A method for bounding oscillatory integrals in terms of
non-oscillatory integrals

Michael Greenblatt

April 14, 2024

Abstract

We describe an elementary method for bounding a one-dimensional oscillatory in-
tegral in terms of an associated non-oscillatory integral. The bounds obtained are
efficient in an appropriate sense and behave well under perturbations of the phase. As
a consequence, for an n-dimensional oscillatory integral with a critical point at the
origin, we may apply the one-dimensional estimates in the radial direction and then
integrate the result, thereby obtaining natural bounds for the n-dimensional oscillatory
integral in terms of the measures of the sublevel sets associated with the phase. To
illustrate, we provide several classes of examples, including situations where the phase
function has a critical point at which it vanishes to infinite order.

1 Background and theorem statements.

1.1 General discussion and the main theorems.

In a number of settings in analysis, one considers oscillatory integrals of the form

I\ = /e“f(“"“’“)gb(xl, ey Tp) dxy ... dxy, (1.1)

Here, ¢(z1, ..., 7,) is a compactly supported real-valued C! function defined on a neighbor-
hood of the origin and f(z1,...,x,) is at least a C? real-valued function on an open set
containing the support of ¢. The goal here is to find estimates of the form [I(\)| < g(|A]),
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where ¢ is an appropriately quickly decreasing function. To avoid trivialities, one normally
assumes that f is nonconstant and V f(0) = 0.

A canonical example of where oscillatory integrals (1.1) show up is in the analysis
of Fourier transforms of surface measures. If one is looking at the Fourier transform in
a specific direction of a smooth surface measure for a surface S, then after a rotation so
that the direction becomes (0, ..., 0, 1), the resulting oscillatory integral is locally exactly of
the form (1.1). Here f(x) is the function for which S is the graph of f(x). Since surface
measure Fourier transforms have applications to a wide variety of subjects including maximal
averages, restriction problems, lattice point discrepancy, and more, improved understanding
of oscillatory integrals (1.1) leads to developments in those subjects.

One often estimates a one-dimensional oscillatory integral by applying the method of
stationary phase or its consequences, for example using the Van der Corput lemma. The Van
der Corput lemma alone may not give optimal estimates when averaging over the remaining
n—1 variables. A more refined use of stationary phase may improve things, but such methods
can give endpoint terms and sublevel set measures that may be hard to average effectively
over these remaining variables.

In this paper, we will give a theorem (Theorem 1.1) that bounds a one-dimensional
oscillatory integral in terms of a single non-oscillatory integral, combined with a single end-
point term. This can be used in the oscillatory integral (1.1) by integrating in the radial
direction, applying Theorem 1.1, and then integrating the result over the unit sphere. This
"oscillatory integral method of rotations” frequently bounds the oscillatory integral by as-
sociated sublevel set measures in a natural way, as we will see in section 3, as the maximal
measure of a the set where the phase function is within a single period.

To prove the uniformity of the relevant constants in Theorem 1.1 over the unit sphere
for real analytic f(z), we will make use of a result (Theorem 2.1) providing uniform bounds
above and below on parallel lines for real analytic functions and/or its derivatives. This will
enable us to average Theorem 1.1 in the above manner. This result leads to some corollaries
(Corollaries 2.1.1-2.1.3) concerning the behavior of real analytic functions on parallel lines
which may be of interest to the reader in their own right. Theorem 2.1 will be proven in
section 6.

We also prove a theorem (Theorem 1.2) with weaker hypotheses which gives a similar
statement to Theorem 1.1 except it includes some endpoint terms that are not stable under
general perturbations of the phase. Nonetheless, this result provides useful estimates for
various classes of phase functions. Similarly to the real analytic case, in section 3 we will
use this result in the radial direction and then integrate over the sphere to bound oscillatory
integrals by sublevel set measures in a natural way, this time for classes of phases with zeroes
of infinite order at the origin.

In section 4, we will describe a few ways in which Theorems 1.1 and 1.2 can be viewed
as efficient, and in section 5 we will provide the proofs of Theorems 1.1 and 1.2.



We should point out there have been various papers focusing on scalar oscillatory
integrals of the type considered here. We mention [BaGuZhZo| [CaCWr] [G] [Gi] [Gr] [PhStS]
[V] as some examples.

Throughout this paper, for a C* function f(x) on a closed interval [a,b], for p < k
we will write f®)(z) to denote the standard pth derivative if z € (a,b), and the appropriate
left or right-hand pth derivative if z is an endpoint a or b.

To glve an idea of what we will be doing, we consider the simple one dimensional
integral f @) dx for f € C?([a,b]). Let [c,d] C |a,b] such that f'(z) # 0 for z € [¢,d]. We
consider the portlon of the 1ntegral over [c,d]. We apply the standard integration by parts,
namely writing '/(®) = if'(x)e'/ and integrating by parts, integrating i f’(x)e’/®

if’ x)
and differentiating f, . We obtain

d if(d) if(c) 1 d f”(&?)
if(x) _ € _ € - if (x)
/C e = a1 | R (12)

In view of the form of (1.2), one might consider the integral on the right hand side of (1.2)

to be an improvement over the one on the left if | J{, g | < 1on (c,d). This suggests the
possibility of d1v1d1ng the overall integral into two terms The first term is the integral over

those x for which | ]{, g | > 1 (or where f’(z) = 0), a domain on which no integration by

parts is needed. The domain of the second term is where ‘%‘ < 1. This domain is a

union of intervals on each of which we wish to integrate by parts as in (1.2).

We will see that as long as some kth derivative f*) is continuous and nonzero on la, b],
the endpoint terms in the integrations by parts of (1.2) are, generally speaking, of no greater
order of magnitude than the integral term. There is one exception, a term of magnitude
O(m) that may be incurred in the overall sum. The precise theorem is as follows.

Theorem 1.1. Suppose k is a positive integer and f is a max(k,2) times continuously
differentiable real-valued function on an interval [a,b] such that there is a constant A with
SUD[q,] |f®)(z)| < Ainfl,y | f®)(2)| (note that this implies that f*)(z) is nonzero on [a,b]).
Suppose ¢(x) is a C* function on [a,b]. Then we have the following.

o [f k> 2 then there is a constant Byy > 0 such that

b
/eif(x)gb(x) dz| <

a

Baadiole +1 ) ([ min (1. [ L i 0o o)) 09

e [fk =1 and [a,b] is the union of j intervals on which f'(x) is monotonic, then (1.3)
holds with Ba, replaced by jBa ;.




We will often use (1.3) with f(z) replaced by Af(x) for a real parameter A. In this case (1.3)

becomes )
‘/ eM@ () dx| <
/ ’ . f“(l‘) . 1
Basloll= + 1) ([ min (1, 'W Jao-t i (0o e o)) ()

The condition that supy, ; [f*)(2)| < Ainfiy |f®(2)] means that f(z) is of ”poly-
nomial type” in the sense of [PhSt], which enables us to use properties of such functions (see
Lemma 1 of Part 2 of [PhSt]) that are key in the proof of Theorem 1.1.

One might ask what happens if we "recreate” endpoint terms by integrating /\(’;%)))2
1

to —ﬁ(m) in (1.4). One sees that one gets terms of magnitude P @] for x = a, x = b, any

x satisfying f”(z) = 0, or any z satisfying |\|(f'(z))? = |f”(x)|. This last condition can

be restated as o~ = — r. Such endpoint terms are not easily seen to behave well
@1 2y 2

under perturbations of f(x), but might be of interest in individual integrals.

1.2 A variant of Theorem 1.1 with weaker hypotheses.

If one does not have the condition that supy, |f®)(z)| < Ainflay | f®) ()] for some A and
some k in Theorem 1.1, sometimes one can simply divide [a, b] into several intervals for which
such a condition holds. But even if this is not the case, such as when f(z) has a zero of
infinite order, one can still obtain a statement resembling that of Theorem 1.1. But there
are endpoint terms cropping up that may not behave well under perturbations of the phase.
The theorem is as follows.

