any (¢, h) € Dy, 7, define

(@, h) it i(p, Iy 5, < 1o,
Liy(¢, h) = W—”ﬁ}'w Ry if 1@, Blipy g, > ro.

Then, the IBVP (3.1) defines a non-linear map K from D; 3, to the space C([0, T']; Hi@®")) for j =0,3 by
K(p,h)=u

where u is the solution of the IBVP (3.1) with (¢, &) replaced by I.(¢, #). Moreover, K is Lipschitz continuous from
the space Do, ;, to the space C([0, Tol; L2(M™T)) and there exists a constant C* depending only on ||(¢, h)"Do,ro such
that

|k @, h)||C(|o.n,|;H3(:)(+)) <Cfe, h)”D()_TU

for any (¢, h) € Dz 7,. Invoking non-linear interpolation theory as in [52], it is deduced that the operator K is also
well defined from the space D; 7, to the space C([0, Tp]; H*(M1)) for any s € (0, 3). Thus, for any ‘(¢, h) e Dy,
with ||(¢, h)|lp, T < rgand 0 < s < 3, one concludes that the corresponding solution u € C([0, T1; H*(MT)). O

Next, attention is given to the issue of global well-posedness of the IBVP (3.1). The arguments used in [12] can be
applied here to give the following global well-posedness result.

Theorem 3.8, Let s > 0 and T > 0 be given with s # 3m + %, m=0,1,2,.... Assume that the coefficients ay(x)b1(¢)
and ay(x)by(t) in the system (3.1) satisfy

ar(x)ba(t) = %“/1 (x)b1(t) foranyt,x > 0. 3.16)

s+1 8 )
Then, for any s-compatible (¢, h) € H* W) x H_* " Ot+), the IBVP (3.1) admits a unique solution u €
C([0, T1; H*(MT)), where n(s) =0 when s > 3 and n(s) =€ when 0 < s < 3 for an arbitrarily small € > 0. More-
over, the solution u depends analytically on ¢ and h in their respective function classes.

Note that as a consequence of the assumption (3.16), the system (3.1) has the following global a priori estimate:
any smooth solution « of the IBVP (3.1) with boundary data h = 0 satisfies

sup_[luC, D] 2 gpey = 101l 2011 (3.17)
oIgT

When —1 < s < 0, Molinet and Ribaud [47] showed that the IVP for the KdV-Burgers equation is also globally
well-posed in the space H* (M) by taking the advantage of the dissipative term —u,,. We have a similar global well-
posedness result for the IBVP (3.1).

Theorem 3.9. Assume that the coefficients a\(x)b(t) and ag(x)bg(t) in the system (3.1) satisfy condition (3.16). Let

—1 <5 <0and T > 0 be given. For any given (¢, h) € H*(M+) x HIT (M), the IBVP (3.1) admits a unique solution
ue C(0,T); H* (M)). Moreover, for any € > 0, this solution also lies in the class e (le, TY; H7(9%+)).

The following lemma is needed in the proof.

Lemma 3.10. Suppose to be given s > —1 and T > 0. There exists a § > 0 such that for all u € X_‘,‘%(.‘)ﬁ x (0, T)),

= / We(t — T)(uuy)(r)dT € L2(0, T; H¥ T (9H)).
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Proof. By Proposition 2.3, we may rewrite w as w = w| + w2 with
w| =/Wm(f =)y )(t)dr  and w2 =Whar()g

where g is the trace of w; at x = 0. According to Lemma 3.5, there exists a § > 0 such that wu, € (1’ +3(‘)1

o, T)) Thus, w, € L*(0, T; H‘+'s(“l\+)) by Proposition 2.4. In addition, it follows from Proposition 2 5 that g €
HT(‘R) which yields that wy € L2(0, T; H*+3(9+)) by Corollary 2.1 1. The proof is complete. D

Proof of Theorem 3.9. By Theorem 3.1, the IBVP (3.1) admits a unique solution
ue ([0, T*]: H* (%))
for some T* < T. Moreover, u can be decomposed in the form

w(x, ) =u(x, )y +ur(x,t)+uz(x,r)

with

u (x,t)y =W.(t)¢p, Ur(x, 1)y =WhaOh, wylx,t) = — / W.(t — T)(album\ —i—(lz/)qu)(T)dT.

