Math 180, Exam 2, Study Guide
Problem 1 Solution

Xz

1. Let f(z) = a1

e Determine the intervals on which f is increasing and those on which it is decreasing.

e Determine the intervals on which f is concave up and those on which it is concave
down.

e Find the critical points of f and determine if they correspond to local extrema.
e Find the asymptotes of f.
e Determine the global extrema of f.

e Sketch the graph of f.

Solution: First, we extract as much information as we can from f'(x). We'll start by
computing f’(x) using the Quotient Rule.

oy @+ D) (@) = (2)(2® + 1)
f($) - ($2+1>2

oy @+ 1)) = (2)(22)
) = (2 +1)2

L, 1—a?

7o) = Gy

The critical points of f(z) are the values of x for which either f’(x) does not exist or
f'(z) = 0. f'(z) is a rational function but the denominator is never 0 so f’(x) exists for all
x € R. Therefore, the only critical points are solutions to f'(x) = 0.

fi(x)=0
1 — 2
-2
(22 +1)2
1—2?2=0
r ==l
Thus, | z = —1 |and | x = 1 | are the critical points of f.

The domain of f is (—o0, 00). We now split the domain into the three intervals (—oo, —1),
(—1,1), and (1,00). We then evaluate f'(z) at a test point in each interval to determine the
intervals of monotonicity.



Interval | Test Point, ¢ f'(¢) Sign of f'(c)
(o] 2 [pep=-2] -
(—=1,1) 0 f(0)=1 +
(1, 00) P f(2)=-2 _

Using the table, we conclude that f is increasing on (—1,1) because f'(z) > 0 for all
x € (—1,1) and f is decreasing on (—oo, —1)U(1, co) because f'(x) < 0 for allz € (—o0, —1)U
(1,00). Furthermore, since f’ changes sign from — to + at = —1 the First Derivative Test
implies that f(—1) = —% is a local minimum and since f’ changes sign from + to — at x = 1

the First Derivative Test implies that f(1) = 1 is a local maximum.

We then extract as much information as we can from f”(x). We'll start by computing f”(x)
using the Quotient and Chain Rules.

(22 +1)%(1 — 2?) — (1 — 2?)[(2* + 1)?]

fe) = @11y

() = (22 +1)*(—2z) — E;—fiif(ﬁ + 1)(z* +1)]
() = —2z(2? + 1)? —(;2(1;)162)(:52 +1)(2z)

P L L?;Sf(l —a?)

(@) = (255%16;’;

The possible inflection points of f(z) are the values of = for which either f”(x) does not
exist or f”(z) = 0. Since f”(z) exists for all € R, the only possible inflection points are
solutions to f"(z) = 0.

f(x)=0

22 — 6z 0
(£E2 + 1)3

22% — 62 =0

22(2? —3) =0

xz =0, r=+V3

We now split the domain into the four intervals (—oo, —v/3), (—/3,0), (0,/3), and (v/3, o0).
We then evaluate f”(z) at a test point in each interval to determine the intervals of concavity.



Interval | Test Point, c #(0) Sign of f'(c)
(—00, —V/3) —2 f'(=2) = -3 -
(—v/3,0) -1 f'(=1) =3 +
(0,v3) 1 f1(1) = —3 -
(V3. 00) 2 f"(2) = 155 +

Using the table, we conclude that f is concave up on (—+/3,0) U (v/3, 00) because f”(z) >0
for all # € (—/3,0) U (v/3,00) and f is concave down on (—oo, —v/3) U (0,v/3) because
f"(x) < 0 forall z € (—o0, —v/3)U(0,v/3). Furthermore, since f” changes sign at z = —/3,
xz =0, and = /3, all three points are inflection points.

f(z) does not have a vertical asymptote because it is continuous for all z € R. The horizontal
asymptote is y = 0 because

lim f(z)= lim

T—00 T—00 [)j'2 + 1

= lim —
r—o0 I

= lim —
r—00 I

=0

The absolute minimum of f(z) is | —5 | at x = —1 and the absolute maximum is at

N[

r = 1.

e

|
N | =
T
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Problem 2 Solution

2. Let f(x) = xe®.

i) Find and classify the critical points of f.

ii) Find the global minimum of f over the entire real line.

