Math 210, Exam 1, Spring 2008
Problem 1 Solution

1. Complete each of the following:
(a) Find a set of parametric equations for the line through (1, —1,2) and (0, —2, —3).
(b) Consider the vectors V = (—1,1,2) and W = (2, —2,4). Are the vectors perpendicular,
parallel, or neither? Explain.
Solution:

(a) In order to find a set of parametric equations for the line, we need a point P on the
line and a vector vV parallel to it. A vector parallel to the line is the vector from the
first point to the second point. This vector is:

V=(1-0-1-(-2),2—(-3)) = (1,1,5)

Using the point (1, —1,2) as a point Py on the line, we have:

r=14+t, y=—-1+t, 2=2+5¢

(b) The vectors are not parallel because they are not scalar multiples of one another. The
vectors are not perpendicular because the dot product:

VW = (=1)(2) + (1)(-2) + (2)4) = 4

is nonzero. Therefore, the vectors are neither parallel nor perpendicular.
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2. Find the equation for the plane containing the point (1,2,3) and the line whose vector
equation is T (t) = (1 — ¢,¢,2 + 4t).

Solution: To find the equation for the plane, we must find a vector o perpendicular to
it. To do this, we take the cross product of two vectors in the plane. One such vector is
V = (—1,1,4) whose components are the coefficients of ¢ in T (). This vector is parallel
to the line and lies in the plane. The other vector can be obtained by constructing a vector
W from the point (1,2,3) and to a point on the line. A point on the line is (1,0,2), whose
coordinates we identify as the constants in ?(t) Therefore, the vector W is:

wW=(1-12-0,3-2)=(0,2,1)

The vector 1 is:
1
M=V xW=| -1
0

=(-7,1,-2)

N — &>
— o~ )]

Thus, the equation for the plane is:

—Tx—1)+wy—2)—2(z—-3)=0
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3. Consider the plane whose equation is z — y + 2z = 1 and the point A = (0, —1,1).

(a) Find a point in the plane. Call it P.

(b) Find a vector v perpendicular to the plane and compute é,, the unit vector in the
direction of V.

— = .
(c) Compute projs PA, the vector projection of PA onto é,.

—
(d) Compute Hprojév PA‘ ‘ What is the geometric meaning of this quantity?

Solution:
(a) Let P =(1,0,0). This works since z —y +2z=1— 0+ 2(0) = 1.
(b) The components of V are the coefficients of x, y, and z in the plane equation:
vV =(1,-1,2)
The unit vector in the direction of ¥ is:

o _ v o (1,-12) <
VIV V1Pt (-2 22

Sl-
e

1
\/6’

(¢) The vector PA is:
PA=(0-1,-1-0,1-0)=(-1,-1,1)

H . .
The projection of PA onto é, is:

(d) The magnitude of the projection is:

HprojévP—}lH = l

V6

This quantity represents the distance between the point A and the plane.
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4. Consider the vector-valued function T (t) = (€3, sin(2t), t2).

(a) Compute T'(t).

(b) Compute the unit tangent vector, ?(f) Do not attempt to simplify your answer.

d
(c¢) Given the function g(t) = 4t + 1, compute a?(g(f)) using the Chain Rule.

Solution:

(a) The derivative T(t) is:

T(t) = (3¢, 2 cos(2t), 2t)

(b) The unit tangent vector is:

0
N 0T
(t) = (3e3, 2 cos(2t), 2t)
V/ (363)2 + [2 cos(2t)]2 + (2t)2
(3™, 2cos(2t),2t)
?(t) B \/9¢e8 + 4 cos?(2t) + 412

(c) Using the Chain Rule, we have:

L2 0) = ¢ ()7 (9(0))

at "
%?(g(t)) = %(u +1) T4t + 1)
%?(g(t)) = 4 (3634 2 cos2(4t + 1)), 2(4t + 1))
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. Find the length of the curve T(t) = <\/_f Int, —f2> for 1 <t < 2. (Hint: In the

integrand, the expression under the square root is a perfect square.)

Solution: The equation for arc length is:

b
- [l a

The derivative T'(¢) and its magnitude H?’(t)” are:

o
17/(1)) ,/2+ + 12

The arc length of the curve is then:
2 /1
/ 2+ 2 +t2dt
1
2 2
1
= — 4t dt
G-
2 (1
/ (— + t) dt
1
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