According to Corollary 2.11, us € L0, T: H%(ﬂi"’)). By Proposition 2.2,
wy = Wor(1)9™ — Wha, (1)1

with 71| being the trace of Wg(1)¢* at x = 0. As remarked before, for any € > 0, 1) € C([e, T); H*M1)). As
for uz, it tollows from Lemma 3.10 that 13 L2(O, T*; H¥PSt)) for some § > 0. Conscquently, for any €| with
0<e€ <T* onecanfindat € (0,e))such that u(-, ) € H P OMT). Taking ¥ (x) = u(x, t;) as a new initial value
for the IBVP (3.1), it follows from the same argument that u(-, 1) € HS T2 (M) for some H <ty < €. Repeating

this procedure, one eventually arrives at the conclusion that (-, ') € H2(0H)) for some 0 < 1’ < ¢;. The prool is
completed by invoking Theorem 3.8. O

For the pure initial value problem (1.6), il ¥ € H*(N) lor some s > =1, then the corresponding solution 1 lies in
C(le, T1; H>*(M). There is a similar result for (3.1), which follows directly from Theorem 3.9,

Corollary 3.11. Let s > —1 and T > 0 be given. Assume that (¢, h) € H¥* (M) x H®(0, T). Then, the corresponding
solution of the IBVP (3.1) belongs to the space C(le, T1; HX(WY)) forany e with) < e < T.
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Appendix A

In this appendix, the proofs of Propositions 2.8 and 2.9 are presented. Since the development is very similar to that
appearing in [12], we content ourselves with sketches. The reader is referred to [12] for details.
Proof of Proposition 2.8. Recall that
[BZi(t)h](x) = Ii(x. 1) + I(x, 1),

where I|(x, t) is a function defined on the whole plane % x % and is, in fact, a C™®-smooth [unction of x and f. For
any t €\,
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||1|(xv’)||L§(>1f) i

(302 = o)) [ R e) a
0

L2 ()
S CIRl L2y
This type of inequality is also valid for 8;( 8,’11 for any j,! > 0. Thus, it is straightforward to see that if h € LZ(mH),
then
As p(W 1) < Cllhl| L2094y (A.1)

for any given b > 0 and s € i where the constant C depends only on ¥, b and s.
To analyze I>(x, t), remember that

Frullal(€,7) = Ly (&, 7) + I (€, 7)

where, for |&] > 1,

o0

b =7 [/ E(x, t)cos(xg)dx:| (1-0¢ )1+ o),

0

izz(g,r)ziczf(——gl +—‘§J]r )]",'i/E(x,t)cos(xn)dxi|(2@(n,1:)-|—(1 -0, D)1 +w(1)))dn
0

Since the relevant estimates in the region |&| < | are straightforward, in what follows it is always assumed that [£§| > 1
First, consider the term

/ f(i(f— (6% - 08)) + 62" &) | b, 0 dg d.

—00 —00

Proposition A.1. Let s <0and 0 < b < % — 5 be given. There exists a constant C such that

. 2b §1 7 2
f / (= 6 = p8) + 6 e |6, O ke < CUBE s (A2)
forany h € 7 ).
Proof. According to (3.11),
(o] 4 4
Fi [ / E(x,1)cos(x, sw} =Y KiE, Mo (nM)h) + D K, =12 (i(=2)h(=1).
0 m=1 m=1

In the following, detailed analysis is given for terms containing K2|; the estimates for the other terms follow similar
lines. Suppose & > 0 in what follows. The case § < O is entirely analogous. Write

A (€, 7) = Kt (€. D2 ((D)h(r), m=1,2,3.
For fixed s <0 and b > 0, we have

[/ (r = (6% = p&)) + £ (€)% | A0 G, O)(1 + 0(@) (1 - O, )" de dr
—00 0

(0]

/ h(s)e T ds

0

2

Byi(t)dr

<C / $2(1(0))

—0o0




ﬁf—————-w
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with

By (1) = f v — (& = pE)) + 607" (1 + 0(@) (1 — & D)
[}

| Claim. [fb < 1/2 —s/3, then as T — oo,

B"l (T) ~ .L,(()/)+2.\'—l)/3

To see the claim is valid, note that in act

oo

o, (D)2 (j1(1))

ufﬁ(r)qﬁz{;lm)
(@7 (T) + (& — B (1))?)?

