Math 210, Exam 1, Spring 2010
Problem 1la Solution
la. Consider the curve ?(1‘) = (t, 2, §t3).
(1) Find the arc length of T (¢) from ¢ =0 to t = 1.

(2) Find the curvature at ¢t = 1.

Solution:

(1) The derivative of T (t) is T'(t) = (1,2t,2t?). The magnitude of T'(t) is computed
and simplified as follows:

1T/ = V12 + (20)2 + (262)?
17'(1)]] = V1 +4t2+4t4

17 (1)]] = V(1 +262)2

17/ (1)]] =1+ 22

(2) The curvature formula we will use is:

177(1) x T"(1)]]
k(1) = 3
R ]
The first two derivatives of T (¢) = (t,¢2, 2¢%) are:

T'(t) = (1,2t,2¢%)
T"(t) = (0,2, 4t)



We now evaluate the derivatives at ¢t = 1.

T(1) = (1,2,2)
(1) = (0,2,4)
The cross product of these vectors is:
1] k
T xT"(1)=]1 2 2
0 2 4
— Sy |2 2] L1 2 S 12
r'(1) x (1) =1 5 4‘ ‘]‘0 4)+k)0 )
(1) x T(1) = 1[(2)(4) — (
T(1)x T"(1) =4i—4j+2k
T'(1) x T"(1) = (4, —4,2)

We can now compute the curvature.

[77(1) x ¥"(1)]

k(1) = 3
T ]
4.2
D=z
o(1) = V42 + (—4)% + 22

C (VIZ+ 22127
(1) = 3

Vo)

W)=




Math 210, Exam 1, Spring 2010
Problem 1b Solution

1b. A particle moves along the space curve T (t) = (¢ cos(t), t sin(t), t).
(1) Find the velocity, acceleration, and speed as functions of time.

(2) Find the unit tangent and unit normal vectors at ¢ = 0.

Solution:

(1) The velocity and acceleration functions are:

V(t) = T'(t) = (cos(t) — tsin(t), sin(t) + t cos(t), 1)
A(t) = T"(t) = (—2sin(t) — t cos(t), 2 cos(t) — tsin(t), 0)

The speed is computed and simplified as follows:

|7 (t)|| = v/(cos(t) — tsin(t))? + (sin(t) + t cos(t))? + 12

V@) = \/ cos?(t) — 2t sin(t) cos(t) + 2 sin®(t) + sin?(t) + 2t sin(t) cos(t) + 2 cos?(t) + 1
[V O] = 1/ (cos(t) + sin?(1)) + 2(sin?(t) + cos2(t)) + 1

¥ ()] =V1+e(1)+1

V@) = V2 +2

(2) At t = 0 the velocity vector is:
V(0) = (cos(0) — 0 - sin(0), sin(0) + 0 - cos(0), 1) = (1,0, 1)

Thus, the unit tangent vector at ¢t = 0 is:

T(0) = =V
O = 1=a ¥
1
T(0) = 011 0.1
T0) = s (101

0= (o )

To compute the unit normal vector at t = 0 we will use the formula:

E)ZCLT?—FCLNﬁ




instead of ﬁ ] ?
N

due to the complicated derivative ?’ . To start, we evaluate 3)(0) and ar as follows:

A (0) = (—2sin(0) — 0 - cos(0), 2 cos(0) — 0 - sin(0), 0) = (0, 2,0)
o (&(0)-V(0)) _ (0,2,0)-(1,0,1) 0
IO [1(1,0,1)]]

Therefore, we know that the tangential component of the acceleration is zero at t = 0
and:

aT?jLaNN}
ay N

Taking the magnitude of both sides and solving for ay we get:
211 = [[ox N
211 =ax [[N]

[ = ax (1)

a =
a =

an = |[@]]
ay = [/(0,2,0)]]
CI,NZQ

Thus, the unit normal vector at t = 0 is:




Math 210, Exam 1, Spring 2010
Problem 2a Solution

2a. Let f(x,y) =2y +y.
(1) Find f, and f, at (2,4).

(2) Write the equation of the tangent plane to the graph of f at the point (2,4).

Solution:

(1) The first derivatives f, and f, are

f:c:\/g
T
fy:mle

At the point (2,4), the first derivatives are:

fx(2a4) = \/Z:

2 3
fy(2=4):m+1: 3

(2) An equation for the tangent plane at (2,4) is:

2= f(2,4) + [(2,4)(x = 2) + f,(2,4)(y — 4)

z=8+2(m—2)+§(y—4)




Math 210, Exam 1, Spring 2010
Problem 2b Solution

2b. Let f(z,y) = /2% + 3y2.
(1) Find f, and f, at (1,4).
(2) Write the equation of the tangent plane to the graph of f at the point (1,4).

Solution:

(1) The first derivatives f, and f, are
x

o= Ve

3y

W= e

At the point (1,4), the first derivatives are:

1 1

fo(1,4) = NEEETTE =7
34 12
fy(1,4) = Traae | 7

(2) An equation for the tangent plane at (1,4) is:

e = S + LA —1) + £, 4y - 4)

1 12
T (=1 + —=(y—4
z 7+7(ZL' )+7(y )




Math 210, Exam 1, Spring 2010
Problem 3a Solution

3a. Compute ‘iI—L; for w = e sin(x +y), where z =t* and y = 1 — ¢.

