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1. Background and Theorem Statements.

In this paper we consider Fourier transforms of measures of the form Q(s)du,
where du denotes the surface measure corresponding to a bounded subset of a real-analytic
hypersurface in R? and Q(s) denotes a function on the surface which may have singularities.
To be precise, after a partition of unity and a translation and rotation of coordinates we
consider oscillatory integrals of the form

T(A1, A2, A3) = / ) M S(@,y)Fidsr+idsy 9(S(x,y))K(x,y) dxdy (1.1)
R

Here S(z,y) is a nonconstant real-analytic phase function on a neighborhood of the origin
such that S(0,0) = 0 and V.S(0,0) = 0. When viewed in terms of the hypersurface lying
in R3, the density in (1.1) is of the form K(z,y)g(z).

The functions g(z) and K (z,y) satisfy the following conditions. The function

g(z) is assumed to be real-valued and C! on R — {0} such that for some real a and some
A > 0 one has

l9(2)] < Alz[* g ()] < Al (1.2a)

The function K (x,y) is assumed to be a C?! real-valued compactly supported function on

R? — {(0,0)} such that for some real 3 we have

Bs—1

IVE (z,y)| < A(a® + %) (1.2b)

B
2

K (2, y)| < A(z” +57)

Both a and 5 can be negative, but to ensure that (1.1) is well-defined we require that
(22 + y2)g |S(z,y)|* is integrable over some neighborhood of the origin.

In this paper, we will prove uniform estimates on T(\1, A2, A3) that generalize
the sharp uniform estimates that are known to hold in the situation where K (z,y)g(z) is
smooth function ¢(z,y) (using @ = 8 = 0). The latter results can be described as follows.
By resolution of singularities (see Ch. 7 of [AGV] for details), there are § > 0 and an
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integer d = 0 or 1 such that if the support of ¢(z,y) is sufficiently small, then for some Cy
as A1 — oo one has

T(M,0,0) = CpA7°(In A + o(|A7° (In Ap)9)) (1.3)

Here Cy will be nonzero if ¢(z,y) is nonnegative with ¢(0,0) > 0. It is a consequence of
the stability theorems of [K1][K2] that if the support of ¢(x,y) is sufficiently small, then
for some C</¢> one has uniform estimates

T (A1, Az, Az)| < CLIAT  (InAg)Y] (1.4)

Analogous results for smooth S(x,y) are shown in [D][IKeM2][IM2]. In this paper we will
prove estimates of the form (1.4) for the possibly singular densities here (for real-analytic
S(x,y)), with appropriately defined § and d. These estimates will be uniform in As and
A3z, and will also be uniform over all densities satisfying (1.2a) — (1.2b). They will imply
the above results for smooth ¢(x,y) whenever S(x,y) has a zero of order greater than 5
at the origin, and for some of the situations where it has a zero of order between 3 and 5
at the origin. The analysis of this paper is based on an explicit resolution of singularities
algorithm (Theorem 2.1) as well as versions of the Van der Corput lemma. We do not
make use of the adapted coordinate systems that have often been used in this subject.

It is worth pointing out that in the case of the oscillatory integral operators with
phase functions of two variables that are considered in [PS1], extensions to weighted oscil-
latory integral operators are proven in [PS2]. Although there are a number of differences
when dealing with operators, in [PS1]-[PS2] one also uses a type of resolution of singular-
ities to divide into wedges on which one can do an appropriate analysis, and these papers
influenced the development of the resolution of singularities algorithm used in this paper.

The question of proving optimal estimates for two-dimensional oscillatory inte-
grals given a fixed density function has been analyzed in [PrY]. There are also the recent
papers [CKaN] [KaN], which also deal with proving optimal estimates for oscillatory in-
tegrals given a fixed smooth density function, for classes of phases in any dimension. In
addition, damped oscillatory integrals related to those of this paper often appear in the
study of maximal averages over surfaces. We refer to [SoS] [loSal] [IoSa2] [IKeM1] for
more on this. We also mention work by Lichtin [Lic] on related topics.

In the case of convex hypersurfaces in any dimension, for specific classes of den-
sities connected to the surface, Fourier transform decay estimates have been proven in
several papers including [Lit][CoMa).

We turn to defining the § and d that we will use in our theorems. Let F, denote
the disk {(z,y) : 22 +y? < r?}. In Lemma 2.2 we will show that there is a § > 0 and an
integer d = 0 or 1 such that if r is sufficiently small there are constants C,. and C]. such
that for sufficiently small € one has

C,e’|Ine|d < / S (2, y)|* (2 + y2)§d:v dy < CLe’|In | (1.5)
{(zy)eEr:|S(z,y)|<e}



In the case where K(z,y)g(z) is a smooth function of the form ¢(z,y) and a = g = 0,
this (9, d) will be the same as the (d,d) defined above except when the Hessian of S(x,y)
is nonvanishing. This relationship between sublevel set measures and oscillatory integral
decay rate can be proven using resolution of singularities and we again refer to [AGV] for
details.

Another way to view ¢ is as follows. Define the meaure dy 5 by

B
dpta,s = |S(2,y)|*(@* +y*)* de dy (1.6)

Then for sufficiently small » > 0, J is also given by

3= supn: [ 18" dua s < o0} (1.7)

r

One can therefore refer to ¢ as the ”critical integrability exponent” of S(z,y) at (0,0) with
respect to the measure dji 3.

Our main result is the following.
Theorem 1.1. Let o denote the order of the zero of S(z,y) at the origin.

+ 3—10 There exists an r > 0 such that if K(z,y) is supported in E, then

W=

a) Suppose § <
IT(A1, A2, A3)| < Csa(l+ [Aa]) = (In(1 + [Ad])? (1.8a)

b) Suppose § > = + 3% There exists an 7 > 0 such that if K(x,y) is supported in E, then

W=

IT(A1, A2, A3)| < Cg a(1+ [Ay]) 5750 (1.8b)

+ % There exists an r > 0 such that if K(z,y) is supported in E, then

W=

c¢) Suppose § =

T(A1, A2y Ag)| < Csa(1 4 [A])737 35 (In(1 4 [Aq])) 4+ (1.8¢)
Here the A in Cg 4 is as in (1.2a) — (1.2b).

In the case where K(z,y)g(z) is a smooth function ¢(x,y), by [V] equation (1.8a)
is best possible. In [V] it is also shown that in the case of smooth ¢(x,y) one always has
% <6< % So § will always be less than %4— % if % < %—I— 3—10, or equivalently if o > 5. Thus
for smooth ¢(x,y), whenever o > 5 case a) of Theorem 1.1 is sharp. The only situation
where o = 5 that Theorem 1.1 does not cover in the case of smooth ¢(z,y) is when § = %,
which only happens in special situations and is easy to handle directly. For o = 3 and 4,
sometimes one is in case a) and other times one is in the nonsharp cases b) and ¢). When
o = 2, the statement that § < % + % reduces to the statement that § < % = %, which
never occurs.



It should be pointed out that in this smooth case, a weaker version of Theorem
1.1 was proven in Theorem 1.2 of [G1].

As we will see in section 6, when 5 = 0, the estimates provided by Theorem 1.1a)
are sharp, and furthermore (d,d) = (a + dg, dp), where (dg, dp) are the (§,d) of the smooth
case (with @ = 8 = 0). We leave open the question of sharpness of the uniform estimates
of Theorem 1.1 when 3 # 0. If the 8 = 0 case is any indication, part a) of Theorem 1.1 is
more likely to be sharp than the other two parts.

In [V] it is shown that in the case of real analytic S(z,y) and smooth K (x,y)g(2)
there is a nice description of 4 and d in terms of Newton polygons and adapted coordinates.
This was generalized to smooth S(z,y) in [IM1]. In the more general scenario of this paper,
unfortunately such a description no longer holds, which is why we only use (0, d) as defined
here and do not delve into Newton polygons and related matters.

