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Abstract. We continue our extension of the groundbreaking results of Gromov and Lawson, [GL83], to
Dirac operators defined along the leaves of foliations of non-compact complete Riemannian manifolds. Given

two leafwise Dirac operators on two foliated manifolds which agree near infinity, we have the topological
indices of [BH24], and using Bismut superconnections, we define analytic Connes-Chern characters, all in

Haefliger cohomologies. We show that they are pairwise equal.

In this paper we do not assume that the foliations are Riemannian. Thus, in order to relate our invariants
to the invariants of the so called “index bundles” of the operators, we must strengthen the assumptions in

[BH24] on the Novikov-Shubin invariants of the foliations and require that the manifolds satisfy a stronger

growth condition. This allows us to use results in [HL99] to extend our higher relative index bundle theorem
for Riemannian foliations to a much broader class of foliations.

We construct examples of non-Riemannian foliations and use our results to show that their spaces of

leafwise metrics of positive scalar curvature have infinitely many path-connected components.
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1. Introduction

This paper is a continuation of our program, [BH19, BH21, BH24], of extending the groundbreaking
relative index theorem, Theorem 4.18, [GL83], of Gromov and Lawson, to Dirac operators defined along the
leaves of foliations whose holonomy groupoids are Hausdorff. We assume that the foliations are on (possibly
non-compact) complete Riemannian manifolds, and that all of their structures have bounded geometry. In
[BH24], we sometimes assumed that the foliations were Riemannian. Here we make no such assumption.
This necessitates strengthening the conditions on the Novikov-Shubin invariants of the foliations. The reason
we need more restrictive assumptions is that, in the Riemannian case, the results we use from [BH08] are
valid only for foliations whose holonomy maps are isometries, which is precluded in the general case. Our
assumptions do allow us to use the more general results of [HL99].

Our approach is quite similar to that in [BH24]. In particular, we assume that we have a foliated manifold
pM,F q as above, and a Clifford bundle EM Ñ M over the Clifford algebra of the co-tangent bundle to F ,
along with a Hermitian connection ∇F,E compatible with Clifford multiplication. This determines a leafwise
Dirac operator, denoted DF . We assume that we have a second foliated manifold pM 1, F 1q with the same
structures. We further assume that there are compact subspaces KM “ M r VM and K1M 1 “ M 1 r V 1M 1 so
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that the situations on VM and V 1M 1 are identical. Objects which are identified “near infinity”, that is off
compact neighborhoods of KM and K1M 1 , are called ϕ compatible.

As in [BH24], we work on the holonomy groupoids G and G1 of F and F 1, with their canonical foliations
Fs and F 1s. Thus we lift everything to G using the map r : G Ñ M , which maps the leaves of Fs to those
of F , and similarly for M 1. In particular, we have the G invariant leafwise Dirac operator D for Fs, and
similarly D1 for F 1s.

For each Ui in a good cover of M by foliation charts, let Ti Ă Ui be a transversal and set T “
Ť

Ti. The
Haefliger forms A˚c pM{F q associated to F are uniformly bounded smooth forms on T which have compact
support in each Ti, modulo forms minus their holonomy images. Their dual spaces are the Haefliger currents.
The Haefliger cohomology of F , denoted H˚c pM{F q, is the associated cohomology, which is independent of
the choice of good cover.

The relative Haefliger cohomology for the pair ppM,F q, pM 1, F 1qq, denoted H˚c pM{F,M
1{F 1;ϕq is the

cohomology of pairs of ϕ compatible Haefliger forms (that is, on Ti far enough away from KM , and similarly
for the T 1i ), modulo pairs of forms minus their holonomy images, which are ϕ compatible. More precise
definitions are given in Section 2 below.

Using the Atiyah-Singer characteristic forms ASpDF q and ASpDF 1q, which agree near infinity, we define
topological indices

IndtpDq P H˚c pM{F q, IndtpD
1q P H˚c pM

1{F 1q, and IndtpD,D
1q P H˚c pM{F,M

1{F 1;ϕq.

The usual heat operator definition of the superconnection analytic Chern character gives

chapDq P H˚c pM{F q and chapD
1q P H˚c pM

1{F 1q,

and previous results give,

chapDq “ IndtpDq P H˚c pM{F q and chapD
1q “ IndtpD

1q P H˚c pM
1{F 1q.

Using a Bismut superconnection B “ B0`B1`B2, [B86], and appropriate finite propagation even functional
calculi we are able to define the relative analytic Connes-Chern character,

chapD,D
1q P H˚c pM{F,M

1{F 1;ϕq.

Our first result is the following.
Theorem 3.2 Suppose that pM,F q, pM 1, F 1q, and pD,D1q are as above. Then the relative index formula
holds in H˚c pM{F,M

1{F 1;ϕq, i.e.

chapD,D
1q “ IndtpD,D

1q.

