Math 180, Final Exam, Fall 2011
Problem 1 Solution

1. Calculate the following limits:

3sin(z) cos(z)

i
(a) :z‘g% T — 27
(b) lim Va?+az—x
T—>00
2+ 1
.
© M
Solution:
(a) Upon substituting z = 7 we get the indeterminate form g. This indeterminacy is
resolved using L’Hopital’s Rule.
lim 3sin(z) cos(z) Ui %Sdsin(x) cos(x)’
=T T — 2z esg (T —21)
lim 3sin(z) cos(z) _ lim 3 cos(z) cos(z) — 3sin(x) sm(x)’
TG T —2x TG —2
lim 3sin(z) cos(z) _ im 3(cos?(z) — sin2(x))’
z—Z ™ — 21 z—Z —2
r 3sin(z) cos(z)  3(cos*(Z) — sin’*(%))
im =
o7 T — 2T —2 ’
lim 3sin(z) cos(z) _ 3(0 — 1)7
TG T — 2% —2
lim 3sin(z) cos(z) _3

=T T — 21 2

(b) This limit has the indeterminate form oo — oco. To resolve this indeterminacy by
multiplying the function by its conjugate divided by itself.

vVittz+ux
lim Va2 +2 — 2 = lim (\/:E2+x—x>- —_ |,
T—00 T—$00 Vit r+zx

2 )
i Ve T 7o x = i St
T—00 T—00 1/1’2+IL’+$
e

lm va2+z—2=lim ————.
T—00 =00 \/x2 4+ x4+ 1



This limit has the indeterminate form £ so it is a candidate for using L’Hopital’s rule.
1

However, we will proceed by multiplying the function by .

T

x
lim Va2 +2—2z = lim —,
T—00 z—=o0 \/x2 + x4 2

T
lim V22 +2 — 2 = lim ———
T—00 T—00 */.Z'2+l'+l'

1
lim vVz2 +2 — 2 = lim

1
lim Va2 42 -0 = ——8—,
00 VI+0+1

1
lim \/x2+a:—x:§

T—r00

1
.z

10

T

(¢) The function is continuous at z = 1 so we can evaluate the limit by substitution.

P41 1241 2
lim = = —
z—=1 g +4 14+4 5
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Problem 2 Solution

2. Calculate the derivatives of the following functions:
(a) In(z? + €%)

(b) (z* — 5z + 1)vVzt + 10

3r+ 2
© 5
T+ 3

Solution:

(a) The derivative is obtained using the logarithm and chain rules.

d 1 d
— 1 2 Ty — (2 x
o n(z” + e") o dx(:c +e")
1 xX
- $2+em-(2x+e)

(b) The derivative is obtained using the product and chain rules.

d d d
— (2® =5z + )Vt + 10 = (2 — 5z + 1)%\/3:4 +10 + Vat + 10%(:1:2 — 52+ 1),

dx
1 d
=@*-br+1) ———— - —(z* +10) + V2t + 10 - (22 — 5),
( ) W t ) ( )
1
=| (2 =br+1) ——— - 42> + Va2t +10- (22 — 5)
2vxt + 10

(c) The derivative is obtained using the quotient rule.

d 3v+2 (4o+3)L(3x+2)— 3z +2)L(4x +3)

dr 4z +3 (42 + 3)2 ’
| Wr+3)-3-(3x+2)-4
N (4x 4 3)?




3. Let f(z) = 2® — 62% + 9 — 5.
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Problem 3 Solution

(a) Find all critical points of f and classify them as local minima, local maxima, or neither.

(b) Find the intervals on which f is increasing or decreasing.

(c¢) Find the intervals on which f is concave up or concave down.

Solution:

(a) We begin by finding the critical points of f. The critical points of f are the values of
for which either f’(z) does not exist or f'(z) = 0. Since f(x) is a polynomial, we know
that f'(x) exists for all 2 € R so the only critical points are solutions to f'(z) = 0.

f/(x) = 07

322 — 122 +9 =0,
v —4x +3=0,

(z = 1)(z

~3)=0,

r=1 x=3.

We will use the First Derivative Test to classify each point. The
(—00,00). We now split the domain into the three intervals (—oo, 1), (1, 3), and (3, 00).
We then evaluate f'(x) at a test point in each interval to determine if there is a sign
change in the first derivative.

domain of f is

Interval | Test Point, ¢ |  f(c) | Sign of f'(c)
(—o0,1) 0 f(0)=9 +
(1,3) 2 f'(2)=-3 —
(3,00) 4 f4)=9 +

The first derivative changes sign from + to — across x = 1. Therefore, z = 1 cor-
responds to a local maximum. The first derivative changes sign from — to + across
x = 3. Therefore, x = 3 corresponds to a local minimum.