2. The resolution of singularities theorem and some consequences.

Let S(z,y) be any smooth function with S(0,0) = 0 such that the Taylor expan-
sion of S(x,y) does not vanish to infinite order at the origin. Let o denote the order of the
zero of S(x,y) at (0,0). After rotating coordinates if necessary, we may assume that the
Taylor expansion Za, 5 sapr?y? of S centered at the origin has a nonvanishing sg,2° term
and a nonvanishing s,oy° term. In this paper, we will use the resolution of singularities
theorem of [G1] (Theorem 2.1 of that paper). It proceeds as follows. First, one divides
the zy plane into eight triangles by slicing the plane using the x and y axes and two lines
through the origin, one of the form y = max for some m > 0 and one of the form y = mx
for some m < 0. One must ensure that these two lines are not ones on which the function
So(z,y) = Za+,3:o Sapr®y” vanishes other than at the origin. After reflecting about the
x and/or y axes and/or the line y = x if necessary, each of the triangles becomes of the
form Ty, = {(z,y) € R?* : 2 > 0, 0 < y < bz} (modulo an inconsequential boundary set of
measure zero). Theorem 2.1 of [G1] is then as follows.

Theorem 2.1. Let T, = {(z,y) € R?* : x > 0, 0 < y < bz} be as above. Abusing notation
slightly, use the notation S(x,y) to denote the reflected function S(+x,+y) or S(+y, tz)
corresponding to Tj. Then there is a @ > 0 and a positive integer N such that if F,, denotes
{(z,y) e R?: 0 <z <a,0<y < bx}, then one can write F, = U?_,cl(D;), such that for
to each i there is a ¢;(x) with ¢;(z") smooth and ¢;(0) = 0 such that after a coordinate
change of the form n;(x,y) = (x,+y + ¢i(x)), the set D; becomes a set D} on which the
function Somn;(z,y) approximately becomes a monomial d;z% %%, o; a nonnegative rational
number and ; a nonnegative integer as follows.

a) D = {(x,y): 0 < x < a, gi(z) <y < Gi(x)}, where g;(2") and G;(2") are smooth.
If we expand G;(x) = H;zMi + ... then M; > 1 and H; > 0, and consists of a single term
H;z™: when ; = 0.



b) Suppose 3; = 0. Then g;(z) = 0. Either ¢;(z) = k;x for some k;, or ¢;(z) is of the
form k;x + ;2% + higher order terms (if any), where k;,l; # 0 and M; > s; > 1. If there
are higher order terms then one has strict inequality M; > s;. In addition, the set D) can
be constructed such that for any predetermined n > 0 there is a d; # 0 such that on D},
for all 0 <[ < «; one has

0L (S om)(z,y) — dicvi(as — 1)...(a — L+ Vx| < n|d|z>i~! (2.1)

This 1 can be chosen independent of all the exponents appearing in this theorem. Fur-
thermore, if one Taylor expands S o n;(x,y) in powers of ¥ and Y as Zaﬂ Sa px%YP,
then a; < oo+ M, for all (o, B) such that S, g # 0, with equality holding for at least two
(a, B), one of which is («a;,0) and another of which satisfies 5 > 0.

c) If B; > 0, then either g;(x) is identically zero or g;(z) can be expanded as h;z™i + ...
where h; > 0 and m; > M;. In addition, one may write S = Si +.5% as follows. S%omn;(z,y)
has a zero of infinite order at (0,0) and is identically zero if S is real-analytic. Siomn;(z",y)
is smooth and there exists a d; # 0 such that for any predetermined n > 0 the D} can be
constructed such that on D, for any 0 <! < «; and any 0 < m < ; one has

|0LO (S 0 mi)(w,y) — ooy — 1).eo(oy — L+ 1) Bi(Bi — 1)...(Bs — m 4 L)dga®i~lyPimm|

< pld;fai~tyPimm (2.2)

The next lemma shows that the (0, d) of Theorem 1.1 is well-defined.

Lemma 2.2. Suppose that S(z,y) is real-analytic on a neighborhood of the origin with
S(0,0) = 0, and let E, denote the disk {(z,y) : > +y* < r?}. Let o and 3 be real numbers
such that |S(z,y)|*(z? + y2)§ is integrable on a neighborhood of the origin. Then there is
a 0 > 0 and an integer d = 0 or 1 such that if r is sufficiently small then there are constants
C and C’ depending on «, 8, S(x,y), and r such that for 0 < e < % one has

Ce|lnel? < / 1S (2, y)|* (2 + y2)§dx dy < C'¢®|Ine|? (2.3)
{(zy)eEr:|S(z,y)| <€}

Proof. Let D; and D} be the domains coming from applying Theorem 2.1 to S(z,y). Then
it suffices to show (2.3) holds with E,. replaced by E,.N D; and then the result follows from
addition. If one does the coordinate change ¢; of Theorem 2.1, on the new domain D one
has that |S o n;(x, )| is within a constant factor of 2%y and that (22 + y2)§ is within a
constant factor of 2. Thus there are constants ¢ and ¢’ such that

- g B
/ xaaﬁ-/@ya/@z < / |S(m,y)|“(m2—|—y2)2
{(z,y)€DL:0<z<cr, z%iyPi<ce} {(z,y)EE,:|S(z,y)|<e}
< / gocitByaBi (2.4)
{(z,y)eDL:0<z<c'r, x¥iyPi <c'e}
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Recall that the upper boundary of D! is of the form H;z™i + ... and the lower boundary
is of the form h;x™i + ... for m; > M; or is the z-axis. In the former case, we define F;. .
and G, by

Fo.={(z,y):0<z<ecr,2hiz™ <y< 7:1:M1, zviyPi < ce} (2.5a)
/ hrL m; M o [3 /
GT,C/:{(:U,y):O<a:<c7’,§:L’ L <y < 2H;x x%iyPt < e} (2.5b)

So if r is sufficiently small there are positive constants ¢ and ¢’ such that one has

/ maaﬂrﬁyaﬁi </ |S(90,y)|o‘(ac2+y2)§ </ xaaiJr,Byaﬁi (2.6)
Fre {(z.y)€Er:|S(z,y)|<e} G et

,C

One can directly compute the integrals on the left and right of (2.5) and one obtains an
expression of the form Ce®|Ine|? 4 o(¢’| In€|?) for both of them for some § > 0 and d = 0
or 1. These are the needed estimates for a D) whose lower boundary is not the z-axis. If
the lower boundary of D} is the z-axis, we take h; = 0 in the above and we get the needed
estimates once again. This completes the proof of Lemma 2.2.

3. Proof of Theorem 1.1 when j3; > 0.

In this and future sections we will make frequent use of the following classical
Van der Corput Lemma (see p 334 of [9]):

Lemma 3.1. Suppose P(x) is a C* function on the interval [a,b] with |[P*)(z)| > M on
[a,b] for some M > 0. Let ¢(x) be C! on [a,b]. If k > 2 there is a constant c¢; depending
only on k such that

/ P () do| < o pr (|w<b>\ -/ @) da:)

If K = 1, the same is true if we add the conditions that P(z) is C? and that P’(z) is
monotonic on [a, b].

We also will make use of the following variation of the classical Van der Corput
Lemma that holds for mixed partial derivatives.

Lemma 3.2. Let I; and I; be closed intervals of lengths [; and [y respectively, and
for some strictly monotone functions fi(z) and fa(x) on I1 with fi(x) < fa(z) let R =
{(z,y) € I x Iz : f1(z) <y < fa(x)} (Note R might just be I; x Is). Suppose for some
k> 2, P(z,y) is a C* function on R such that for each (z,y) € R one has

|O0py Pz, y)| > M and 8§P(a:,y) # 0 (3.1)



Further suppose that ¥(z,y) is a function on R that is C! in the y variable for fixed x,
such that

|V (z,y)| < N Vz,y and / 10,V (z,y)|dy < N Vx (3.2)
{y:(z,y)eR}

If R’ C R such that the intersection of R’ with each vertical line is either empty or is a set
of at most [ intervals, then the following estimate holds.

1
- l1la\ ?
‘/ ePENY(x, y) da dy‘ < C'MN(%) (3.3)
Proof. Write [, e*P@9W(z,y)dedy = I + I, where
I = / . ePENY (2, y) da dy (3.4a)
{(@y)€R":|0, P(ay)|<(752) 2}
I, = / . e @Y (1, y) da dy (3.4d)
{(z:9)ER":10y P(x.)|>(751) 7}

2

We estimate |I1| simply by taking absolute values of the integrand and then integrating.
Since |04 (0y P(z,y))| > M, for fixed y the measure of the x in R for which 9,5 (z,y)| <

(J\f—zll)% is at most (Ml)z x 2 = 2(<b-)z. Thus, using the left half of (3.2), for fixed y

Iz M M,
the z-integral in (3.4a) is at most N2(]\ldll2 )z. Integrating this in y we see that
his\®
11| < 2N<ﬁ> (3.5)

These are the bounds we seek.

