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1. Introduction and statement of results

Let Q be a smooth hypersurface in R? and let gy be a point on Q. Let do(q)
denote the standard surface measure on (). For a small cutoff function ¢ supported near
qo, we define the maximal operator M, initially on Schwarz functions, by

Mf(z) = igg\ Qf(w—tQ)cb(Q) do(q)| (1.1)

Our goal is to determine for which p is the maximal operator M bounded on LP. Note that
by subadditivity of maximal operators of the form (1.1), one can prove LP boundedness of
the nonlocalized analogue of (1.1) over a compact surface by doing a partition of unity and
reducing to (1.1). If L is an invertible linear transformation and M}, denotes the maximal
operator corresponding to the surface L(Q), then one can easily check from the definitions
that M f(x) = |det(L)|M(foL)(L~'x). Hence when studying L? boundedness properties
one may always replace M by M. In particular, we may assume that near qg, @) is given
as the graph of a function g(z,y) such that if (xg,yo) denotes the point in the z-y plane
which ¢ lies above, then Vg(zg,yo) = 0.

The earliest work in this area was done in the case where () is an n-dimensional
sphere in R™*!, when Stein [St1] showed M is bounded on L? iff p > "L for n > 1. This
was later generalized by Greenleaf [Gr] to surfaces of nonvanishing Gaussian curvature,
with some further results for when the Hessian has rank between 1 and n. The n = 1 case
was later proven by Bourgain [B]. In [So| Sogge showed in any dimension that whenever
() has at least one nonvanishing principal curvature, M is bounded on LP for all p > 2.
The case of convex surfaces of finite line type has been extensively analyzed; we refer to
[IoSe2] and [NaSeWa] for more information on these situations.

Although there are many interesting issues when p < 2, for the purposes of this
paper we always assume p > 2. M is trivially bounded on L*°, and if M is bounded on
some LP, by interpolating with the L°° case one has that M is bounded on L¥ for p > p.
Hence our goal is to determine the optimal py > 2 for which M is bounded on L? for
p > po. If Q is tangent to the tangent plane Ty, (Q) to infinite order at g, then as long as
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0 ¢ T,,(Q) a relatively straightforward argument shows that M is unbounded on LP for
all finite p. Conversely, if the Gaussian curvature of () does not vanish to infinite order at
qo, then by [SoSt] M is bounded on LP for some finite p. (See [CoMa] for another result of
this kind.) It is entirely possible that in any dimension, M is bounded on some finite LP
whenever @) is not tangent to T, (Q) to infinite order at go. Hence in general we expect
po to be finite.

Definition 1.1. Let d(z,y) denote the vertical distance between @ and Ty, (Q) above
(z,y). The height h(qo) is defined to be the reciprocal of the supremum of all € for which
the integral of |d(z,y)| ™€ is finite on at least one neighborhood of qp.

For the case n = 2 considered in this paper, a good LP boundedness theorem for
p > 2 was proven in [IkKeMu2|. Their main theorem can be stated as follows.

Theorem [IkKeMu2]. Suppose the origin is not contained in T, (@). If ¢(q) is supported
on a sufficiently small neighborhood of gy then M is bounded on LP for p > max(h(qp), 2).
When h(go) > 2 and ¢(qo) # 0 this exponent is sharp in that M is unbounded on L? for
p < h(qo) and if @ is real-analytic, then M is unbounded on LMa0) a5 well.

The purpose of this paper is to provide a relatively short alternative approach to
the p > 2, n = 2 situation by extending the methods of [G1] and using facts about the
adapted coordinate systems described below. There will once again be exceptional cases
not covered, but due to the differences in the methods the exceptional cases will be quite
different from and not mutually exclusive to the exceptional cases of [IkKeMu2], which
occur when 0 € Ty, (Q).

Newton Polygons and Adapted Coordinates.

We now give some relevant terminology which will be used throughout this paper. Below,
R(z,y) denotes a smooth function defined on a neighborhood of the origin with nonvan-
ishing Taylor expansion at the origin.

Definition 1.2. Let R(z,y) = Za,b Rapx®y® denote the Taylor expansion of R(x,y) at
the origin. For any (a,b) for which R, # 0, let Qa5 be the quadrant {(z,y) € R? : x >
a,y > b}. Then the Newton polygon N(R) of R(z,y) is defined to be the convex hull of
the union of all Q.

In general, a Newton polygon consists of finitely many (possibly zero) bounded
edges of negative slope as well as an unbounded vertical ray and an unbounded horizontal
ray.

Definition 1.3. The Newton distance d(R) of R(z,y) is defined to be inf{t : (¢,t) €
N(R)}.



One often uses (t1,t2) coordinates to write equations of lines relating to Newton
polygons, so as to distinguish from the z-y variables of the domain of R(x,y). The line in
the t1-t5 plane with equation t; = t comes up so frequently it has its own name:

Definition 1.4. The bisectriz is the line in the t1-t plane with equation t; = t5.

A key role in the above theorems as well as our theorems to follow is played by
the following polynomials.

Definition 1.5. Suppose e is a compact edge of N(R). Define R.(z,y) by Re(z,y) =
Z(a’b) ce Rapr®y®. In other words R.(z,y) is the sum of the terms of the Taylor expansion

of f corresponding to (a,b) € e.

Definition 1.6. Suppose R(x,y) has nonvanishing Taylor expansion at the origin such
that R(0,0) = 0 and VR(0,0) = 0. Then R(z,y) is said to be in nonadapted coordinates if
the bisectrix intersects N (R) in the interior of a compact edge e of N(R) such that R.(1,y)
has a zero of order greater than d(R). If R(z,y) is not in nonadapted coordinates, then
R(z,y) is said to be adapted coordinates.

The significance of adapted and nonadapted coordinates was first discovered by
Varchenko [V] for the real-analytic case and for the general smooth case by Tkromov-Miiller
[IkMu]. Namely, define € to be the supremum of all € for which |R| ™€ is integrable in at
least one neighborhood of the origin. Equivalently, ¢ is the supremum of the epsilon such
that on some neighborhood of (0,0) one has |{(z,y) : |R(z,y)| < t}| < Ct¢ for some C.
Then by [V] and [IkMu] one has d(R) < %, with equality holding if and only if R(z,y)
is in adapted coordinates. Furthermore, one has the following. Suppose R(z,y) is not in
adapted coordinates and let e be the edge of N(R) intersecting the bisectrix in its interior.
By [V] and [IkMu], if the slope m,. of e is at least —1, then there is a smooth ¢ (z) with
1 (0) = 0 such that R(z,y+1(z)) is in adapted coordinates. By switching the roles of the
x and y axes, this means that if m, < —1, there is a smooth 1 (y) with ¢(0) = 0 such that
R(z+¢(y),y) is in adapted coordinates. Thus [V] and [IkMu] show that there necessarily
is a "nice” coordinate change after which the growth rate of R at the origin is given in the
above way by ﬁ and where R is in adapted coordinates; these facts in turn are used in

[TkKeMu2] in their proof of the LP? boundedness properties of M in their theorem above.
Another useful aspect of adapted coordinates proven in [V] and [IkMu] is that if one is in
adapted coordinates, then the order of any zero of any R.(1,y) (cf. Definition 1.5) is at
most d(R).

Let a denote the order of the zero of R(x,y) at (0,0). Then for a generic linear
transformation T, 9, (R o T)(0,0) and dg (R o T)(0,0) are both nonzero. Thus the Newton
polygon of RoT is entirely on or above the line t; +t5 = a. But no point of N(RoT') can
be below this line; otherwise r o T" would have a zero of order less than a at the origin. We
conclude that N(RoT) is exactly {(t1,t2) € R? : t; +t3 > a}. Since the compact edge of
N(RoT) has slope —1, by the above discussion there is a 1(x) such that RoT(x,y+v(x))



is in adapted coordinates. Note that the Newton polygon of RoT(x,y+ 1 (z)) still has its
upper vertex at (0,a) and that the slope of each edge of this Newton polygon is at least
-1. This motivates the following definition.

Definition 1.7. Suppose R(0,0) = 0 and VR(0,0) = 0. Then R(z,y) is said to be in
generic adapted coordinates if R(x,y) is in adapted coordinates, each edge of N(R) has
slope at least —1, and N(R) intersects the y-axis at some point (0, a).

Note that the above definition implies that R(z,y) has a zero of order a at the
origin. We now are in a position to state the main theorem of this paper. Recall we are
working in the situation where @ is a surface with a distinguished point ¢y = (x0, Yo, 20),
such that near go the surface @ is the graph of some g(z,y) with g(zo,y0) = 2o and
Vg(zo,y0) = (0,0). Let f(z,y) = g(x + x0,y + yo) — 20, and define D(z,y) to be the
Hessian determinant of f at (z,y). Then our main theorem is as follows

Theorem 1.1. Suppose M is as defined in (1.1). If ¢(q) is supported on a sufficiently
small neighborhood of o, then M is bounded on LP for p > max(h(qp),2) as long as
neither of the following two exceptional situations occurs.

a) D(z,y) has a zero of infinite order at (0,0).

b) Whenever T is an invertible linear transformation and v (z) a smooth function with
a zero of order b > 0 at the origin such that F(z,y) = (f o T)(z,y + ¥(x)) is in generic
adapted coordinates, then the bisectrix intersects N (F') in the interior of a compact edge
e with slope m, with |m.| < § such that p(y) = 9,(F.(1,y)) or 8,(Fe(—1,y)) has a zero
of order greater than max(1,d(F) — 1) at some yo for which p(yg) # 0.

Here F.(z,y) is as in Definition 1.5. If ¥(z) has a zero of infinite order at = = 0,
then we take % = 0 in Theorem 1.1b); in other words, the exceptional condition of b) will
not be satisfied. As is explained in [IkKeMu2]|, using a theorem in [IoSal| one can show
the exponent h(qo) is best possible when gy ¢ T,,,(Q), assuming ¢(qo) # 0. If g0 € Ty, (Q),
then sometimes one can do better as the maximal operator starts to resemble a traditional
Hardy-Littlewood maximal operator in two dimensions.

