Math 181, Exam 2, Study Guide 2
Problem 1 Solution

1. Use the trapezoid rule with n = 2 to estimate the arc-length of the curve y = sin x between

rz=0and z = 7.
b 2
L:/ 1—}-(@) dx
a \/ dx

:/ V14 (cosx)?dx

0

:/ V' 1+ cos?zdr
0

Solution: The arclength is:

We now use the trapezoid rule with n = 2 to estimate the value of the integral. The formula
we will use is:
_ Ax

L= 55 [£(0) +2f (F) + ()]
where f(x) = /14 cos?z and the value of Az is:

The value of T5 is then:

&

o= 5 [£(0)+2f (5) + f(m)]
{mm,uﬂoggwm}
[\/1+1—|—2\/1+0+\/1—|—1]

<2+\/§)

B ol

1
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Problem 2 Solution

a) Let R be the region between y = —5 and the z-axis with > 0. Does R have finite
) 1+
area? If so, what is the area?

(b) Let S be the solid obtained by revolving R around the y-axis. Does S have finite
volume? If so, what is the volume?
Solution:

(a) The area of R is given by the improper integral:

“+o0o 1
Area:/ Z—dx
o T44+1

We evaluate the integral by turning it into a limit calculation.

/+°° dx , /R dx
= lim
o 1241 Rote J, 22+1

The integral has a simple antiderivative so its value is:

/R dx R
3 = [arctanx]
0 x*+1 0

= arctan R — arctan (0

= arctan R

We now take the limit of the above function as R — +o0.

oo dx ) R dx
5 = lim 5
o x2+1 Rotoo Jy 2241

= lim arctan R
R—+o00

™

2

Thus, the area is finite and its value is g )

(b) The volume of S is obtained by using the Shell Method. The formula is

& 1
V:/ 27rx-2—dx
0 s+ 1



To compute the integral we first turn it into a limit calculation.

b
2
V =7 lim *
b—oo Jg 2 +1

dx

The value of the integral is

b 22 2 b 2
) x2+1dx: [In]z? +1]], = In(b* + 1)

The volume is then
V= blim,ln(b2 +1) =00
de.el

That is, the volume is not finite.
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Problem 3 Solution

3. Evaluate the following integrals:

™
(a) / sin z dx

—Tr

1
dx
(b) / Z—T
0 22°+dr + 2

! dx
() 272 1+ 4r + 3
0 2x*+4x+3

(d)/ e " dx
0

Solution:

(a) We solve this integral using a reduction formula.

. 1. n—1 .
/sm” rdr = ——sin" tzcosz + sin" 2 dx
n n

Letting n = 4 we get:
.4 1.5 3 .2
sin® x dx = —ism xcosx+1 sin“ x dx

1,
__ZSIH

1
=—2 sin® x cos x + g / [1 — cos(2x)] dx

1
xTcosT + 2 / 3 [1 — cos(2x)] dx

dxcosx + gx — % sin(2x)

= —1 S1n
To evaluate / sin? x dz we used the double angle identity cos(2z) = 1 — 2sin®z.

We now solve the definite integral.

T 1 3 3 "
<4 o TS 3 e Y
/_7r sin® z dx = 7 Sin zeosz + 3% 16 sm(Q:B)] 3
3 3 1 3 3
= I sin® 7 cos 7 + T sin(27r)} — [_Z sin®(—m) cos(—7) + g(—ﬂ') ~ 16 sin(—27)
[ 3 3

~[o+3n-0] - Jo- 2
[s
|4




(b) We will evaluate the integral using Partial Fraction Decomposition. First, we factor the
denominator and then decompose the rational function into a sum of simpler rational
functions.

1 B 1 A . B
202 +5r+2 (e+1)(z+2) 220+1 x+2

Next, we multiply the above equation by (2z + 1)(z + 2) to get:

1=Ax+2)+B2zx+1)

Then we plug in two different values for x to create a system of two equations in two

1
unknowns (A, B). We select © = ~3 and z = —2 for simplicity.