We now move on to I. Note that since 0 P(x,y) # 0 on R, for fixed x the set of
y € R for which |0, P(x,y)| > (M )2 is the union of at most & intervals. Thus for fixed z,

la

the set of y € R’ for which |0, P(z,y)| > (%)% is at most &l intervals. On each of these
intervals we use the Van der Corput Lemma 3.1 for first derivatives in the y direction in
conjunction with (3.2), add up the results, and then integrate the result in z. Although
0y P(z,y) is not necessarily monotone on each of the intervals and therefore Lemma 3.1
does not immediately apply, the fact that OI;P(I', y) # 0 on R with k£ > 2 ensures that a
given interval is the union of at most k intervals on which 9, P(z,y) is monotone and on
which we can apply Lemma 3.1.

So using Lemma 3.1, we see that for given = the absolute value of the y-integral

in (3.4b) is at most C’klN(Alfll )2. Integrating this in z gives CMN(%)%. So we have

Lo\ 2
I < %N(ﬁ) (3.6)
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Adding this to (3.5) completes the proof of Lemma 3.2.

We now proceed to the proof of Theorem 1.1 for 3; > 0. We perform the resolution
of singularities algorithm of Theorem 2.1 to S(z,y), and correspondingly write T'(\) =
S T;(N), where T;()\) is given by

Ti( A1, A2, A3) = / e Sy tireatiday oG (2 ) K (2,y) dx dy (3.7)
D;

Shifting the y variable by ¢;(x) as in Theorem 2.1, this becomes

Ti(A1, Ao, As) = / ghrSem (e )t arEaytRadile) o(§ o p(x,y)) K o ni(x,y) dedy (3.8)
D!

Without loss of generality, we will always take +iA3y to be i\3y. Note that by the form
of ¢;(z) given by part d) of Theorem 2.1, K;(z,y) = K o n;(x,y) satisfies (1.2b). Writing

Si(z,y) = S oni(z,y) we have

Ti()\l,)\z,)\S)Z/ e Si(@y)tireztidey+iradi(®) oG (1 ) Ky (x, y) da dy (3.9)
D

/
i

Let (a;, B;) be as in Theorem 2.1, so that S;(x, %) is within a bounded factor of 2% y” on
D}, with corresponding estimates for its derivatives. The analysis is broken up into three
cases, when §; = 0, when 3; = 1, and when 3; > 1, with the 8; = 0 case the hardest. We
do the §; > 0 cases in this section, and then do the 8; = 0 case in sections 4 and 5.

Case 1. 3; > 2.

We divide the domain of integration of (3.9) dyadically in the x and y variables
and correspondingly we write T; = U, 15,5, where T is given by

Tije(A1s A2, Az) = / M) tidartidaytidadi(®) g (G, (2, y))
D/N[2—i—1,2-i]x[2—k—1,2-F]

x K;(x,y) dx dy (3.10)
Note that by Theorem 2.1 c) there is some constant ¢ depending only on S(z,y) such that
on the portion of D/ for which [27771, 279] x [27%=1 27*] we have
105 (M Si(2,y) + Ao + Agy + Aadi(x))| = |95 (M Si(2,9))|

> ¢\ |ziyPi—2 (3.11)

We will now use (3.11) and apply the Van der Corput lemma, Lemma 3.1, in the y direction
in (3.10). For this we need to bound the y derivatives of ¢g(S;(z,y)) and K;(z,y). As
mentioned above, (1.2b) holds for K;(x,y) in place of K(z,y), so we have

B—=1
0,K;(2,y)| < C(z® +y?) >

8



1
<O (22 +y?)7 (3.12)
Yy
For g(S;(x,y)), note that we have

0y(9(Si(x,y))) = ¢'(Si(%,9))9ySi(x, y) (3.13)
So by (1.2a) and (2.2) we have

19y (9(Si(z,y)))| < CIS;(z, y)|*~ravy”

1
< C';lsi(%y)lo‘ (3.14)
Taking (3.12) and (3.14) together, we have that the factor g(S;(x,y))K;(x,y) satisfies
1 . s
Oylg(Silx. y) Ki(w,y)l| < CSi(w )| (@ +47)
On the other hand, by (1.2a) — (1.2b) one has

B
2

9(Si(z, ) Ki(z,y)| < C|Si(x,y)|*(z* + y°)

On the support of the integrand of (3.9), we have 0 < y < Cz, x ~ 277, and y ~ 2%, s0
the last two equations can be rewritten as

10y [9(Si(z,y)) Ki(z,y)]| < C(2F) (277~ kie)(2777) (3.15a)

|9(Si(z, y) Ki(z,y)| < C(27I%a7 ) (2777) (3.15b)

We apply Lemma 3.1 in the y direction in (3.10), using (3.11), (3.15a) and (3.15b). We
get that for fixed z, the y integral is bounded by

Jay+kB;
7.2 ik

C| |75 (27T sakbiay (2738 (2 ) (3.16b)

Integrating this in = we obtain

Tik(N)] < CJAg|~ 3 (27700 kBia) (=78 (975~ —i—k 3.17
j
Equation (3.17) implies
“1 o Bl o Bi1—1
|T¢jk()\)|§0/[2 g |7 % 2%y (22 + y2)P|aiyPi | (3.18)
_‘7_17 —ilx[2— _1, —

Recalling the definition (1.6) of the measure duq, g, this is the same as

Z1 o B2
TV < C / el ey dpaa (3.19)

[2-9-1,2-9]x[2-5-1,2]
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By simply taking absolute values of the integrand in (3.10) and integrating, in view of
(1.2a) — (1.2b) we have

T ()] < 4° 1 dpta (3.20)
[2-7-1,2—d]x[2—Fk—1,2-k]

Combining (3.19) and (3.20) one then has

Tije(M)| < C/ min(1, [\ z%y* | %) dpta, g (3.21)

[279-1,2-9]x [2-5 1,274

Adding (3.21) over all j and k, and using the shape of D. given by Theorem 2.1, we obtain

Ti<e | min(L, A1z y%| %) dp,p (3.22)
Since S;(z,y) ~ x*yP on D}, (3.22) implies
T <C | min(L, XSi@ )4 dia.s (3.23)
Because o > 2, we have % + 3—10 < % and therefore
T < C /D min(1, [\ S, ) [ dp s (3.24)
— (o ({e0) € DL ISl < 13)
1 1
T /{<x,y>eD;: 1Si (o)1=} |Si(, y)[5F 3 dua’5> (329

By the definition (1.5) of (8,d), the first term of (3.25) is at most C|A;|~°(In |A1])%, which
is at least as good as the estimates of Theorem 1.1 in all three cases. As for the second

term, by the characterization of integrals in terms of distribution functions (applied to
1 1 .
Stwa) Ve BAVe fio e 15,z ) Ts i ir e WHes 18 equal to

/oo 1+1 -
1 \3 3o

A1l

ol

pos({(@) € D i < ISl < et (3200

w
ol"'

One can replace the upper bound of oo in (3.26a) by just % as the difference results in a

contribution of C|A1|~3 13 to the second term of (3.25), which is always at least as good
as the desired bound. Thus we will bound

: /1 1 i 1
/ =+ — |73 % ua s({(z,y) € D} : —— < [Si(z,y)| <t})dt (3.26D)
3 30 ‘)\1’

10



By (1.5) the expression in (3.26b) is bounded by

P11\, s o
C —+ — |t E et (Int) dt 3.27
[, (535 e (327
If § < &4 3=, (3.27) becomes C’|A1|3 739 In |\;|? plus a smaller error term. Thus
the second term in (3.25) is bounded by \/\\ﬁ times this, or C|A;|~%In|A;|¢. Adding
1|13 " 30

together with the first term of (3.25), we see that
ITi(N)] < CA |~ In Ay (3.28)

Since by just taking absolute values of the integrand and integrating one has |T;(\)]| is
bounded by a constant, one can also say that

T:(A)] < C(L+ (A~ In(L + [Ac])? (3.29)

This gives the estimate (1.8a) required by Theorem 1.1 for the situation where § < % + %
Suppose now § > 1 + 2-. Then the expression pq,g({(z,y) € D} : ﬁ < |Si(z,y)| < t})
in (3.26b) is bounded by Ct°|Int|?. So (3.26b) is bounded by

3 ,
c/ #9330 | Int|? dt (3.30)
_1

A1l

Since ¢ > % + 3—10, (3.30) is bounded by a constant. Hence the the second term in (3.25) is

bounded by C|A;|~37 35, so for the § < 3 + 35 case we get the estimate
TN < CL+ M)~ 5 9 (3.31)

This gives (1.8b). Lastly, if § = 1 + 3=, (3.30) is bounded by a constant times (In [A;])4*,

so putting this back into the second term of (3.25) we now get
Ty < C(L+ M) 7375 (1 + [ a7+
This gives (1.8¢) and we are done with the proof of Theorem 1.1 for when 5 > 2.