The exceptional situation a) of this paper is necessitated by our use of damping
functions in conjunction with the theorem of Sogge and Stein [SoSt] that we will describe
below. It is unlikely that it can be avoided without using substantial additional ideas. A
canonical example of when the first kind of exception situation occurs is when F(x,y) =
p(az + by), in other words, when F'(x,y) is effectively a function of one variable.

Exceptional situation b) may be viewed as rare in the sense that it requires a
certain polynomial to have a zero of high order among other things; however, a simple
example of where it happens is the function (y+x%)’+2¢ for ¢ > b > 2,a > 1, and ab < c.
Although we will not prove it here, further manipulations involving Newton polygons



can be used to show that if the exceptional condition holds for one of 9,(Fe(1,y)) and
0y(Fe(—1,y)), it holds for the other. Hence in the statement of Theorem 1.1 we could
have just used one of the two functions.

The exceptional situation b) arises for the following reason. The main theorem of
[G1] gives Theorem 1.1 if f(x,y) is already in adapted coordinates. Much of the analysis
of [G1] carries over even in nonadapted coordinates; the y-variable shift by v (x) does
not interfere with most of the argument. The exception occurs when one cannot avoid
using integrations by parts in the z-variable in arguments resembling the proof of the Van
der Corput lemma. This happens when the bisectrix intersects N(F) in the interior of a
bounded edge satisfying the above conditions on F,(1,y) and its y derivatives. If the order
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b of the zero of ¥ (x) at the origin is at least > then ¢(z) is too small to cause any

serious problems in such integrations by parts. If b is less than ﬁ then it seems difficult
to adapt the arguments of [G1] to these situations. So as long as we can find some linear
T such that f o T avoids such situations, then the methods of [G1] can be adapted to the
current situation and Theorem 1.1 can be proved.

The stipulation that b < ﬁ is more than a technical improvement in the state-
ment of Theorem 1.1. For example, if f(z,y) is a mixed homogeneous function, then it is
not hard to show that in converting to adapted coordinates 1(z) can always be taken to
be of the form cz®, and if the bisectrix of F(z,y) = f(z,y + ca®) intersects N(F) in the
interior of a compact edge of slope m. then b = ﬁ Hence Theorem 1.1 covers the mixed
homogeneous case (as long as D(z,y) does not have a zero of infinite order at the origin)

because we include the condition. For h(gg) > 2 this result was first proved in [TkKeMul].
Strategy of the Proof.

Ever since [SoSt] one successful method of proving LP boundedness theorems for
maximal operators such as (1.1) has involved embedding M in an analytic family M,.
The idea is that one replaces the standard surface measure do(gq) with the damped surface
measure eZQ\h]Zda(q), and then defines the maximal operator M, to be the analogue of
(1.1) with do(q) replaced by e |h|7do(q). One shows that for some sg < 0, M. is bounded
on L whenever Re(z) > s, uniformly in [Im(z)| for fixed Re(z), and that for some
s1 > 0, M, is bounded on L? whenever Re(z) > s1, again uniformly in [Im(z)| for fixed
Re(z). The e factor is present to ensure uniform L? bounds on each vertical line. Then
by a well known interpolation technique for maximal operators (see Ch 11 of [St2] for
details), one obtains a py > 2 such that M = M, is bounded on LP for p > py. The hope
is that the damping function h(z) can be chosen so that pg is optimal.

In the above interpolation, the L>° bounds are typically obtained using the ob-
servation that ||M.||p~_p~ is bounded by the L' norm of C|h|*(*). Thus as long as
|h|*°do(q) is a finite measure, one obtains the desired uniform L> bounds on any vertical
line Re(z) = s for s > sq. For the L? boundedness, we will use the following consequence



of a theorem of Sogge and Stein:

Theorem 1.2. [SoSt]|. Suppose the surface measure ¢(q)do(q) is as in (1.1) and there
are C, e > 0 such that for all multiindices o with |a| = 0,1 the Fourier transform of the

measure do,(q) = €7 |h(z)|7¢(q)do(q) satisfies
06, (N)] < C(1+ |A[)"2 ¢ (1.2)

Then there is a constant C’ depending on C' and € such that ||[M, f||l2 < C'||f]|2 for all
felL?

In practice, if one has (1.2) for o = 0, it will generally automatically hold for
all the first derivatives since the effect of taking such a derivative is to replace the cutoff
function by another one. In the proof of Theorem 1.1 in this paper, we will work in this
framework. We will first write the surface () near gy as the union of finitely many ”slivers”
containing gy on their boundaries. These slivers will be defined using the Newton polygon
of the function f(z,y) defined above Theorem 1.1 when put in generic adapted coordinates;
we will effectively be doing a coarse resolution of singularities using Lemmas 2.2 and 2.3
of the next section. We will then define the damping function separately on each sliver.
The damping functions will be analogues of those of [G1]. There will be four types of
slivers and showing (1.2) holds will be done by separately estimating the contribution to
d.(A\) coming from each type of sliver, again using methods analogous to those of [G1]. Tt
should be pointed out that the idea of dividing a neighborhood of a point into slivers with
respect to a Newton polygon for the purpose of proving oscillatory integral estimates such
as (1.2) is quite old; it appears in [PSt] and its predecessors for example and was also used
in analyzing such maximal operators in [IkKeMul] and [IkKeMu2].

2. Lemmas about Newton polygons; subdivisions into slivers

In the analysis of this paper, for the appropriate F'(z,y) one treats on similar
footing all compact edges of N(F') intersecting the set {(¢1,t2) : t2 > t;}. To avoid
exceptional situations such as those of part b) in the statement of Theorem 1.1 for any
such edge not intersecting the bisectrix in its interior, we have the following lemma.

Lemma 2.1. Suppose R(z,y) is a smooth function on a neighborhood of the origin that
is in generic adapted coordinates. Let d* denote max(2,d(R)). Suppose e is any compact
edge of N(R) lying entirely on or above the bisectrix. Then if there is yg # 0 such that if
R.(1,y0) # 0 and 0y R.(1,y) has a zero at y, of order greater than d* — 1, then e has slope
—1 and upper vertex lying on the y axis.

Proof. Since R(x,y) is in generic adapted coordinates, the uppermost vertex of N(R)
is (0,a) for some a > 2. The point (d(R),d(R)) is on N(R), and the line of slope —1
containing this point intersects N(R) at (0,2d(R)). Since all edges of N(R) have slope at
least -1 and (d(R),d(R)) € N(R), we conclude that a < 2d(R) with equality holding iff
there is an edge of N(R) connecting (d(R),d(R)) to (0,2d(R)). Hence if e is a compact
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edge of N(R) lying entirely on or above the bisectrix, either e is the segment (d(R),d(R))

0 (0,2d(R)) or a < 2d(R). Thus if e satisfies the assumptions of this lemma and we can
show that R.(1,y) has degree at least 2d(R), then in particular e has slope —1 and upper
vertex lying on the y axis as needed.

So assume e is a compact edge lying entirely on or above the bisectrix such that
there is yo # 0 with R.(1,y0) # 0 and such that 0, R.(1,y) has a zero at yo of order greater
than d*. First consider the case where e’s lower vertex is (d(R),d(R)). In particular, d(R)
is an integer. We will show that R.(1,y) has degree at least 2d(R). Note that R.(1,y)
has a zero at y = 0 of order d(R) and therefore 0,R.(1,y) has a zero at y = 0 of order
d(R) — 1. Since we are assuming it also has a zero at yo of order greater than d(R) — 1,
OyRc(1,y) must have degree least 2d(R) — 1. Hence R.(1,y) has degree at least 2d(R).
This means that the upper vertex of e is at least 2d(R) and by the previous paragraph we
are done.

Next, we consider the case where e does not contaln (d(R),d(R)). Hence e lies
entirely above the bisectrix, and R.(1, y) can be written as y% p(y) where d’ > d(R). This
means that 9, R.(1,y) is of the form y¢ ~1¢(y). Since 9, R.(1,y) is assumed to have a zero
yo # 0 of order greater than d(R) — 1, we can write

OyRe(L,y) =y" "y —y0)" "'r(y) (2.1)

Here d”’ > d(R). Note that (2.1) implies that the degree of 9, R.(1,y) is at least d'+d"—2 >
2d(R) — 2, so the degree of R.(1,y) is greater than 2d(R) — 1. Hence the upper vertex of e
must be the upper vertex of N(R); otherwise N(R) would have a vertex at height greater
than 2d(R) and since a < 2d(R) this can’t happen. We conclude the upper vertex of e is
given by (0,a) for some 2d(R) — 1 < a < 2d(R). As a result, the degree of 9y R.(1,y) is
greater than 2d(R) — 2 and at most 2d(R) — 1.

If r had positive degree, then the degree of 0, R.(1,y) would be at least d’+d"—1 >
2d(R) — 1, contradicting the above. So r(y) is constant and we may write

dyR.(1,y) = ey Ly —yo)? (2.2)

Similarly, if d’ or d” were equal to d(R)+1 or greater then the degree of 9, R.(1, y) would be
greater than 2d(R) — 1, again giving a contradiction. So we have d(R) < d’,d" < d(R)+1
Since d’ and d” are both integers, this means d’ = d”. ”"Homogenizing” (2.2), for some k
we get that

By Re(z,y) = cy® "y — yor*)* 1 (23)
Looking at the term of (2.3) Whose degree in y is second-highest we see that £ is an integer.
Hence e is an edge of slope —+ Whose upper vertex is (0,2d" — 1) and our objective is to

show that £ = 1. Assume k Z 2; we will arrive at a contradiction. Since we are dealing
with the case that e lies entirely above the bisectrix, the point (d(R),d(R)) lies above the
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line containing e. Since this line intersects the bisectrix at (
conclude that

g (2d = 1), 25 (2d' - 1)), we

k
k—_H(Qd’ —1) <d(R) (2.4)
Since d’ > d(R) and k—_kH > %, this in turn implies that
2
§(2d(R) —1) < d(R) (2.5)

Equivalently, d(R) < 2. Since d’ < d(R)+1 and d’ —1 is an integer at least one, d' —1 =1
and (2.3) just becomes

Oy Re(x,y) = cy(y — yor") (2.6)

Now note that 0, R.(1,y) no longer has a zero of order greater than one, so it no longer falls
under the assumptions of this lemma. So this situation cannot happen; we have arrived at
a contradiction and we are done.