Solution:

i) The critical points of f(x) are the values of x for which either f'(x) =0 or f'(z) does
not exist. Since f(z) is a product of two infinitely differentiable functions, we know
that f'(z) exists for all x € R. Therefore, the only critical points are solutions to

f'(x)=0.

fi(z) =0

(ze®) =0

(@)(e”) + (e")(x) =0

ze® +e" =0

e“(r+1)=0

r=—1
x = —1 |is the only critical point because e* > 0 for all z € R.

We use the First Derivative Test to classify the critical point z = —1. The domain of

fis (=00, 00). Therefore, we divide the domain into the two intervals (—oo, —1) and
(—1,00). We then evaluate f'(x) at a test point in each interval to determine where

f'(x) is positive and negative.

Interval | Test Number, ¢ | f'(c)

Sign of f(c)

(—o00,—1) -2 —e 2 -

(—1,00) 0 1 +
Since f changes sign from — to + at = —1 the First Derivative Test implies that
f(=1) = —e~! is a local minimum.

ii) From the table in part (a), we conclude that f is decreasing on the interval (—oo, —1)

and increasing on the interval (—1,00). Therefore,

f-1) = =

imum of f over the entire real line.

is the global min-
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Problem 3 Solution

3. Find the minimum and maximum of the function f(z) = v/6x — 23 over the interval [0, 2].

Solution: The minimum and maximum values of f(x) will occur at a critical point in the
interval [0,2] or at one of the endpoints. The critical points are the values of x for which
either f'(x) = 0 or f/(x) does not exist. The derivative f'(x) is found using the Chain Rule.

Fa) = [(6r— %)

f(z) = % [(61’ - 173)_1/2} - (62 — ZE?’)/
Fay = [6r—) "] - (6~ 302)
6 — 32

flw) = 2v/6x — a3

f'(z) does not exist when the denominator is 0. This will happen when 6x — 2* = 0. The
solutions to this equation are obtained as follows:

6z — a2 =0
z(6—2%) =0
x =0, z=+V6

The critical point 2 = 0 is an endpoint of [0, 2]. The critical points 2 = ++/6 both lie outside
[0,2]. Therefore, there are no critical points in [0, 2] where f’(z) does not exist.

The only critical points are points where f’(x) = 0.

f(z) =0

6 — 32 0
26z — 23

6—32°=0

22 =2

:c::I:\/§

The critical point © = —+/2 lies outside [0, 2]. Therefore, x = /2 is the only critical point
in [0, 2] where f'(z) = 0.

We now evaluate f(z) at z =0, v/2, and 2.
£(0) = /6(0) — 03 = 0
7 (42) =fs (43) - (43) 202
F(2) = /6(2) — 28 =2




The minimum value of f(z) on [0,2] is @ because it is the smallest of the above values of

f. The maximum is | 2v/2 | because it is the largest.
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Problem 4 Solution

4. Let f(x) =3z —a?

i) On what interval(s) is f increasing?

11

)

)

iii) On what interval(s) is f concave up?
)

()

On what interval(s) is f decreasing?
()
v (s)

On what interval(s) is f concave down?

v) Sketch the graph of f.

Solution:

i) We begin by finding the critical points of f(x). The critical points of f(z) are the values
of x for which either f’(z) does not exist or f'(z) = 0. Since f(z) is a polynomial,
f'(z) exists for all z € R so the only critical points are solutions to f’(z) = 0.

fi(x)=0
(3:5—:)33)/:0
3—-32°=0
=1
r==1

The domain of f is (—oo,00). We now split the domain into the three intervals
(—o00,—1), (—=1,1), and (1,00). We then evaluate f’(x) at a test point in each in-
terval to determine the intervals of monotonicity.