Case 2. 3; = 1. We once again write T; = ) ik Tijk by dyadically decomposing in the x
and y variables. So we have

T = [ NS U g (5, ) K, ) i dy
Din[2=3-1,2-3]x[2-k—1,2—F]

(3.32)
We apply Lemma 3.2 to the integral in (3.32). If P(x,y) denotes the phase function in
(3.32), we have
|02y P (2, )| = [M102y Si(2,y)|

11



> Ol Az|® ! (3.33)

The last inequality follows from (2.2). By (1.2a) — (1.2b) and the fact that 0 < y < Cz we
have

9(Si(@, y) Ki(w,y)| < Cay™)* (2% + %) >
< C'(277mah (2797) (3.34)
Exactly as in (3.15a), we have
10, (9(Si(2,y)) K, y))| < C(2F) (277 k) (277F) (3.35)

Thus, as needed for Lemma 3.2, we have an estimate for |9, (g(S5i(z,v))K;(z,y))| that is
2% times the estimate for |g(S;(z,y))K;(z,y)| given in (3.34). Applying Lemma 3.2 now,
we get

itk
. . 2=
Tijre(A)] < C(Q_Jaia_ka)@_m)l—_jaiﬂ (3.36)
[Af22727
. , 9—Ji—k
= C(Q_Jaia_ka)@_]ﬁ)m (3.37)
A|z272
< C’/ - |25 g s (3.38)
[2-9-1,2-4]x[2-*~1 2]
< C”/ M| 2%y 2dpta, (3.39)
[2-9-1,2-3]x [2-K~1,2-H]

This is analogous to (3.19) and is the estimate we seek. The argument from (3.20) to
(3.31) now completes the proof for the case where g; = 1.

4. The §; = 0 case away from the zeroes of \10,,5;(z,y) + \3¢” ().

When we are away from the zeroes of \10.,S;(x,y) + A3¢” (x) in (3.9), the argu-
ment resembles the argument when 3; > 1 except we apply the Van der Corput lemma in
the z-direction instead of the y-direction. Write ¢;(x) = k;x + ¢;(x) where ¢(0) = 0 and
let Ay = Ao + Azk;. We divide dyadically in the x variable, writing T; = U;T;;, where

Tl = / e NS e Nk Nk N e) (S, (0, ) K (2, y) da dy
{(z,y)eD}:xc[2-7-1,2-7]}

(4.1)
Note that ¥;(x) = 0 if ¢;(x) is linear, and ¥;(x) = Lix% + ... with [; # 0,1 < s; <
otherwise. if P;(z,y) denotes the phase function in (4.1), we have

By Theorem 2.1b), 9,,5;(z,y) is equal to d;c;(c; — 1)2% =2 plus an error term less than
nx®i~2 for an n of our choice. Furthermore, when v;(z) is nonzero we have that 9,,;(z) =

12



lisi(s; — 1)a*i=2 + O(2* 7€) for some € > 0. Because the two exponents a; —2 and s; — 2
are distinct, if 1 is chosen appropriately then for some constant C, for all but at most two
values of j, on the support of the integrand of (4.1) one has

> C/|)\18m$51(1', y)| (43)
> C" |\ |z 2 (4.4)

The latter inequality follows from (2.1). Note that if ;(x) is identically zero then (4.4)
holds for all j. Thus if () is not identically zero and j is not one of these two exceptional
values, or if ¢(z) is identically zero and j is anything, we may argue as follows. We apply
Lemma 3.1 in the x direction in (4.1), using (4.4) on the phase and (1.2a) — (1.2b) to
bound ¢(S;(z,y))K;(x,y) and its xz-derivative, analogously to as done in section 3. We
then integrate the result in y, thereby gaining an additional factor of C277M: M, is as in
Theorem 2.1, since D! is of y-width comparable to #Mi for a given z. We get

Jog

ITij (V)] < Ca(2799)(2798) | A, |2 (272

)2M) (4.5)

Using the definition (1.6) of duq s and keeping in mind the area of the portion of D] with
x €[27971,279) is ~ 279Mi=J | (4.5) gives

1
7501 < € [ o s (4.)

{(JT,y)ED;:xG[Z*jfl’ij]} |)\1|%2_ o

1
< 05/ dpia,p (4.7)
(ea)eDlzelz-i-1 27y |Ai|Z]Si(z,y)]2

Now we argue as in (3.20) — (3.31) of Case 1 to achieve the desired estimates (3.27) —(3.29).

Suppose now ;(z) is not identically zero and we are in one of the at most two
exceptional j’s for which the above argument doesn’t hold. If N is any constant that
depends only on S(z,y), then by choosing the 7 in Theorem 2.1b) according to IV, one can
cause (4.4) to hold (with a different constant) outside of at most a vertical strip of width

%. Namely, we define xy by the condition
Aldiai(ai — 1>$8i_2 + )\3[2‘82‘(81 — 1)1’8i_2 =0 (48)

Then if 7 is small enough, (4.4) will hold outside of the set of x where |z — z¢| < %

Then the the portion of (4.1) outside |z — x¢| < % will once again satisfy the bounds
of (4.7) (with the constant depending on N). Thus in what follows, it suffices to bound
TJ (X), where T;J ()) is given by

T.N()\) — /D eiMSi () Fidaw+idsy+iXsi(z) 9(S;(z,y) Ki(, y)p(QJ'N(;L- —x9))drdy (4.9)

L)

’
i
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Here p(x) is nonnegative, smooth, supported on [—2,2], and equal to 1 on [—1,1]. The
value of N will be dictated by our arguments as we proceed, but will depend only on
S(z,y). Note that (4.8) gives an expression for A3 as a multiple of A\; as

(g — 1) oo
_dioi(i = 1) iy (4.10)

g = ————t
3 liSi(Si — 1) 0

5. The ; = 0 case near the zeroes of \10,,S;(z,y) + \3¢" (x).

We start by writing the Taylor expansion of S;(z,y) in powers of 2™ and Y as

Sz(x,y) = Z Sagxay’g (51)
a,B

By Theorem 2.1, in the 8; = 0 situation, D, is of the form {(z,y) : 0 <z <a, 0 <y <
H;xMi} for some rational M; > 1. Thus it is natural to look at the function S;(z, 2Miy)
on the rectangle R, = {(z,y) : 0 < z < a, 0 < y < H;}. On R;, the Taylor expansion
(5.1) becomes
Si(z, xMiy) = Z Sopr®TMiPyh (5.2)
a,B

In view of the form (5.2), it makes sense to look at the (finitely many) terms of (5.2) where
a+ M, takes its minimal value. By (2.1), Si(z,y) ~ =% on D}, and taking  — 0 in (5.2)
we see that a; must be that minimal value. Thus if we let p;(z,y) = >~ v/, 5=0, Sapr®y?,
then (5.1) — (5.2) become

Sz(l‘,y) :pi(xay) + Z Sa,ﬁxayﬁ (53)
a+M;B>a;
Sz(mvaly) = xaipi(la y) + Z Sa5$a+Mi5y6 (54)
a+M;B>a;
By (5.4), we have
lim —————= =p;(1, 5.5
xi%lJf ri p ( y) ( )

Since by (2.1) there are constants C' and C’ such that Cz® < S;(x,y) < C'z* on D,
(5.5) implies that p;(1,y) has no zeroes for y € [0, H;]. Next, we look at 9,(S;(z, zMiy)),
given by
0,(Si(w,x™y) = e Opi(Ly) + D BSapr My (5.6)
a+M;B>a;