Lemma 2.2. Suppose R(z,y) is a smooth function on a neighborhood of the origin such
that R(0,0) = 0. Suppose v is a vertex of N(R) that is the intersection of compact
edges e; and ey with slopes 0 > m; > mo. Let M; = —mil and My = —mLQ. Let
Reqx°y? denote the term of the Taylor expansion of R(z,y) at the origin corresponding to
v. Then on a sufficiently small neighborhood of the origin, there is an N > 0 such that if
Nlz[M < |y| < +|z|™2, then we have

1 C (&
§]Rcdx v < |R(z,y)| < 2|Rear“y? (2.7)

If v lies on the y axis and is the upper vertex of a compact edge e; with slope —Mil, then
there is an N > 0 such that if N|z|** < |y| then once again (2.7) holds.

Proof. Without loss of generality, we may restrict our attention to (z,y) in the upper right
quadrant. Write the Taylor expansion of R(z,y) at the origin as >, Rapx®y’. We first
prove (2.7) in the case where v is the intersection of two compact edgves, whose equations
we denote by t1 + Mits = aq and t1 + Msty = . For a large K we can write

R(ma y) - Rcdxcyd = Z Rabxayb
(a,b):c<a<M, d<b< M, (a,b)#(c,d)
+ Z Rabxayb + Z Rabxayb + EK(xv y)
(a,b):a<c, d<b<M, a+Msb>as (a,b):c<a<M, b<d, a+M1b>a1
(2.8)

Here Ek(x,y) satisfies
| B (z,y)| < C(l2]™ + [y|™) (2.9)

We start by noting that the first sum in (2.8) is less than g|req/z°y® in absolute value if
(x,y) is in a sufficiently small neighborhood of the origin, which we may assume. As for
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the second sum, if one changes coordinates from (z,y) to (x,y’), where 3y = x™2y, then
(z,y') € [0,1] x [0, &) whenever y < 12, Observe that under this coordinate change, a
given term R,pz%y" of the second sum becomes R,z T2 (y/)b. Since a + Mab > i and
b > d in each term in the second sum, the entire sum can be written as x°2(y")¢(y' f(z,y'))
for some f(x,y’) which is a polynomial in 3’ and a fractional power of x. Thus if N is
sufficiently large, whenever y’ < % the sum is of absolute value less than §|Rcq|z®(y')* =
%]Rcd\xcyd. Since 3y’ < % is equivalent to y < %QJM% these are the bounds we need.

The third sum is dealt with in exactly the same way, reversing the roles of the
x and y axes and the edges e; and es. Lastly, since %xMQ >y > NzMt the error term
Ex(z,y) is less than g|req|z¢y? in absolute value for small |z|, |y| if K is chosen sufficiently
large. Putting these all together, we get that |R(z,y) — Reqzy?| < 3|Rea|z¢y? as needed.
This completes the proof of Lemma 2.2 for the case where (¢, d) is the intersection of two
compact edges of N(R).

We now move to the case where (¢, d) is on the y-axis and is the upper vertex of a
compact edge e; of N(R). We again examine the sum (2.8). In the case at hand, since (c, d)
is on the y-axis, the second sum in (2.8) is empty. The second sum is where the condition
y < %xMQ was used above, and the third sum is where the condition y > N2 was used.
Since we have no second sum, the lack of a condition y < %a:M2 holding does not cause
any problem in repeating the above argument. For the third sum we use the condition
y > Nxz™i exactly as before, and for the first and fourth sum the previous argument works
unmodified. Hence (2.7) holds again and we are done.

Lemma 2.3. Suppose R(z,y) is a smooth function of y and a fractional power of z on a
neighborhood of the origin such that R(0,0) = 0. Write the Taylor expansion of R(x,y) at
the origin as Y, , Rapz®y®. For a given M > 0 let Ry (z,y) denote the sum of the nonzero
terms of this Ta7ylor expansion for which a + Mb is minimized; in particular Ry/(x,y) is
either of the form R.(x,y) for a compact edge e of N(R) or is equal to R.qz°y? for a vertex
(c,d) of N(R). Denote this minimal value of a + Mb by «. Then for any » € R and any
€ > 0, there is a § > 0 such that on the set {(z,y) € R?: 0 <2 < §,(r —§)aM <y <
(r + 6)x™} we have

|R(z,y) — Ry (z,y)| < ex® (2.10)

Proof. On the region {(z,y) e R?: 0 <z < §,(r — 8)a™ <y < (r + §)zM}, we do the
coordinate change (z,y) = (z,x™y’), converting the region into the box (0, §) x (r—6,7+6).
In the new coordinates, the finite Taylor expansion R(x,y) =>_, , Rapr®y® +O(|z|X +
ly|%) becomes of the form

R(z,2™y') = 2*Ry (1, y) + 2% s(z,y') + O(|z|™ + |=|*M|y'|F) (2.11)

Here ¢ > 0 and f(z,y’) is a polynomial in ¢’ and a fractional power of x. For any ¢ > 0, if
J is sufficiently small we have |Ry(1,y") — Ry (1,7)| < € for all |y' —r| < §. Equivalently,
Ry (1,y") — Rar(1,7) |z < € 2. Furthermore, if § is sufficiently small 2%7¢|s(x,y’)| and
the O(|z|® + |2|KM|y'|K) term are less than €'z® whenever z and |y’ — 7| are sufficiently
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smalll. Combining, if § is sufficiently small then on our domain we have
|R(z, 2My") — 2*Rar(1,7)| < 3¢ xRy (1,7) (2.12)
Translating this back into the original coordinates, we have
|R(x,y) — Rar(m,y)| < 3¢ xRy (1,7) (2.13)
Taking € = 3¢/ Rps(1,7) gives us the lemma and we are done.

We now are in a position to set up the proof of the main theorem, Theorem 1.1.
Recall we have a surface @ with a distiguished point (z¢, yo, 2z0) that is the graph of some
smooth function g(z,y) defined near (zg,yo) such that Vg(0,0) = (0,0). Suppose the
assumptions of Theorem 1.1 hold. Then, after a linear coordinate change if necessary, we
may assume f(z,y) = g(zo + x,yo + y) — 20 has a generic adapted coordinate system on a
neighborhood of the origin for which the exceptional situation b) of Theorem 1.1 does not
occur. Therefore there is a smooth ¢ (z) with 1(0) = 0 such that F(z,y) = f(z,y+ ¥ (x))
is in generic adapted coordinates, and if N(F') intersects the bisectrix in the interior of a
compact edge e then e does not satisfy the exceptional situation b) of the statement of
Theorem 1.1.

Definition of slivers for F'(z,y)

We now use Lemmas 2.2 and 2.3 on F(x,y) and its various y derivatives to
subdivide a small neighborhood B of (0,0) into ”slivers” containing the origin. The case
where N(F') has exactly one vertex (which is therefore on the y-axis) is easier and will be
treated separately, so in the following we always assume N (F') contains multiple vertices.
Denote the vertices of N(F') above the bisectrix by vy, ...,vx where if i < j then wv; is
below v;. Let e; denote the edge of N(F) whose upper vertex is v;; if vy is the lowest
vertex of N(F') then we just do not define e;. Let m; = —Mii denote the slope of e;.
Write v; = (a;,b;); observe b; > 2 for all i since (a;, b;) lies above the bisectrix and we are
assuming F'(0,0) =0 and VF(0,0) = (0,0).

For v; that is the intersection of two compact edges of N(F'), define D; to be the
set {(z,y) € B : Nolz|Mi < |y| < NLO\J:IMZ'“}. Here Ny is large enough so that we may
invoke Lemma 2.2 and say there are cg, ¢; > 0 such that (assuming B is small enough) for
m =0,1,2 on D; we have

m

oy™

a; a;

bimm | bi—m (2.14)

alx (z,y)| > co|x

Y Y

It should be pointed out that if b; = m = 2, then (2.14) holds by applying Lemma 2.3,
reversing the roles of the x and y axes and setting » = 0. If v; is the upper vertex of N(F),
we define D; to be the points where No|z|M < |y|, in which case (2.14) still holds on D;
by Lemma 2.2.
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We next subdivide the set B—U; D; into some slivers touching the origin amenable

to the analysis of this paper. We only describe the slivers for x > 0; the ones where z < 0

are defined analogously. Note that the points of B — U; D; where z > 0 can be written as
Uz‘Cl’, where

Cy ={(z,y) € B:x >0, |y| < Noz™} (2.15a)

1
Ci={(z,y) € B:z >0, F:cMi < |yl < Noz™i} (i > 1) (2.15b)
0

(In the event that vy is the lowest vertex of N(F'), one takes My in (2.15a) and then
(2.15b) is valid for ¢ > 2). Suppose r is such that F,(1,r) # 0, but 9, F¢,(1,r) has a zero
of order greater than d* —1 = max(2,d(F)) — 1 at r. Then if e; intersects the bisectrix in
its interior, by assumption the exceptional case of Theorem 1.1 part b does not occur. If
e; does not intersect the bisectrix in its interior, then by Lemma 2.1 e; has slope -1 and
intersects the y-axis. In either event, if i = 1 and |r| < Ny or i > 1 and NLO < |r| < No, we
define F;, to be the sliver

B ={(@y) € Bz >0, (r—b)a™ <y < (r+6,)c'} (2.16)

Here 9, is a small constant to be determined by our future arguments. We will refer to
the (finitely many) Ej, occurring as F;; in the rest of this paper.