Theorem 1.2. Suppose f is a C* function [a,b] such that {x € [a,b] : f"'(x) = 0} is finite.
Suppose ¢(z) is a C' function on [a,b]. Let J denote the (finite) set of points x in [a,b] for
which f'(x) # 0 and for which either v = a, x = b, f"(x) =0, or f"(x) = 0. Then there is
a uniform constant B such that

<

b
/ e @ p(z) dx

B(H¢\|Loo—{—Hqﬁ’HLl)(/abmin (1, ) )dem (b—a,; ’f%x”)) (1.5)

(f'(x))?
Although the conclusion of Theorem 1.2 is weaker than that of Theorem 1.1, it can
still provide relevant information. Suppose we replace f(x) by Af(z) in (1.5), where )\ is a
real parameter. Then (1.5) becomes

b
‘ / ei’\f(x)qb(x) dx

<
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ol + 11 ([ min (1525 Y+ i (b—a,;m)) (1.6

Note that if the decay rate of the integral term in (1.6) is slower than [A\|~! as |\| = oo, as is
often the case, then the additional terms on the right will not affect the overall decay rate.

Example 1. On (0, 3], let f(z) = e~(m21") for some k > 1. If we define £(0) = 0, then f(x)

is smooth on [0, 2] with a zero of infinite order at x = 0. One can directly compute

)
f(x) = _ ke |maf? (M) (1.7a)

x
Cimalt [z ?*2 | In z|?+—2
fl/(x) — k?e “ ‘ (T + 0] T (17b)
Cimalk [ Inz] 33 | In z|3+—3
) = et (B (TR (1.7)

By (1.70)—(1.7¢), if ¢ > 0 is sufficiently small then Theorem 1.2 applies with only an endpoint
term at x = ¢, where the error term is O(|A|™!), much smaller than the contribution we will
obtain from the integral. By (1.7a) — (1.7b), we have

(}f’”(ix))ﬁ - €—|11n$|k (1+0(1))

Consequently, on [0, ¢] for ¢ sufficiently small, by Theorem 1.2 we have

‘/ X o) da
0

<

258l + 1611 ([ min (1 7 ) do 00 (19

We split the integral in (1.8) dyadically as

¢ 1
/0 min (1, W) dxr =

o € 0. s el < N7+ 3 27w € [0,¢] = 2A17 < el < 2Ny (1)
=0

Since the sublevel measure sets of e=1#" grow more slowly than that of 2 for any n, the

sum in (1.9) decreases rapidly in ¢ and the overall sum is bounded by a constant times that
of the first term, which in turn is comparable to the [{z € [0,¢] : e~ Iel" < A7} term.
Since the endpoint term is much smaller, the oscillatory integral (1.6) satisfies the sublevel
set bound

/ e g (a) da| < BU(I6li= + 116/l {x € 0. e < AT (110)

0
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This can be considered a canonical sublevel set bound since the expression [{x € [0,¢| :
e~Imal® < |\|=1}] up to a constant gives the maximum size of a period of the phase function

k
ide—|nz|
(& .

Working out the measure on the right-hand side of (1.10), we see that it equals the
measure of the set where —|Inz|® < —In|A|, which is the same as the measure of the set
1
where —Inz = |Inz| > (In|A|)*, namely e~(2D¥
Example 2. On (0,1], let f(z) = e @™ for some m > 0. Like in the last example, f(z)
extends to a smooth function on [0, 5] with a zero of infinite order at # = 0. This time we
compute

() = me™ @ gt (1.11a)
f(x) = —m2e” @) (27272 4 o(272m72)) (1.11Db)
fm(l') _ m3e—(x*m)(x73m73 + 0<x73m73)) (1.110»
Thus we have .
il (1+0(1)

()t e
Hence similarly to the last example, on [0, ¢] for ¢ sufficiently small there is just the one
negligible endpoint term in Theorem 1.2 and we have

/ ei’\ef(z_mgb(x) dx
0

<

/ c 1
2B([|¢][ L= + ||¢ HLl)/O min (17 W) dx (1.12)

Since the sublevel set measures of e~®~ ") once again grow slower than that of any 2", exactly
as in the steps leading to (1.10) we again have the canonical sublevel set bound

‘ / ei’\ef(z_m%(x) dx
0

This time the measure in question works out to (In|A|)~m, which is therefore an upper bound
for the oscillatory integral.

< B'([[¢lle= + [|¢l){z € [0,d s ™ < N7} (113)

2 A result concerning the behavior of real analytic
functions on parallel lines and some consequences.

The following theorem follows fairly quickly from Lemma 6.17 of [Mi]. But for completeness
we include a proof in section 6 which shows how it can be derived in relatively short order
from resolution of singularities (and the proof will not be all that different from the proof of
Lemma 6.17 in [Mi]).



Theorem 2.1. Suppose g(x1, ..., x,) is a real analytic function defined on a neighborhood of
the origin, not identically zero. Then there is an n — 1-dimensional ball B, _1(0,n) and a
k > 0 such that for each (xy,...,x,—1) in Bn,_1(0,n) either g(x1,...,x,) = 0 for all |z,| <n
or there is a 0 < | < k, which may depend on (x1,...,x,_1), such that for all |z,| < n one
has

1
0< §|8ing(x1, s T, 0)] < [0, g(m1, ey w,)| < 2|0, g(21, 0y 1, 0)] (2.1)

The set of (x1,...xn—1) for which g(z1,...,x,) =0 for all |x,| < n has measure zero.

It is important to note that in Theorem 2.1, [ can be (and often is) equal to zero. We
next give some corollaries of interest of Theorem 2.1. As a rather immediate consequence of
Theorem 2.1 we have the following, which we point out is nontrivial only when 8;“” £(0,...,0,0)
is zero for each k£ > 1.

Corollary 2.1.1. Suppose f(z1,...,x,) is a real analytic function on a neighborhood of the
origin, not identically zero. Then there is an n — 1 dimensional ball B,,_1(0,7) and a positive
integer p such that if (z1,...,2,.1) € B,_1(0,n) and s € R, then either f(z1,...,x,) = s for
all |z,| <mn, or f(z1,...,2,) = s has at most p solutions z,.

Proof. 1f 0., f(z1, ..., x,) is identically zero, then the result is immediate, so we assume it is
not identically zero. We apply Theorem 2.1 to 0, f(x1, ..., x,) and let n be as in that theorem.
If (x1,...,2,_1) is such that 0, f(z1,...,x,) is identically zero in z,, then f(xy,...,x,) is
constant in z,, and for each s either f(z1,...,x,) = s for all |z,| < n or f(xy,...,x,) = s for
no x,. If on the other hand (x4, ..., 2,_1) is such that 0,, f(z1, ..., z,) is not identically zero
in x,, then (2.1) holds on |z,| < § for g = 0,, f. Thus (2.1) also holds on |z,| < ¢ for g = f,
where [ is replaced by [ + 1 > 1. Thus f has a nonvanishing derivative of order between 1
and k + 1 in the x,, variable. This implies f(x1,...,2,) = s has at most k + 1 solutions in
the z,, variable for this value of (1, ...,z,-1). This completes the proof of the corollary. [

As a consequence of Corollary 2.1.1, we have the following.

Corollary 2.1.2. Suppose fi(z1,...,2p),...,fi(x1,...,x,) are real analytic functions on a
neighborhood of the origin, none identically zero. Then there is an n — 1 dimensional ball
B,-1(0,n7) and a positive integer p such that for each si,...,s;, and each (z1,...,7,-1) €
B,-1(0,n), the set {z, : |z,| < n and f;(xy,...,z,) < s; for each i} consists of at most p
intervals.