By the last sentence of part b) of Theorem 2.1, p;(1,y) is nonconstant, so dyp;(1,y) is not
identically zero. Let «; + £ denote the minimal o+ M, other than a;. So £ > 0 and (5.6)
can be rewritten as

0y (Si(x, xMiy)) = 20, pi(1,y) + 2% Tq(x,y) (5.7)

14



Here g(z,y) is a real-analytic function of % and y. Next, we write Ti]j\] (M) in the new
coordinates:

TN()\) — / ei)\lsi(m,xMiy)+i)\41‘+i)\3a:Miy+iA31[)i(m) g(SZ($,$MZy))Kz($, ./L’Mly)
[2-9-1,2-7]x][0,H;]

xp(2'N(z — x0))z™ dx dy (5.8)

If Oypi(1,y) has any (real) roots in [0, H;|, we enumerate them as 7q,...,7x and let Ij
denote the interval [r;; — €g, ik + €0], Where €y denotes a small constant to be determined

Ny _ N1 N,2
by our arguments. We write T;; (A\) =T} (A) + T;;°%()), where

Tifj\ﬁl()\) _ / ej)\lsi(%wMiy)+i>\4m+z’)\3mM1y+i)\3¢i(m) g<Si(3;, ;(;Mly))
[2—9-1,2-3]x([0,H;]—Ug k)

x Ki(x, ™iy)p(27 N (z — x0)) ™ dx dy (5.9a)

e =f
[2=9-1,2=3]x ([0,H;]N(Uk 1))

x Ki(z, ™iy)p(2 N (z — x0))z™ dx dy (5.90)

ei)\l Si(z,xMiy)+idgz+irszMiy+idz; (z) g(S@(l', I‘Miy))

InNtile situation where 9yp;(1,y) has no roots in [0, H;], we just set Tijjv’l()\) =T/ (\) and
T;;7°(A) =0.
Estimates when y is away from the zeroes of d,p;(1,y).

We now bound Ti];]’l()\) through an application of Lemma 3.1 or Lemma 3.2. By
Theorem 2.1, we always have M; > s;. For now we assume M, > s; and at the end of the
argument we will describe the modifications needed for the M; = s; situation. Let P(z,y)
denote the phase function of (5.9a) — (5.9b). Then using (5.7) we have

Ory P(,y) = Ma;x® 1 0,pi(1,y) + M0z (2% q(x, y)) + A3 Mz (5.10)
Let €; > 0 be such that [9yp;(1,y)| > €1 on [0, H;] — U;I;. Since & > 0, if = is small
enough, which we may assume, then the \19,(z%*¢q(z,y)) term in (5.10) will be less
than $|Aja;z* ! in absolute value. Furthermore, by (4.10) one has [AzsM;z™:~1| <
C|)\1mai_si+Mi_1|. Since a; > M; > s; in situation at hand, when x is sufficiently small

the AsM;z™:~=1 term is also of absolute value less than %|)\1aixo‘i_1|. Thus when z is
sufficiently small, (5.10) gives

|0y P(,y)| > %Mlaﬂai_l! (5.11a)
Since x ~ 277 on the domain of integration of (5.9a), we can rewrite (5.11a) as
|00y P(,y)| > C|As 2774 (5.11b)
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We now apply Lemma 3.2 as follows. The domain of integration of (5.9a) is the union of
finitely many rectangles, on each of which we apply Lemma 3.2 using (5.11b). By (1.2a) —
(1.2b) as in (3.32), the function A(x,y) = g(Si(x, 2Miy))K;(z, 2Miy)p(27 N (z — x¢))ax™Mi
satisfies

Az, y)| < C(2772)(2777)(279M) (5.12)

Taking a y derivative of g(S;(z, zMiy)) gives ¢/ (S;(x, x™iy))0,(S;(x, zMiy)), so in view of
Y

(1.2a) and the fact that S;(z, z™iy) < Cz® we have
10y (9 (i, z™y)))| < C2790427D9, (S (w, 2™y) )| (5.13a)

So by (5.7) we have ‘
10y (9(Si(x, 2Miy)))| < G277 (5.13b)

Next, note that 9, (K;(z, zMiy)) = 2™ (0, K;)(z,21y), so in view of (1.2b) we have
10y (Ki(sc,a:Miy))| < 2 IMi=if+i (5.14a)
Since M; > 1, in particular we have
|0y (Ki(x,mMiy)ﬂ < (C279F (5.14b)
Using (5.13b) and (5.14b), we see that
|0y Az, y)| < C(277%@)(2797)(2797) (5.15)
We now apply Lemma 3.2 on each of the rectangles in (5.9a), using (5.11b) on the phase

and (5.12), (5.15) on A(z,y). We then add the estimates over the various rectangles. The
result is

NI

: . . 2-
N,1 G _ — M
< Jaio JB JM; )
75 O] < C@T™ )@@ s (5.16)
e e I 1
= C(27 7)) (2798) (2= M; J)—M TP (5.17a)
1

By simply taking absolute values in (5.9a) and integrating, using (5.12) one also has
T (V] < G277 ) (2777) (277 77) (5.17b)

Combining (5.17a) and (5.17b) we see that

. . . . 1
T (V)] < C@9e) (2778 (277M 7T ) min (1, —a) (5.18a)
[Ar]z27 7=
1
< C'/ min (1, - - ) dite,s (5.18b)
{(z,y)eD!: we[2--1,2-3]} IA1|21Si(z,y)|2
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This is the estimate for |TZZJVI()\)| that we will need.

The above assumed that M; > s;. When M; = s;, the reason that the above argu-
ment doesn’t always work is that in (5.10), the terms A\ a;z%~19,p;(1,y) and A3 M;z i1
may cancel each other (although the \1 9, (x**¢¢q(z,y)) term is smaller than each of them).
In this situation we use Lemma 3.1 for first derivatives instead of Lemma 3.2 as above.
Since a; > M;, the corresponding terms A\1z%9yp;(1,y) and Azaz™i of 9,5 (x,y) will not
cancel each other in the narrow region near xy in the support of the integrand of (5.9a),
and the \;x%*¢q(x,y) term will be small compared to each of them. Thus we may apply
Lemma 3.1 in this fashion.

Estimates when y is near a zero of J,p;(1,y) of order 1.

We now start bounding \lej\m()\)\ We will bound the portion of the integral
(5.9b) over [0, a] x ([0, H;] N I}) for each k. Denote this integral by J;,,. We first consider
the case where 0yp;(1,y) has a zero of order 1 at y = r;;. In this case, by (5.7), if €y and
a are sufficiently small, which we may assume, then on [0, a] x ([0, H;] N I};) one has

|0y (Si(x, ™Miy))| > Ca® (5.19)

Thus we may apply Lemma 3.1 in the y direction, using (5.12) and (5.15) on A(z,y) and
(5.19) on the phase, and then integrate the result in z. We obtain

1 = (279) (5.20)

| Jiji| < C(277%)(277) (27T M) —————
|A1|7227 72

This is exactly the same as (5.17a), so once again we get the bound given by (5.18b).

A second resolution of singularities when y is near a zero of J,p;(1,y) of order
greater than 1.