For any r other than these, we may let 1 < k < d* and 4,,,C, > 0 be such
that on [r — 6., + d,] we have [0FF, (1,y)| > C,. If F, (1,r) # 0 this follows from
the above definition of the D; and if Fi, (1,r) = 0 it follows from the fact that any zero
of any F¢,(1,y) has order at most d(F') in adapted coordinates. As a result, on the set
B, ={(z,y) € B:x >0, (r—4§)aM <y < (r+9,)x™}, given that e; contains (a;, b;)
we have

\GLCF@Z. (z,y)| > Cpa@itMibi=k) (2.17)

By applying Lemma 2.3 to GgljF(x, y) we can assume B is small enough that we also have
k k Cr it Mi(bi—k)

|8yF(x7y) - 8yF€i (:L‘,y)\ < 737 ' o (2'18)

Putting (2.17) and (2.18) together, on B, we have

C

0FF(2,y)| > éxaﬁMi(bi*k) (2.19)
By compactness, we can write B — U; D; — U;;E;; as the union of finitely many slivers on
which (2.19) is satisfied. For a given edge e;, we write the slivers for which k = 1 as Fj;
and the slivers for which k¥ > 1 by G;;. We denote the value of k corresponding to a given

Gij by k” Note that each kij S d*.

The above decompositions were for the case where N(F') had more than one
vertex. When N (F) has exactly one vertex, since F' it is in generic adapted coordinates it
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is of the form (0, k). In this case, we simply designate a neighborhood of the origin as a
single G, with k;; = k. In general, the arguments for this G;; will be simplified versions
of the G;; arguments for the multivertex case.

Let v(F') denote the set of vertices of N(F'), and define F*(z,y) by

Frlay)=( Y  (@y?)?):

(v1,v2)EV(F)

The function F*(z,y) will be used in defining the damping function. To this end, first
note that N((F*)?) is the double of N(F) and therefore d((F*)?) = 2d(F). As a result,
by [V], F*(z,y)~" is integrable on a neighborhood of the origin iff ¢t < 1d((F*)?) = d(F).
We apply Lemmas 2.2 and 2.3 to F*(z,y)? in place of F(z,y) and obtain that if the Ny
in the definition of D; were chosen sufficiently large, then there is a constant Cy > 0 such
that on each D; we have

1 ai,b; * ai,b;
a}|x iyhi| < F*(z,y) < Colaz®yb| (2.20)

Similarly, by Lemma 2.3 on each Fj;;, F;; and G;j, the constant Cp can be taken so that
we have
1
Co

We now subdivide the surface ) near our distinguished point ¢y in accordance with the
above subdivisions, applied to the function f(z,y) in generic adapted coordinates. In
other words, we let ¥ (z) be such that F(z,y) = f(z,y + ¢(x)) is in generic adapted
coordinates such that the exceptional cases of Theorem 1.1 do not hold, and define D,
Ei;, F;j, and G;; to be the above slivers as defined for F(z,y). We next transfer these
slivers into the original coordinates of the surface @; let D] be the portion of () above the
set {(z,y): (z — 0,y — yo — ¥ (= — 20)) € D;}, with the analogous definitions for Ej;, F};,
and ng. We also will have use for D; in the original nonadapted coordinates, centered
at (zo,yo). To that end we let D = {(x,y) : (z,y — ¢ (x)) € D;}, making the analogous
definitions for E%, Fi, and GY;.

170 T 190

]S Mibe < B () < Cola] b (2.21)

The next lemma will be useful in bounding the contribution of our integrals over EJ; in
the L? estimates of section 4.

Lemma 2.4. There is a constant C such that on E; we have |0, f (x,y)| > C|x|*t0iMi=2,

/.
J

Proof. We consider slivers for which x > 0 as the z < 0 slivers are entirely analogous.
Recall each Ej; is a region of the form {(z,y): 0 < z < p, (r — v)zMi <y < (r + v)a™i},
where Fe,(1,7) # 0, but where 9} F, (1,r) = 0 for at least [ = 1,2. Under the map (x,y) —
(z,y — rz), the set Ej; becomes the region E}f = {(z,y): 0 <z < p,|y| < vz}, and
if G(x,y) denotes F(x,y+ ra™i) then G, (1,0) # 0 but 9! G, (1,0) =0 for [ = 1,2.
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In terms of Newton polygons, the above can be translated as follows. Since e;
is an edge of N(F') with equation = + M,y = a; + M;b;, N(G) has an edge with the
same equation which goes all the way to the z-axis since G, (1,0) # 0. As a result, for
[ =1,2 N(@iG) has an edge with equation x + M;y = a; + M;b; — | which extends to
the = axis. On the other hand, since 9,Ge,(1,y) has a zero of order at least two at 0, for
1=1,2 N(a?lJG) intersects the line with equation z + M;y = a; + (M; — 1)b; but does not
contain (a; + (M; —1)b;,0). Using this fact for [ = 1 and taking an x derivative shows that
N (0,y @) intersects the line with equation x + M;y = a; — 1 + (M; — 1)b; but does not
contain (a; — 1+ (M; — 1)b;,0). Using (2.11) in conjunction with these latter observations
concerning the Newton polygons, we obtain that for any n > 0, if v were chosen sufficiently
small, then on E}7 for [ = 1,2 we have

104G, y)| < mla|vt(Mimbb (2.22a)

|00y G, y)| < | D (2.22b)

On the other hand Lemma 2.3 in conjuction with the above conditions on the Newton
polygons of the z-derivatives ensures that for some c¢; > 0, on Ej for [ = 1,2 we have

104G, y)| = ey o] M0 (2.22¢)

Next, as mentioned after (2.15), E;; is only defined in two situations. The first is when e;
intersects the bisectrix in its interior and the function v (x) such that F(z,y) = f(z,y +
1 (x)) has a zero of order at least M; at x = 0. In the second situation, e; does not intersect
the bisectrix in its interior, but by Lemma 2.1 M; = 1 and thus ¢ (x) still has a zero of order
at least M; at x = 0. In either case, since f(z,y) = F(z,y—(z)) = G(x,y —(x) +raMi),
we can write f(z,y) = G(x,y + £(z)) where {(z) has a zero of order at least M; at xz = 0.
Applying the chain rule, we get that on E}; we have

O [ (,y) = 022G (x,y + () + 28 (2) 00y G, y + £(2))

+(2)0,G(x,y + €(2)) + (§())*0yy Gz, y + £(2))

Equation (2.22¢) ensures that |0,,G (z,y+&(z))| > c1|x|%TMi% =2 and equations (2.22a)—
(2.22b) coupled with the fact that {(z) has a zero of order at least M, at = 0 ensure
that the remaining terms can be made less than any n/|z|%TMi%=2 We conclude that
|0pa f (2, y)| is at least G-|z|*FtMi%=2 on E% if v were chosen appropriately small. This
completes the proof of the lemma.

Definition of the damping factor.

We now define the damping factor on the surface () in a neighborhood of ¢y =
(o, Y0, 9(x0,Yo)). Above a point (z,y) it will be of the form e \h(z,y)|?|D(z, y)|°%, where
D(z,y) is the Hessian determiant of g at (z,y) and § is a small positive number to be
determined by our arguments. The function h(z,y) will be defined in the form H(z —
Zo,y — Yo — Y(x — x0)), where H(x,y) is expressed in terms of F(z,y) = f(z,y + ¥(x)).
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To this end, once again let d* = max(2,d(F')). Since F(z,y) is in adapted coordinates,
d(F) = h(qo) and thus equivalently we have d* = max(2,h(qo)).

On each D;, E;j, F;j, as well as on each G;; with k;; = 2, we define H(z,y) to
be F*(a:,y)%_a%*. On the remaining Gj,;, if N(F') has just one vertex we let H(x,y)
%ZE (z,y)|2, while if N(F) has multiple vertices let H(z,y) = |x|MFa+d$ ?;y}; (z,y)|z.
One thing worth mentioning concerning these latter H(z,y) is the following. Since |y| <
Clz|Mi on G, by (2.11) with o = a; + M;b;, on G;; one has ]?;TI;(Q;, y)| < C|a|itMibi=2),

As a result, |H(x,y)| < C|z|@+Mib)(3-3%) and in view of (2.21) this gives

Nl= ||

|H(z,y)| < CF(a,y)? % (2.23)
Note the right-hand side of (2.23) is exactly CH (z,y) for the other regions.
3. L™ estimates

Define the operator M, to be the maximal operator (1.1) with respect to the
measure e |h(z,y)|?|D(z, y)|%*¢(q)do(q) in place of ¢(¢)do(q). Note that for z = 0,
M, is exactly M. These will be the analytic family of maximal operators used in proving
Theorem 1.1 as described at the end of section 1. We first prove the L*° to L°° boundedness
properties of the M, we need.

Theorem 3.1. Write d = d(F). If d > 2, then for any s > — 525, if § is sufficiently small
(depending on s) then there exists a constant C' such that ||M,||pe—r~ < C for all z with
Re(z) = s. If d < 2, the same holds for any s € R.

Proof. We will use the fact that || M, ||~ _ 1= is bounded by the L! norm of the damping
function of M,. We consider the case d = d(F') < 2 first. Note that for each D;, E;; or Fj;
the function h(z,y) is given by F*(z — z0,y — yo — t(x — 20))2~ 7 = 1. Since in adapted
coordinates each k;; is at most d* < 2 here, for each G;; that may appear h(z,y) is also
just 1. We conclude that the damping factor always equal to e* |D(z,y)|7%%. On a given
vertical line Re(z) = s, this has magnitude bounded by Cy|D(x,y)|~%. Since D(z,y) is
assumed to be of finite type at the origin, there is some € > 0 for which |D(x,y)|™€ is
integrable on a neighborhood of the origin. Hence as long as § < £, the damping factor is
integrable, with integral uniformly bounded on Re(z) = s. This is exactly what we needed
to prove.