1 1 1 2

r=-2: A(-2+2)+B(2(-2)+1)=1 = B:—%

Finally, we plug these values for A and B back into the decomposition and integrate.

/ 1 ; _/ A, B,
252 +2 0T J\owx1 T ax2) ™

2 1
_ 3 ~3 \ 4
/(2x+1+x+2) v

1 1
:§ln|2x—|—1|—§ln|x+2|

We now solve the definite integral.

. 1
dx 1 1
S — . D) 1] — =1 2
/0 222 + 5x + 2 [3 0|2z +1| 3 oo+ |L
S 1= T - 2 m20)+ 1 - Smjo+2
— —1n — —1n — — 1n — —1n
3 3 3 3
1 1 1 1
1
=|=-In2
3

(c) We begin by completing the square in the denominator.

/ dx _/ dx
202 +4r +3 ) 2(x+1)2+1



We then evaluate the integral using the u-substitution method. Let u = v/2(z + 1).

1
Then du = v2dx = ﬁ du = dx and we get:

dz B dx
/2x2+4x+3 _/2(x+1)2+1
dx
[V2(z +1)]? +1
%du
w2 +1

/ du
u2 +1

arctanu + C

I

S-S =S

arctan [\/i(x + 1)}

We now solve the definite integral.

1 dx 1
/0 2% +4r +3 {\/5 aretan
= —\}5 arctan [\/5(1 + 1)} — % arctan [\/E(O + 1)]

= % [arctan (2\/5) — arctan (\/5)]

1

L—

V2(x + 1)H

0

(d) We evaluate the integral using Integration by Parts. Let u = 2* and v" = e~®. Then
u' = 2x and v = —e™®. Using the Integration by Parts formula:

/uv'd:)s :uv—/u'vda:
/x%‘x dr = —x%e™® — /2x (—e_””) dz

= g% " 42 / re Cdx

we get:

A second Integration by Parts must be performed. Let u = z and v = e~®. Then
v’ =1 and v = —e~*. Using the Integration by Parts formula again we get:

/:L'Qe_x de = —2%e ™ + 2 {—xe_“” - / (—e_x) dx}
= 2% — 2ze " 4+ 2 / e Tdx

= 2% — 2re¥ — 277



We now solve the definite integral. We recognize that it is an improper integral so we
turn it into a limit and evaluate.

oo b
/ 22¢ % dr = lim r2e " dx
0

b—oo 0

= lim [—5526_“” — 2xe " — Qe_ﬂ

b—oo 0
= lim [—b%e™ —20e™" — 27" + 2]
, b2 2
=—-0-0-0+2

-[2]

When computing the limits above, we used the fact that:

lim — =0
z—0 e

by repeated application of L’Hopital’s Rule.
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Problem 4 Solution

4. Use a Taylor polynomial for y = e” to calculate e to two decimal places. Explain (using
the remainder formula) why you have used sufficiently many terms.

Solution: We will find the nth degree Maclaurin polynomial of f(z) = e” so that the error
|T,,(1) — f(1)] = |T(1) —e] is less than 1072, That is, we must find a value of n that ensures
that the Error Bound satisfies the inequality:

‘flf _ a‘n-}—l

—2
CES R

Error = |T,,(1) —e| < K

where z = 1, a = 0, and K satisfies the inequality |f"*")(u)| < K for all u € [0,1]. Since
| D (u)| = e* < 3forall u € [0,1] we choose K = 3. We now want to satisfy the inequality:

‘1 _ O‘n—i-l L
Error = |T,,(1) —¢| < 3—————— < 10
(n+1)!
Error = |T,,(1) —¢| < 5 <1072 = N
o ~ (n+1)! ~ 100
We will find an appropriate value of n by a trial and error process.
n 3
(n+1)!
1323
20 2
g3 _1
316
3 1
117
3 1
4| ==—
540
5 3 1 - 1
6! 240 " 100