By (1) = / (i(r = (6% - p&)) + £ &)>

Slr|\/3

(Ol/“i (r)+ ¢ — ,B/l (T))Z)Z

(1 +0®)*(1 - 0E 1) dt

0 |
since @(§, 1) = | when & < 8|73, where § > 0 is fixed, but arbitrary for the nonce. Let & = n(¢) be the real solution

of the equation

£ —t=¢, 0<¢<oo, %<s<oo,

that connects continuously to the unique real root as ¢ becomes large. Note that

n@)~¢'? as¢ - oo

For large 7, it is also the case that

3
/L(T)'\’TI/3a '0‘/4(7)”\’\/7_7]/3, ’ﬂ/t(f)|'\’%fl/z

Thus, for t > 0 large enough,

2 — gy

By (1) < 2013
I (I+"-r’”+t”u(<’l— 71/3)2 l-@)
2r 514
—c / T2/ (r C:"b C)v\/z
) (143123 (2n(2) — 11/3)2)2
st
[e.¢]

3() — |

Ine) — |

!
d¢

I
d¢

|

C/ 1{‘1 {.:JUJ 2/3
+ R
(143723 4 2n(e) — r'”)’)“m 3n2() — | %

2t

= G- (1) + G -a(7).

Continuing this sequence of inequalitics, note further that

2/3 2h
T Ll |
G- (1) <C { i

(14273
83

2t
T2/3(| +f)2h /‘ I

(1+ 7232 ] (4 )@2/3
8

de

< CT(6/7+2.\'—I)/3

and

(1) ~2/3 3p2(2) — |

d¢
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b
23 (t—1¢)
Ga1-2(1) < Crt /(] 2B 22 (1 4 £) 223

o0
23 §-2IJ
<Cr _/ 20=5/3) dg

d¢

26
2y |
L<Ct 7
if b < 1/2 — s /3. The claim is thereby established.
As a consequence, the following estimate emerges. For given s <0 and b < 1/2 — s/3, there exists a constant C
such that

(o] 00 2 00 o0 2
/ 2 (u()) / h(s)e " ds| By(r)dt < / (u())2CPHs=1/213 / h(s)e """ ds
2 0 Ve 0
V3
x C”h ” H(JIJ+.\'~I/2)/3(})‘+) (A3)

for any h € H@P+s=1/2/3(m+). The proof of Proposition 5.1 is complete. O

Next, attention is given to the term

oo oo
A 2! 7 2
[ [lte= & - p8) + &% | e, ) e e
—o0 —00
Proposition A.2. Let s and b be given satisfying s > —% and0< b < % — 5. Then there is a constant C such that
oo 00
N 3 N2, 251 % 2 2
[ [ - o)+ 0¥ nte P dgdr <R L A4)
—00 —00

forany h € HObHs=D3 g+,

Proof. As betore, we only explicitly estimate one term in F; [fooo E(x,t)cos(xn)dx], say the term

AnE 1) = K11 (€, D2 ((D))h(T),
Notice that A} (=&, T) = Ay (&, ). Hence, we may consider only the case where & > 0. Denote by g, the quantity

1
q2(3:', T) - aﬁ(l’)-i' (E +ﬂﬂ.{r))2
and, for & > 1, let D be given by
(n, ) (1 - 0@, 1))
Dyt 1) = / T o+ (1 +w<r>)_/ s oy
for & > &y () and
& T | —®&(n, 1
Dy(E,T)=2 f& Al 1?qz(n )dn+ (1 + (1)) qu(n,r)dn

for 0 < & < 8;u(t), where 81 > 0 is a small positive constant. The relevance of these functions will become clear
presently. First, note that

AL(E, T) = @&, D2 (L (D) (D) | (1(D)]-
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As for Dy, changing variables in the integrals of its definition shows it to have the form

Pe = /S(E 2y ® 1, Tz, T+ (1 4+ (D) /s(s—( — O 1) 201, T)
ay
= ﬂz(f)/ ‘(V — O (i), T) pa(n. T)dn
[;‘;:;)_ .y(yzni 7 (I =@ (u(m)n. 7)) pa(n, v)dn
=Do(y, 1)+ 1;22()2 7)
where

lz]'A 4 1 |t/ @it y AN
anzri, (l]Ifi| ] ),:L’ ( )A< 1_}_ ,]+rl”—m
m(z) (1) 1(7) ((1)- ()

