Math 181, Exam 2, Fall 2007
Problem 1 Solution

1. Compute the integral:

/237\/1 —2tdx

Solution: We begin by using the u-substitution method. Let v = 2. Then du = 2x dz and

we get:
/255\/1 —ztdr = /zxm — (22) dx

:/Mdu

We now use a trigonometric substitution to evaluate this integral. Let u = sinf. Then
du = cos 6 df and we get:

/Mdu:/m(msﬁdﬁ)

= /cos@cos@d@

_ / %[1+c0s(29)] d
11
= S0+ sin(26) + C
11

—59 5 sinf cosf + C

To write the result in terms of u we use the fact that:
f = arcsin u, sin 0 = u, cos = v1—u?

to get:

1 1
/\/1—u2du: §arcsinu+§u\/1—u2+0

Finally, we write the answer in terms of x replacing u with 22:

1 1
/2:17\/1 —2ddr = 5 arcsin (932) + 5:)32\/1 -zt 4+ C




Math 181, Exam 2, Fall 2007
Problem 2 Solution

2. Determine whether the following integrals converge or not:
tooo g ; U dx
dz —
s x2+1 o xl/3

Solution: The first integral is improper due to the infinite upper limit of integration. We
will evaluate the integral by turning it into a limit calculation.

—+00 R
X
/ L _dr= lim L
2 X _'_ 1 R——+o00 2 x + 1

We use the u-substitution method to compute the integral. Let u = 22 + 1 and du =
2vdxr = %du = x dz. The indefinite integral is then:

T 1 fdu 1 1
e e N e Y P
/a:2+1dx 5 | o =ghlul=5h(@®+1)

The definite integral from 2 to R is:

R R
T _ 2
/2 7I2+1dx— [ln(:v jtl)}2

;
% I (R2+1) = (22 + 1)

Taking the limit as R — +o00 we get:

—+00 R
/ N p——
s  x2+1 R—+too Jo x2+1

1
= Jim o[ (R2+1) — (224 1)

:—[+oo—ln5}
= 00

Therefore, the integral diverges.

1
d
The second integral is a p-integral of the form / —f where p = % < 1. Therefore, the
0 T
integral converges and its value is:
/1 de. 1 |3
o T3 1-1 12




Math 181, Exam 2, Fall 2007
Problem 3 Solution

3. Compute the following integral:
+00 )
/ ve " dx
J2

Solution: We evaluate the integral by turning it into a limit calculation.
+00 R
/ re 3 dr = lim e 3 dx
2 R—+o00 2

We use Integration by Parts to compute the integral. Let u = z and v’ = e™3*. Then v/ = 1

and v = —%e‘x. Using the Integration by Parts formula we get:

b b b
/ wv' dr = uv} —/ w'vdx
R - 1R R
1 1
/ re dy = | ——xe | — / <——e‘3m) dx
2 3 192 2 3

1 1% 1 (R
= |—Z e 3® —|——/ e 3% dux
3 2

L 12 3

_ 1 —3m-R 1 1 —3x f

= _ 3xe ) + 3 [ 36 L
(1 1 1 1

— | _ZRe 3R L Z(2)e732) + —3R | * _-3(2)
3 + 3( Je + 3 e+ 3¢

R 2 1 1




We now take the limit of the above function as R — +o00.

+o00 R
/ xe 3 dr = lim xe 3 dx
2

R—~4o00 2
I R n 2 1 n 1
= lim |[— — — 4+ —
R—+00 3e3R 36 Qe3R - Qeb
I R 2 . 1 1
=— lim — 4+ —— lim — 4+ —
R—too 338 3e6  R—too 9e3BR  Qeb
= i + 2oy !
T pie 3e3R T 36 9¢b
L/ ) (R) 2 1
A N ST
Ao (3e3ft) * 3eb * 9eb
li L + 2 0+ L
=— lim — 4 — — —
R—too 9e3R  3eb 9¢eb
2 1
— 04+ = — 0+ —
+ 3eb + 9eb
~ | 96




Math 181, Exam 2, Fall 2007
Problem 4 Solution

4. Let R be the region defined by the z-axis, the graph of y = 22*, and the lines x = 0 and
x = 1. Compute the volume of revolution obtained by rotating R around the z-axis.

Solution: We will use the Disk Method to compute the volume. The formula is:

V:W/abf(x)dx

where f(z) = 2x*, a =0, and b = 1. The volume is then:
! 2
V= 7r/ (22%)" da
o
= 7r/ 42° dw
0

4 1
=T —$9
57,

47

9




Math 181, Exam 2, Fall 2007
Problem 5 Solution

5. Find the sum of the series:
+oo 32n+3

43n71
n=3

Solution: We recognize the given series as a geometric series. In order to find its sum we
must first rewrite the series.

100 H2n+3 100 52p03 100 53 2\n +oo n
3 33 3 (3) 9
Z:; 43n—1 Z:; 43n4—1 Z 4—1 (43)n nZ:; <64)

n n n=3
This is a convergent geometric series because |r| = || < 1. We can now use the formula:
+00 c
g o =M. 7
—r
n=M

where M = 3, ¢ =108, and r = 6%. The sum of the series is then:

+§108 9N\" _(9)° 108 |19,683
g 64) \64) 1—2 |56,320

64




Math 181, Exam 2, Spring 2007
Problem 6 Solution
6. Suppose that the random variable 7" has density function:

(t) 5t if0<t<1
PU=90 otherwise

Compute the average of 7" and the median of 7" and the probability that 7" lies between 1/2
and 2.

Solution: The average of T is:

b 1 . 1 5 561
/atp(t)dtzfo t(5t)dt:/0 5t dtz[ét}oz

The median of 7" is computed as follows:

/ p(t)dt =
/ 5t dt =
0

S| Ot
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The probability that T" lies between 1/2 and 2 is:

2 1 . s 1
ptdt:/ S5ttdt = |t =1°
/1/2 Q 1/2 [ ]1/2

1) |8
2/ |32




Math 181, Exam 2, Fall 2007
Problem 7 Solution
7. Compute the area enclosed by the curve r = 36% and the two axes in the first quadrant.

Solution: The formula for the area of the region bounded by the polar curve r = f(#) and
the two rays § = a and 6 = 3 is:

1 [P )
A:§/a £(0)? db

For f(f) = 30%, a =0, and 8 = & we have:
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Math 181, Exam 2, Fall 2007
Problem 8 Solution

8. Find the length of the graph of the function f(z) = 6232 + 1988 between the points
corresponding to z = 0 and x = 1.

Solution: The arclength is:
L= [ Viv P
= /01 mdz
= /01 V1+8lzdr

We now use the u-substitution v = 1 4+ 81x. Then é du = dz, the lower limit of integration
changes from 0 to 1, and the upper limit of integration changes from 1 to 82.

1
L:/ V1 +8lzdx
0

1 [2 2
— — |2(82 3/2 el 3/2
AR
_ 2 3/2
1243 [82 1]
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