Proof. By simply intersecting the sets in question, it suffices to take [ = 1. In this case, for
a given (xy,...,x,_1) the intervals comprising {z, : |z,| < n and fi(z1,...,2,) < s1} have a
uniformly bounded number of endpoints by Corollary 2.1.1 and the result follows. O

The next consequence of Theorem 2.1 is of the same general type as Theorem 1.2 of
[CIMi] on decay rates of parameterized families of oscillatory integrals. Similar to Corol-
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lary 2.1.1, the statement follows relatively quickly from the Van der Corput lemma unless
8§nf(0, ..,0,0) is zero for each k£ > 1.

Corollary 2.1.3. Suppose f(x1, ..., 7,) is a real analytic function on a neighborhood of some
closed ball B(0,r) centered at the origin. Suppose ¢(z1, ..., x,) is a C* function supported
in B(0,r). Define I(\) by

I()\):/ei”(wl """ x”)gb(:cl,...,xn)dxn (2.2)
R

Then there is a positive integer p and a function A(zy,...,z,_1), depending on f and r, such
that for all (xy,...,z,_1) either f(xy,...,2,) is constant in x,, or we have an inequality

TN < Az, oo, 1) (sup | @21, ..o )| + /R |0, (1, ey )| dxn)|)\|_% (2.3)

Proof. 1f 32 f(x) is identically zero, it follows immediately from applying the first derivative
Van der Corput lemma in the form (4.3) in the z, direction. If 92 f(z) is not identically
zero, we apply Theorem 2.1 to @%n f(x) and use the resulting statement in conjunction with
the Van der Corput lemma, again in the form (4.3'). On vertical lines where 92 f(z) = 0 we
again use the p = 1 case of the Van der Corput lemma, while on vertical lines where (2.1)
holds we use the Van der Corput lemma for p > 2. O]

3 Averaging Theorem 1.1 over different directions.

3.1 Using polar coordinates to reduce to one-dimensional inte-
grals.

We return to the setting of (1.1). Namely we look at the integral

) = / M@ (g 3 . d (3.1)

Here f(xy, ..., x,) is a nonconstant real-valued C* function on a neighborhood of a ball |x| < b
with Vf(0) = 0 and ¢(z1, ..., z,) is a C! function supported in |z| < b. We integrate (3.1)
in polar coordinates, obtaining

I(\) = cn/ / ei’\f(rw)rn_lgb(rw) dr dw (3.2)
sn-1Jo

To deal with the r"~! factor in (3.2), we will decompose the r integral in (3.2) dyadically in
r. Namely we let ¥)(r) be a nonnegative smooth compactly supported function on [1/2, 2]



such that >>>°__4)(2™r) =1 on (0, 00), and we let @, ,(r) = ¢(rw)(2™r)" 1)(2™r). Then
we have r"1o(rw) = > 2-mn=D@, (r) and (3.2) becomes

m=—00

2—m+1

N =c 3 /S g /2 NEDND () dr du (3.3)

—m—1
m=—0oQ

Note that ||®p,w(r)||rer) and |[0pPrmw(r)||L1() are bounded uniformly in w and m by
Cll9||L=~ and C(||¢||= + ||V@||r~) respectively for a uniform constant C. Thus we may
apply Theorem 1.1 or 1.2 to the r integral, and the factor ||¢||r~ +||¢’||z: appearing in these
theorems can be replaced by ||@||r~ + || V|| L.

3.2 The real analytic situation.

When f is real analytic and we are applying Theorem 1.1 in the above fashion, we would also
like the factor B4 in Theorem 1.1 to be uniform in k& and m. This holds for the following
reason. If one applies Theorem 2.1 to h(xy, ..., z,,7) = O.(f(rxy,...,rx,)) on a neighorhood
of some (1, ..., T,,7) with r > 0 and (21, ..., 7,) € S*!, then one obtains uniform constants
B,y locally. Compactness will then give that these constants are uniform throughout the
domain of integration of (3.3).

At first glance, one might think that in the above we might incur some constants
jBa from the p =1 case of Theorem 1.1 that are unbounded in j, but this is not the case.
For by Theorem 2.1 applied to 0(f(rx1,...,rz,)) = 0,h, locally there is an N such that
for each (z1,...,2,) € S"! either h(z1, ...,z,,r) is constant in r (when 0*(f(rzy,...,rx,)) is
identically zero in r) or is the union of at most IV intervals on which 0,h is strictly monotonic
in 7 (when (2.1) holds for 9?h.) In either case, j is always at most N here.

One technical point worth mentioning here is that for one to be able to apply Theorem
1.1 in the current setting, one needs that the set of w € S"! for which f(rw) is constant in
r must have measure zero. But this is true for any nonconstant real analytic function; any
w for which f(rw) is constant in r is such that this constant is f(0), and nonconstant real
analytic functions take any given value on a set of measure zero.

We have the following result for the real analytic situation.

Theorem 3.1. Suppose f(x) is a nonconstant real analytic function on a neighborhood of
a ball |z| < b, where b < 1, such that Vf(0) = 0. Suppose ¢(z) is C' and supported on
|z| < 270 for some integer mg with 270 < b. For a given integer m > my and an x

with |z| € (2771, 27", let Jn(x) denote the line segment from 27" to 27

There is a constant C' depending on [ such that the following holds, where f,. denotes
the derivative of f in the radial direction.
frr(2) ) dx +

7] < Cllellz +1190ll]) [ e

min (1,
|z|]<2—™mot!
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1
0o oo ] 1 4
Cllldllz~ +1190llel) 2 /| mm( ’M||x\supygm<w>\fr<y>r)d”” (3-4)

m>mg

Proof. We insert (1.4) in the right-hand integrals of (3.3) and then go back from polar to
rectangular coordinates in the integral term of (1.4). We obtain
) dz

1OV < e+ [¥ll=D) [ win (1] 20

|| <b A(fr(x))?
1
+ Clolli=+IVoll=) 3 2me [ in (27, ) d
er:no wesn—1 |)\| SUP,g[g-m—1 2-m+1] |f7~<7”w>|
(3.5)
Here C'is a constant which depends on the function f. Note that
1
min | 27™ >
( Al SUDPpe[p—m—1 2-m+1] | fr(rw)]
27m+1 1
< 2/ min (1, ) dr 3.6
DT —— A 0
For x such that 27! < |z| < 27™*1 the integral (3.6) can be rewritten as
/ ' (1 ! ) d (3.7)
min | 1, r .
T (@) |Alrsupye,, @) 1+ (v)]
We now insert (3.7) into (3.5) and go back from polar to rectangular coordinates. The result
is (3.4) and we are done. O

To use (3.4) (or (1.4) for that matter) it is helpful to have a way to bound integrals
such as the ones appearing in Theorem 3.1 by sublevel set measures. A reasonably general
statement of the type needed is given by the following relatively easy to prove lemma.

Lemma 3.2. Let (E, p) be a finite measure space and suppose g(z) is a measurable function
on E such that for some positive constants C' and 0, for allt > 0 one has p({z € E : |g(z)| <
t}) < Ct°. Suppose € > 0. Then there is a constant Ds. > 0 such that the following holds
for all X # 0.

o Ifd <e, then [,min(1,|Ag|™¢) dp < CDs A
o Ifd=c¢, then [,min(1,|Ag|™)dpu < CDc(1+log, [A)AI + u(E)[A|~
o If6 >, then [,min(1,|Ag|™) dp < C(IA7° + Dse|A7) + p(E) A~

As a result, we have that
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o If§ ¢, there is a Fyogp > 0 such that [, min(1, |[Ag|™) dp < Fj g p|A|~m009

o Ifd=c¢, thereis a F, g p > 0 such that [, min(1,|Ag|™) du < F. 4 5(1 +log, |A[)|A]~

Proof. Tt is natural to split the integral [, min(1,|\g|¢)dp into |g| > |/\| and |g| < ‘ parts,
obtaining

/E min(L, [Ag| ) dyt = u({z € E : |g(x)] < w} o / RS

We first do the 0 > € cases. We further divide the integral in (3.4) into |g| > 1 and |g| < 1
parts. Using the bound min(1, |[Ag|™¢) < |A|7¢ on the |g| > 1 portion, we obtain