We have similar definitions for 0 < y < 8. Remark that ag is bounded independently of T and so for y large enough,
y2 — 1? is bounded below for ne [O a()J Thus,

iy

‘ 2 n2

D’? A = &
2007) = s / — Wy)QO(u(r)n, T) p2(n, T)dn
0

= D11 2(1, y
YR 21.2(7, y)

with
|D2|.2(r, y)| < C forall T and y.
Turning to D2, note that @ (;(t)n, t) =0 for n > ay, so

oo

2 0 5
/),(),zn_ ;72_)(1 —O(u(t)n, 7)) p2(n, 1)dn = [—/)7(,7 t)dy

a)

| —z2

! 2.2 o l T I
T z‘,\"p(zy,r)—z d“’ﬂf/ﬁ“];
" ,

|
= —2(D77A|(\ )+ Doy, ‘L'))

I —

7 2
27y pa(zy, T)dz

[

B —-13\8

et

|
ol

()

Of course,

LP
|
Dzz.z()’,f)=zf]_z2dz=—/l_nzdﬂ
(_l\.L
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since

[ @)
[+
0

as a principal-value integral. It is therefore clear that

|Dpa(y, 1)< =

for some constant C independent of T when y is large. As for D2.1(y, ), note that

1 ot (t)+ (1) | a, (1) \ 2 Bu(m)\*\~
n“y“p(ny, ) y< " 1(1)? y w(T)y e u(t)y

1
==p*(n, y, 7).
y
Rewrite D2y |(y, T) as
1/2 ) 00 ( )
.ﬂ T;-'_) T
Dy 1(y, 1) =— </+f+/> dn
arly 172 2
to obtain
2 00
([r)msmales
| —n?
12 2
and
2
/—-—"’ I(”‘-‘;”d <C(+1ny)
—n?
arly

where C is independent of T and y for p(7) > 3 and y large. Thus, if y > yo, then

1
| D2 (1), 7)] < ;(‘ )

where C is independent of 7 and y. The following calculation shows the relevance of D3;

00 00 2
ff(l T (5" p8) +£7 0 /——An(n,f)(2@(n.r)+(l—@(n 0)(1+w(n)))dn| dédt
00

[l i N2h 125

=/p (n()h? (1)el (1) f — p&)) +E°)7(E)
0 0
o0 1 2
x /E_ﬂé]z(ﬂ,f)(z@(ﬂ,f)+(l—@(n.r))(l+w(r)))dn dtdt

o0

v 1 '
f AN IRQUA f (i(z = (8% - 08)) + 84" (6)%| Date, 1) dt d.
0 0

Appropriate bounds on D, yield bounds on the left-hand side of the last formula. Consider the quantity
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o0

Ex(7) ::a,%(wf(t T — (6% — p£)) + 3" (6) ¥ | Da(e, )Pt
0

Sty vou(r) o0
:aﬁm( j + / + / )(i(r—(_53—ps))+52)2”<s>2-"D§(g,r)ds
0 i) yop(r)

= Ey (1) + Ex(t) + Exi(1),

where &) is again a small positive constant. By our choice of w(t),

oo
|Ez3(f)|<Cr2/3 / gOP+25-6 4

You(r)

[oo]
< C12/3IL(T)6I7+2.\'—3/E6/7+2.\‘—6 dt
Mo
< Cr2h+2/3-173
for large 7, provided 6b + 25 — 6 < I, which is to say, b < (—2s +5)/6. For 8; < y < yo, say,
ay o0

C | 1
|D2|<m(0/m@(lt(f)m T)p2(n, 1) dn + (1 +w(f))/r

—@(u(t)n, 7)) p2(n, T)dn

Note that if §; < y < ag, then

o

dg

E(ultin,. )
/ —T—":;_(”Q(”’ T) = p2(y, T))dn
4 5

|
y—_;@(u(t)n,T)Pz(n,T)dﬂ <

/
o

Aty r}
,m/ e

V=

The same bound is valid if | < y < yo; thus

C
| D] < ﬂ2—(r)-
and
Yo (1)
[Ea()] < cx" / fi(r = (& — o)) + &7 (6)> de
Siju(r)
1B g1