Solution: Using the Chain Rule, we have

dv _wde 0w dy
dt — Or dt Oy dt

d

d—I: = [—e "sin(z +y) + e " cos(z +y)] (2t) + [e " cos(z + y)] (—1)
d

d—zf = 2te " [cos(x + y) — sin(z +y)] — e " cos(z + )

dw 42 2 . 2 —t2 2
E:%e [cos(t+1—t)—sm(t+1—t)}—e cos(t+1—t)




Math 210, Exam 1, Spring 2010
Problem 3b Solution

3b. Compute % for w = e *sin(y), where z = t* and y = 1 — ¢.

Solution: Using the Chain Rule, we have

dv _Qwde  Owdy
dt — Or dt Oy dt

Cil_:lt} = [—e""sin(y)] (2t) + [e"""sin(y) + '~ cos(y)] (~1)
% = —2te’" " sin(y) — e’ [sin(y) + cos(y)]

dw 2 . 1—t—t2 [

i —2te sin(l —t) —e [sin(1 —¢) + cos(1 —t)]




Math 210, Exam 1, Spring 2010
Problem 4a Solution

da. Let f(z,y,2) = 2® + yz.
(1) Compute the gradient of f.
(2 1+j+2 k) .

Wl =

(2) Find the derivative of f at (1,1, —3) in the direction o =
(3) In what direction of f increasing most rapidly at (1,1, —3).
Solution:

(1) By definition, the gradient of f(z,y, z) is ?f = (fz, fy, [»). For the function f(x,y, z) =
22 + yz, we have

V= fo fir £2) = (22, 2,7)

(2) The gradient of f evaluated at (1,1, —3) is
VF(L1,-8) = (2(1),=3,1) = (2,-3,1)
Thus, the directional derivative of f in the direction of U at (1,1, —3) is

Dof(1,1,-3) = Y f(1,1,-3)- d
Duf(1,1,-3) = (2,-3,1) - <§ % §>

Daf(1.1,-3) = (2) @ +=3) (é) o @

Duf(1,1,-3) =1

(3) The direction in which f is increasing most rapidly is

N 1 <
u= f
I¥7]
At the point (1,1, —3) we have

=L (2.3 1)

12, =3, DI 7
1
= —— (2,-3,1
o= = (2.-3.1)




Math 210, Exam 1, Spring 2010
Problem 4b Solution

4b. Let f(z,y) = 2%y.
(1) Compute the gradient of f.
. . - : o 4 3
(2) Find the derivative of f at (1,2) in the direction u = 5 7E )
5
(3) In what direction of f increasing most rapidly at (1,2).

Solution:
(1) By definition, the gradient of f(z,y) is ?f = (fs, f,)- For the function f(z,y) = 22y,
we have

V= {fu f,) = (20y,27)

(2) The gradient of f evaluated at (1,2) is
V(1.2) = 2(1)(2),1%) = (4,1)
Thus, the directional derivative of f in the direction of U at (1,2) is
Duf(1,2) = V1(1,2)- &
4 3
Duf(1,2) = (4,1)- (= -2
F2) = (5.-3)

Duf(1,2) = (4) (

Duf(1,2) =2

(G20 N
~
_|_
—
S~—
/T\
ol w
~_

(3) The direction in which f is increasing most rapidly is

. 1 v
u= /
¥4
At the point (1,2) we have

1
= oy Y
G- 1
u—\/ﬁ<4,1>

—_



Math 210, Exam 1, Spring 2010
Problem 5a Solution

ba. Consider the three points A = (0,0,0), B = (3,1,—1), C = (1,1,1).
(1) Find the equation for the plane which contains the points A, B, C.

(2) What is the area of the triangle ABC?

Solution:

(1) A vector perpendicular to the plane is the cross product of 1@ = (3,1,—1) and
BC = (—2,0,2) which both lie in the plane.

o = AB x BC

i j k
=3 1 -1

—2 0 2

1 =1 L3 =1 +] 3 1
=il oy (I Dy g |tk Dy
W =1[(1)(2) — (0)(=1)] =3 [(3)(2) — (—=2)(=1)] + k[(3)(0) — (=2)(1)]
o =2i-8j+2k
o =(2,-8,2)

Using A = (0,0,0) as a point on the plane, we have:

2 —-0)—-8(y—0)+2(z2—0)=0

(2) The area of the triangle is half the magnitude of the cross product of f@ and B? ,
which represents the area of the parallelogram spanned by the two vectors:

O
A:%\/22+(—8)2+22
A:%\/7_2

A=3V2




Math 210, Exam 1, Spring 2010
Problem 5b Solution

5b. Consider the plane z — 2y + z = 7 and the point P = (0,2, 3).

(1) Find the line through P that is perpendicular to the plane.

(2) At what point does the line from part (a) intersect the plane?

(3)

Find the distance between P and the plane.

Solution: First, we note that there is a typo in the problem. The equation for the plane
should be x — 2y + 2 = 7.

(1) To find the line, we need a vector parallel to the line. This vector is also perpendicular

to the plane. From the plane equation, we identify this vector as the coefficients of x,
y, and z:

v =(1,-21)

Then, using P = (0,2,3) as a point on the line we have the following parametric
equations for the line:

r=t, y=2-2t 2z2=3+1

To find the point of intersection, we plug the parametric equations for the line into the
plane equation and solve for ¢:

rT=2y+z2="7
t—22—-2t)+(3+1t)=7
6t =8

g2

3

Now plug this back into the parametric equations to get the coordinates of the point
of intersection:

The distance between P and the plane is the distance between the points P = (0, 2, 3)

4 2 13
and Q = (g, —g, g)

4\? 2\ 13\*  [96 |46
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