Now suppose d > 2. On any D;, E;;, F};, or G}; with k;; = 2, h(x,y) = F*(z —
Zo, Y —Yo—W(x —xp)) and thus the damping factor has magnitude F*(z —zq,y —yo — 1 (z —
20)) (2= 2B | D(z,y)[*Be(=) | As mentioned at the end of section 2, a result of Varchenko
says that F*(x,y)~! is integrable on a neighborhood of the origin iff t < é. Thus the same
is true for F*(z—zo, y—yo—(z—z0)) . As aresult, F*(z—xq, y—yo—1(z—zo)) (2~ a)Be(z)
is integrable on a neighborhood of the origin iff Re(z) > — d22. Consequently, by Holder’s
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inequality, for fixed s > — d 5, by choosing ¢ sufﬁmently small we have that when Re(z) = s
the damping factor is integrable over any D;, E;;, Fj;, or G}; with k;; = 2, with integral
uniformly bounded in Im(z). This is what we need here.

We now move on to the G}, with k;; > 2. If N(F) has one vertex, we use the fact
that 8 F = (x,y) has nonvamshmg (k” — 2)th derlvatlve in the y direction, where k;; < d.

Thus 1f Re(z) = s > —5%5, then |H(z,y)|* =
uniformly bounded in Im(z). Making ¢ sufﬁmently small and using Holder’s inequality
again gives the desired result. Suppose now N (F') has multiple vertices. We will consider
those G;; for which z > 0 as the G;; for which < 0 are done in the same way. In the G;;
coordinates we can write the damping function as

(x y)|2 is integrable in y with integral

a+Mb O%F

[Dlayy) P S )

N

Recall that G;; is of the form {(z,y) : 0 < z < n, (r—§)azM: <y < (r+4)z™i}. Analogous
o (2.11), on the box (0,n) x (r — d,r + §) for any K one can write

F(z,2™Y) = 2% Far, (1Y) + 2% s(2,Y) + O(|2|* + |2 M [Y]F) (3.1a)

Here s(z,Y) is a polynomial in Y and a fractional power of . Analogous expressions hold
for various y derivatives of F'; for example, we can write

0’F

a—yz(x, eMiy) = g2 Mgy (1, V) 4@ 2 M5 (2, V) +O (o) K 4 | KM

) (3.1b)

The constant ¢ was chosen small enough that \Gf,” Fy,(1,Y)] > C on (r — 0,7+ 6) for
some positive C, where k;; < d. As a result, shrinking 7 if necessary we can assume that

on (0,m) X (r — 4,7 + &) we have %ZE (2, 2MiY) = 2 =2MiS(2,Y) where

059728 (2, V)| > C (3.2)

1 1 M, o; —2M;
We now let z = X ™i+T  so that %ZI; (XMiFT X MF1Y') ig of the form X M+ T(X,Y)
where

05 (X, Y)| > C (3.2)

We make this coordinate change so that the change from (z,y) coordinates to (X,Y’) has
constant Jacobian determinant. This ensures that a power of the damping function is
integrable in the (x,y) coordinates iff it is integrable in the (X,Y) coordinates In the

old coordinates, the damping function is |D(z,y)|** times ! Tt Mlbz)z (ac y)|2 so
in the new coordinates it is of the form
— 5 M;,—a;— a; —2M; 82 -
DO ¥ x x I S O )
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A% —ai—Mb;  H2T

= |D(X, V)" x X @0n+0 7| _—(X,Y)|? :
[D(X, V)| x 5y2 (X Y)l (3.3)
Note that by (3.2") the function gyz (X,Y) has (k;; — 2)th derivative uniformly bounded

belovv in the y variable, for fixed z, where k;; < d. As a result, if Re(z) = s > — then

=3
8y2 T (X,Y)|? is integrable in y with integral uniformly bounded in Im(z). Thus for such
z we have

r+6 At —a;— ) 9T ; N A%k —a;—M;b;
/ / |x d(Mi+1) |2 572 (X,Y)|2dedy < C’/ x° dOLFD  dy (3.4)
r— 0

This will be finite if the exponent of x is greater than —1. Substituting «; = a; + M;b;, the

exponent in (3.4) is sd2 d2 @it Mibi  Note that %tMibi i5 the z-coordinate of the intersection

T+M; T+M;
of the bisectrix with the edge e;, which is at most d. Hence d2 d2 a’lfr]\]@ ibi d 2 Therefore
if s > ﬁ, the exponent in (3.4) is greater than —1 and thus the right-hand factor of (3.3)

is integrable for Re(z) = s, uniformly in 1 m(z). As in the previous argument, by making
§ in the |D(X,Y)|%% factor sufficiently small by Holder’s inequality the same will be true
for the entire damping factor (3.3). This what we needed to prove and we are done.

4. L? estimates.

We now move to proving the L? bounds needed in the proof of Theorem 1.1.
As indicated in section 1, we will be utilizing Theorem 1.2 that follows from [SoSt]. Let-
ting ¢(q)do(q) be the surface measure of (1.1), we define the measure o, by do.(q) =
e* |h(z,y) 7| D(z, y)|%*¢(q)do(q). Since we will using Theorem 1.2, we examine its Fourier
transform o, (), given by

F.(N) = e / e~ M9@y) =T =iNay b (0 0|2 | D (2, )| P b, y) da dy (4.1)

Here ¢(x,y) denotes some cutoff function on a neighborhood of the origin. We always shift
by (o, y0), so that our integrals are over a small neighborhood of the origin. Thus up to
an ignorable factor of magnitude 1, (4.1) is given by

7:(A) = € /6&1“‘”’”im“w\ﬂ(l‘,y — (@) | D(x,y)*¢" (z, y) dedy  (4.2)

In (4.2), ¥ (x) is the function taking f(x,y) into its adapted coordinates and D(x,y) now
denotes the Hessian determinant of f at (x,y). For the analysis of the part of (4.2) coming
from the D, F/}, and G, we will transfer into the adapted coordinates of f(z,y) and use
Van der Corput type arguments in the y-variable. For the ;% we will remain in the original
coordinates, and use a Van der Corput-type argument in the xz-variable in conjunction with

Lemma 2.4.

We will prove that the conditions of Theorem 1.2 hold by virtue of the following
theorem, whose proof will comprise most of the rest of this paper.
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Theorem 4.1. Suppose s > 1. Then if the constant § used in the exponent of |D(z,y)
sufficiently small, then there are constants C, € independent of I'm(z) such that if Re(z) =
then for any multiindex a with |a| = 0,1 we have

18
s

0°G. ()| < C(L+ A= (4.3)

Proof. We will only prove (4.3) for || = 0 as the |a] = 1 cases are identical other than
having a different cutoff function ¢(z,y). Recall that we are assuming that f(0,0) = 0
and Vf(0,0) = 0. So if |\z| or |As| is the maximal |A;| one may integrate by parts in z
or y respectively and get that |6(\)| < C|A|~!, which is better than the estimate that we
need. Hence for the remainder of this paper we will always assume that [\1]| is at least as
large as |A2| and |As].

Let a(z) be an even function on R that is equal to 1 for |z| < 3, zero for |z| > 1,
and is monotone decreasing on R*. Let 8(z) =1 — a(x). For constants §; and N; to be
determined by our arguments, we express (4.2) as I1 + Iy + I3, where

Il()\) — 7 /e—i)\lf(a:,y)—i)\gx—i)\g,y‘H(l_’y . ¢(x))\Z\D(a:,y)\5z

<N D(, )¢ (z,y) dz dy (4.4a)
I(A) = € /6&1’0”’3’”“&33’\11’(% y — ¥(2))]*|D(z, y)|**

x (A D(z,y) = a(AM D(x,9))) 6" (z,y) dz dy (4.4b)

2

I3(\) = ¢ / em S B =R | H (g2, y — p(a)) [P D(x, )|

xB(IN D(z,y))¢" (z,y) dz dy (4.4c)

The analysis of I5(\) will be the crux of the argument. The contribution to (4.3)
due to I;(\) is easily shown to decrease rapidly in |A|. Specifically, since D(z,y) is being
assumed to be of finite-type in a neighborhood of the origin, if N; is large enough the

measure of the points where |D(z,y)| < |\~ will be less than ﬁ As a result, the
integrand of I1(\) is nonzero on a set of measure at most ﬁ Since all the factors in (4.4a)

are uniformly bounded on a line Re(z) = s with s > 1, this gives that [I;(\)| < C|A|71,
better than what is needed.

Bounding |I3())|.
Note that on the support of the integrand of I3()\), the Hessian determinant
D(z,y) is at least $|A|7°. The idea is that if §; were actually zero, then on this support

the Hessian would be bounded below and we would get an estimate |[I3(\)| < C|A~.
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Although §; is not zero, if it is sufficiently small we still get an estimate |I3(\)| < C|A|~1~*
for any given small ¢, an estimate better than what is needed.

We proceed as follows. For a sufficiently small ¢ > 0 to be determined by our
arguments, we divide the support of the integrand of I3()) into squares of diameter ¢|/A| 1.
We will show that the contribution to I3()\) from each such square is at most ¢[\|~3 if 0
is sufficiently small. Adding this over all these squares, this gives an estimate better than
needed.