You(t)
<Cr 3 /+ + [ )(i(r—(s3—ps))+s) (£)2 de

() V32 201/

132 2r'/3 Yoje(t)

— ) ; . 2h .2 h42x
cer(e [ e [ GiG-@-pe)rePerass [ o d&)
Si(r) /32 2r1/3

2
<Ccp=2 <12/;+(|+2.\-)/3+/(] ol — ll)zhr(|+2.v)/352.\-d§+1,(6/;+2.\-+|)/3>
172

)
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< Ct—2/3(r(6b+2.v+1)/3 + r2h+(1+6.\-)/3)
< CrEh+2-1)/3
sinceb 20.1fO< y < F% < §) in the decomposition Dy = Dy + Ds3, then
o]
D2l € —= / 2 (1 - 6w, 7)) patn, 1) dn| < €
S| ¥y -n? ’ ’ ST A(n)
)
and
) ao
Dy = 20 ( / = (p2(n, ) — P2y, ©))O (u(¥)n, T) d
dy
+ 1 (P2, T) — p2(=y, 1))@ (u(t)n, T)d
y+n
oo I
+/( p2(y, 7))+ pz(—y,r))@ u(t)n, t)dn
s \y=m y+n ( )
1
= ——(D21-1+ D21-2+ D21-3).
u*(t)
Recall that pa(n, 7) = (v3(1) + (n + w(r))?)~! with
o= 29D gy = B
p(r)’ n(t)
so that

d

n—y+2w(r)

e (u(r)n, ) ( y+n+2w(r)

Dz'_l(y’tH_Dz'_Z(y’t)zfuz('r)_+(r3+m(r))2 V21 + (o +w(T)?
0

aop

v2(1) + (—y + w(r))?

—4yw(T)(n + 2w(r))

_/ O(u(x)n, 1) [
L@+ = w@P L0 + 0~ w@PD @A) + -+ w@)?)

| |
3 + ) p 7
+y(l!'(r)+(,\‘—w(r})2 vA(T) + (y + w(r))?
It thus transpires that

[Da1-1 4 Daj—2] < Clyl.

We also note that

ay

1 1
Dz|_3=p2(y,t)0[m@(u(r)n,t)dn+pz(—y,r)0/m@(u(r)n.r)dn

a) ao
1 |
=P2(y,f)(/——dn+/—@(,u(r)n,r)dn>
y—n y—n
+ pal— y,r)(/— n+/—-@ w(ey, T )dn)
0

o

1177

)
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= pa(y, T)(—lnlal —yl+Inlyl) + pa(=y. t)(lnlan + y| = Inly])

| ® d ) 1)d
-I-pz(y,t)/ OOy | oy, T)/ O, 1) dn
Coym—1 R

i)
aj

=(=p203, D) + p2(=y, v))(Inlas] — In|y]) + p2(y, r)(— In

+P2(—y,t)ln<l +i) + pa(y, r)/ (—I + /)"7/'7 l)@(,u(r)r],r)dn

. ”“l __¥n
+ pa( »r)fn(l TP [>@(/L(T)n,r)d
ay

il
|
= (—=p20y, T) + pa(=y. 1)) <lnianl — Inly| +/ p

o)

+ pa(y, r)(—ln(l — 1) +/;’@(u(r)n, r)dn)
aj (y—mn

)

O (u(r)n, v) dn)

ay
p— %1 l —_— —}y
+ pa( ),f)(ln(l + al) / o n)n@(u(r)n, t)dn).
o

As a consequence,

|D21-3] < Clyl(In|y| + 1)

and
Cly|(In|y|+ 1)
|Dg)| € ———=5—
1= (T)
which implies that
Clyl(In|y|+1)
| D § mmp——.,
p=(r)

Thus, it is apparent that
S1pdr)

2
Eal<ce [ (14 1) iz(l—l-ln £
0

(1)

)

3
{
u(r) D i
8

<cr(1 4+ |r|)2”f(1 +@|E)* @) (1 + Infe )2 di
0

S1u(r)

<Cr (14 z))* / (5)2-"(1 +1n
0

3

< CriHE /52“"'(1 + Inlg]) dé

0
< Ct2b—(l—2x)/3
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if 2+ 2s > —1. Combining these estimates, there obtains
| Ea(z)| < Cr2=01-29/3
ifs>-3/2and0<b < — — 4. This in turn implies that
00

