Math 180, Final Exam, Spring 2012
Problem 1 Solution

1. Compute each limit or explain why it does not exist.

. 1
(2) 112}3 x?—1
(b) lim sin(z)
T—00 T
(c) lim —3:17 +10—4
’ r—2 €xr — 2
Solution:

(a) The function f(x) =

limit via substitution.

T 1 is continuous at x = 3. Therefore, we may evaluate the
$ _

I 1 1 1
im = = _,
=3 32—1 32—-1 8

(b) The limit must be evaluated using the Squeeze Theorem. First, we note that

B sin(z)

<

<

K| —
SEE

X

for all z > 0. Furthermore, we know that

1 1
lim <——> = lim — =0.
T—00 T T—00 U

Therefore, by the Squeeze Theorem, we have

sin(x)

lim =0.
Tr—r0o0 X

(¢) Upon substituting z = 2 we find that the limit is of the form ? which is indeterminate.
We have two options: (1) use an algebraic method or (2) use L’Hopital’s Rule. We will



use an algebraic method, i.e. multiply by the conjugate divided by itself.

3z +10—-14 o V3x+10—4 3z +10+4
lim ———  — lim ) :
T2 Tz — 2 z—2 r— 2 V3r+10+4
lim V3r+10—4 ’ (3x 4+ 10) — 16
- =lim ,
22 r—2 =2 (z —2)(v/3r+ 10+ 4)

lim—\/m_4:lim 52— 6

=2 x—2 22 (2 —2)(V3x + 10 +4)
lim —\/m_4 = lim 3w = 2)

T—2 x— 2 T—2 ($—2)(\/m+4)’
. VBr+10—-4 3

lm —M =lim ——,

T2 x—2 =2 \/3x +10+4
hm\/W—zL: 3

T2 r—2 \/m+4’

oy VT4 3

T2 T — 2 8




Math 180, Final Exam, Spring 2012
Problem 2 Solution

2. Compute the derivative of each function below. Do not simplify your answer.

x4+ 2y/x

(a) 1 — a3
(b) cos(cos(2%))

(c) tan~* (5 tan(x))

Solution:

(a) Use the Quotient Rule.

da+2yr (1= g +2V7) — (@ +2V2) £ (1 - 2%

dr 1—a3 (1 —a3)2 ’
d v+2y7  (1=2°)1+ )= (z+2V7)(-327)
de 1—z% (1 —x3)2

(b) Use the Chain Rule twice.

d o oy 4 z
o cos(cos(2%)) = — sin(cos(2)) - Ir cos(2%),

o cos(cos(2%)) = —sin(cos(2%)) - (—sin(27)) - . 2%,

% cos(cos(2%)) = —sin(cos(2")) - (—sin(27)) - (In2)2°

(c) Use the Chain Rule.

4 tan~! 1tam(:z:) = ! 4 ltan(a:)
3 1+ (3 tan(z))? dx 3 ’

d 1 1 1
- t -1 —t = . = 2 .
dz (3 an(:”)) 1+ (Ctan(z)? 37 (z)




Math 180, Final Exam, Spring 2012
Problem 3 Solution

3

3. Consider the function f(z) = — 1
I’ J—

(a) What is the domain of this function?

(b) Identify all vertical asymptotes of the graph of this function. Write an equation for
each one. If the graph has no vertical asymptotes, explain why.

(c) Identify all horizontal asymptotes of the graph of this function. Write an equation
for each one. If the graph has no horizontal asymptotes, explain why:.

(d) Find all critical points of this function and classify each one as a local maximum, local
minimum, or neither.

(e) Find all inflection points of this function.

Solution:

(a) The domain of f(x) is all real numbers except z = £2.

(b) |z =2|and | z = —2 | are vertical asymptotes because at least one of the one-sided
limits of f(z) as + — 2 and © — —2 is infinite. In fact,

lim —
im = -0
r—2~ £L‘2 — 4 ’
. x3
lim 5 = +00,
2t 12 —4
I v’
im = —00
r——2" 1'2 — 4 ’
. 3
lim = +o00.

z——o+ 32 — 4

(c) There are no horizontal asymptotes because the limit of f(z) as z — +oo0 and
xr — —oo are infinite. In fact,

a3 a3

= 400, lim —— = —c.

lim
z——00 2 — 4

T—+00 1’2 — 4




(d) The first derivative of f(z) is

(22 —4)L o3 — 231 (27 — 4)

Flw) = S
oy (@ = 4)(32?) — (27)(22)

f (I) - (ZE2 . 4)2 )
o 3xt —122% — 22°

e

by ot — 1222
fi(z) = e

We know that a critical point of f(z) is a number ¢ that lies in the domain of f(z)
and that either f'(¢) = 0 or f’(c) does not exist. In this case, f’'(z) will not exist at
x = +2. However, neither of these numbers is in the domain of f(x). Therefore, the
only critical points will be solutions to f'(x) = 0.

fi(x) =0

xt — 1222
=0
(22—4)2 7
zt — 1222 =0,
2} (2? — 12) = 0.