Interval | Test Point, ¢ f'(e) Sign of f'(c)

(o) 2 [pp=-] -
(—1,1) 0 f(0)=3 +
(1,00) 2 f'(2)=-9 -

Using the table we conclude that f is increasing on| (—1,1) | because f'(x) > 0 for all
re(—1,1)

ii) From the table above we conclude that f is decreasing on | (—oo, —1) U (1, 00) | because
f'(z) <0 forall z € (—oo,—1) U (1, 00).




iii) To determine the intervals of concavity we start by finding solutions to the equation
f"(z) = 0 and where f”(z) does not exist. However, since f(z) is a polynomial we
know that f”(z) will exist for all x € R. The solutions to f”(z) = 0 are:

iv)

f'(x)=0
—6z =0
=0

We now split the domain into the two intervals (—oo, 0) and (0, c0). We then evaluate
f"(x) at a test point in each interval to determine the intervals of concavity.

Interval | Test Point, ¢ f"(c) Sign of f"(c)

(—00,0) -1 F(~1) =6

+

(0, 00) 1 f"(0) = -6

Using the table we conclude that f is concave up on | (—o0,0)

all x € (—00,0).

From the above table we conclude that f is concave down on

for all x € (0, 00).

(0, 00)

because f”(z) > 0 for

because f”(z) <0
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5. For a function f(z) we know that f(3) = 2 and that f/(3) = —3. Give an estimate for

£(2.91).

Solution: We will estimate f(2.91) using L(2.91), the linearization L(x) of the function
f(z) at a = 3 evaluated at x = 2.91. The function L(x) is defined as:

L(z) = f(3) + ['(3)(z — 3)

Using f(3) =2 and f'(3) = —3 we have:

L(z) =2 —3(z — 3)

Plugging = = 2.91 into L(x) we get:

Therefore,

L(2.91) = 2 — 3(2.91 — 3)
L(2.91) = 2.27

£(2.91) =~ L(2.91) = 2.27 |
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2
T 1
6. Let f(x) = 1:1

use it in order to estimate f(0.2). Would this be an underestimate or an overestimate?

. Find the best linear approximation of f around the point z = 0 and

Solution: The linearization L(x) of f(z) at = 0 is defined as:
L(z) = f(0) + f'(0)(z — 0)
The derivative f’(z) is found using the Quotient Rule:
22+ 1Y\
! —
) = ( r+1 )

()41 = (2 + 1) (x4 1)

(x4 1)2
(2 4+ 1)(2z) = (2* +1)(1)
(x4 1)2
4201
 (w 1)
At = 0, the values of f’ and f are:
0% +2(0) — 1
)= — 2 2 =
110) (0+1)2
02+1
0) = =1
1(0) 0+1
The linearization L(x) is then:
Lz)=1—x

Since f(0.2) ~ L(0.2) we find that:

£(0.2) ~ L(0.2)
~1-0.2

~| 0.8

The actual value of f(0.2) is:

02241  1.04 13 _ 12

= =—=>—=08
02+1 1.2 15 15

f(02) =

So L(0.2) = 0.8 is an underestimate.
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7. A rectangular farm of total area 20,000 sq. feet is to be fenced on three sides. Find the
dimensions that are going to give the minimum cost.

Solution: We begin by letting x be the length of one side, y be the lengths of the remaining
two fenced sides, and C' > 0 be the cost of the fence per unit length. The function we seek
to minimize is the cost of the fencing:

Function : Cost = C'(z + 2y) (1)
The constraint in this problem is that the area of the garden is 20,000 square meters.
Constraint : zy = 20,000 (2)
Solving the constraint equation (2) for y we get:

20,000
N Xz

Y (3)

Plugging this into the function (1) and simplifying we get:

Cost =C {x + 2 (207000)]

x
40,000
x

fla)=C (x+

We want to find the absolute minimum of f(z) on the interval (0,00). We choose this
interval because x must be nonnegative (z represents a length) and non-zero (if = were 0,
then the area would be 0 but it must be 20, 000).

