Math 210, Exam 1, Fall 2012
Problem 1 Solution

1. Let r(t) = (4 cos(2t), 5sin(2t), 3 cos(2t)).

(a) Find the velocity and acceleration of r(t), given as a function of ¢.

(b) Find the principal unit normal vector when ¢ = 7.

Solution:

(a) The velocity and acceleration vectors are the first and second derivatives of r(t), re-
spectively.

r'(t) = (—8sin(2t), 10 cos(2t), —6sin(2t)) , r"(t) = (=16 cos(2t), —20sin(2t), —12sin(2t))

(b) By definition, the principal unit normal vector is

T
N =
where
R0
O e |
(1) = (—8sin(2t), 10 cos(2t), —6sin(2t))

~ /(8sin(20))? 1 (10cos(20))? + (—6sin(21))?
(—8sin(2t), 10 cos(2t), —6 sin(2t))

T(t) =
\/64 sin?(2t) + 100 cos?(2t) + 36 sin*(2t)
T(p) = (Z85in(2t), 10cos(2t), —6sin(21))
- v/100sin?(2t) + 100 cos?(2t)
~ (—8sin(2t), 10 cos(2t), —6sin(2t))
T(t) = T
T(t) = (—8sin(2t), 10 C;);(Qt), —6sin(2t))

T(t) = <—§ sin(2t), cos(2t), —g Sin(Zt)>



is the unit tangent vector. Thus, the principal unit normal vector is

CT'()
Tl
(- ), —2sin(2t), —2 cos(2t))

\/(—gcos(Zt)) + (—2sin(2t))? + (-2 cos(2t))?

N(t) = (—% cos(2t), —2sin(2t), ——cos(2t)>

\/64 cos?(2t) + 4sin®(2t) + £ sin?(2¢)
—8 cos(2t), —2sin(2t), - ¢ COS(%)>

_ (=5 5
N = V/4sin?(2t) + 4 cos?(2t)

N(t) =

N(t) =

(=2 cos(2t), —2sin(2t), — 2 cos(2t))
N(t) = i
N(f) (=2 cos(2t), —2 812H(2t) ,—2cos(2t))

N(t) = < % s(2t), — sin(2t), —gcos(Qt)>

N(r) = <—§,0,—§>

When ¢t = © we have



Math 210, Exam 1, Fall 2012
Problem 2 Solution

2. Consider the curve r(t) = (cos(t), sin(t), ).

(a) Graph the curve r(t) for 0 < ¢ < 27. Indicate in your graph the endpoints and the
direction as t increases.

(b) Find the speed of r(¢) when ¢t = 0 and the unit tangent vector T(¢) when t =

NI

Solution:

(a) A plot of the curve is shown below:

The endpoints of the curve are (1,0,0) and (1,0, 27). The direction is counterclockwise
as viewed from above.

(b) By definition, the speed is v(t) = ||v/(t)|| = ||{—sin(t),cos(t), 1)|| = \/sin*(t) 4 cos2(t) + 1 =
V2. At t = 0 we have

v(0) = V2

since the speed is constant. By definition, the unit tangent vector is T'(t) = r/(¢)/ ||t/ (¢)|| =
75 (—sin(t), cos(t), 1). Thus, at t = 5 we have
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Problem 3 Solution

3. Let r1(t) = (¢*,t* — 2t,t + 2) and ra(s) = (s, —1,2s + 1).
(a) Find the point or points, if any, at which the curves r;(¢) and ro(s) intersect.

(b) Find the area of the parallelogram spanned by the two vectors r}(0) and r/(2).

Solution:

(a) The curves will intersect if there exist numbers ¢ and s such that ry(t) = ro(s). This
will occur if there is a solution to the system of equations:

t?=s t?—22t=—-1, t+2=2s5+1

The second equation leads to t? — 2t + 1 = 0 and, thus, ¢t = 1. Plugging this into the
first and third equations gives s = 1 in both cases. Therefore, the point of intersection
is

ri(1) =(1,-1,3)

(b) The derivative of ry(t) is r(t) = (2t,2t — 2,1). The parallelogram is then spanned by
u=rj(0)=(0,-2,1) and v=r}(2)=(4,2,1)

The area of this parallelogram is:

A=luxvl|
A: ||<07_271> X <47271>||
A=[(-4,4,8)|]

A= /(-4 + 4+ 8
A=4V6
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Problem 4 Solution

4. Find the equation of the line through the point P = (1,—3,2) that is perpendicular to
the vectors (1,0,2) and (2,1, 0).

Solution: The vector equation for a line containing the point Py(xo, yo, 20) and parallel to
the vector v = (a,b, c) is

r(t) = (%o, Yo, 20) + tv = (20, Yo, 20) + t (a, b, c)

The vector v is the cross product of (1,0,2) and (2,1,0) since v will be perpendicular to
both vectors.
v =(1,0,2) x (2,1,0) = (~2,4, 1)

Therefore, the equation for the line is

r(t) =(1,-3,2) +t(-2,4,1)
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Problem 5 Solution

5. Show that the limit  lim 7 does not exist.
(2,y)—(0,0) 322 + Y2

Solution: We use the two-path test to show that the limit does not exist. Let the first path
be the line y = 0 as  — 07. The limit along this path is:

i xy ) z-0

() o (00) 372+ 42 w0+ 322 + 02

Now let the second path be the line y = x as x — 0. The limit along this path is:

Y Ty Y T-T |
im ——=lim ——— =
(@y)—=00) 322 +y?  am0t 322 + 22

1 - =
enr 422 4

Since the limits are different along different paths, the limit does not exist.
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6. Find the length of the curve r(t) = (2 cos(3t), 3t, 2sin(3t)) between (2,0,0) and (2,27, 0).

Solution: The length of the curve is computed using the formula

b
L= [ Il d
The derivative r'(t) and its magnitude are:

[Ix(£)]] = |[{=6sin(3t), 3, 6 cos(31))]|

[(1)]] = \/36:sin(31) + 9 + 36 cos2(3t)

') = V45
The endpoints of the curve correspond to t = 0 and ¢t = 2?”, respectively. Therefore, the

length is

27r/3 2 45
[ A S ”g__zm

0
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