Either 22 = 0, which gives us # = 0, or 22 — 12 which gives us = +v/12 = +2+/3.
We now use the First Derivative Test to classify the critical points.

Interval Test Point, ¢ f'(c) Conclusion

(—o0, —2v/3) —4 f'(—4) =25 | increasing

(—2v/3,-2) -3 f/(—=3) = =2 | decreasing

(—2,0) -1 f/(=1) = =4 | decreasing

(0,2) 1 f'(1)=—4 | decreasing

(2,2v/3) 3 f'(3) = —g—g decreasing

(2V/3, +00) 4 fl(4)=2L increasing
The first derivative changes sign from positive to negative across © = —2v/3. Therefore,
x = —2+/3 corresponds to a local maximum of f(z). The first derivative changes sign

from negative to positive across = 2v/3. Therefore, = 21/3 corresponds to a local
minimum of f(z). On the other hand, the first derivative does not change sign across
x = 0. Therefore, x = 0 corresponds to neither a local maximum nor a local minimum.



(e) The second derivative of f(x) is

(22 — 4)2L (2* — 1227) — (2* — 122%) L (2? — 4)?

f//(-x) == dx ($2 — 4)4 |
by (0?4240 — 240) — (a* — 120°) - 2(a® — 4) - 2
f (l’> = (ZEQ _ 4)4 ,
oy (@7 = 4)[(2* — 4)(42° — 24) — 4o (2! — 1227)
f (f) = (332 _ 4)4 ,

I . 425 — 4023 + 961 — 42° + 4823
f(x) = (22 — 4)3 )
83

f(x) = (22 — 1)

An inflection point of f(x) is a number ¢ in the domain of f(z) such that either
f"(c) =0or f’(c) does not exist and f”(z) changes sign across c¢. Although f”(x) does
not exist at x = %2, neither is in the domain of f(z). Therefore, the only possible
critical points are solutions to f”(x) = 0.

f//(x) — O’
8z® 0
o
8z% =0,
xz=0.
We note that f”(—1) = 2% and f"(1) = —2%. Therefore, since there is a sign change

across * = 0 we know that z = 0 is an inflection point.



Math 180, Final Exam, Spring 2012
Problem 4 Solution

4. Use a linear approximation to estimate each quantity. Clearly indicate the function and
the point where you are taking the linear approximation.

(a) V79
(b) In(1.067)

Solution:

(a) Let f(x) = /x and a = 81. The derivative of f(z) is f'(z) = NG Therefore, the

linearization of f(x) at a =81 is
L(z) = f(81) + f'(81)(z — 81),
1
L(z) = V81 + 2—\/ﬁ(x —81),
L(x) =9+ %8(37 —1).

An approximate value of /79 is L(79). That is,
V79 ~ L(79),
1
V79~ 9+ 579 —81),

1
ng—g,

(b) Let f(z) = In(z) and a = 1. The derivative of f(z) is f'(z) = i Therefore, the
linearization of f(x) at a =1 is
L(z) = f(1) + f()(z = 1),
L) = In(1) + 1 (x — 1),
L(z)=z—1.
An approximate value of In(1.067) is L(1.067). That is,

In(1.067) ~ L(1.067),
In(1.067) ~ 1.067 — 1,

In(1.067) ~ 0.067.




Math 180, Final Exam, Spring 2012
Problem 5 Solution

5. Compute each limit or explain why it does not exist.

.1 —cos(3x)
@
b) lim (3z)>
(b) Jizp, (3)

Solution:

(a) This limit is of the form 8 which is indeterminate. We will use L’Hopital’s Rule to
evaluate the limit.

1 —cos(3z) vm i 4 (1 — cos(3z))

alnlg(l) 2 - 112% % 12 ’

lim 1 — cos(3z) — tim 38111(35(})’

x—0 ;C2 x—0 2,7;

lim 1 — cos(3z) LH 43 sin(3x)’

z—0 2 z—0 %23;
1—

lim cos(3x)  lim 9008(333)’

x—0 ;1;‘2 x—0

lim 1 — cos(3z) _ 9cos(3 - O)7

z—0 2 2

lim 1 — cos(3z) _ 9

z—0 2 2

(b) This limit is of the form 0° which is indeterminate. For this type of indeterminate
form, we rewrite the limit as

lim (32)° = lim exp (In(3z)"") = lim exp ((5z) In(3z)) = exp < lim (5x) ln(3:17)> .

z—0+ z—0t z—07F z—0t

where we note that exp(z) = €. The limit in parentheses is of the form 0 - —oo.

However, we can turn it into a limit of the form —22 by rewriting the function as
In(3z
(52) In(3x) = (1 )
5z



We can then use L’Hopital’s Rule.