The absolute minimum of f(x) will occur either at a critical point of f(z) in (0, co) or it will
not exist because the interval is open. The critical points of f(x) are solutions to f'(z) = 0.

fi(x) =
40,000\’
C <:B + — ) =0
x
o (1 B 40,(300) _
x
z® = 40,000
x = +£200
However, since x = —200 is outside (0, c0), the only critical point is x = 200. Plugging this
into f(x) we get:
40, 000
f(200) = C (200 + — ) = 400C



Taking the limits of f(z) as x approaches the endpoints we get:

(x+407000) =C(0+00) =00

lim f(z)= lim C

z—0+ z—0+ T
4
lim f(z)= lim C<x+ O’Ooo)zC(oojLO):oo
T—00 €T

r—00

both of which are larger than 400C'. We conclude that the cost is an absolute minimum at
and that the resulting cost is 400C. The last step is to find the corresponding

x =200
value for y by plugging x = 200 into equation (3).
20,000 20,000
= ’ = ! =1100
YT 200
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8. Let f(x) = 3a°® — 2.
e Find the critical points of f.

e Determine the intervals on which f is increasing and the ones on which it is decreasing.

Determine the intervals on which f is concave up and the ones on which it is concave
down.

Determine the inflection points of f.

Sketch the graph of f.

Solution:

e The critical points of f(z) are the values of  for which either f’(x) does not exist or
f'(x) = 0. Since f(x) is a polynomial, f’(z) exists for all x € R so the only critical
points are solutions to f'(x) = 0.

fl(x)=0
(3:55 — 933)/ =0
152 =322 =0

322 (52* — 1) =0

Therefore, the critical points of f are | x = 0, :t% .

e The domain of f is (—o0,00). We now split the domain into the four intervals

(—o0, —%), (—%,0), (0, %), and (%,oo). We then evaluate f'(x) at a test point
in each interval to determine the intervals of monotonicity.

Interval | Test Point, ¢ f'(c) Sign of f'(c)
(-] 1 [ren=n]
(—+.0) N Ty
0, %) ! Fh) =2 -
(=, 00) 1 (1) =12 ¥




Using the table we conclude that f is increasing on (—oo, —%) U (% o0) because

f'(x) > 0 for all z € (—o0 —%) U (%,oo) and f is decreasing on (—\}5,0) U (0, %)
because f'(z) < 0 for all z € (— \/5,0) U (0, ﬁ)

To determine the intervals of concavity we start by finding solutions to the equation
f"(x) = 0 and where f”(z) does not exist. However, since f(z) is a polynomial we
know that f”(z) will exist for all z € R. The solutions to f”(x) = 0 are:

f(x) =0
(152" — 32%)" = 0
602> — 62 = 0

62(102> — 1) =0

1
r=0r=4+——
V10

We now split the domain into the four intervals (—oo, —\/%), (—\/%, 0), (0, \/%), and

(V%’ 00). We then evaluate f”(x) at a test point in each interval to determine the
intervals of concavity.

Interval | Test Point, ¢ f'(e) Sign of f'(c)
(o) | 1 [ren=-s] -

0 | -k [reh-B] -

(0. 7) i 1"(55) = -

(=, ) 1 (1) - v

Using the table we conclude that f is concave up on (—\/%,0) U (\/%,oo) because

f"(x) > 0forall z € (— \/—O,O)U(ﬁ, o0) and thlat fis Coricave down on (— _J%)U
(0, \/ﬁ) because f”(x) < 0 for all z € (—o0, ——5) U (0, 75).-

An inflection point of f(x point where f”(z) changes sign. From the above table

)is a
we conclude that | x = 0, :t\% are inflection points.




-0.45 -0.32
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9. A rectangle has its left lower corner at (0,0) and its upper right corner on the graph of

i)
ii)

iii)

. 1
f(f):-’172+ﬁ

Express its area as a function of .
Determine z for which the area is a minimum.

Can the area of such a rectangle be as large as we please?

Solution:

i)

ii)

The dimensions of the rectangle are x and y. Therefore, the area of the rectangle has

the equation:
Area = zy (1)

We are asked to write the area as a function of z alone. Therefore, we must find an
equation that relates x to y so that we can eliminate y from the area equation. This
equation is

1
2
y=x +; (2)

because (x,y) must lie on this curve. Plugging this into the area equation we get:

1
Area =z <x2 + —2)
x

1

3
_ -
gx) ==z +£L’

We seek the value of z that minimizes g(z). The interval in the problem is (0, 0c0)
because the domain of f(z) is (—oo,0)U(0, 00) but (x,y) must be in the first quadrant.