7 f (i(r - (&%~ pg)) + 63" ()

0o 2

|
fE_nAzl(n,t)x(2@(n,r)+(1—@(n,r))(1+w(t)))dn dédt

— O

x

o0
<C/t2h—(l—2.\')/3
0

2

o«
f h(s)e™** ds| dt

< Ch|?

s_ 1
IJ+ -%

Similar estimates for other terms yield, in sum,

ff(i(r—(s3—ps))+52) 6%, 0 dgdr < CIkl? o

—00 —00

it —% <s<0and0<b < % — 5. This completes the proof of Proposition A.2. O
Combining the last two propositions completes the proof of Proposition 2.8. O
Proof of Proposition 2.9. As in the proof of Proposition 2.8, it suffices to establish the following two results.

Proposition A.3. Let s € it and b > 0 be given. There exists a constant C such that

T F 5 22, |A ’2 C”h”H(qm.v_sz lfs %
i(r— (&7 — pE)) + &))" |I51 (6, 1) dé dv < (A.5)
| [t oy N

Proposition A.4. Let s and b be given satisfying 0 < b < % — 3. There exists a constant C such that

f/ (v — (8% - 08)) + £ ()% i€, ) d&dr<cuhn2,bﬂ (A.6)

H o)
RIEES -||
foranyh e H— 3 (®H),

We only present a proof of Proposition A.3. The proof of Proposition A.4 follows the same line as that of Propo-
sition A.2 and may be safely omitted. As in the proof of Proposition A.1, detailed analysis is given for the term
containing K»1; the estimates for the other terms are sufficiently similar that their proof do not require further elabo-
ration. Suppose & > 0 and 1 > 0 in what follows. The other cases are entirely analogous. Define A, by

Ami (&, 7) = K1 (€, D2 (0(D))h(r), m=1,2,3.
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(o] 00 2 IRb-25—8
For gi db>0,weh - Ct % gr ifs»—14,
or given s an we have < C/qﬁz(u(f)) fh(s)e_'”ds { o 2 =3
HE Ctr dr  ifs<—3
0 3 212h 2 ) 0 0
//(:(r—(s — pE)) + £ ()% | An (e, (1 + 0()OE. D)2 dE dt : o
00 - C”h”Hw’““m ifs 2 —3,
i i I Clhl? ,,_, if s < —4.
<C / ¢2 (1 () /h(s)e—'”ds B3 (t)dTt H™T
s 0 The proof is complete. O
with
o0 Appendix B
@ (1) (ju(T))
% _ SO (£3 2\2h 2 . 2 Jt 2 A
Bn(m= /(l (t (E p_E)) +é > (&) |(l + a)(r))O(E, r)| (urf'(r} +(E — ﬁ;,(r)ﬂﬁ a5 Proof of Lemma 2.6. Let [I(f)](k) denote the cosine transform of [1(f)](t), which is to say,
\/7)_ [o¢] o0
st!/3 5 7 ftn+u(n)t
o (m)a(p(r) [I(f)](k)=/coskt f e f(mdndt.
<C ilt — 3 _ + 202h 0\ 2 . I d
/( (= ("= pt))+ 65700 (@ (1) + (& = Bu(r)?)? : 0 -0
oA Since
because of the properties of &, and where § > 0 is, as before, fixed, but arbitrary for the moment. Let & = n(¢) be the A
unique real solution of the equation ||1”L,2(m+) < ”I”L%(})i)’
3 —pt=r, 0<¢ <oo, JP <E <00, it is sufficient to estimate only the terms
n@)~¢' st - oo, 77 [ fm
Eikt+itn+p(mt _ 5
For large t, note that 1(z) ~ t!/3. Thus, for T > 0 large enough, /COSkt / R S (ny ddt = f i(nk)+pnin) an
0 —00 —00
5‘[1/] 2 'Fjl
Gu(r) — ) — )™ 24/3 ! We only consider
By (t)<C e | — d
21(7) / 3 (r) —4 + (2:}(:’.’)--;{(1’))—)2( |C|) ) -1 £ -
)
-y : o = [ 1
iz — ) x| i — k) + pe(n)
<C / 5 : (]+|§|)3-—,_—~d§ —00
(1 +3c% + @n(g) —t3)?)? AEr=1 ‘ i - -
0 ' il as the other case follows by making the change of variables n — —n. Rewrite /I(k) as
|
ot ( /" F y) Gog® 1 (O] = [ (] — i[Ha(H)] k)
T iy a4 Ja+ 1t~ 3 3% - | with
' r ()
2 | ard w(n
T ] =y 20 (N = f ——— f(nd
<c T . 3<(l +T)2I7./—2df+ / (T 4‘)2»2.\' d{) [ f ] !Lz(??)-l—{??—k)z n
(I4+73) g3 (I+¢)3 o

