Math 181, Exam 2, Study Guide 3
Problem 1 Solution

+oo
1. Compute the improper integral: / xe “d.
0

Solution: We evaluate the integral by turning it into a limit calculation.

+o00 R
/ ze *dr = lim rze *dx
0

R—+o00 [

We use Integration by Parts to compute the integral. Let u = z and v" = e¢™*. Then v/ =1
and v = —e™®. Using the Integration by Parts formula we get:

b I b
/ w' dx = uv} — / w'vdx
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We now take the limit of the above function as R — +o00.
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dx

+oo
2. Compute the improper integral: / — -
0 x4+ 1

Solution: We evaluate the integral by turning it into a limit calculation.

/+°° dx ) /R dx
PR PO
o 2°+1 R-otoo Jy x+1

The integral has a simple antiderivative so its value is:

/R dx [ ; }R
———— = |arctanz
o r?2+1 0

= arctan R — arctan 0

= arctan R

We now take the limit of the above function as R — +o00.
/ too dr . R dx
5 = lim ——
o 2°+1 Rotoo Jy x+1

= lim arctan R
R—~4o00
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T2 42245

3 converges or not.
x> +ax+1

3. Determine whether the improper integral /

0
Solution: We will show that the integral diverges using the Comparison Test. First, we
rewrite the integral as:

T2 4224+ 5 Ly 42045 T2 L2045
— —dx = - dx + ——dx
0 0 1

B +r+1 2 4+rx+1 w4+ x+1

The first integral on the right hand side is a proper integral so it converges. We will focus
. . . 2

on the second integral now. We guess that it diverges so we let f(z) = = i%f:f. We must

choose a function g(x) such that:

(1) /1+Oog(x) dx diverges and (2) 0<g(z) < f(z) forx >1

We choose the function g(z) by using the fact that 0 < 22 < 224+2z+5and 0 < 2®+2+1 <
2% + 23 + 23 for + > 1. Then we get:

0 < 72 22 +22+5
Tttt 4’ T B4+l

x? <x2+2x+5

33— xd+ar+1

1 a?4+2x+5

3= Btar+1

IN

So we choose g(x) = 5= so that 0 < g(z) < f(z) for # > 1. Furthermore, we know that:

—+oco —+oco 1 1 “+o0 1
dr = —dr = - —d
/1 g(z)dz /1 % T 3 /1 . T
+00 2242245 dr

diverges because this is a p-integral with p = 1 < 1. Thus, the integral fl

x3+z+1
diverges by the Comparison Test. Since this integral diverges we know that f0+oo ””;312;:15 dx

also diverges.
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T

/T

Solution: We will show that the integral converges using the Comparison Test. Let g(z) =

v

<= We must choose a function f (x) such that:

1
4. Determine whether the improper integral / dx converges or not.
0

(1) /01 f(z)dz converges and (2) 0<g(x) < f(z)for0<ax <1

We choose f(x) = -=. This choice of f(x) satisfies the inequality:
Nz

IA

0<g(z) < f(z)
0 ﬁﬁﬁ

for 0 < x < 1 because e” < e for these values of x. Furthermore, the integral fol f(x)dr =

IA

fol % der = e fol ﬁ dx converges because it is a p-integral with p = % < 1. Therefore, the
integral fol g(x)dx = fol \% converges by the Comparison Test.
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+00 d
5. Determine whether the improper integral ———— converges or not.

1 Vrdt+ax+1

Solution: We will show that the integral converges using the Comparison Test. Let g(z) =

ﬁ. We must choose a function f(x) such that:

(1) +00 () dx converges and (2) 0<g(z) < f(z) forz > 1
1

We choose f(z) = \/% = —5. This choice of f(z) satisfies the inequality:
0<g(w) < flx)
1 1 1

0< <— =
BRVZE RN VA A

for x > 1 using the argument that the denominator of g(x) is greater than the denomi-

nator of f(z) for these values of z. Furthermore, the integral f;roo f(x)de = 1+°° —7 da

converges because it is a p-integral with p = % > 1. Therefore, the integral f1+°° g(z)dr =

f1+°° m dz converges by the Comparison Test.
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6. Compute the arclength of the graph of the function f(x) = 2*? from x = 0 to = = 1.