The absolute minimum of f(x) will occur either at a critical point of f(x) in (0, c0) or
it will not exist because the interval is open. The critical points of f(z) are solutions
to f'(x) =0.

fl(x)=0

1 /
(:E3+—) =0

e

1
2 _
3ZL' —E—
3zt —1=0



However, since x = —% is outside (0, c0), the only critical point is x =

this into g(z) we get:

%. Plugging

1 1\* 1 1,
— == +T+=-"7++V3
(%)~ (3) LT
Taking the limits of f(x) as x approaches the endpoints we get:

1
lim f(z) = lim (x3+—):0+oo:oo
xz—0t z—07F x

1
lim f(z) = lim <x3+—> =o00+0=o00
T—00 T—00 €T

both of which are larger than —= + V3. We conclude that the area is an absolute

V21
minimum at | x = 4%@ and that the resulting area is ﬁ + /3.

iii) We can make the rectangle as large as we please by taking x — 07 or z — oo.
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10. A box has square base of side x and constant surface area equal to 12 m?.

i)
ii)

Express its volume as a function of z.

Find the maximum volume of such a box.

Solution:

i) We begin by letting = be the length of one side of the base and y be the height of the

ii)

box. The volume then has the equation:
Volume = z?y (1)

We are asked to write the volume as a function of width, x. Therefore, we must find
an equation that relates x to y so that we can eliminate y from the volume equation.

The constraint in the problem is that the total surface area is 12. This gives us the
equation

22° 4 4oy = 12 (2)
Solving this equation for y we get
22% + dxy = 12
x? + 22y =6
6 — 2

(3)

4= 2x
We then plug this into the volume equation (1) to write the volume in terms of x only.

Volume = z°y

2
Volume = z2 <6 T )

2z

f(z) =3z — %:B?’ (4)

We seek the value of x that maximizes f(z). The interval in the problem is (0,+/6].
We know that > 0 because z must be positive and nonzero (otherwise, the surface
area would be 0 and it must be 12). It is possible that y = 0 in which case the surface
area constraint would give us 222 +42(0) =12 = 22=6 = z=/6.



The absolute maximum of f(z) will occur either at a critical point of f(z) in (0,/6],
at = /6, or it will not exist. The critical points of f(x) are solutions to f'(z) = 0.

f(x) =0

1 !
(3:17— §z3> =0
3 — g:ﬁ =0
2 =2

xz:l:\/i

However, since z = —+/2 is outside (0, \/6], the only critical point is = v/2. Plugging
this into f(x) we get:

7(v2) =3(va) -5 (v2) =2v2

1
2
Evaluating f(z) at 2 = v/6 and taking the limit of f(x) as 2 approaches 2 = 0 we get:

lim f(z)= lim (Bx — %x?’) =0

F(46) =3(48) -5 ()" =»

both of which are smaller than 2v/2. We conclude that the volume is an absolute

maximum at z = /2 and that the resulting volume is 22 m3 |.




Math 180, Exam 2, Study Guide
Problem 11 Solution

11. Use the Newton approximation method in order to find x5 as an estimate for the positive
root of the equation 2 — 5 = 0 when zy = 5.

Solution: The Newton’s method formula to compute z; is

where f(z) = 2? — 5. The derivative f'(z) is f'(z) = 2z. Plugging zo = 5 into the formula
we get:

. x_x3—5
1= Zo 270
52— 5
—5—
o 2(5)
20
—5-_ =
o 10
1’1—3

2y — 2y — 4T
f'(@1)
Plugging xy = 3 into the formula we get:
N 2 -5
2 =T 90,
3 -5
=3
" 2(3)
4
To = 3 — 6
S
273
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12. Use L’Hopital’s Rule in order to compute the following limits:

_ In(3z+1) . et
lim ——= Iim zlnzx lim
=0 In(bx + 1) z—0+ z—0 tanw

. 1 4 . e’
im — im
e—d \\Jr—2 x—4 z—+oo r + Inx

Solution: Upon substituting z = 0 into the function }Egiﬁ; we get

In(3(0)+1) 0
m(G0)+1) 0
which is indeterminate. We resolve the indeterminacy using L’Hopital’s Rule.
- @Bz +1) yn i (In(3z + 1))
=0 In(bx +1)  2—0 (In(bz + 1))
3

11 1

1
li 3z+1
xﬁom’f)
3 bzr+1
m — -
z—0 5 3x+1
_3 5(0)+1
5 3(0)+1

3
5

As © — 07 we find that xlnx — 0 - (—o0) which is indeterminate. However, it is not of the

form % or 22 which is required to use L’Hopital’s Rule. To get the limit into one of the two

required forms, we rewrite x Inx as follows:

Inz
zlnx =

-]

As z — 0%, we find that 11% — —2. We can now use L’Hopital’s Rule.