Let S be any such square. Since D(x,y) is of finite type, we may let v and v
be nonparallel directions such that for some k, 9¥D(z,y), 0*D(x,y), and 0,01 D(x,y)
are nonvanishing on the support of the integrand of I3()\). We can similarly assume that
there are k/,k” such that &% (F* (2, y — ¥(2))?), ¥ (F*(z,y — ¥(2))?), " f(x,y), and
8fjﬁf(a:, y) are nonvanishing on any S. Let a1 = —Gu(i—fa:%— i—fy) and ay = —Gv(i—jx—k i—?y)
Note ay and as are constants. Define the sets Sy, S2, and S3 by

Si={(z,y) € S : 8uf(z,y) —ai| > [N 73} (4.5a)
Sy = {(z,y) € S+ [0uf(z,y) —ai| < [N75,10,f(z,y) — az| > |A| 75} (4.5b)
Ss = {(x,y) € S |0uf(z,y) — ar] < |N|75,10,f(z,y) — as| < [\[77} (4.5¢)

Correspondingly, write the contributions to I3(A) from Sy, S2, and S3 as Ji(\), J2(N),
and J3(\) respectively. To analyze J;()), integrate the integrand of (4.4¢) by parts in
the u direction, integrating A\ (0, f(z,y) — ay)e” 1 F(@¥)=A22=iAsy ip and differentiating
GH f(i:,y)fal) times the remainder of the integrand. We get several terms depending on

where the derivative lands. If it lands on the ¢(z,y) factor, then each factor in the term

is bounded above by a constant, with the exception of the @ f(i — factor, which is
1(Ouy ,y)—a1)

bounded in absolute value by [A;|~3 on S;. Hence |J;(\)| is at most C|A|~ 37201, which

is bounded by C|A|~5, the desired estimate.

Next, we consider the term where the derivative lands on the L fac-
A1 (0w f(z,y)—a1)

2
tor. We take absolute values of the entire integrand and bound it above by % %.
We integrate this in the u direction as in the proof of the Van der Corput lemma; the as-

sumed condition that |8%" f(z,)| is bounded below ensures that we integrate over bound-

2
edly many intervals on which 9, f(x,y) —a; is monotone and thus % integrates

back to m. We end out with a bound of C’|)\1\_§+51 < (J|)\1|—%,

If the derivative lands on the |D(xz,y)|°% factor, we argue similarly. We take
absolute values and integrate in the u direction, this time using that |9¥ D(z, y)| is bounded
below on the integrand to ensure that there are boundedly many intervals on which D(z,y)
is monotone and thus on which we can integrate back its u-derivative. In the (extremely
rare) case that only k = 0 can be used, |D(x,y)|°* is a smooth function and the term
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behaves as in the case where the derivative lands on ¢(x,y). If the derivative lands on
B(IA|°* D(x, %)) the argument we just used for the |D(z,y)|%% case works. One thing worth
pointing out is that in these cases the presence of the z in the exponent leads to an
additional factor of C|Im(z)| upon differentiation; however, the presence of the e*” in the
damping factor is more than enough to compensate.

Lastly, we consider the case where the derivative lands on the factor |H(z,y —

¥(x))|*2=7%). Since this factor was defined differently on the different D;, E;;, etc, we
split the square S into its intersections with the D', Ej%, Fi, and G7;. For anything other
than a G7; with k;; > 2, the damping factor is a power of F*(x,y—(x)). The directions u
and v were defined so that F*(z,y — 1 (r))? has some nonvanishing higher order derivative
in the v and v directions, so one can argue as above, breaking up the one-dimensional
integration in the u or v variables into boundedly many intervals on which F*(z,y —(z))
is monotone.

On a G;’J with k;; > 2, the damping factor was defined as g Mi— S Oyy [ (,Y).
We can actually assume that v and v are such that the (k;; — 2)th « and v derivatives

of xMi*%ﬂfibiﬁyyf(x, y) are nonvanishing. To see why, first note that (2.19) gives that
the (k;; — 2)th y-derivative of 9, f(z,y) is bounded below by Cz%+M:i(bi=ki) — On the
other hand, by Lemma 2.3, (remembering that M; is always at least 1 in generic adapted
coordinates) on G7; we have [0°f(z,y)| < CcaitMibi=Milel - yging these facts with the
product rule , if u and v are close enough to the y direction, the (k;; — 2)th derivative in
the u or v direction of xMi_%W@yy f(x,y) will also be nonvanishing. Hence one can
argue as in the previous paragraph and get the same upper bounds as before. We have
now considered all possible places the derivative lands, concluding the proof of the desired
upper bounds for |Ji(\)].

The bounds for |J3(A)| are proven exactly as they were for |J;(\)|, replacing the
roles of the u and v variables. The presence of the added condition |9, f(z,y) —ay| < |A| 73
in the domain, which does not have an analogue above, does not interfere with any of the
above estimates; the condition that 8,0¥~'D(x,y) is nonvanishing ensures that in any of
the situations where one takes absolute values and does a Van der Corput type argument
in the v direction, one still has boundedly many intervals.

We now move on to J3(A). Consider the level sets of 9, f(z,y) and 9, f(z,y).
The gradients of both functions are bounded below in absolute value by C|D(z,y)|, which
is at least %|)\|*51 on the square S if we chose the constant ¢ in the diameter c|A| 7! of the
squares sufficiently small. As a result, if ¢ is small enough the level sets of both 9, f(z,y)
and 0, f(z,y) do not self-intersect on S. Hence we may use 9, f(x,y) and 0, f(x,y) as
coordinates on S. In particular, we may evaluate the measure of the set S35 of (4.5¢) by
changing into these coordinates in the integral of its characteristic function. The result is

S| < Cmin [ D(x,y)| A5 (4.6)
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So we conclude that |Ss| < C’|A|~3791. Since the integrand of Js()) is uniformly bounded
on Re(z) = s for any s > 1, we conclude that

1J5(N)| < C"A|73T0 < ¢ |A7F (4.7)

This gives the needed estimate. Adding the contributions from |J;(A)[, |J2(A)], and |J3(N)],
we conclude that the contribution to |I3(\)| from the square S is at most C”|\|~3, and
since —2 < —3 we conclude that |I3(\)] satisfies the bounds we need so long as §; was
chosen sufficiently small.

Estimating |()))|.

We focus our attention on the main term I2(\), given by (4.4b). We divide the
domain of (4.4b) into squares of diameter c|A\|~°2, where ¢ and d, are small constants. For
a given such square S, denote the corresponding term of Io(\) by I5()\). We will show that
if ¢ and &, are sufficiently small, then for any such S we have |I5(\)| < C|A\|~2 ¢, where €
is independent of ¢ and d2, and C' is independent of I'm(z) for Re(z) = s > 1. Since there
are at most ¢/|\|2%2 squares, as long as we make sure &y < 5, this is enough to show that
I5()\) itself satisfies the bounds needed for Theorem 4.1. This subdivision into squares is
useful because it allows us to replace D(z,y) by a polynomial approximation of bounded
degree which is therefore piecewise monotone in a direction in which we are integrating by
parts, enabling us to use Van der Corput type arguments in such a direction.

We now perform this polynomial replacement. For a given S and positive integer

N, let DY (z,y) be the polynomial in z and y consisting of the sum of the terms of degree

at most N of D(x,y)’s Taylor expansion centered about the center of S. Thus on S we
have

DS (2,y) = D(a,y)| < O\~ (4.8)

As a result, on S we have
[ (@A Dz, y) —a(IA[ M D(z, ) = (a(|A** DF (2, y)) =N DF (2, y))) | < CIA %N

In particular, if IV is chosen large enough we can make the exponent N7 —d2 N appearing in
(4.9) less than -1. Consequently, for the purposes of the analysis of I5()\) we may replace
D(z,y—1(z)) by DY (z,y) in the (a(|]\*D(z,y) — a(|A|" D(z,y))) factor; the difference
will contribute no more than C|\|~! to I5()\), and adding over all squares gives a result
smaller than the bounds needed in Theorem 4.1.

’(Sz

We can do something similar for the |D(z,y)|°* factor. Namely, suppose N is

taken large enough that in (4.8) we have
D5 (z,y) — D(z,y)| < CA72M"

Then since |D(z,y)| > 4|A|7N* when the integrand of (4.4b) is nonzero, if |A| is large
enough we may use the Taylor expansion of |z|°? about # = D(z,y) to obtain

1D (2, )% = |DF (2,9)|°*| < C|Im(z)||A|~ M1 OFeE =020 (4.9)
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As a result, since Re(z) > 1, as long as N7 > 1, we have an estimate
|ID(,9)|°* — |DE (, )| < C|Im(2)[|AI™! (4.10)

The e is more than enough to take care of the |Im(z)| factor in (4.10), and the exponent
—1 is less than —1. Consequently, we may replace |D(z,y)|°% by |DY (z,y)|°% in the
analysis of I5'()\); the difference added over all squares S contributes less than the bounds
needed for Theorem 4.1.

We have now shown that for the purposes of our future arguments, we may adjust
our notation and assume I35 ()) is given by

2

) =¢ /eulf(”’y)“Z“A?’ylH(w, y — (@) *ID§ ()

x (a(]A* D (z,y)) — a(I\™ D (2,9))) ¢ (x,y) dz dy (4.11)

We divide the domain of integration of (4.11) into the intersections of S with

the DY, Ef, i, and GY; and denote the corresponding term of I5(\) by IPi(N), 159 (),
I2F” (M), and ]2G” (A). (Recall D = {(z,y) : (z,y —¢(x)) € D;} with analogous definitions
for the other regions). We suppress the S since the bounds we will prove, given in the
statement of Theorem 4.1, are independent of S. We will only consider those regions for
which x > 0 as the x < 0 ones are entirely analogous. We now focus our attention on the

analysis of the IP#(\).
Bounds for |I77()\)].