/E min(1, [Ag| =) du < p({z € E - |g(a)] < |—§|}> +H(EIN -+ j| g du (3.9)

1>|g|> 1

If |A] < 1 we take the right-hand integral in (3.9) to be zero. By our assumptions, the first
term on the right of (3.9) is bounded by C|\|=°. We write the last term in (3.9) as a sum in
j for 0 < j < [log, |\|] of the integrals over the domains where 27|\|7! < |g(x)| < 277171
We obtain

[log [Al]
[ min(L gl Y < CN S uBIN S N[ IR
E =0 21A[T1<g(@) <2 TH AT
(3.10)
Using the hypothesis pu(z € E : |g(z)] < a) < Ca’ in each term of the sum (3.10) we get that
logy |\ |
/ min(L, [Ag| ) dp < A+ w(BE)YAI +C Y @A) @A) (3.11)
7=0
llogy M)
=CA 7+ wE)A+2°C Y 2079\ (3.12)
=0

If § = ¢, the sum is bounded by (|log, |A|] + 1)|A|7°. Since |log, ||| < log, elog|)|, we get
the second statement in Lemma 3 2. If 9 > ¢, the sum is bounded by a constant depending
on § and e times 2182 M@= \|=0 = |\|=¢. Inserting this into the sum of (3.12) gives the
third statement in Lemma 3.2.

Now we suppose 6 < e. This time we do not break into |g| > 1 and |g| < 1 parts and
instead just do the dyadic decomposition in |g(z)|. Equation (3.12) gets replaced by

/mln (1,[Ag| ™) du < CA|7 2%‘22] A0 (3.13)
7=0

The sum in (3.13) is bounded by a constant depending on § and e times [A\|~°, giving the
first statement in Lemma 3.2 and we are done. O]
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Example. Let f(z1,...,2,) = Y, cex® be a polynomial such that ¢, > 0 for all o and
a = (oq,...,a,) where each «a; is even, with no a being the zero vector. Observe that
Opx® = |21 30, 20, 2% = kolx| "' for ky = 37, a5 > 2, so that 0,,0% = —[z| ?kaz® +
2| 2k2x® = [, || %2, where [, = k2 — k, > 0. Inserting these into (3.4), it is not hard to
verify that both terms of (3.4) are bounded by

C"(ll¢llz~ + \|V¢\|Loo)/|<b min (1, Wl(x)’) dx (3.14)

If f(x) satisfies sublevel set estimates of the form |{|z| < b : |f(z)] < t}| < At® for some
0 < < 1, then Lemma 3.2 gives that (3.14) is bounded by A’|A\|7°. Thus in this situation,
we have the canonical bounding of an oscillatory integral by a sublevel set measure given by
TN < A"(||¢]|ze + ||[V@||r)|A|7°. If the supremum of the § for which the sublevel set
measure bounds holds is less than 1 then one cannot do better; by resolution of singularities
the best exponent for the oscillatory integral will always be the same as the best exponent
for the sublevel set measures. We refer to the textbook [AGuV] for more information on
these issues.

3.3 A variation on a theme and some infinitely flat examples.

In (3.2) we change variables in the r integral letting s = r™. Correspondingly we define
gw(s) = f(snw) and ¢, (s) = ¢(snw). Then (3.2) becomes

= cn/ / e29()y) () ds dw (3.15)
Sn—1

In the form (3.15), we may apply Theorem 1.1 or 1.2 directly to the s integral without any
dyadic decomposition, and then integrate the result over S"~!. We will see that for certain
classes of functions with a zero of infinite order at the origin, (3.15) bounds |I(A)| by the
appropriate sublevel set measure, analogous to the above example and the examples at the
end of section 1.

IIHS\)k

Example 1. Let f(z) = e"("™F") where & > 1. Then g,(s) = e (&
have the formulas

. This time we

Jg ks ([ Ins\ 7
e () 3.16
Os s ( n (3-162)
d%g k? metye /| In s\ 272 k? ety (| Ins|\ 22
W _ —(bnelye (| In s k7 (nelye (| In s 1
5e2 — 2t < - ) + O(n2526 < " ) ) (3.16Db)
93 k3 sy (] In s 3k k3 sy (] In | B3
wo_ S M I S B e A I Bt}
555~ it < - ) + O<n3$36 ( - ) ) (3.16¢)
9. 0*gu g
By (3.16a) — (3.16¢), if ¢ is sufficiently small then i 9o and 222 are nonzero on [0, ]

ds = 0s? 0s3

except at s = 0. Therefore if ¢ is supported in |z| < ¢, in each s integral of (3.15) we can

12



apply Theorem 1.2 and the only endpoint term appearing will come from the right-hand
endpoint, which will be O(]A\|™1). After integrating the result in w we obtain

1OV < Mol + 94l /Ocmin(l,’ ey ) dsHOIN) )

)\|e’(%)k

We have a ||[V¢||L~ factor here due to the presence of the 1),(s) factor. Similar to the case
of Example 1 at the end of section 1, the O(JA|™!) term in (3.17) is negligible compared to
the integral term, and like before due to the slow growth rate of the measures of the sublevel
sets of e_(“r;ls‘)k, the integral is bounded by a constant times the measure of the set where
one takes the left component in the the minimum. Putting this all together we obtain the

following, where m denotes one-dimensional Lebesgue measure.

|1n s|

1IN < (|6l + |V )m(s : =" < [A]7) (3.18)

We unwrap the measure on the right side of (3.18). It is the same as the measure of the

s for which —(@)k < —In|A|, which in turn is the same as the measure of the set where

% > (In |A])%. Since |Ins| = —Ins here, this is the same as the measure of the set where
1

—Ins > n[(In|A|)#], a set of measure e[ ADF],

We next examine the n-dimensional measure of the set where f(z) = eIl is Jess
than [A|~1. We have that e~ I™1#lI* < |X|! exactly when —|In |z||* < —In|A|, which happens
when |In|z|| > (In|A])%. Since |In|z|] = —In|a|, this occurs when In|z| < —[(In|A|)%], or

1 1
lz| < e7[mADF] "4 set of measure a constant times e "[MADF] This is exactly the measure
appearing in the last paragraph. So (3.18) implies that the oscillatory integral /() satsifies
the following natural sublevel set bounds for sufficiently large |A|, where m,, denotes n-
dimensional Lebesgue measure

O] < (11l + 1Vl )mn ({2 e 1T < A7) (3.19)

As in the one-dimensional case, the oscillatory integral is seen to be bounded by a constant

ire—|nlzl

times the maximal measure of the set for which the exponential e is in a single

period.

Example 2. Let f(z) = e~ ("™ for some m > 0. We proceed as in the last example. This
time g,(s) = e~ ") and we have the formulas

09, me=("")

E = _;—S%"'l (320&)
2, m? 67(3*%) m2 67(37%)
T o e o\ (3.20b)
02 g. m3e (") m3 e (")
0s%  nd Puts +0<F 3 t? ) (3:20)

13



Equations (3.20a) — (3.20¢) show that on a small enough neighborhood of the origin, the

99, 0%g. g,
functions L, —’;, and —%

each s integral of (3.15) we may apply Theorem 1.2 and the only endpoint term appearing
is the O(|]A|7!) term from the right endpoint. After integrating the result in w, in analogy
with (3.17) we have

are nonzero except at s = 0. So like in the last example, in

c ‘ 1
1091 < ol + 1990 ([ i (1, gy

)) ds+0(|)\|1)> (3.21)

Again the O(]A\]™!) term will be negligible compared to the integral term, and like before due
to the slow growth rate of the sublevel sets of e=(*" ™), the integral is bounded by a constant
times the measure of the set where one takes the left component in the the minimum. As a

result, in place of (3.18) we get
L] < (19l + [[Vllre)m(s e ™) < A7) (3.22)

Unwrapping the measure on the right of (3.22), we have that it equals the measure of the set
where —(s7 %) < —In |\, or equivalently the set where s~» > In|)|, which is the same as
s < (In|A])"m. So the measure on the right-hand side of (3.22) is (In|A|)~=. On the other
hand, the n dimensional measure of the set where f(x) = e~(#7") satisfies | f(z)| < |\~
is the same as the measure of the set where —(|z|™™) < —In|A|, which is the same as the
measure of the set where |z|™™ > In|\|, or equivalently where |z| < (In|A])~#. Since this
is in n dimensions, the measure here is a constant times (In|\|)~m, same as above. So in
analogy with (3.19), for large enough |\| we have the following, where once again m,, denotes
n-dimensional Lebesgue measure.