: . Inz
lim zlnz = lim —
z—0t r—0t+t =
X
va ;. (Inz)
= lim Y
-+ =
rz—0 (:c>
1
= lim .
z—0T ——=5
X
= lim —=z
z—0t



e3r—1

Upon substituting z = 0 into the function <— we get
W -1 0
tan0 0

which is indeterminate. We resolve the indeterminacy using L’Hopital’s Rule.

) 63m -1 L'H .. (63m _ 1)/
lim — = lim —
=0 tanx =0 (tanx)

) 363:(:
= lim
z—0 sec? x

= lim 3€* cos® z
= 3¢ cos? 0

-

Upon substituting z = 4 into the function ﬁ — ﬁ we get
1 4

=00 — 0

Vi—2 4—4

which is indeterminate. In order to use L’Hopital’s Rule we need the limit to be of the form

% or 2. To get the limit into one of these forms, we rewrite the function as follows:

1 4 z-4-4(z-2)
V=2 z—4  (Vo-2)(z—4)
r—4yr+4

(Ve —2)(z —4)
_ Wz -2)(Vz -2

(Ve —2)(z —4)

VT —2
 x—4

Upon substituting x = 4 into the % we get

Vi-2 0

4 -4 0




which is now of the indeterminate form %. We can now use L’Hopital’s Rule.

lim 1 — 4 :lim\/__2
z—4 \/5—2 x—4 r—4 x —4

— = which is indeterminate. We resolve the indeterminacy

o0

As r — 400, we find that
using L’Hopital’s Rule.

efL‘
z+Inz

I e’ UH . (e*)
im = —
z—too x+Inx  z—too (z+Inx)
. e’
= lim T
rx—4o00 1 + s
T
140
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13. Compute the following indefinite integrals:

/(372537+6) dx /%(TZ\/?) dx /egxdm

Solution: Using the linearity and power rules, the first integral is:

/(m2—5x+6) dx:/xzdx—5/xd:c+6/dx

1 L,
=37 5(2x>+6(x)+0

1
= §x3—gx2+6x+6’

Using some algebra and the linearity and power rules, the second integral is:
/\3/5(:172 — \/E) dr = /:L'l/3 (:)32 —1’1/2> dx
= / (937/3 —:E5/6) dx

_ ixlo/:}, _ Exn/ej L C

10 11

1
Using the rule /ekx dr = %ekx + C, the third integral is:

1
/e?’xdaz = ge?’w+C’
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14. Consider the function f(z) = 2* — z on [0,2]. Compute Ly and Ry.

Solution: For each estimate, the value of Ax is:

The L, estimate is:

The R, estimate

Ry

18:

b—a 2-0

1
AT =—% 1 2

%) +F)+f (g) +f(2)}
o)
i+0+z+4



Math 180, Exam 2, Study Guide
Problem 15 Solution

15. Use the Fundamental Theorem of Calculus in order to compute the following integrals:

2 4 ™
/ (2 +2+1) do / Vv dz / sin(2z) dz
0 1 0

Solution: The first integral has the value:

2 1, 1 ?
/ (2?+2+1) de= —x?’—i——xz—l—x}
0

_3 2 0
1 1 1 1

— _23 _22 2| — -n3 N2
532+ +} {30 +50° 40
8

— g+2+2}—[0+0+0]

[20

13

The second integral has the value:

4 4
/ \/de:/ 22 dx
1 1

4
B
3 1
— 243/2 — 213/2
3 3
16 2
3 3
14

The third integral has the value:

/0 " sin(22) do = —% cos(Qa;)]
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