Recalling that |H (z,y)| = F*(x, y)%_a%* on a D;, if we change coordinates from (z,y) to
(x,y +1(x)) in (4.11) we obtain

P = o2 / e~ M F(@y)=ider—a(y+i(2) p (g y)(%*%)Z‘Dé\T(m, y + ()]
SND;

(a([A* DY (z,y + ¥ (2))) — a(AN DS (2, y + ¥ (2)))) ™ (x, y) da dy (4.12)

Here ¢**(z, y) denotes a new cutoff function on a neighborhood of the origin, and F(z,y) =
f(z,y +1(x)) is in generic adapted coordinates not satisfying the exceptional situations
of Theorem 1.1. We slightly abuse notation in (4.12) in that S now denotes the square
in the new coordinates. We now decompose the domain of (4.12) into dyadic rectangles.
We only consider those rectangles in the upper right quadrant as the other quadrants are
done the same way. For a given dyadic rectangle Ji; = [27%~1 27%] x [27!71 27] we use
the shorthand by Ij; to denote the corresponding term of I. 2D “(A), given by

I, =& / e~ M F @) =idaz—iXs (4 (0) (5 )32 DN (2, y + 1) (2)) |52
SND;NJg;
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(a([A DY (z,y + ¥ (2))) — a(AM DS (2, y + ¥(2)))) ™ (2, y) da dy (4.13)

We will analyze (4.13) by imitating the proof of Van der Corput’s lemma in the
y direction. Our objective is to show that (4.13) is bounded by C(1 + |A|)~2 7€ as in the
statement of Theorem 4.1. The second y derivative of the phase function in (4.13) is given
by A0y, F(z,y), and by (2.14), if the vertex of N(F') corresponding to D; is written as
(ai, b;), then on D; we have |0, F(x,y)| > c|z|%|y|*~2. Since z ~ 27% and y ~ 27! on Jy

we can write this as )

|Oyy F (2, y)| > C’w@%)a"@*l)b" (4.14)
As in the proof of the Van der Corput theorem for functions with nonvanishing second
derivative, we will split the integral (4.13) into two parts. The first is the part where

MOy F(z,y)+A3] < ]A]%QM, and the second is the part where |\ 0y F(z,y)+A3| >
—ajk—(b; =2

])\]%Qf)l. Call the resulting integrals Ky and Ks, so that K1 + Ko = I;. We will
bound K; by taking absolute values and integrating, and K5 by performing an integration
by parts.

We start with K;. The integrand of (4.13) is bounded in absolute value by a con-
stant times F*(z,y)fe(®) @ —a) DY (z,y+1(x))|°F). By (2.20), F*(x,y) < Cla%yb| <

C27 ka1 " and on the domain of (4.13) we have |DY (z,y + ())|?% < C'|\|~001fte(z
Hence if s denotes Re(z), the integrand of (4.13) is at most

| A0 ag(—hai—tb)a(e=gx) (4.15)

Since by (4.14) the absolute value of the y-derivative of A0, F(z,y) + A3 is at least
¢/ |\|27 k@i =10 =2) e have

(b;—2)1 1 ka;+l(b;—2)
2

—a;k— 1
{y : MO F(z,y) + 3] < [A[F27 2} < |A|7%2 (4.16)

Thus bounding the y integral of K; by (4.15) times the measure (4.16) and then integrating
the result in z, we obtain

s—1

’K]_‘ <C///’)\’—%—55132(—kai—lbi)( 3 —di*)Q—k—l (417)

We now turn to Ky and show that Ko also satisfies the upper bounds of (4.17). We
integrate the integrand in (4.13) by parts in y, integrating the factor (A0, F(z,y) +
A3)e” M (@y)=idez—iXs(y=v(=)) and differentiating m times the rest of the in-
tegrand. We get several terms depending on where the derivative lands. If the derivative
lands on ¢*(x,y), the absolute value of the integrand in the resulting term is bounded by

ajk+(b;—2)1
P

DY (z,y + o (x))[**|A\| 752

Bounding F*(x,y) < C27ka= and |DY (z,y+(x))| < C|A|~%* as in the analysis of K7,
we get that (4.18) is bounded by

CF* (.94~

(4.18)

C/Q(fkaiflb,-)(%fdi*)2fl|)\|f%f&515 (4.19)
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Integrating (4.19) over S C Ij; multiplies this by at most C27%~!, so the resulting term is
at most
012(—kai—lbi)(5;21—di*)2—k—2l ’)\’—%—5518 (420)

Note this is better than the estimate (4.17). We next consider the case where the y-

. . 1 . . . _ A0 F(x’y)
derivative lands on the O, Fe )T factor, turning it into (Alaylgélm,y)wxs)?‘ We take

absolute values and integrate in the y variable as in the proof of the Van der Corput lemma,
bounding the other factors as was done for (4.19). Since by (4.14) the function 9, F(z,y)
is never zero on the domain of integration, we have at most finitely many intervals of

. : : A10yy F'(2,y) 1
lntegratlon on each of which | (AlayFy(yx,y)—l—)\g)Q m

the resulting term, as well as the endpoint terms, will be bounded by (4.20), except divided
by the y-width 27!, We conclude that this term is bounded by (4.17), namely

. Hence

| integrates back into +

0112(7kai7lbi)(%fdi*)27kfl‘)\r%f&sls (4.21)

If the y-derivative lands on either the |DY (z,y + ¢(2))|°% or (a(|A\* DY (z,y + ¢(z))) —
(AN DY (z,y + ¥ (x)))) factors one estimates the resulting term in very much the same
way; the fact that DY (z,y) is a polynomial and « is monotone ensures that the Van der
Corput lemma proof still applies and we will have boundedly many intervals of integra-
tion on which the appropriate derivative is nonvanishing. Similarly, since F*(z,y)? is a
polynomial, one can deal with the term where the derivative lands on the damping factor
F*(x, y)z(%*c%*) in a similar fashion. It should be pointed out that in taking these deriva-
tives we do incur a factor of C|Im(z)|, but this is more than compensated for by the e
factor. Hence we once again get the upper bound (4.21). Adding all terms together, we
see that |Ko| and therefore |Ij;| is bounded by (4.17), the estimate we need.

We rewrite (4.17) in an especially useful form. Recall that by (2.20), on S we
have C2(=kai=lbi) <« [* (g, 4) < C'2(=kai=1bi) " So we have just shown that

Tl <c/ A2
Jr1

We now break into cases d* < 2, and d* > 2, starting with the latter. Adding (4.22) over
all rectangles, we obtain that |I27()\)| is at most

891 s—1

> F(x,y) 2

—a dx dy (4.22)

1 6d81s

ClA[~3= 73

s—1 s
/ F*(z,y) 2 “ddxdy (4.23)
[0,1]x[0,1]

Note that if s > 1, then 851 -7 > —é, and thus since F*(z,y)" is integrable over

[0,1] x [0,1] for all ¢ > —%, the integral in (4.23) is finite and we obtain that 11210
is bounded by C |)\|_%_&215. Since the exponent here is less than —%, this gives what is

needed for Theorem 4.1.

Moving on to the d* = 2 case, (4.22) becomes

Tl < c/ R
Jri
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> F*(z,y) % da dy (4.24)




Since the damping factor is just |DY (z,y + 1 (2))|°* when d* = 2, from (4.13) we get

Iy = o2 / efixlF(w,y)fz‘Aszz‘As(y+¢(m))|Dé\f(x,y + ¢(x))|5z
SND;NJg;

< (a(IA* D (z,y + ¢(x))) — (A DF (2, y + (@) ¢ (2,y) dz dy (4.25)

Note that due to the cutoff and the presence of the |D¥ (x,y+1(x))|°% in the integrand of
(4.25), this integrand is at most |A| 7291, So just by taking absolute values and integrating
we get

|I1i| < C|A| 70052t (4.26a)
—dd1s Ck_l
<CI\TT2 (4.26b)
Combining this with (4.24), we get
Tl < N5 min(1, |\F* (2, )| ) da dy (4.27)
[27k71’27k]><[271717271]

Adding this up over all j and k, we obtain that |I27(\)| is at most

—d57s

CIA—=— / min(1, |AF*(z,y)|"?) dz dy (4.28)
[0,1]x[0,1]

Since (d,d) € N(F), (d,d) is a convex combination of vertices of N(F'). So since F*(z,y) is
comparable to the sum of |z%y°| over vertices (a,b) of N(F), we have F*(z,y) > C|z%y<|.
Since we are assuming d < 2 here, we conclude that F*(z,y) > Cxz?y? and as a result
(4.28) is bounded by

—dd1s C/
CIA| 2 / min (1, 7) dz dy (4.29)
[0,1]x[0,1] |A|Zzy

A direct calculation reveals that the right hand side is bounded above by C”|X|~ = (In |\])?
(The integral over [[A|~2,1] x [|A|=2,1] is bounded by a constant times the integral of

|/\|i over this region, while the integral over the remaining region is bounded by its
me

area). As a result, (4.29) is bounded by

§d1s

C"|A777 2 (In|A])? (4.30)

Since the exponent here is less than — 5 we have proved the desired bounds for the 112 (N)].
Eij

Bounds for |1, ())|.

Note that IQE” (M) is given by

DY (z,y)|>*

L) = e / el (@) =ider—iday | pr (g o yh(z))|2(E 70
SNEY,
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(a(|N° DY (2,y)) — (AN DF (2,9))) 6" (2, y) da dy (4.31)

As we did with I27()\), we break the domain of integral (4.31) into rectangles Jy =
[27F=1 27F] x [271=1 27!, Denote the corresponding term of (4.31) by Iy, so that

Sw I =17 (N).

Note that by (2.21) we have

F*(x,y) > OgtitMibi (4.32)
As before (a;, b;) denotes the upper vertex of e;. Recall that E;; lies between y = (r—mn)zM:
and y = (r +n)z™: for some 7 and 7 such that Fy,(1,r) # 0, and that by definition of E;;,
¥ () has a zero of order at least M; at x = 0. Consequently, |y — ¥ (z)] < CzMi on E;;.