When we bound the integrals J;;; for the r;; at which dyp;(1,y) has a zero of
order greater than 1, the argument is more involved and uses a second application of
resolution of singularities, this time to the function 8y, (S;(x, 2*1y)) on a square centered
at (0,7;,). To be precise, we shift the y-coordinate by r;; and then apply resolution of
singularities to ,, (S;(x, 2 (y + r;1))) on a sufficiently small square Uy, centered at the
origin. The version of Theorem 2.1 is not exactly the one we need here. Instead we use
the (very closely related) Theorem 3.1 of [G2], which says that if U; is a sufficiently small
enough square centered at (0,0), for any 1 > 0 the portion of the square where where
ly| < |z|" can be subdivided as in Theorem 2.1. (The proof of Theorem 3.1 of [G2] works
the same way for an analytic function of ¥ and y as it does for an analytic function of x
and y). Although only a weaker version of (2.1) is given in [G2] in this set-up, (2.1) still
holds here for exactly the same reason it holds in the setup of Theorem 2.1; we omit the
details for brevity. Also, one has to replace the conclusion M; > 1 in part a) of Theorem
2.1 with M; > 7 in this situation.
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In the coordinates of this application of Theorem 3.1 of [G2], the set [0,a] x
([0, H;] N I);) becomes of the form [0, a] x [—¢€p, €] if the root r; is not an endpoint of the
interval [0, H;], and is of the form [0, a] x [0, €o] or [0,a] x [—€g, 0] if it is. We select €y to
be small enough to be the radius of a square on which the above resolution of singularities
algorithm holds for each 7;;, and then set a = ¢g. (We can shrink a as much as we like
as this only shrinks the neighborhood of the origin on which Theorem 1.1 holds.) Then in
the new coordinates the set [0,a] x ([0, H;] N I}) is either [0, €o] X [—€o, €0], [0, €0] X [0, €o],
or [0, €] x [—€p,0]. Since the resolution of singularities algorithm of Theorem 3.1 of [G2]
starts by dividing into 4 squares via the z and y axes and then does further subdivisions
afterwards, the resolution of singularities procedure restricted to [0, a] x ([0, H;] N I}) will
simply result in a subset of the set of domains given by the overall procedure.

We let Dji; and Dj,; denote the domains for this second resolution of singularities
that are analogous to the D; and D] in Theorem 2.1, and we let ¢;; be the analogues of
the coordinate changes ¢;. We denote the transformed 8y, (S;(z, z™i(y +7))) in the new
coordinates by Q;xi(z,y). Let a;p and B denote the analogues of the exponents «; and
Bi, so that Oy, (Si(z, 2™i(£y + rix + dirr(z)))) ~ x¥ryfirt on D! with corresponding
estimates on its derivatives. Because z% divides 0y, (S;(z,2Miy)) by (5.7) and because
the coordinate change is of the form (z,y) — (z, 2y + ¢iri(x)), % also divides Q;xi(z,y),
so that a;x; > «; and we may write Qx;(z,y) = % Qikl(m, y) for some function Qikl (z,y)
which is a real-analytic function of 2~ and y for some positive integer N’. Similarly, in
the new coordinates S;(x, 2™ (y+7)) can be written in the form % S;,;(z, y). Note that
due to the form of the coordinate change we have 8y, (2% Six(x,vy)) = % Qpi (2, y), or in

other words, 0y (Siki(z,y)) = Qin(z,y).

We also incorporate the (z,y) for which |y| > 2" into the collection of D},,. We
do this by simply by letting one D;,, be {(z,y) : 0 < x < €9, 2" < y < €} and another be
{(z,y) : 0 <z < €,—€ <y < —x"}, and then let the function ¢;x;(x) just be 0. In this
case, assuming 7 is chosen sufficiently small, by (5.7) there will again be an a;; and 5k
such that Qp(z,y) ~ z*iylirt on D, if we set a;r = a.

We have the following fact about z®istyfist

Lemma 5.1. There is a constant C' such that z®kiyPirt > Cx®y°=2 on D, for each
(i,k,1).

Proof. We start by noting that there is a constant ¢ such that [9)S(x,y)| > ¢ and
|02S(x,y)| > c in the original (rotated) coordinates on a neighborhood of the origin, and
Si(x,y) is either S(x,y) after a coordinate change of the form (z,y) — (£, xy + ¢;(z)),
or is S(z,y) after doing the coordinate change (x,y) — (y,x) and then doing a coordinate
change of this form. In either case, there is a constant cg for which \8§Si(x,y)\ > ¢
throughout all D;j;. This means there is a nonvanishing Sp,y° term in the Taylor expansion
Zaﬁ Sagwo‘yﬁ of Si(z,y). So a;, so the minimum « + M, for nonvanishing S, 3 must be
at most oM;. Since pi(z,y) = 3\ 11 p=a, Sapr®y”, the degree of p;(1,y) is therefore at
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most o+ < o. Denote this maximum power by n;. Next, note that in view of (5.7) we have

M
Oyy (Si(z, oM (y+rin))) = 2% 0yypi(1,y + 1ir) + xai+58yyq(:v, Y+ Tik)

By the above discussion, p;(1,y + r) is a polynomial of degree < n;. When one does
the coordinate change (z,y) — (z,%y + ¢iri(x)) transferring into the new coordinates,
2% 0yypi(1,y + 1) becomes 2% dyyp; (1, £y + rix) , while 2% 769, q(x,y + rix) transforms
into some function of the form x%*¢s(x,y). Thus the sum of the terms of the Taylor
expansion of Q;xi(x,y) with minimal z-power, given by x®0,,pi(1,xy + rix), can be
written in the form Cx®iy™ikt + o(x® y"i*!), where n; < n; —2 < o — 2. Note that for
the D},, for which |y| > z", since oy = a; and Sik; = nik, the lemma follows from this.
For the rest of the D}, ;, we argue as follows.

Suppose a wedge {(z,y) : 0 < = < e, 1™ < y < cox™} is contained in the
domain D), ,, where co > ¢; > 0. If one changes coordinates on this wedge, turning the
former (x,y) into (z,2™y), then the wedge becomes the rectangle K = {(z,y) : 0 <
T < e ¢ <y < c}, and the fact that Qu(x,y) ~ z%*iyPt on D! implies that
Qiri(z, 2™y) ~ xiritmBiciyBict on K. Thus the terms of the Taylor series of Qi (x, z™y)
have x-degree at least ayp; + mfBik. Since the term x®iy™i*! becomes x®iTmMikiynikl and
is one of the terms of the Taylor series of Q;xi(z, 2™y), we must have that a; + mn;x >

ikl + mPBik.

So if D},, has upper boundary HjyxMixt 4 . and lower boundary hjpaz™* + ...,
we must have a; +mn;k; > a;k; +mpBig for all myg > m > M. So for all (x,y) satisfying
aMikt > ¢ > gMikt () < ¢ < 1, one has x®y™k < x@kiyBirt . Thus there is a constant C
such that on the entire domain D/, one has Cx®iymikt < g@kiyfiki . Similarly, if D},, has
upper boundary HpzMi* + ... and lower boundary the z-axis (corresponding to the case
where B = 0), then «; +mn;k; > a;k; + mBg for all m > M. So one analogously has
xQiymrikt < paktgBint for ¢ < Mt (0 < 2 < 1, and therefore Cax®iymikt < g@iktyPirt on
all of D},, once again. Since n;i; < o — 2, we conclude that in either situation, one has
Caiyo=2 < g@irtyBint on D!, , and we are done with the proof of the lemma.

Estimates when y is near a zero of J,p;(1,y) of order greater than 1.
We will bound the contribution to Tg’2()\) coming from the integral (5.9b) over
the domain D;x; and add over all (finitely many) & and [ to obtain the necessary estimates

for ‘ng()\)‘ Denote this integral over D;i; by Jijx. Performing the coordinate change
¢ix1 we see that J;j;p; is given by

Jijkl — / eiz\lﬂﬂai Skt (z,y)+iXaz+ida (™ (y4rin+dini (z)+i (z))
{(z,y)eD}, s x€[27771,277]}

X g(x% S (@, y)) Ky (z, 2™ (y 4+ 130 + dirr(2)))p(2 N (2 — z0)) 2™ dx dy (5.21)
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(Without losing generality we are using y+r;; rather than +y-7;; to simplify the notation
here.) We divide (5.21) dyadically in the y variable, writing J;ju = >, Jijkim, where

Jijkim :/ 67»‘1”%S"’“l(m’y)“’\‘l‘””)‘fﬁ(w%(y+rik+¢ikl($))+¢i(w))
(279,279 x[2- ™1 2-m])Dy,,
x g(2% Syt (7, y)) K (2, 2™ (y + 7ir + Gira (7)) p(27 N (2 — 20)) 2™ dx dy (5.22)

The estimates we need will be obtained by applying Lemma 3.1 to (5.22) twice, once in
the x direction and once in the y direction, and then taking the better of the two estimates
thereby obtained. For the moment, we assume M; > s; in Theorem 2.1 b) and will deal
with the M,; = s; case afterwards.