Therefore, we choose | n =5 |. The Maclaurin polynomial T5(x) for f(x) = e” is:

1 1 1 1
Ts(z) =142+ §$2+§$3+ Ix4+ax5
Evaluating at x = 1 we get:
11 1 1
T5(1):1+1—|—5+§+I+§
163

T5(1) = 55 ~| 2716
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Problem 5 Solution

5. Let S be the surface obtained by revolving the curve y = sinz between x =0 and z =7
around the z-axis. What is the surface area of S?

Solution: The surface area formula is:

b
Surface Area = 27T/ fx)/1+ f'(x)?dx

Using a =0, b =7, f(z) =sinz, and f'(z) = cosx we get:

Surface Area = 27r/ sinay/1 4 (cosz)® dx
0

= 27r/ sinzV'1 + cos? x dx
0

To evaluate the integral we use the u-substitution © = cosx. Then —du = sin x dx, the lower
limit of integration changes from 0 to 1, and the upper limit changes from 7 to —1. Making
these substitutions we get:

-1
Surface Area:—27r/ vV14+u2du
1
1
227r/ V1+u?du
-1
1
247r/ V14 u?du
0

where, in the last step, we used the fact that /1 + u? is symmetric with respect to the y-axis.
To evaluate this integral we’ll use the trigonometric substitution v = tan § and du = sec? df.
We get:

/\/1+u2du:/\/1+tan29 sec? 9 dp
:/\/se029 sec? 6 do
:/sec39d9

1 1
:5tan95€c€+§ln\se(39+tan9\

where the integral of sec®@ is determined via a reduction formula. Using the fact that
u = tan @ we find that secf = +/1 + u? using a Pythagorean identity. Therefore,

1
/\/1+u2du:§ux/1+u2+ln’\/1+u2+u’

1



The surface area is then:

1
Surface Area = 47 / V14 u?2du
0

1

1

=47 §U\/1+u2+ln‘\/1+u2+u”
L 0
1 1

— 4r 5(1)\/1+12+1n‘\/1+12+1” . [5(0)\/1+02+1n‘\/1+02+0”

2
=47 gjtln?

—4W[O+ln1}

=|27vV2 + 27 1n2
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Problem 6 Solution

(a) Estimate lng using the degree two Taylor polynomial for y = Inx around = = 1.

(b) Estimate ln% using the Midpoint rule with n = 2 for the integral flg/ ’ ‘i—”

(c) Calculate the error bounds for the two estimates. Does this tell you which is closer to
the exact answer?

Solution:

(a) The degree two Taylor polynomial for f(z) = Inx around x = 1 has the formula:

f")
2!

Th(z) = f(1) + f()(x 1) + (@ —1)°

The derivatives of f(x) evaluated at = = 1 are:

.
I
The Taylor polynomial T5(x) is then:
f"()

(2 —1)?

To(x) = f()+ (D= -1) + 2!

Ty(z) :0+(x—1)—%(37—1)2

Ty(x) = (2 — 1) ~ g w— 1

We will now estimate In 2 using T5(2).

denl)
G

2
3

8

NN RGV]

Q

Q




(b) The value of Az in the Midpoint rule is:

b—a 2-1 1
A = :2 = —
YT 2 1

The Midpoint estimate M is:

el () s (2)]

(c¢) The error bound for part (a) is given by the formula:
|z — a‘n—i—l

Error S KW

where z = 2, a = 1, n = 2, and K satisfies the inequality |f”(u)| < K for all u € [1,
One can show that f”(z) = Z. We conclude that |f”(u)| = | %] < 2 for all u € [1,
So we choose K = 2 and the error bound is:

[\S] [V ] [WV]

N

1P 1

31 24

Error <2

The error bound for part (b) is given by the formula:

K —a)?