Solution: The arclength is:

b
L:/ VIt f(z)2de

1 3 2
:/ 1+ (—:cl/z) dx
0 2
1
/ 9

We now use the u-substitution v = 1 + %ZL’. Then %du = dz, the lower limit of integration
changes from 0 to 1, and the upper limit of integration changes from 1 to %.

! 9
L:/O ,/1+1xdx
4

13/4

Ne)
—
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1.
7. Compute the arclength of the graph of the function f(z) = /% — 5;53/ 2 on the interval
[1,4].

Solution: The arclength is:

:/bmdas

1 2
/ -1/2 _ 2331/2) dx
1 1
— 1 -1 —
/ \/ + :)3 2+4:de
1 1
.|
/ \/4 + = +4xda:
2
/ < 12 + x1/2) dx
/( _1/2+ :)3 )da:

4
_ 2/1 («V2 + 2V du

]
= % :(2\/4_1+ g(4)3/2) — (2ﬁ+ %(1)3/2)]
-1 :(4+ 136) - (2%)}
_ |10
3




Math 181, Exam 2, Study Guide 3
Problem 8 Solution

8. Compute the surface area of the surface obtained by rotating the curve y = z* on [0, 1]
about the z-axis.

Solution: The surface area formula is:

Surface Area = 27 /b fx)v/1+ f'(x)?dx

Using a =0,b=1, f(x) =23, and f'(x) = 32% we get:

1
Surface Area = 27r/ 231+ (322)% du
0
1
= 27T/ *V1+ 9zt d
0

To evaluate the integral we use the u-substitution u = 1 + 92*. Then % du = 2% dx, the
lower limit of integration changes from 0 to 1, and the upper limit changes from 1 to 10.
Making these substitutions we get:

10

2
Surface Area — —& Vudu
36 J,

10
_ |28
18 |3

1

T 500 - S

T 183 3
- 217 [(10)%2 — 1]
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9. Find the center of mass of the constant density lamina lying below the semicircle y?+z* = 1
with y > 0 and above the z-axis.

Solution: The coordinates of the center of mass are given by the formulas:

von = Mo M.
CM—Ma yCM—M

Using symmetry, we know that M, = 0 so we get zcy = 0. The mass of the lamina is:

1 1
M =pA=p- 57?(1)2 = 5pm

The value of M, is:
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10. Compute the 2nd Taylor polynomial of the function x® — 322 + 5x + 3 centered at the
point a = 1.

Solution: The 2nd degree Taylor polynomial T5(z) of f(z) centered at a = 1 has the
formula:

1) = 1) + -1+ L e 12
The derivatives of f(x) and their values at z = 1 are:
k f9(x) F9(1)
0% =322 +50+3|1%—3(1)2+5(1)—2=6
1] 322 —62+5 3(1)2 —6(1) +5=2
2 6z — 6 6(1) —6=0
The function T5(x) is then:
1) = (U + £ - 1)+ L @ 1y

Ty(z) =6+2(x — 1)+ = (v — 1)

Ty(x) = 6+ 2(x — 1)
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11. Compute the 3rd Taylor polynomial of the function f(z) = Inx centered at a = 1.

Solution: The 3rd degree Maclaurin polynomial T3(z) of f(z) has the formula:

1) = 1) + O -1 + LD @2 Ty

The derivatives of f(z) and their values at z = 1 are:

B f®@) | f0()
0| Inz In1=20
R
x 1
1 1
2| -5 |-p=-1
2 2
The function T3(x) is then:
7,(x) = 1) + O -1 + LD @12 B oy
1 2
Ta(x) =0+ (z—1) — 5(3:— 1)2+§(x— 1)?
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12. Compute the 6th Maclaurin polynomial of the function f(x) = cosz.
Solution: The 6th degree Maclaurin polynomial T3(z) of f(z) has the formula:

PO ) s SO0 L f90) 5 f90)

6
21 30 A1 5l 6

Ts(x) = f(0) + f'(0)

The derivatives of f(x) and their values at = 0 are:

k| fP@) | ™0
0| cosx cosO =1
1| —sinz | —sin0=0
2| —cosz | —cos(=—1
3| sinz sin0 =0
4| cosw cos0=1
5| —sinz | —sin0=0
6| —cosz | —cos0=—1

The function T3(x) is then:

') 5 f"0) 5 fU0) ,
o /
To(z) = f(0) + fH(O)a + == a” 4“0 + T o + 6!
1 0 1 0 1
To(z) = 1+0- 7 = 2+ pa® + 't + a® — af
1 1 1,

TG(ZIZ') =1- 51'2 + 11'4 - 51'

FO0) 5 1O0)
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13. Give an upper bound for the error |cos1 — Ty(1)| where Ty(z) is the 4th Maclaurin
polynomial of the function cosz.