0 1
o -2 1425 and
<Cr v (147 .

B . )@ = [
{Crf if s WA + (g — k)2 '
Ct

~ —00

To show that ||l111(g)llL,cr)y < C Il fllLy(r), it suffices to show that
In consequence,

s _ supf K(n,k)|dk <C and sup/ K(n,k)|dn<cC
/f(l (r — (8% = 08)) + 57 (6)2 | A2 €, D (1 + 0(0))O (€, 1) dE d ! _oo| | v _OOI |
0 0

o0 e 2 where
<C / P2 (u(1)) f h(s)e "t ds| B3 (r)dt ()
Knk)y=———"—"——.
0 0 6 12(n) + (n —k)?
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It is straightforward to see that for any 7,

) 7

g () I

— " dk= | ——dv=C.
j;;E(;;)+{,,_g~12 ,/1;3+| v
a8 A

Moreover, for k bounded,

[ s y?
<C ———dn < C —=—=d 1 < oc0.
/77J'/3—I-(77—k)2 i /r}"”—l—rﬁc .
—00 .

For k > 0 large,

00 ;?3” i} k/2 0 2% o0 ”2;_‘
s d = +/+ + | Vs
/ B =k / PP —k)2
—o0 o 0 k2 %
0 k/2
<C . "t
<c{ | mrmns | @
-0 1
2%

Thus, for any f € L2(W),
||I[l(f)||L2(§H) < C”.f"Lz(.‘H)'

Remark. Inequality (B.1) is also true if

3 yii
K(p) = / dk.
(1=
—00

k)2 + (vo+ n2/3)2

To study 115, let 0 < a < oo be given and consider the function

a

/()
P,(2)= | —————dr
u(2) /:‘(!—:) -;L{r}c

—da

23 = n2/3
_—I—W!U+fmlll] <C<OO.
2k

B.1H

Itis analytic in the region Im z > O since the zeros of i (f — z2) + (1) are z =+ i (1), In addition, il £(t) is compactly

supported, then

|
PD,(z) ~ 0<|—’—|> as |z] = oo

and the implied constant is independent ol a.

For given r > O and yp > 0, let C, denote the closed curve in the z-plane which is taken along the line from —r 4y
to r+iyy with yp > 0 and then around the semicircle above it of radius r centered at iyy in the counterclockwise

direction. By Cauchy’s theorem,

/ D, (2)*dz=0
G
which, upon taking the limit as r — oo, yields
(o)
/ (x4 iyg)’dx =0.

—0Q
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Since

Dy (x+iyo) =Uy(x +iyo) + iV, (x +iyo)

with
« ( )
. Yo — plr
U,(x + = G t)ydrt
(I( lyO) / (-’_-\‘]2“"(_\’”‘—}1“)}2‘)‘.()
—u
and
I —x
V,(x +iyy) = / t)dt,
u( Yo) = (!—A) _}_“”_“(!)}of()
—
it follows that
o0 o0
f UZ(x +iyo)dx = / V2(x +iyo)dx
—0 —00

and hence by Fubini’s theorem,

o0 o0 o0 ( 2
; : Yo — ()
/ Vi(x +iyo)dx < f — t);; = |f(®)|dt) dx
—00 —-00 ‘=00 ’ .
C”f||L2 \")

Taking yo — O and applying Fatou’s Lemma leads to the conclusion

2
—_— 2
/ /(r —x)? +,u’(.-)|f(t)|dt dx < CUF Iy

—o0 —d

Then, letting @ — oo and using Fatou’s Lemma again yields

5 2
/ /mlf(t)ldt dx<C||f||iz(m)
e V%

for all compactly supported f. The proof is complete. O
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