] < C" (Il + [Vl )ma({z s e < A7) (3.23)

These are the natural bounds for an oscillatory integral in terms of the sublevel set measures
of its phase function.

4 Efficiency of Theorems 1.1 and 1.2.

In this section we describe a few ways in which Theorems 1.1 and 1.2 can be viewed as
efficient. For one, Theorem 1.1 minimizes the presence of endpoint terms that appear in
integrations by parts for such one-dimensional oscillatory integrals, having just the one term
on the right of (1.4).

Next, suppose we are in the setting of Theorem 1.1 and f'(zy) = 0 for some z( €
la,b]. Let p denote the order of the zero of f’ at xp; by the assumptions of Theorem
1.1 we must have 1 < p < k — 1 where k is as in the theorem. Thus near xy one has
f'(x) = p(x — z0)? + o((x — x0)P) for some nonzero constant 3. We examine the effect this

14



zero of f has on the right-hand side of (1.3). Note that f”(x) = Bp(z—z0)P ' +o((z—z0)P71).

Thus near zo we have
') p 1 1
T = Faman (=) 4

Thus as |A| = oo the portion of the integral term in (1.4) near zy behaves as the following
expression for a small but fixed § > 0.

. p 1 )
min 1, ———— — |dx (42)
/|x_m0|<a ( |B] Al = o[+t
P 1 D P 1
Note that BW =1 when |ZE —I0| = E ‘)\| »+1, Thus as |>\| — 00, the
r — 2o

integral (4.2) is of the same order as |B|7ﬁ|)\|71’%. So the critical point at o contributes

C(||@]| e + \|¢’]\L1)]5|_pﬁ])\|_ﬁ to the right-hand side of (1.4). This is the correct order
of decay for the contribution this critical point makes to the oscillatory integral of (1.4) as
A — 00, as long as ¢(xg) # 0. Thus the right-hand side of (1.4) properly takes into account
a critical point, as |A\| — co. Although we still have the factor ||¢||L~ + ||¢|| 11, if we replace
the interval [a, b] by an appropriately small interval containing x, the factor ||¢||z~ + ||¢||
will more closely approximate the correct coefficient |¢(zo)|.

We should point out that the above discussion also holds for the variant of Theorem
1.1 given by Theorem 1.2.

Another way in which Theorem 1.1 can be viewed as efficient is in the context of the
Van der Corput lemma. One version of the standard form of the Van der Corput lemma can
be stated as follows (see p.334 of Chapter 8 of [St]).

Van der Corput Lemma. Suppose p is a positive integer and f(z) is a C™*®P2) function
on an interval [a,b] such that |f®)(x)] > 1 on [a,b]. If p =1 also assume f' is monotonic.
Suppose ¢(z) is a C* function on [a,b]. Then there is a constant ¢, > 0 such that

b
’/ M) dz| < ep(llgl]ae + 191122 IN 7 (143)

Sometimes, the Van der Corput Lemma is stated under the assumption that |f®)(z)] > A
for some A > 0 instead of |f®)(z)| > 1. In this case one may replace f(x) by Af(x) in the
above, and the resulting conclusion is that

b
‘/ M) d| < ¢p(||@]| = + |0 [|12) AP A7 (4.3)

There is also a sublevel set measure version of the Van der Corput lemma with a very similar
proof which can be found in [C]. It can be stated as follows.

15



Van der Corput lemma II. Suppose p is a positive integer and f(z) is a C? function on
an interval [a,b] such that |f®)(z)| > B on [a,b], where B > 0. Then there is a constant
¢, > 0 such that for each ¢ > 0 we have

{zeT:|f(z)] < e} <c;(%)p (4.4)

Another notion of Theorem 1.1 being efficient is given by the following theorem pertaining
to the right hand side of (1.4).

Theorem 4.1. Suppose that f(z) is a polynomial and p > 1 is such that |f®)(x)] > 1 on
la,b]. Let 1 denote the degree of f(x). Then there is a positive constant C, such that

/bmm( @)

A(f'())?
Note that in the polynomial case, the k in (1.4) can be taken to be the degree [ of
f(z). Thus Theorem 4.1 can be viewed as saying that for polynomials, the estimate given
by (1.4) contains the information given by the Van der Corput lemma, other than the fact
that the constant appearing may depend on the degree of the polynomial as well as p. This
dependence gibes with the condition in Theorem 1.1 that supy, |f®)(z)] < Ainf, | fF)(z)].

1 1
dx + min (b —a, > <IUCH A7 (4.5)
) Al SUP|q,b] |/ ()] .

Proof of Theorem 4.1.
We first focus on the term min(b — a, WM) in (4.5). If p = 1, this term is
bounded by ﬁ, which gives the estimate we need. So we assume p > 1. We apply (4.4) to

f'(z), specifically that {z € [a,b] : | f'(z)| < ﬁ(b — a)?~'} has measure less than b — a.

Thus supy, 4 [ f'(2)] > W(b — a)P~1. Hence we have

. (cp1)""
) < min(b — a, W) (4.6)

min(b — a,
Al supyy g [/ ()]
Viewed as functions of b — a for fixed A, the left term in the minimum is increasing and the

1
right term is decreasing. The two terms are equal when b — a = (c;_l)pT|)\|7%. Thus we
have the desired estimate

1 p=1 1
min(b — a, )< (¢ )7 |ATP (4.7)
Al supa,g) [17(2)] v
We now move on to the integral term f;’ min (1, %’)dw in (4.5). Again we first do the

case p = 1 separately. When p = 1, we have

[ (]

@ (48)

al)e<m I
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Since f(z) is a polynomial, f'(z) is piecewise monotonic, and the integral in (4.8) can be
integrated over each piece to obtain the sum of i—ﬁ at the two endpoints. Thus by the

condition that | f’| > 1, the integral over each piece less than 2, and thus the overall integral
is bounded by 2{, where we recall [ is the degree of f(x). Thus for the case where p =1 we
=)

have the desired estimate
b
min
/a ( M f'(2))2

Henceforth we assume p > 1 and focus on bounding fab min(1, \%])dm when p > 1.

)dg; < QZW (4.9)

Note that the degree [ of the polynomial f(z) is at least 2. Thus we may factorize f'(x) =
Y12t (z—ry), where the r; are the roots of f'(z) and v # 0. Note that f @) is the logarithmic

f'(z)
derivative of f'(x), or 3.1} -1 so that we have

f//(’l,) B - ;
(f'(=)? 2; (z — 1) f'(2) (4.10)

Due to the elementary inequality min(a,b + ¢) < min(a, b) + min(a, ¢) for nonnegative a, b,
and ¢, we then get

[ ()5

By (4.4), for each € > 0 one has

f”(w
A(f'(x))?