We proceed to the application of Lemma 3.1 in the = derivative, which will be
used for second or third derivatives. We examine the phase function in (5.22). First, note
that for some o > 0 one has

D (% Siny (2, 1)) = Mai(a; — 1)x* 7 281(0, ) + O(| A1 |z ~219) (5.23)

Next, note that since 9;(x) = l;z% + O(x®17) with [; # 0 for some o > 0 (which we can
take to be the same as the previous o), and since for the moment we are assuming that
M; > s;, we analogously have

83m(/\3(IL']MZ (y + 7rik + ¢@kl($)) + @Dl(l'))) == )\3[2‘82‘(81 — 1)1’Si_2 + O(|)\3|l‘si_2+a) (524)

Putting (5.23) and (5.24) together, if Pjx;(x,y) denotes the phase function in (5.22) we see
that
OwaPirt(x,y) = Aai(o — 1)z 28i0(0,y) + Aslisi(s; — 1)z 2

FO(| A2 727 4 | A3|z5i72T9) (5.25)
Analogously, one has
(‘L;mPikl(m,y) = )\10(1'((1/1' — 1)(O_/Z' — 2)1‘%_35’1‘]@1(0,3}) + )\3[1'81(82‘ — 1)(81 — 2)1,31-—3

FO(|A |z 73%7 4 | Az]2®i73T) (5.26)

Since ay; > s; > 1, the determinant of the matrix M with rows (o (o —1),1;5;(s; — 1)) and
(ai(a; — 1) (a; — 2),1;8:(s; — 1)(s; — 2)), given by a;(a; — 1)l;8;(s; — 1)(s; — ), is nonzero.
As a result, there is a ¢ > 0 such that if v denotes the vector (Ala:g‘i_QS,-kl(O, ), /\39081'_2)
where zg is as in the p(2/ N(z — z0)) factor in (5.22), then we have

|Mv| > colv]

Thus at least one of the components of Mv has magnitude at least % |v|. If it is the first
component, we have

Arai(ai — D) 28k (0,y) + Aslisi(s; — 1)z |
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& s 5 —
> 5°(|A1ai(ai — 1)x8 2810, 9)] + [Aslisi(si — Dagi ™2|) (5.27a)
If it is the second component, we have

Arai(ai — 1) (a; — 2)2(" > Sik(0,y) + Aslisi(s; — 1)(s; — 2)a§ )|

> %(Mlai(ai — 1)(0&1 — 2)x8‘i735¢kl(0,y)| + ’)\311'81'(82‘ — 1)(51 — 2)3)8%73|) (527b)
Assuming the parameter N in (5.22) was chosen sufficiently large, for a given y equation
(5.27a) or (5.27b) will not just hold at z = xg, but for all z in the domain of the integrand
of (5.22). Furthermore, if x is sufficiently small, the error terms in (5.25) or (5.26) respec-
tively will be of magnitude at most half that of the right hand side of (5.27a) or (5.27b)
respectively. (Here we implicitly use that |S;x:(0,y)| is bounded below over y € [0, H;], but
recall S;x;(0,y) never vanishes on [0, H;] since S;(x,y) ~ x®). Also, one technical point
worth mentioning here: If s; = 2, the second term of the error term of (5.26) will not be
small in comparison to [Asl;s;(s; —1)(s; —2)x5 ~3|), but it will be small in comparison with
Ao (a; — 1) (s — 2)28 > Si (0, )] if (5.27a) does not hold since a; > s; = 2. Analogous
considerations would hold if a; = 2 since then s; # 2, but one can show that a; = 2 never
occurs.

Thus (5.27a) or (5.27b) imply that for a fixed y, for all x in the domain of
integration of (5.22) we have at least one of the following equations holding.

Co

4 (IMai(os — 1)a* 2 8(0,y)] + [Aslisi(si — 1)@ ~?]) (5.28a)

|ammPikl(xa y)| >
c _ o
|0pzx Piri (2, y)] > ZO(’MOZ@'(OQ‘ — 1) (a; — 2)z™ SSikl(O,y)| + | Aslisi(s; — 1)(s; — 2)x® 3])

(5.28b)
What is relevant for us is that for some constant ¢; > 0, for each fixed y we have

020 Pt (2, )| > 1| A |z 2 or 0pwa Pirt (x,y)| > c1| M|z ™3 (5.29a)
Equivalently, for some constant co we have

‘6wmpikl(x7 y)‘ > CZl)\lyz_j(ai_m or ’aa::cwpzkl(x7 y)‘ > CZ|)\1’2_j(ai_3)
(5.290)
Equation (5.29b) is what we will use to apply Lemma 3.1 on the z-integral of (5.22).

Note that in the above we assumed M; > s;, and next we will show that (5.290)
also holds when M; = s;. By Theorem 2.1, M; = s; can only occur if ¢;(z) = [;z%
for some I; # 0. So the term A3(x™i(y + ri + ¢iri(z)) + ¥i(x)) in the exponent of
(5.22) can be written as Azx™Mi(y + rix + I + diri(x)). Recall by (4.10) that \3 =

ioi(ai—1 i—8i ioi(ai—1 i —M; ;
_diciloil) po—s; . dici(aiml) poi=Mi g there is some constant ¢ such that the term
l;8i(s;—1) =0 l;8i(s;—1) <0

is equal to AlcxMixgi_Mi((y + rie + 1) + dirr(x)). This means that if |y + riy + I;] is
sufficiently small, the second x derivative of this term of the phase in (5.22) is negligible in
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comparison to Ay (a; —1)2%72S5,;5(0,y) and therefore the left-hand side of (5.29b) holds.
On the other hand if |y + 7;x + ;| is not small, the argument used to show (5.29b) applies
once again, so once again (5.290) holds.

We now apply Lemma 3.1 on the z-integral of (5.22) using (5.290). To do this we
also have to bound the A(x,y) = g(z% Sixi(z,y)) Ki(z, 2™ (y + rix + dir1(2)))p(27 N (x —
79))zM¢ and the integral of its  derivative for a given y. Using (1.2a) — (1.2b) analogously
to (3.32) we have

Az, y)| < (277%)(2797)(277M) (5.30)

I claim that by taking an x derivative of A(x,y) one gains an additional factor bounded
by C2/. To show this, by the product rule for derivatives it suffices to show that by
differentiating each of the factors of A(z,y) one gains at most C % For the ™ factor
this is obvious. The same is true for the p(2/ N(x — x¢)) factor since z ~ 277 and N is a
constant. For the g(x®S;k(x,y)) factor we have

1029z Sira (2, )| < Cx™~Hg' (2 Sipi (2, 1)) (5.31)
By (1.2a) this is bounded by
Cx® (gt = Cgiv™! (5.32)

Lastly, for K;(z,2™i(y + riy + éiri(7)))| what we need follows from (1.2b) and the fact
that M; > 1. So we conclude that we have

[0 Az, y)| < (277%9)(2777)(277M)(27) (5.33)
This is the estimate we will use for |0, A(x,y)| in applying Lemma 3.1.

We now apply Lemma 3.1 for fixed y in (5.22), using (5.296) on the phase and
(5.32), and (5.33) on A(z,y). Afterwards, we integrate the result in y. We obtain

1 1
(JAg]27906)2 7 (|Ag[27904)5

| Tijhim| < C(2797™) (2792 (279P) (279 M) max ( ) (5.34)

Simply by taking absolute values and integrating in (5.22), one has
[ijkim| < C(27™)(277%%)(2777)(279M5) (277) (5.35)

Note that the left hand side of the maximum in (5.34) is greater than the right hand side
if and only if |A|277% < 1, in which case (5.35) gives a better estimate anyhow. Thus
(5.34) and (5.35) combine into

| Jijrim| < C(2797m) (277 (2798)(279Mi) min (1, m) (5.36)
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We now examine the estimates obtained by applying Lemma 3.1 to (5.22) in the y-direction.
Note that

Oyy Piri(x,y) = MOyy (" Sira(x, y)) (5.37)
= MQik (CE, y) (538)

Recall that Q;;(x,y) is comparable to the monomial z®#*ty5it on Dy with aur > a4. So
(5.38) implies that
|0y Pira(,y)| > C|Ag|zintyPine (5.39)

So on the support of the integrand of (5.22) one has
\8ny¢kl(a:,y)| > C‘)\lp_jaikl_mﬁikl (540)

In (5.22), we now apply Lemma 3.1 in the y direction, using (5.40), (5.12), and (5.15), and
integrate the result in x. (We can still use (5.12) and (5.15) here due to the form of the
coordinate change (x,y) — (z,y + diri(x)) ). We get that

1
(|)\1’2*jaikz*mﬂikz)%

[Jijhim| < C(277%)(2777)(277M) (27) (5.41)

Equations (5.36) and (5.41) can be combined into a single estimate:

. . . . 1 1

Jiiem| < C(2797™ g—Jjaia—jBy(9—iM; ; 1, _, .
igtim| < O ) ) jmin ( (|Ai[2—71)3 (|,\1|2—jam—m<6ikl+2))a)
(5.42)

This is equivalent to
1 1

| Jijkim| < C/ g tAHMipip (1, -, - )

[2-9-1,2-9]x [2-m—1 2= ] (|Atfzi)s (| fzosmiyPicit2)2
(5.43)

In view of the shapes of the D};,, adding this over all m therefore gives the following.

