Math 181, Exam 2, Spring 2009
Problem 1 Solution

dx
arctan x dx 3
) J x>+

Solution: We will evaluate the first integral using Integration by Parts. Let u = arctanx
and v' = 1. Then v/ =

1. Compute the integrals:

and v = x. Using the Integration by Parts formula:

/uv/dx:uv—/u'vd:c

1
/arctanx dr = xarctanxz — / xdx.

x2 +

we get:

2 +1

Use the substitution w = 22 + 1 to evaluate the integral on the right hand side. Then

1
dw =2xdr = §dw = zdr and we get:

1 1
/arctanxd:c = rarctanx — - / — dw
2 w

1
= rarctanz — 3 In|w|+C

1
=| rarctanz — 3 In(z* +1)+C

Note that the absolute value signs aren’t needed because 2? +1 > 0 for all z.

We will evaluate the second integral using Partial Fraction Decomposition. First, we factor
the denominator and then decompose the rational function into a sum of simpler rational
functions.

1 1 A Bx+C

x3+x_3:(x2+1)_;+ 2?2 + 1

Next, we multiply the above equation by z(z? + 1) to get:

1=A@*+1)+ (Bz+CO)x

Then we plug in three different values for x to create a system of three equations in three
unknowns (A, B,C). We select x =0, x = 1, and = —1 for simplicity.

z=0: A0°+1)+(BO)+C)(0)=1 = A=1
$=h(UW+D+(()+@ﬂﬁz = B+C=-
r=-1: ()((-1)*+1)+(B(-1)+C)(-1)=1 = B-C=-



The solution to this system is A =1, B = —1 and C = 0. Finally, we plug these values for
A, B, and C back into the decomposition and integrate.

/ dx _/ l+—x+0 i
B4z r  x2+1

1 T
= | —dx — d
/x . x?2+1 .

1
= ln|x|—§ln(x2—|—1)+0

x
2 +1

We solved the integral / dx in the first part of the problem above.
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/ dx / z dx
J =2 ] @iy

Solution: We evaluate the first integral using the trigonometric substitution x = sin 6.
Then dx = cosf df and we get:

/ dx B / cos 6 db
(1—22)32 " | (1—sin%0)3/2
cos
B / (cos? 6)3/2 a0
cos 6
= do
/00839
1
N / cos?f d0
= /se029d9

=tanf +C

2. Compute the integrals:

Since x = sin @ we know that cos @ = /1 — 22 after using the Pythagorean Identity sin? 6 +
cos?f = 1. We can now rewrite tan @ in terms of x.

dx
/m :tan9+C
B sin 6
~ cosd
T
sl st

To evaluate the second integral we use the u-substitution method. Let u = x — 1. Then



du = dr and z = u + 1 and we get:

1
:—u_l—ﬁu_2+C
1 1
=————+4+C
U 2u2+
1 1
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+oo
/ re dx
In2

Solution: We evaluate the integral by turning it into a limit calculation.

3. Compute the improper integral:

+00 R
/ ze dr = lim ze Tdx
1

n2 R—+o0 In2

We use Integration by Parts to compute the integral. Let u = z and v" = e™*. Then v’ =1
and v = —e™". Using the Integration by Parts formula we get:

b b b
/ wv' dr = uv] — / w'vdx
a - a a

R _ R R
/ ze fdr = | —xe ” — / (—e‘x) dx
In2 - 4In2 In2




We now take the limit of the above function as R — +o00.

+o00 R
/ ze ¥dr = lim ze tdx
1

n2 R—+o0 In2

. (R n2 1 1)
T (e A

=— lim R 2 lim i—l——
R—+oo ef? 2 Rotoo eff

= — lim ﬁ—l—ln—2—0+1
R—too el 2 2

L . (R)  In2 1

=AM ery T 70ty
) 1 In 2 1

S E T 0

B In2 1

=0+~ 0+

| Im2 1
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4. Compute the arclength of the graph of y = 22%? from z = 0 to = = 1.

Solution: The arclength is:
L= [ Viv P
= /0 1 \/W dx
= /0 1 V1+9zdx

We now use the u-substitution © = 1 + 9z. Then %du = dz, the lower limit of integration
changes from 0 to 1, and the upper limit of integration changes from 1 to 10.

1
L:/ V14 9zrdzx
0
1 (10
:—/ Vudu
91
10

1[2
93" |,
1[2 2

— 2121 3/2__13/2
5 |5a0re-2a)
2

—| = 103/2—1]
7|
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5. Find the 3rd Maclaurin polynomial of the function f(z) = 2sin(3z).

Solution: The 3rd degree Maclaurin polynomial T3(z) of f(z) has the formula:

7,(2) = £(0) + £+ T 0

The derivatives of f(z) and their values at x = 0 are:

k| f®(2) F0(0)

0| 2sin(3z) 2sin(3-0) =0

1| 6cos(3x) 6cos(3-0)=6

2| —18sin(3z) | —18sin(3-0) =0
3| —b4cos(3x) | —H4cos(3-0) = —5H4

The function T3(x) is then:

1) = 10+ £+ 202 1 L0
T3(z) = 0+ 6x + %;CQ _ %Ig

Ts(x) = 62 — 9
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