Thus by (2.11), F*(z,y — ¢(x)) < Cz%T0Mi on E,;;. Combining with (4.32) we get
F*(z,y —¢(2)) < CF*(z,y) (4.33a)

By Lemma 2.4, on the domain of (4.31) we have
1
Ors f (2, 9)| > C—5 2% (2704)" (4.33b)

Equation (4.33a) shows that the damping function F™*(x,y—1(x)) satisfies the same upper
bounds that the damping function F*(x,y) did in the D; case. Equation (4.33b) shows
the same thing for the phase (cf (4.14)), reversing the roles of the z and y derivatives.
Furthermore, the functions that need to be piecewise monotone in x with boundedly many
pieces in order to perform the Van der Corput argument do satisfy this; Dé\] (z,y) is a
polynomial and the second z derivative of —i\j f(x,y) — A2z — A3y is nonvanishing by
(4.33b). Hence by repeating the D; argument, reversing the roles of the x and y variables,
we get that I; is bounded by (4.17). Adding this up like before gives that as in (4.30),

1s

1157 (\)| is bounded by C”]A]*%*%(ln IA])2, the estimate we need.
Bounds for |12F” (N)].

Recall the set F}; is of the form {(z,y): 0 < 2 < n, |y — ra™i| < v|z|i}, where
F..(1,%) has a zero of order 1 at y = r. Define G(z,y) = F(z,y+raz™i). Thus G(x,y) is a
function on the set H;; = {(x,y) : 0 < x <, |y| < v|z|Mi} such that G, (1,y) has a zero
of order 1 at y = 0. Thus N(9,G) has an edge with equation z + M;y = a; + M;b; — M,
that intersects the z axis. Conseqgently, N (%é’;) has an edge with equation z + M,y =
a; + M;b; — M; — 1 intersecting the x axis. Hence assuming n was chosen sufficiently small,

by Lemma 2.3 we may conclude that on H;; we have

2
’881:;;(% y)’ > Catt i
We rewrite this as 20
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Letting 1) (z) = 1(x) + ra™i, we do a change of variables from y to y + ¢ (x) and write
F..
I,7()\) as

]2F|ij ()\) _ 6z2 / e*iAlG(%@J)*¢>\2$*¢>\3(y+i’($)) |F* (x, Y+ ,,«xMi)|z(%*dL*)
,Srﬁlfij

x|DF (2, y + $(@)|* (a(IN" D (2, y + $())) —a(\/\\NlDéV(fB,y+?§(ﬂf))))¢***(w,y)(dw dg

4.35
As with the D;, the S under the integral symbol now denotes the square in the new
coordinates. By (2.21), on H;; we have

F*(x,y +raMi) < Cx®i (M) (4.36)

We now break the domain of integration of (4.35) up into rectangles Ji of the form
[27k=1 27F] x [—p27FMi p2=FMi] " and let I}, the the portion of (4.35) coming from J.
Equation (4.36) shows that the damping function F*(xz,y + r2*¢) in (4.35) satisfies the
same upper bounds the damping function did on the Iy, rectangle for the the D;. (The
x ~ 27F rectangle of the ”lower edge” of D;). As for the phase, instead of having a lower
bound on a second y derivative as in (4.14), we have the substitute (4.34). We still may
argue as for the Iy, rectangle in the D; case, but with one difference. In the analysis
of the term called K; below (4.14), instead of bounding the measure of a sublevel set of
|IA10yG(z,y) + Ag| in the y-variable and integrating with respect to x, one bounds the
measure of the same sublevel set in the x variable using (4.34) and then integrates the
result with respect to y.

Furthermore, all relevant factors are piecewise monotone with boundedly many
pieces. The function DY (x, y+1(z)) is a polynomial in y of bounded degree, as is F*(z, y+
raMi)2, while since G(z,y) is just a y shift of F(z,y) by ¥(x), if (0,a) denotes the upper

vertex of N(F') then 0,G(x,y) has nonvanishing (a — 1)th y derivative.

Hence after making the above adjustment to the Iy, argument of the D; case,
for a given k we get the bounds (4.17) for I;,. (The arguments there did not require [ to

be an integer). Adding over all k, as for the [I27()\)| we get that ]I2F” (M\)| is bounded by
5015

C”|A|72~ "2 (In|A])2, the needed estimate.

Bounds for \IQG” (M)

For the IQG Y (X), we separate the k;; = 2 and k;; > 2 cases as the damping factors
are different in these two situations. First, we suppose k;; = 2. Then IQG (A) is given by

o) = [ e s ) P 1) DY (0, ()
SNGy;

(a([A*Dg (z,y + ¥ (2))) — a(AN D (2, y + ¢ (2)))) ™ (x, y) da dy (4.37)
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Observing that |y| < Cz* on G, we divide the domain of (4.37) into rectangles Jj, of the
form [27F=1 27F] x [Co27*Mi C127%Mi] and let I}, be the corresponding piece of I2G” (N,
so that S, I}, = I3 ()).

Note that the integrand in (4.37) is the same as that of (4.13) for the D; case. In
particular, the damping function is the same as in the D; case. Also, by (2.19) on G;; we
have the following analogue of (4.14):

|Oyy F (2, )] > C ey (a™)" (4.38)

1
(z})?
As a result, all estimates used in the D; case for the Ij; rectangle, setting [ = kM, (the

lower edge of D;) hold for the term I;. Thus |I}| i , and adding over

all k we recover C|\|72~ = (In|\])? as an upper bound for |IQG” (M\)]. This completes the
proof for the k;; = 2 case.

We may now assume k;; > 2, focusing our attention for now on the case when N(F') has
multiple vertices. Here, IQG Y (A) is given by

_, ) . ) a; 0*F
Isz ()\) _ 622 / e—z)qF(m,y)—z)\zx—z)\s(y+1/’(x)) [I-M'_ +M b ‘ 8 5 (l’, y)\
SNG;;

N

&

DS (2, y + ¥(2))]** (a(A* DF (z,y + ¥(2))) — a(I\ D (2, y +9(2)))) 6™ (2, y) dz dy
(4.39)
We divide the domain of (4.39) into rectangles Ji, as in the above k;; = 2 case. and again

let I;. be the corresponding piece of IQG “(A). Observe that by (2.23), there is some C such
that the magnitude of the bracketed expression in (4.39) (which is the same as the H(z,y)
n (2.23)) is bounded by Co(xaﬁM"bi)%*%. Thus we may write I}, = ;= Py, where Py
is the portion of the integral over Jj, where |H(x,vy)| is between 27 1H1Cq(x%+Mibi)z—3

and Q*ZC’O(ac“ﬁM"b")%*%. We will now bound each Pj;. To this end, note that on the
domain of Py, by the definition of H(z,y) and the Pj; we have

2a;+2M;b; O%F
d

032—2l—2(xai+Mibi)1—% < x2M¢— |a 5

(w,y)] < G272 (@ M) =T (4.40)
Solving for | L (2, 9)|, we get

1 0*F 1
Or2 gy T < G )| < Ci2T gt (441)

One now bounds Py; by integrating by parts in y in the portion of (4.39) corresponding
to Pg;. One proceeds exactly as for the Ixps,, term of the D; (the z ~ 2~% rectangle of

the "lower edge” of D;), except instead of using %QT};(J:, y)| > O(wl‘}iﬁ x4t Mibi from (4.14)
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one uses (4.41). This gives us an additional factor of C2! in the resulting bounds for the
integral. This however is compensated by the damping factor, which by the definition of
Py is bounded by C271Be(2) times the damping factor used for the Ij,s,, term in the D;
case. Thus the overall integral is bounded by C2/1=%¢(?)) times what is obtained for the
Iag, i term in the D; case. We do not have to worry about whether each factor in (4.37)
is boundedly piecewise monotone in y in our integrations by parts; the only new element

in this regard is %le; (x,y), whose (k;; — 2)th y derivative is nonvanishing.

Since Re(z) > 1, we conclude ), Py; is bounded by a constant times the estimate
obtained for the Iy, term in the D; situation, and adding this over all £ gives

8815

159N < S [Pl < €772 72 (In|A])? (4.42)
kl

This is the estimate we seek. The above argument was for when N (F') has multiple vertices,

but when N (F’) just has one vertex the following simplified version of this argument works.
o°F
oy?

the integral defining I2G”()\) over the set where |H (x,y)| is between Cp27!=1 and Cp27,
where Cj denotes the maximum value of |H(x,y)|. Like above, for P, the decreased second
y derivative of the phase gives an additional factor of C2' which is more than compensated
by the additional C2-1¢(?) factor coming from the damping function. Adding over all [,
we recover (4.42). This completes the proof of the bounds for the \IQG “(N\)|, which in turn
completes the proof of Theorem 4.1.

In the one vertex situation, |H (z,y)| = |55 (x,y)|. This time we let P, be the portion of

The proof of Theorem 1.1.

We may now finish the proof of Theorem 1.1 in short order. First suppose d(F') >
2. For any n > 0, Theorem 3.1 says that on the line Re(z) = —ﬁ +n, M, is bounded
on L*>° with uniform constant, while Theorem 4.1 in conjunction with Theorem 1.2 says
that on Re(z) = 1+, M, is bounded on L? with uniform constant. Using interpolation
for maximal operators (see Ch. 11 of [St2]), we have that My is bounded on LA(F)+7'
where ' — 0 as 7 — 0. Thus we conclude Mj is bounded on L? for all p > d(F'). Since

d(F) = h(qy) = max(2, h(qo)), this gives Theorem 1.1 for d(F) > 2.

On the other hand, if d(F) = 2, Theorem 3.1 says that on any vertical line
Re(z) = s, M, is bounded on L with uniform constant, and Theorem 4.1 still applies
on a line Re(z) = 1+ 7. Thus interpolation now gives the result obtained by letting d(F')
approach 2 in the previous paragraph, namely that M is bounded on LP for p > 2 =
max(h(qo),2). This completes the proof of Theorem 1.1.
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