1 1
|JZ]]€Z| S C/ xaia+ﬁ+Mi min <17 19 1 )
{(zy)€D], wel279-1,273]) (IAafzei)s (A fwinmyPinet2)s
(5.44)
By Lemma 5.1, we therefore have
a;o+p+M; s 1 1
|Jiji| < C i imin | 1, - - | dzdy
{(z.y)€D], me[27971,274]) (IAafzee)z (JAr|zviye)z
(5.45)
We fix = and focus on the y integral of (5.45), which is at most
v [ 1 1
goiath+M / min < -, - ) dx dy (5.46)
0 (IAlzed)s ([Aafzoiyo)2
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The quantities (|A\|z®)3 and (|A1]z®y°)2 are equal when (|A1|z*)2 = (|A|z®y°)3, in
other words when 43¢ = |A|~'z=® or y = || %z~ 3. The integrand in (5.46) is
constant for y smaller than this value, and decreases like y~2 for y larger than this value.
Recalling that o > 3 in the situation at hand since d,p;(1,y) has a zero of order at least

two at ri, (5.46) is therefore bounded by a constant times z®+t8+Mi x |\||~ 55256 x
1 o pioetB+M;

I
(|Ar]z>i)3

AL Integrating this in x we therefore have
1 xr%i )3 " 30

1

Jiim| < 2 Jaia=jB—jMi—j 5.47
il < (A1 [2—da )3+ (5:47)
By just taking the 1 in the minimum of (5.45) and integrating one gets

| Jijwt| < C27 0 dB=iMi] (5.48)
So combining (5.47) and (5.48) we see that

. o . 1

| Jijr| < C2790i0=3B=iMi=i pip ( 1, - (5.49)
(|A1]2-7i)s+35s

Given that D) was of y-width ~ x™i for a given x, analogously to (5.18b) and (3.23)
equation (5.49) implies

1
| Jijn| < C/ min (1, > dfta, (5.50)
’ {(z,y)€D}: z€[2—i—1,2-i]} ’)\1|%+3L°|Si($,y)!%+% B

Note that the right-hand side of (5.50) is independent of k and . So if one adds
over all k£ and [, the result is bounded by the right-hand side of (5.50). But the sum over

all £ and [ of J;;y; is exactly J;j, the contribution to TZIJVQ()\) in the integral (5.9b) coming
from the sets [27771, 279 x ([0, H;] N I};) where p/(1,y) has a zero of order at least 2 at
y = rik. Note that since % + 3—10 < 1, the integrand in (5.50) is at least as large as that
of (5.18b), which by (5.20) is the bound we have for the contribution to ng()\) in the
integral (5.9b) coming from the sets 27771, 277] x ([0, H;] N I};) where p’(1,y) has a zero
of order 1 at y = r;5. So adding over all k£, we have the succinct statement that

1
ITZ.N,Z()\N = 0/ min (1’ 11 TR ) dita,B (5.51)
] (eppacsmtaon IS, )

Thus to complete the proof of Theorem 1.1, it suffices to show that the right-hand side
of (5.51) is bounded by the right-hand sides of (1.8a) — (1.8¢). But (5.51) is the same
as (3.24), and the steps from (3.24) to (3.31) give (1.8a) — (1.8¢) exactly as before. This
completes the proof of Theorem 1.1.

6. Sharpness of Theorem 1.1a) when g = 0.
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To see why when 5 = 0 the uniform estimates given by Theorem 1.1a) are sharp

and that (§,d) = (a + do,dp), where (dg,dy) are the (d,d) of the smooth case (with

= [ = 0), we use some facts concerning the asymptotics of sublevel set measures

and their connection to oscillatory integrals that follow from two-dimensional resolution

of singularities. We refer to [AGV] ch 7 for more information. If E, denotes the disk

{(x,y) : 2% +y? < r?}, then if r is sufficiently small by resolution of singularities one has
an asymptotic expansion

{(z,y) € E, : |S(z,y)| < t}| = Dt%]Int|% + o(t*|Int|%) (6.1)

Here D, # 0. The terms of the o(t%|Int|%) part of the asymptotics are of the form
ct®|Int|®, where b = 0 or 1 and a is a rational number. The set of all such possible a are
a subset of an arithmetic progression whose smallest value is greater than dg.

Next, one has

/ S (2, y)|* dw dy = / o d (D,«t50| Int|% + o(t™] lnt|d°)) dt  (6.2)
{(zvy)EEr:‘S(may)|<€} 0 8t

We can assume that o > —dy since |S(z,y)|* is not locally integrable on a neighborhood
of the origin if o < —&y. So (6.2) is of the form Ce*+%|Ine|% plus a smaller error term.
So the (d,d) in (1.6) is given by (a+ dg, dp). Note that in particular, by the form of (1.8a),
one has § < § + 2 < 1. So if Theorem 1.1a) holds then a + dy < 1.

If ¢(z,y) is a smooth function supported in a sufficiently small neighborhood of
the origin then we have analogous asymptotics of the following form as t — 0.

/ d(x,y) dx dy = Cypt®|Int|% 4 o(t% | Int|) (6.3a)
{(z,y):0<S(z,y) <t}

/ o(x,y)dedy = C’é)t50|ln t|% + o(t% | Int|%) (6.30)
{(z,y):0>S(z,y)>—t}

At least one of Cy and C}, will be nonzero if ¢(z,y) is nonnegative with ¢(0,0) > 0. We
further have that

1
. 0
/|S(:1:,y)]"‘e“ls(x’y%(:c,y) da:dy:/ to‘ew‘lta</ o(x,y) dmdy) dt
0 {(z,y):0<S(z,y) <t}

1
0
+/ t%e *Z’\lta (/ o(x,y) dacdy) dt (6.4)
E\ J{(2,y):—t<S(z,y)<0}

/ t%e M (Cyoot® HInt|% 4 o(t% | Int|%)) dt
/ 1% (60t I | + ot Int|0)) dt (6.5)
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1 1
— C’¢50/ eMtpdota=liyy yido g 4 0;50/ e~ Patgdota=ly ¢|do gy
0 0

1
+/ o(t%Te= 1| In¢|%0) dt (6.6)
0

As described above, we have that 0 < a 4+ d9 < 1 whenever Theorem 1.1a) holds with
B = 0. In this case, the first two terms in (6.6) can be computed directly to be of the form
CAT7%(In A\y)% (C # 0) plus a faster-decaying term as A; — co. These two main terms
will not cancel out because that calculation also reveals these main terms will not be real
multiples of each other.

One can expand the o(t°°t*~1|Int|%) term in (6.4) to any finite number of terms,
and one can do a similar integration on each term obtained to get terms decaying faster
than C’)\l_o‘_go(ln A1)%. The integral corresponding to the error term in such an expan-
sion can be bounded using integration by parts, and the decay rate of the error term
increases indefinitely with the number of terms in the expansion. Thus for some C' # 0,
[18(z,y)|*eP 5@V ¢(2,y) dr dy is equal to CAT7%(InA\;)% plus a term that decays
faster as A\; — oo. Since (§,d) = (dp + «,dp), the estimate given by Theorem 1.1a) is
therefore seen to sharp by letting g(z) = |z|* and K(x,y) = ¢(z,y) be a nonnegative
function with ¢(0,0) > 0.

We conclude that the estimates given by Theorem 1.1a) are sharp whenever 5 = 0.
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