Solution: The error bound is given by the formula:

| _ aln—i—l

Error < K——
(n+1)!

where 7 = 1, a = 0, n = 4, and K satisfies the inequality | f® (u)| < K for all u € [0, 1]. One
can show that f®(r) = —sinz. We conclude that | f”(u)| = | — sinu| < 1 for all u € [0, 1].
So we choose K = 1 and the error bound is:

1—o0p | 1
50 1120

Error <1-
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1 2 4 8
14. Compute the sum of the series = — = + — — — + - -,
ompute the sum o 1€ Series 3 9 —+ 27 81 +

Solution: We recognize the given series as a geometric series. In order to find its sum we
must first rewrite the series.

1 2+4 8+ 20 21+22—2—3+
3 9 27 8 31 320 33 34
- n+1
n=0 3+

Il
3
I
o
W —
VR
|
Wl Do
~
3

The series converges because |r| = | — 2| < 1. We can now use the formula:
< c
; o' = —
where ¢ = é and r = —%. The sum of the series is:
S e
~3\ 3) 1-(-3) |5
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+o0o
15. Compute the sum of the series: E

n=1

2
n(n+2)
Solution: We recognize the given series as a telescoping series. Our goal is to construct a
formula for the Nth partial sum, Sy, and find its limit as N — oo.
We begin by decomposing f(n) into a sum of simpler fractions.
2 A B

- =4

nn+2) n n+2
2=A(n+2)+ Bn

We now plug in n = 0 and n = —2 to find the values of A and B.
n=0: 2=A0+2)+B(0) = A=1
n=-2: 2=A(-2+2)+B(-2) = B=-1
Thus, we can rewrite the series as:

fﬁzg(%_niz)

n=1

A formula for Sy is:

1 1 1 1 1 1 1 1 1 1
SN:<I_§)+<§_Z)+<§_5)+<1_6)+<5_?)+'”
1 1 1 1 1 1 1 1
+<N—3_N—1)+<N—2_N>+(N—l_N+1)+<N_m)
1 1 1
2 N+1 N+2
Taking the limit as N — oo we get:

fﬁzfg_niz)

n=1 n=1
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+o0 772 + 1
16. Determine whether the series Z Tﬂ converges or not.
n’ +n

n=1
Solution: We use the Comparison Test to determine whether the first series converges or
not. We guess that the series diverges. Let b, = n;i:;}rl. We must choose a series Y _ a,, such
that (1) 0 < a, < b, for n > 1 and (2) > a,, diverges. We notice that:

n? 1 n?+1
< - <t
“n34+nd4nd 3n T nd+n+1

for n > 1. So we choose a, = z-. Since the series Y 7> L = 13°"°0 1 diverges because it

is a p-series with p =1 < 1, the series Z:ﬁ n?i:}rl diverges by the Comparison Test.
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Inn
17. Determine whether the series E o) converges or not.

n=1

Solution: We use the Comparison Test to determine whether the first series converges or

not. We guess that the series converges. Let a, = ln” We must choose a series > b, such

that (1) 0 < a, <b, forn >1and (2) 3.7, converges. We notice that:

0= n? = n2  n32
for n > 1. So we choose b, = % Since the series Z = /2 converges because it is a
p-series with p = > 1, the series Z+°° Ln converges by the Comparison Test.
n
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+o0
1
18. Determine whether the series Z

n=2

— 5 converges or not.
n? 4 cos(mn)

Solution: We use the Comparison Test to determine whether the first series converges or
not. We guess that the series converges. Let a, = m We must choose a series Y b,

such that (1) 0 < a,, < b, for n > 2 and (2) 2202 b, converges. We notice that:

0< 1 < 1
~ n?+cos(mn) ~ n3/?