Using the table we conclude that f is increasing on

(—00,1) U (3,00)

0 for all x in these intervals and that f is decreasing on

all z in this interval.

because f'(x) >

(1,3) | because f'(x) < 0 for




(c) To determine the intervals of concavity we start by finding solutions to the equation
f"(xz) = 0 and where f”(z) does not exist. However, since f(z) is a polynomial we
know that f”(z) will exist for all z € R. The solutions to f”(x) = 0 are:

(@) =0
6x — 12 =0,
T = 2.

We now split the domain into the two intervals (—oo, 2) and (2, 00). We then evaluate
f"(x) at a test point in each interval to determine the intervals of concavity.

Interval | Test Point, ¢ f"(c) Sign of f"(c)

(~00,2) 1 J7(1) = —6 -
(2, 0) 3 F"(3) =6 +

Using the table we conclude that f is concave up on | (2,00) | because f”(z) > 0 for

all x in this interval and that f is concave down on | (—o0,2) | because f”(z) < 0 for

all z in this interval.
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4. Let x and y be numbers in the interval [1,5] with x 4+ y = 6.

(a)
(b)

Determine the values of x and y which make zy? as large as possible.

Determine the values of x and y which make zy? as small as possible.

Solution:

(a)

Using the fact that x +y = 6 we have x = 6 — y. Therefore, the function for which we
seek the absolute maximum value is f(y) = (6 — y)y* = 6y? — y>. We begin by finding
the critical points of f in the interior of the interval [1,5]. These will be the values of
y for which f'(y) = 0.

f'(y) =0,
12y — 3y* = 0,
y=0, y=4

Since y = 0 is outside the interval [1,5], the only critical point of interest is y = 4. We
now evaluate f(y) at y =4 and at the endpoints of the interval, y = 1 and y = 5.

f4)=32, f(1)=5 f(5)=25

The largest of the above function values is 32 and it occurs when | y =4 | The corre-

sponding value of z is| x = 2 | since = + y = 6.

The smallest of the function values computed in part (a) is 5 and it occurs at | y = 1 |.

The corresponding value of x is | x =5 | since x + y = 6.
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5. Find an anti-derivative for each of the following functions:
(a) 223 —1

(b) e —e™*

Solution:

(a) An antiderivative is found using the power rule.

1
/(2x3—1)dx:§:134—x+0

(b) An antiderivative is found using the exponential rule.
/(ex—e_z)d:r:ex+e_x+0

(c¢) An antiderivative is found using the substitution u = = + 1, du = dz. We get

2 1
/ dxz?/—du:21n|u\:2ln\x+1\—|—C
r+1 u
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6. Calculate the following definite integrals.

2
(a) / xV2a? + 1dx
0

w/3
(b) /0 sin(x) cos(m cos(x)) dz

Solution:

(a) We evaluate the integral using the substitution v = 222 + 1, 1 du = x dz. The limits of
integration become u = 2(0)>+1 =1 and u = 2(2)*+ 1 = 9. Making the substitutions
and evaluating the integral we get

(b) We evaluate the integral using the substitution u = 7 cos(z), —
limits of integration become u = mwcos(0) = 7 and u = 7 cos(

2 1 9

/x\/2x2+1d1’:—/ Vudu,
T

/x\/Zdex— {—uzﬁ/ﬂ ,

13" |,
1 2
/ V212 + dm—z

[5(9)3/2 - §<1)3/2} ,

1
/ V222 + 1dx = ES
0

du
) =

w|=1=‘ ""

substitutions and evaluating the integral we get

w/3 1 /2
/ sin(x) cos(m cos(x)) dx = ——/ cos(u) du,
0 T

™

/3 1 T
sin(x) cos(m cos(x)) dx = —/
w/2

" sin(x) cos(m cos(x)) dx = 1 [sin(u)} i

cos(u) du,

o— S—

s 72
/3 1 T
sin(x) cos(m cos(x)) dx = — [sinw — sin 5] :
m

/ﬂ/3 sin(x) cos(m cos(z)) dx = —=

™

[e=]

us
2

sin(x) dz. The

. Making the
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7. Let A(z) be the area below the curve v/t3 + 1 between ¢t = 0 and t = z.
(a) Express A(x) as a definite integral.
(b) Calculate A'(z).

(c¢) Use the linear approximation of A(z) at x = 0 to approximate A(0.1).

Solution:

(a) The area function is

Ax) = /{: Vi34 1dt

(b) Using the Fundamental Theorem of Calculus we get

Afz) = VB L

(c¢) The linearization of A(x) about x = 0 is the function
L(z) = A(0) + A(0)(z — 0).

We know that A(0) = 0 and that A’(0) = v/02 + 1 = 1. Therefore, the linearization is

The approximate value of A(0.1) is | L(0.1) = 0.1 |
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