)“Z/ i (4 ) 410

{z € [a,b] : |f'(2)] < €} < ¢,_yerT (4.12)

This implies corresponding bounds for each [{z € [a,b] : |(x — ;) f'(z)| < €}|. To see why,
note that

{z € [a,b] : [(x —r)f(z)| < €} C{x € [a,b] : |(x — Re(r;))f'(x)] < €}
CUP_ {z € a,b]: |z — Re(ry)] <2, |f(x)] < ;} (4.13)

Note that |[{z € [a,b] : |& — Re(r;)] < 27}| < 277! while by (4.12) we have

{z € [a,b] : |f(2)] < §}| <d et (4.14)
Thus (4.13) gives
frela ] |z —r)f (@) << Y min(@*+,d_e712777) (4.15)
Jj=-—00
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One computes that the terms 297! and c;_lepljfpjj in the minimum of (4.15) are equal

; 1 - : o IR
when 27 = ( ”21) 7 er. Since 2/ increases exponentially in j and ¢, ;e»~127»=T decreases
exponentially in j, we conclude that for some constant d, we have

{z € [a,8] : |(z — ) f' ()| < €}| < dper (4.16)

Equation (4.16) holds for all € > 0. Thus by Lemma 3.2, there is a constant e, such that for

each ¢ we have ,
1 1

min | 1, dr < ey|A| 7 4.17
[ min (4 g < o e

In view of (4.11), adding (4.17) over all i gives
/b mln( ' f”(ZL’)
@ A(f'(x))?
This gives us the desired bound for the term fab min(1, | L2k /\( f’ |)dx in (4.5) and we are
done. 0

)d:c < (I —=1)ep|A|™ > (4.18)

5 Proofs of Theorems 1.1 and 1.2.

5.1 Proof of Theorem 1.1.

We will do the case when k = 1 separately at the end. So for now we assume the hypotheses
of Theorem 1.1 hold for some k& > 2. Let Z be the set {z € [a,b] cx = a,x = b, or
f'(z) = 0}. Since the assumptions of the theorem imply that |f®)(z)| # 0 on [a b], the set

Z is finite. We next write [a,b] = GUH, where G = {x € [a,b] : x € Z or ’ f,( ) } > 1}, and

H={z€a,b]:x ¢ Z and |(f,(x))2‘ < 1}. Note that H is open and therefore G is closed.
Since the integrand of (1.1) has magnitude at most ||¢||r~, the portion of the integral (1.1)
over GG is bounded by ||¢||L~|G|, which equals

)dx (5.1)

- [ 055
As a result we have
C) )dm (5.2)

| [ sria < e [min (0| 75

This is the only bound we will need for the portion of the oscillatory integral over G.

We move on to H. Since H is open we may write H = U;I; where I; = (¢;,d;) are
disjoint open intervals. By definition of H, one has f’(z) # 0 for each x € I;. We claim that
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f'(cj) and f’(d;) are nonzero, so we have that ﬁ is a C'! function on [¢;, d;] for which we
may apply integrations by parts such as in (1.2). To see why f’(¢;) and f'(d;) are nonzero,
first note that for small €1, e5 > 0 we have

1 B 1 _ dj—e2 f//(l’) N
f'(dj —e)  f'(c; +e) /Cj+61 (f'(x))? d (5.3)

Since |( e ‘ <1 on (¢;,d;), we must therefore have
1 1
— < (d; — ¢; 5.4
fildj—e)  fllej+a) (d; =) (54)

If f'(c;) were zero, we could take limits as €, — 0 in (5.4) and get a contradiction. Similarly
if f'(d;) were zero we could take limits as e — 0 in (5.4) and get a contradiction. Thus we
have that f’'(c;) and f'(d;) are nonzero as needed.

Next we divide the intervals I; into two types. We say I; is of type 1 if sup, |f'(z)| >
2infy, | f'(x)], and we say I; is of type 2 if sup; |f'(z)| < 2infy, [f'(x)]. We start with the
analysis on intervals of type 1. We integrate by parts in the integral f 4 ¢if @) () da, writing

= if'(x)e @ X =z, then integrating i f’(x )ef @ to /(@) and dlfferentlatlng the rest.

The result is
/ " 050 e = S o) ol
el xr T T = - .
¢y Zf/<dj) ’ Zfl(cj

)
E et/ @) () x)dr — E ? et @) L x
o [ =t [ g 59

1 . .
J J

We now bound (5.5) by the absolute values of each term of (5.5), putting the absolute values
inside the integrals and bounding the occurrences of ¢ by ||¢||r~. We obtain

/dj i@ (z) dz| < ||6] ( S +/dj @) |, >+/dj /()| d
e x)dx| < o0 ——\|dz T
¢ NIFEN e L [P @)? o (@)
(5.6)
To analyze (5.6) further we use the following lemma.
Lemma 5.1. If I; = (¢;,d;) is any type 1 interval, then each y € [c;,d;] satisfies
)
< 3/ (5.7)
/()] e |(f'(2)

J

Proof. Let x¢ € [cj, d;] be such that | f'(zo)| = infl, 41| f'(7)]. Recall by the earlier discussion

that f'(xo) # 0. Then by the fundamental theorem of calculus, f,% = f Y f -
so that
["(z)

Fl)? (58)

1 1
P @) +/c.

J

19



Now let x1 € [cj,d;] be such [f'(z1)] = supy,q,|f (). Since I; is type 1, one has
1 1

P = 27 (o)

As a result we have

1 1 1
— <2 — 5.9
760l P~ T o
Again using the fundamental theorem of calculus, (5.9) leads to
1 d; f”(I)
<2 / (5.10)
/' (o0)] o |(['(2))?
Inserting (5.10) into (5.8) gives (5.7) and we are done. O

Next, we insert (5.7) into the first two terms on the right of (5.6), obtaining

di dj "
[ s < [ 405

Inserting (5.7) into the rightmost term of (5.11) now gives

d]' )
/ e @ p(x) da

7

4G 1 /
da?—l—/cj ‘f/@)’w(a:)]d:v (5.11)

f"(x)
(f'(x))?

d;
< (7]16llo= + 3116]|12) / dx (5.12)

J

J]:, g) } < 1 on (¢,d;), the ‘ f,(x )2| appearing in (5.12) is equal to min(1,

As a result, (5.12) can be rewritten as

4
/ e @ p(z) dx

J

Since ‘ f”(x) ‘

f"(x)
(f'(x))?

The estimate (5.12") gives the bounds we need for the portion of the oscillatory integral over
(¢;,d;) when it is an interval of type 1.

d;
< (Tlloll= +3161s) [ min (1,

J

) dx (5.127)

We now assume (c;,d;) is an interval of type 2. We do the case where (¢, d;) is the
entire interval (a,b) first. This is the only situation where we contribute to the right-hand
term of (1.3). We integrate by parts as in (5.5), and once again have the estimate (5.6).
Instead of using (5 7), this time we use the fact that (a,b) is an interval of type 2 and thus
have a bound |f’( < 2sup[a1b] 7 holding on [a,b]. We insert this bound into (5.6), both in
the two endpoint terms and in the integral of the rightmost term. We get

b "
[ e oteyas| < ol +2610) o ol ||| o
1 b "
< @l + 2611 (o + [ | il o) 6513
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Since min(1, |M’) = ‘ f”(‘r | in the situation at hand, the right-hand side of (5.13) is
f"(=)

the same as ”
/ 1 b
(4||¢||LOO +2||¢||L1)<W+/a min <1,'W ) dCC) (514)

The estimate (5.14) gives the bounds we need for the portion of the oscillatory integral over
(¢;,d;) if (¢j,d;) = (a,b) is an interval of type 2.