_ 1 : : +o0 1 .
for n > 2. So we choose b, = —5. Since the series ) '™ —5 converges because it is a

p-series with p = % > 1, the series Z:{i‘; 12—2” converges by the Comparison Test.
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“+oo

19. Determine whether the series Z

n=2

sin n
n?

converges or not.

Solution: The series does not consist of all positive terms so we first check for absolute
convergence by considering the series of absolute values:

—+o0 .
Z Sinn
2
n=2 n
We notice that: '
sinn 1
0< < =
| n? | T n?

for n > 2. Furthermore, Z:z # converges because it is a p-series with p = 2 > 1. Therefore,

the series Z:z Slﬂ% is absolutely convergent which means that it converges.
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+o0
20. Determine whether the series Z

n=1

cos(mn)

NG

Solution: The series can be rewritten as:

converges or not.

<X cos(mn) B X (=1)n
2 &

The series alternating so we check for convergence using the Leibniz Test. Let a,, = % We
know that a,, is decreasing for n > 1 and that

. . 1

lim a, = lim — =0

n—00 n—00 \/ﬁ

Therefore, the series > Coi%m) converges by the Leibniz Test.
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+o0
21. Determine whether the series Z
n=1

(n!)?
(2n)!

converges or not.

Solution: We use the Ratio Test to determine whether or not the series converges.

Qp+1

p = lim
n—oo (Ln

12 |
o () ey
n—oo (2(n+ 1)) (n!)?
— lm (n+Din+1)! (2n)!
n—oo (2ﬂ,+>2)! an!
o (n+ 1)nln+1n!  (2n)!
=11 .
n—oo (2n+2)(2n+1)(2n)!  nln!
~ lim (n+1)(n+1)
n?+2n+ 1
im ————
n—oo 4n? + 6n + 2
1+2+ 4
oo
nooo At gt g

Since p = i < 1, the series converges by the Ratio Test.
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+00 3n
22. Determine whether the series E —, converges or not.
n

n=1

Solution: We use the Ratio Test to determine whether or not the series converges.

. Qp+1
p = lim
n—o0 (Ln
3n+1 n4
= lim

"3t (n+1)*
nLHOIO 3n n4

4
= lim 3 (n+ 1)
n—o0 n

1 4
=3 lim <1+—)
n—oo n

=3

Since p = 3 > 1, the series diverges by the Ratio Test.
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+0o (71)n
23. Determine whether the series Z ]
nlnn

2

n=

Solution: The series is alternating so we first check for absolute convergence by considering
the series of absolute values:

“+oo +0o0
()&
; nlnn _;nlnn

We use the Integral Test to determine whether or not this series converges. Let f(z) = wﬁm

The function f(x) is decreasing for > 2. We must now determine whether or not the
following integral converges:

[e'e) R
/ 1 dr = lim ! dx
2

rlnx R—co [, xlnz

Let w =Inx. Then du = %dx and we get:

oo R 1
/ dr = lim dx
9 zlnzx R—oo Jo xlnzx
InR 1
= lim —du
R—o0 In2 u
InR
= lim [ln u]
R—o0 In2
~ lim [ln(ln R) — In(ln2)
=00

Since the integral diverges, the series of absolute values diverges by the Integral Test and

the series Z+°° % is not absolutely convergent.

Inn

We now check for conditional convergence using the Leibniz Test. Let a, = Then a,,

is decreasing for n > 2 and

nlnn

1
lim a, = lim =0
n—o00 n—oo nlnn
—_ 7L . . .
Therefore, the series > nlnn is conditionally convergent.
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' - +0o (*1)”77,2
24. Determine whether the series E -
271,
n=1
vergent, or divergent.

is absolutely convergent, conditionally con-

Solution: The series is alternating so we first check for absolute convergence by considering

the series of absolute values:

on N on
n=1 n=1

We use the Ratio Test to determine whether the series converges or not.

Ap+y1

p = lim
n—oo an

1)2 2n
— lim (n+1)° 2"
AR gn+1 n2

()

1
2
1 2
= lim - <1+l)
n—oo 2 n

= lim

n—~o0

1

S 2
Since p = % < 1, the series converges by the Ratio Test. Therefore, the series converges
absolutely.
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