1
lim (5z)In(3z) = lim n(l?)x)’
z—0+ z—07+ 52

/ < 1n(3

lim (5z)In(3x) ' im w,
z—0t x—0t 55_1

1.3
lim (5z)In(3z) = lim 22—,
z—0t z—07t —5?
lim (52)In(3z) = lim (=5
o, (5e) In3n) = Ji, (=52),
lim (5z)In(3z) = 0.
z—07+

Therefore, the value of the limit in the original problem is

wli}r(r)l+ (37)%" = exp ( lim (5z) ln(Sx)) = exp(0) = 1.

z—0t




Math 180, Final Exam, Spring 2012
Problem 6 Solution

6. Suppose that functions g(x) and h(z) satisfy

|4 |4

/ g(z) de = —4, / h(z) dz =0,
1 1

/jw’) dr = —1, / (o) = h(z)) dz — 0,

and that g(x) < 0 for all z. Calculate each of the following integrals:

@ [ (ole)+1)ds

(b) /1 b d

(© / (lg(@)) + 3h(x)) de

Solution:

(a) Using one of the linearity rules, the rule for switching the limits of integration, and the
Fundamental Theorem of Calculus, the value of the integral is found to be:

/51(g(x)+1)dx:/519(x)dx+/511dx,
/51(g(x)—|—1)dx:—/15g(x)dx+/511dx,

[t + e =+ [2].
/51(g(x)+1)d:v:4+ [1—5],
/51(9(1:) +1)dx = 0.

5
(b) We begin by noting that, since / (9(x) — h(x)) dz, we know that
3

/:h(:c)d:z: = /35g(x)d:£ =—1.



Furthermore, the property that allows us to split an integral into two integrals gives

us the equation
5 3 5
/h(m)dx:/ h(x)dx+/ h(z) da.
1 1 3

/fh(x)da: - /13h(x)dx+/:h(x)dx,

3
0 / h(z)dz — 1,
1

/1 3 h(z) da.

(c) Using the linearity rules for definite integrals we can rewrite the given integral as
follows:

Therefore, we have

1

/15(‘g(x)|+3h(“"))d$:/15 Ig(fv)Id:chS/l5 h(z) de.

Using the fact that g(x) < 0 for all z we can say that
5 5 5
[ la@lds = [ (gt ds == [ go)de = ~(-2) =4
1 1 1

5
Furthermore, since / h(x) dz = 0 the value of the integral is
1

/1(|g(x)]+3h(x))dx:/l \g(x)|da:+3/1 h(z) dz = 4+ 3(0) = 4.



Math 180, Final Exam, Spring 2012
Problem 7 Solution

7. Compute the definite integrals.

/16
(a) / (14 tan®(z)) dx

77 /16

29 T
(b) / 32
Ve

Solution:

(a) We begin by splitting the integral into the sum of two integrals:

Tr/16 Tw/16 Tm/16
/ (14 tan®(z)) dov = / ldx + / tan®(z) dx.

—77/16 —7m/16 77/16

We note that 1 is an even function so that

77’1’/16 77T/16 771'/16
/ 1dx:2/ 1dx:2[x} _
—7r/16 0 0 8

and that tan3(z) is an odd function so that

Tw/16
/ tan®(z) dz = 0.

/16
Therefore,
/16 /16 /16 r
/ (1+ tan®(z)) dox = / ldx + / tan®(z) dor =| — |
—7r/16 —7r/16 —7r/16 8

(b) We solve the integral by rewriting the integrand and using the Fundamental Theorem



of Calculus.

o
[\
+
w
H

/12 e )da:

2

B

o
[\
+
w0
H

(22712 + 32'/%) da,

B

1

2
2/ 1/2d:U—l—3/ 22 de,
1

2
dx—2[2:171/2} —1—3{:23 2} ,

1

o
[\
+
w
H

B

B

M\H\M\MH\H\H\
o
&

294 3z 2 2
dr =2|2V2—2| +3|5(2)%* - =
Jr 2va-2)+ [3() 3}’
29432
doe = 4vV2 — 4 + 42 — 2
N x V2 + 42 ,
29432
dr = 8vV2 — 6.
[z




Math 180, Final Exam, Spring 2012
Problem 8 Solution

8. Compute the indefinite integrals.

(a) /COSZ(ZE) dx

3
b dx
(b) /\/:1;2+7

Solution:
(a) To solve this integral we must use the double angle identity

1 + cos(2x)

cos?(z) = 5

Making this replacement and evaluating the integral we find that

1 2
/COS2($) d:cz/ﬂ+<x)dx,

/ cos?(z) dr = / (% +%cos(2x)) dz,

1 1
/COS2(ZL‘) dx = 3% + 1 sin(2x) + C.

(b) We use the u-substitution to evaluate the integral. Let u = x* + 7. Then %du =xdx.
Making the substitutions and evaluating we get

/\/J;—de—S/%~xdx
i g
\/;;L 5/ w2 du,

3z
\/T =3 2\/_+O

3x
— 3 /72
/ x2+7d:ﬂ—3 x>+ 74+C.
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