B M,) <
rror(M,) < YD

where a =1, b =
We conclude that
bound is:

,n =2, and K satisfies the inequality |(1)"| < K for all z € [1, 3].
(1) =13 <2forall z € [1,3]. So we choose K = 2 and the error

2-3-12 1

Error(M,) < _
wor(Me) < — G T 3

We cannot tell which of % and % is closer to the exact answer. All we know is that
both errors are smaller than i.
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dx

- converge or diverge? Justify your answer.

+o0o
7. Does the improper integral /
0 1+

Solution: We begin by rewriting the integral as follows:

/+°° dx _/1 dx +/+°° dx
o 14+a3  Jy 1+23  fi 1423

The first integral on the right hand side is a proper integral so we know that it converges. We
will use the Comparison Test to show that the second integral converges. Let g(x) = 5 Jrlx3.
We must choose a function f(z) that satisfies:

(1) +OO () dx converges and (2) 0<g(x) < f(x) forx > 1
1

We choose f(x) = Z5. This function satisfies the inequality:

0 <g(x) < flz)

0< 1 <1
B S C S o

for x > 1 because the denominator of g(x) is greater than the denominator of f(x) for these

values of x. Furthermore, the integral f1+°° flx)de = f1+°° w—lg, dx converges because it is a

p-integral with p = 3 > 1. Therefore, the integral f;roo g(x)dr = 1+°O H%
dx

the Comparison Test and the integral f0+°° Ti.3 converges.

dx converges by
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Problem 8 Solution

8. What is the arc-length of the segment of the parabola y = 4 — 2? above the z-axis?

Solution: The arclength is:
b
L= / V1+ fl(x)de
2
= / V 1+ (—2x)?dx
-2
2
= / V1+4x?2dx
-2
2
= 2/ V1+4x2dx
0

We solve the integral using the trigonometric substitution z = % tand, dxr = %sec2 0df. The
indefinite integral is then:

2
/\/1+4x2dx:/\/1+4<%tan9) <%sec29d9)
:%/\/1+tan29 sec? 0 dp
:%/\/se(ﬂﬁ sec? 0 dp

= %/sec?’QdH

1 1
= Etanﬁsecﬁ—i- iln\se09+tan9|

Using the fact that = = %tan@ we find that tanf = 2z and sec§ = /1 + 422 either using a
triangle or a Pythagorean identity. The integral in terms of x is then:

1 1 1 1
/\/1+4:E2dz: 1tan98e09+11n|8609+tan9| = §I\/1—|—4£E2—|—11n V1+4x? + 2x



The arclength is then:

2
L:2/ V14422 dx
0

2

1 1
=2 {5517\/1+4x2+11n‘\/1+4x2—|—2x”

2

0

1
_ [m\/l L ‘\/1 e 255”

0

:[2 1+4(2)2+%1n)\/ﬁ(2)2+2(2)”—{0- 1+4(O)2+%ln’m+2(0)”
-~ 2¢T7+%1n(¢ﬁ+4)
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Problem 9 Solution

9. Find a formula for the general Taylor polynomial 7;,(z) for the following functions around
the specified points:

(a) e around z = 0

(b) v/z around z = 1

Solution:

(a) We'll use a shortcut to find 7,,(z). We'll start with the general Maclaurin polynomial
for e* which is:

2 28 L

Lp)=ltatgrtogt ot o=) &

k=0

and replace x with —2? to get:

4 6 2\n n 2\k
L e [ o)
D) =1 = gp =g b = A

k=0

(b) The function f(z) and its derivatives evaluated at a = 1 are:

k| fP@) | f®0)
0 /2 1
1 1
1 Zp—1/2 Z
2" 2
1 1
2| —Zgp3/2 ——
4 22
3 o 1-3
I
15 1-3-5
4| = =772 -~ ~
16" 2t
The Taylor polynomial of degree n is:
B 1 o 1-3 5 1-3-5
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