Next we assume that (c;,d;) is an interval of type 2, and (c¢;,d;) is not the whole
interval (a, b). Thus there is at least one endpoint e of [¢;, d;] which is neither a nor b. Since

(|]{,/£$§|2 < 1 on (¢, d;) and f'(e) # 0, we must have (‘]{,,;(3'2 < 1. We cannot have a strict
L (el

inequality FoE < 1; if this were true then x would have to be an interior point of (c;, d;)
PG
(f'(e))? '

1" ()]
. ‘ (7(x))?
an interval of type 2, if x € [¢;, d;] we therefore have

@) < [f/ (@) < Alf'(e)]* = 4]f"(e)]

instead of an endpoint. So we must have

Since for all = € [c;, d;] one has < 1 and |f’| varies by a factor of at most 2 on

Hence we have

|f"(e)] = = sup |f”| (5.15)

[¢j,d;]

1 =

Next, we use the condition that supy, |f®)(z)| < Ainf,y |f®(2)| for some constant A,
where we recall we are assuming k > 2. First suppose k > 3. Then we may apply part 2 of
Lemma 1 of the famous paper [PhSt] of Phong and Stein to f”(x) and conclude that there
is a constant L4 j such that on [c;, d;] we have the following, where |/;| denotes the length
dj —Cj of |]J|

1
|f"(@)| < Lagr sup [ (5.16)

In view of (5.15), equation (5.16) implies that there is a constant M4 j such that if z € [¢;, d;]
satisfies |x — e| < Ma|l;|, then one has

1
/(@) = 5 sup | "] (5.17)
lej,d3]

In particular, for such x one has |f"(z)| > §|f"(e)] = 3|f'(e)]* > 35| f/(«)>. The final
inequality follows from the fact that (c;,d;) is an interval of type 2, so that |f’| varies by a
factor of at most 2 on it. We conclude that for |x — e| < M4 x|l;| one has

|f(x)] 1
)2 > D) (5.18)
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Now on I;, min(1, (ljf,/;;:’;gL) = (‘ﬁé%i‘? Thus (5.18) implies that for some constant Ny > 0
one has

/1] min (1 (|J{/H(( )))| ) dz > Nax|L| (5.19)

The above assumed that k£ = 3, but (5.19) will also hold when k£ = 2. For when k = 2,
not only does |f'(x)| vary by a factor of at most 2 on I;, but the condition supy, ; [ f”(z)| <
Ainf ) | f"(x)| implies that |f”(z)| varies by a factor of at most A on I;. Thus (|;,/ES§‘2 =1
implies that (|]{,lzgg|2 is bounded below by - and once again (5.19) will hold.

Next, note that by simply taking absolute values on the inside and integrating, we

have .
/ e @ p(z) da

J

< 9] oe| ] (5.20)

Combining this with (5.19) we get that

‘/d e (z) dr| < (Nag) ||| ro /I min (1 (|]{,H(( )))|)dx (5.21)

Equation (5.21) is what we need for the portion of the oscillatory integral over I;.

We now simply add the estimate (5.2) for G to the estimates (5.12") and (5.14) or
(5.21) over all intervals I; of H, and we obtain (1.3). (One can take the minimum with
b — a in the right-hand term of (1.3) since that is given by the bound one obtains by simply

taking absolute values in the integrand of ff ef®)¢(z) dr and integrating.) This completes
the proof of Theorem 1.1 for k£ > 1.

Lastly, we consider the case where k = 1. We write [a,b] as the finite union of j
intervals J; = [¢;, d;], disjoint except at endpoints, such that on each J;, f'(z) is monotonic.
Then by k = 1 case of the Van der Corput lemma (4.3'), for some constant ¢ one has

‘ / z)\f(a: d[L’

By the condition that sup, , [f'(7)| < Ainfp, ) |f'(z)], we see that (5.22) is bounded by

;
nfie;a | f'(2)]

Ci,aj

< elllllze + 11610 (5.22)

1

cA o+ ||| 1) —————~ 5.23
ol +191) oy (5.23)
Adding this over all i gives the desired inequality
b
. , 1
[0 da] < iAol + 1600 o (524

This completes the proof for the £ = 1 case; one can take the minimum with b — a in the
right-hand term of (1.3) exactly as before. This completes the proof of Theorem 1.1.
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5.2 Proof of Theorem 1.2.

Suppose the assumptions of Theorem 1.2 hold. We let oy < ... < ayy denote the points in J,
where J is as in Theorem 1.2. We will show that there is a constant B such that for each

[ < N we have
Qp41
‘/ e @ p(x) dz
o

, e 1"(x) 1 1
Bl + 1) ([ min (1| 5| )+ e+ ) 69

Then (1.6) follows by adding (5.25) over all /; as in the proof of Theorem 1.1 one can take
the minimum with b — @ in the right-hand term of (1.6) since that is given by the bound one

<

obtains by simply taking absolute values in the integrand of ff @ ¢(z) dr and integrating.

We proceed to the proof of (5.25). We start as in the proof of Theorem 1.1, replacing
the interval [a, b] by [a;, y11]. Namely we let Z be the set {z € [, yy1] 1 @ = oy, = ayyq,
or f'(z) = 0}. Since f”(x) # 0 on (ay,11), the set Z is finite. Analogous to before,
we write [, 1] = G U H, where G = {z € [aq,q;41] 1 © € Z or ‘J&%| > 1}, and

H={z¢€lab :x¢ 7 and (J{,l;—gM < 1}. Precisely as in the proof of Theorem 1.1, (5.2)
holds, providing the desired estimate for the integral over G.

Next, like in the proof of Theorem 1.1 we write H = U;I;, where I; = (c;, d;) are open
intervals. Exactly as in the proof of Theorem 1.1 we have that f’(z) # 0 on each [c¢;,d;].
We again divide the intervals I; into type 1 and type 2 intervals, where type 1 intervals are
those on which |f’(x)| varies by more than a factor of 2 and type 2 intervals are those on
which |f/(x)| varies by at most a factor of 2. The analysis of the type 1 intervals is exactly
as in the proof of Theorem 1.1, leading to (5.12') once again holding.

For type 2 intervals, the argument changes from that of Theorem 1.1, and accounts
for the presence of the right-hand terms in (5.25). We further subdivide the type 2 intervals
into two subtypes. We say I; is an interval of subtype 2A if ¢; = a4, d; = a;41, or both. We
say I; is an interval of subtype 2B if neither endpoint of I, is an endpoint of [ay, ay41]. We
first suppose I; is an interval of type 2A. Thus we may let e denote an endpoint of [c;, dj]
that is also an endpoint of [oy, ay11]. Since I; is an interval of type 2, |f'(x)| varies by a
factor of at most 2 on [oy, oyy1]. As a result, if x € I; we have

1L 2
|[f(@)] — [f(e)]

We now perform the integration by parts leading to (5.6). We insert (5.26) into (5.6) anal-
ogously to the argument leading to (5.14). Analogously to (5.14), we obtain
) da:) (5.27)

/ H03(a) ds] < (Wl +20611) (o + / min (1 75

(5.26)

23



This is the estimate we need for the integral over an I; of type 2A.

We now consider the case where I; is an interval of type 2B. Since neither ¢; nor d;
is an endpoint of [y, ay41] nor a point where f' = 0, by the definition of H one must have

that 2 I

[f" el 1))

(f'(e))? (f'(d)))
The «; include all points where f” or f” are zero and f’ is nonzero. Because f’ is nonzero on
[cj, d;], this means that both f” and f" are either positive on (c;,d;) or negative on (c;, d;).
Thus f" and f” are monotonic on [cj,d;]. Hence there are endpoints e; and ey of [¢;, d;]
(which may or may not be the same) such that |f'(z)| < |f'(e1)| and |f"(x)| > |f"(e2)| for
x € I;. Thus on I; we have

[f"@)]  [f"(eo)]

=1 (5.28)

(f'(x))2 = (f'(er))? (5.29)
But recall | f/(x)| varies by a factor of at most 2 on ;. Thus we have
(el 11" (e)]
(f(e)? = 4(f/(e2))?
1
T4 (5.30)
Thus on [; we have
(@) 1
(f"(x))? 1 (5.31)

| @

Since min(1, e ))|2) = |(f

e ‘ on [;, analogously to (5.19) we have

i (1 G ) 4> 1 o

J

Exactly as in (5.20), by taking absolute values on the inside and integrating one has

4
/ @ p(z) dx

J

< [l¢llz= 45| (5.33)

Combining (5.32) and (5.33) we thus have

’/ z)dx <4H¢HLOO/I min (1, |f”($)‘)dx (5.34)

; (f'(2))?

Equation (5.34) is the estimate we need for the portion of the oscillatory integral over an
I; of type 2B. We can now add up the estimates for the intervals of different types, namely
(5.12"), (5.27), and (5.34), and add the result to the estimate (5.2) for the integral over G.
The result is (5.25). This concludes the proof of Theorem 1.2.
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6 Proof of Theorem 2.1.

Assume that the conditions of Theorem 2.1 are satisfied. If 9% ¢(0) # 0 for some k the theo-
rem is immediate, so we assume that 9% ¢(0) = 0 for each k. Equivalently, ¢(0, ...,0,2,) = 0
for each z,. We Taylor expand g(z) on a neighborhood of the origin as

Zgl L1y ooy Ty 1) T (6.1)

Note that each g;(x) satisfies ¢;(0) = 0. Thus the ideal J in R[[zy,...,x,_1]] generated by
all of the g;(x) is a proper ideal. Note that the ideals J; = (go, ..., g;) satisfy the ascending
chain condition and their union is J. So since R[[z1, ..., #,,_1]] is Noetherian, for some i, one
has J; = J;, for all © > i and therefore J = J,,,.

We now apply resolution of singularities in n — 1 dimensions to the nonzero go, ..., g;,
as well as all nonzero differences g; — gy for 0 < 4,7 < 4y. Hironaka’s theorem in [H1] [H2]
more than suffices for our purposes. As a consequence of these theorems, we may say the
following. If s > 0 is sufficiently small, then the n — 1 dimensional closed ball B, _1(0, s) can
be written as U;V:lK ;, where K; are (overlapping) compact sets containing the origin such
that to each Kj there is a U; containing K; such that the following hold.

N\U; C Bp_1(0, ¢') for some s’ > s such that g(z) is real analytic on a neighborhood
of the closed ball B, (0, s').

e There is a bounded open U} C R™! containing the origin and a surjective ¢; : U = U
whose components are real analytic functions such that each nonzero g; o ¢;(y) and
each nonzero (g; — gi) o ¢;(y) for 0 < 4,7 < iy, can be written in the form a(y)m(y)
on U}, where m(y) is a nonconstant monomial and a(y) is a nonvanishing real analytic
function.

e There is a compact L; C Uj such that ¢;(L;) = K;.
Next, we define @;(y1, ..., ¥n) = (¢(Y1, -, Un—1),Yn). We examine each g o ¢;(y) as a

function of n variables on U} x [—t, 1], where ¢ is small enough to ensure that each g o oi(y)
is defined on U} x [~t,t]. We may write

gogb] ZglO¢] Yty -5 Yn— 1)y (62)

Let yo = (yp, 0) be any point in L; x {0} such that ¢;(yo) = 0. Equivalently, ¢(yp) = 0. We
shift coordinates in the y Var1ables so that yo becomes the origin. Namely, we let y = z 4 .
Then g;0¢;(y1, ..., Yyn—1) becomes g;0¢,((21, ..., Zn—1)+y;), which we denote by h;;(z1, ..., zn—1).
We then have

god;(z+yo) = ZhW 21y ey Zne1) 2 (6.3)
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Because ¢;(yo) = 0 and each g;(0) = 0, we must have that each h;;(0) = 0. Furthermore,
each nonzero h;;(z) and each nonzero difference h;;(z) — hy;(2) for i,i" < i is still of the
form a(z)m(z) on a neighborhood of the origin, where m(z) is nonvanishing and a(0) # 0.
In addition, since gy, ..., g;, generate the ideal generated by all g; on a neighborhood of the
origin, given j we also have that hg;, ..., h;,; generate the ideal generated by all h;;.

Next, we write a nonzero h;;(z) in the form a;;(z)m;;(2), where a;;(2) is nonvanish-
ing near the origin and m;;(2) is a monomial 27"...20“"". Because we monomialized the
nonzero differences h;; — hy; for 4,7 < 4o, for a given j we have that for each 7, < iy we
either have a;; < ay; or ayj < ;. Thus given j there is at least one ¢; < 7y such that for
all i < iy we have o;,; < a;;. As a result, m; ;(2) divides m;;(2) for all ¢ < 4y. Thus each
hij(z) for i < iy can be written as m;,;(2)g;;(#) for a real analytic function g;;(2). Since
hoj, -.., hi,; generate the ideal generated by all h;;, for our fixed j each h;j(z) for i > iy can
also be written as m;, ;(2)g;;(2) for some real analytic function g;;(z).

In summary, given j one has h;,;j(z) = a;,;(2)m;,;(2) where a;,;(0) # 0, while for all
i # i3 we have that h;;(z) = ¢;;(2)my,j(2) for a real analytic function ¢;;(z). Thus in view
of (6.3), we have that 9% (g o ¢;(z + yo)) is of the form 7(z1, ..., z,)m;, (21, .., z,—1) for some
real analytic r(z) with 7(0) # 0. Write ¢(2) = g o ¢,;(z + ). Hence if we are in a small
enough neighborhood V' of the origin so that |r(z, ..., z,)| is with a factor of 2 of (0, ...,0),
then for z € V' we either have that ¢(z) is identically zero on the vertical line containing z
(corresponding to my, ;(z1,...2n—1) = 0), or for [; = i; one has

1. .
§|8iﬂnq(21, s Zn-1,0)] < 10L q(z1, ooy 20)| < 210% q(21, ..y 201, 0)]| (6.4)

Since yo was an arbitrary point of ¢ (0) N (L; x {0}), a compact subset of L; x {0}, we may
cover ¢;(0) N (L; x {0}) by finitely many balls V}; on which (6.4) holds for each I except
on vertical lines where ¢ is identically zero, and such that U,V C Uj x [~t,t] for our small
t that ensures g o éj (y) is well-defined. There is an open set W, containing ¢j’1(0) N L; and
an €; € (0,t) such W; x [—¢;,€;] C UV} Thus (6.4) holds on W; x [—¢;, €;].

If y is in ((W;)° N L;) x [—¢j, €], then |@;(y)| > 0 since ¢;7'(0) N L; is a subset of
W;. Since ((W;)¢N L) X [—¢;, €] is compact, there is in fact a §; > 0 such that |¢;(y)| > §;
on (W;)°N L;) x [—€j,¢5]. As aresult, ¢;'(B(0,6;)) N (L; x [—¢j,€¢]) C W, x [—¢j,¢], a
set on which (6.4) holds except on vertical lines on which ¢ is identically zero. Since (6.4)
is invariant under coordinate changes in the first n — 1 variables such as ¢;, we then have
that the corresponding statement to (6.4) holds on B(0,d;) N (¢;(L;) X [—¢;,¢€;]). Namely,
on this set, on a vertical line either g is identically zero or one has

1, .. .

§|8§gng(x1, s T, 0)] < [0 g(w1, oy w0)| < 2|10% g(21, .0y 1, 0)] (6.5)
Since ¢;(L;) = K, if we let n < 0, ¢; for all j, then by taking the union of the above over all
Jj we see that on B(0,1) N ((U;K;) x [-n,7]), on a vertical line either g is identically zero or
one has that (6.5) holds for at least one /; . Since U; K is the original closed ball B,,_1(0, s)
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on which we performed the resolution of singularities, there is an n’ for which the same is
true on all of B,_1(0,7") x [—n, 7] as is needed.

As for the final statement of Theorem 2.1, as long as g(x) is not identically zero,
there is some m such that 9" g(x1,...,2,—1,0) is not identically zero on B,_1(0,7'). Then
{(z1,...,2n1) € Bya(0,7) = 07 g(21, ..., 2n—1,0) = 0} has measure zero. Since the set of
(21, ...xp—1) wWhere g(z1,...,2,) = 0 for all |z,| < n’ is a subset of the above set, this set too
has measure zero. This completes the proof of Theorem 2.1.
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