Next we relate these relative (and absolute) Chern characters with the so-called index bundle, so as to be
able to apply the classical vanishing principle of the topological indices whenever the kernel projections are
trivial, and to deduce important corollaries, see for instance [BH19, BH21]. As is already well known for
closed foliated manifolds, this is a non-trivial issue and one cannot expect such results without imposing
extra assumptions, see for instance [HL99, BH08, BHW14].

Denote by P0 the leafwise spectral projection to the kernel of D2, and by Pp0,εq the spectral projection
associated to the interval p0, εq. In general these are not transversely smooth (although they are always
leafwise smooth), so that in general we cannot define their Connes-Chern characters in Haefliger forms.
When they are transversely smooth, their characters are well defined Haefliger forms and the form for P0 is
closed, so we have

chapP0q P H˚c pM{F q and chapPp0,εqq P A˚c pM{F q,
and similarly for P 10 and P 1

p0,εq.

We have two main results, begining with the (non-Riemannian) gap at zero Relative Index Theorem.
Theorem 3.3 Assume that the holonomy groupoids G and G1 are Hausdorff, and that for sufficiently small
ε, Pp0,εq “ P 1

p0,εq “ 0. Assume moreover that:
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(1) P0 is transversely smooth and satisfies

ż

M

tr pP0q dx ă 8, and similarly for P 10;

(2) B1pP0q and B1pP
1
0q are bounded leafwise smoothing operators;

(3) M , so also M 1, has sub-exponential growth.

Then, for C and C1 closed bounded ϕ compatible continuous holonomy invariant Haefliger currents, the
pairings xchapP0q, Cy and xchapP

1
0q, C1y are well defined, and

xchapD,D
1q, pC, C1qy “ xchapP0q, Cy ´ xchapP 10q, C1y “ x

“

ż

F

ASpDF q,

ż

F 1
ASpDF 1q

‰

, pC, C1qy.

The element dx is the volume form on M . The finite integral assumption in the first item is for instance
satisfied when the locally defined zeroth order operator in the associated Bochner Identity for DF is uniformly
positive near infinity on M , so also on M 1. This is true for the leafwise spin-Dirac operator when the foliations
have positive scalar curvature near infinity in the ambient manifolds.

When there is no gap in the spectra near zero, the Novikov-Shubin invariants NSpDq of D provide a
measure of the density of the image of Pp0,εq. The larger NSpDq is, the sparser the image of Pp0,εq is as
εÑ 0, and they are infinite in the gap at zero case.

The general non-Riemannian Relative Index Theorem is the following.
Theorem 3.5 Assume that the holonomy groupoids G and G1 are Hausdorff, and that P0, P 10, Pp0,εq and
P 1
p0,εq, (for ε sufficiently small), are transversely smooth. Assume further that,

(1) NSpDq and NSpD1q are greater than 3 codimpF q;
(2) B1pP0q, B1pPp0,εqq are bounded leafwise smoothing, and similarly for P 10 and P 1

p0,εq;

(3) Pr0,εq satisfies

ż

M

tr
`

Pr0,εq
˘

dx ă 8, and similarly for P 1
r0,εq;

(4) M has sub-super polynomial growth, so also does M 1.

Then, for C and C1 closed bounded ϕ compatible continuous holonomy invariant Haefliger currents, the
pairings xchapP0q, Cy and xchapP

1
0q, C1y are well defined, and

xchapD,D
1q, pC, C1qy “ xchapP0q, Cy ´ xchapP 10q, C1y “ x

“

ż

F

ASpDF q,

ż

F 1
ASpDF 1q

‰

, pC, C1qy.

The notion of sub-super polynomial growth is introduced in Definition 3.4.

Remarks 1.1.

(1) The reader should note carefully that, for simplicity, the equalities in our theorems are up to universal
non-zero constants.

(2) Under the assumptions of Theorems 3.3 or 3.5, the proofs actually show that

chapDq “ chapP0q “

„
ż

F

ASpDF q



in H˚c pM{F q,

and similarly for chapD
1q.

(3) The growth conditions on the ambient manifolds are needed so that that the pairings will be as
claimed.

(4) As above, the finite integral assumption is satisfied when the locally defined zeroth order operator in
the associated Bochner Identity is uniformly positive near infinity on M , so also on M 1. This is
proven in Theorem 4.6 of [BH24].

As we shall see, the proof of Theorem 3.2 is standard and follows the classical steps for the heat equation
proof of index theorems. The idea behind the proofs of Theorems 3.3 and 3.5 is to use the results and
techniques of [HL99] coupled with finite propagation techniques, see also [Roe87, BGV92]. The family of
foliation Bismut superconnections associated to D is

Bptq “
?
tB0 ` B1 `

1
?
t
B2.



4 M-T. BENAMEUR AND J. L. HEITSCH OCTOBER 14, 2025

The Connes-Chern character chapDq is the Haefliger class denoted STr
`

e´Bptq2{2˘ determined by the Haefliger

form

ż

F

Strpe´Bptq2{2q, where Str is the supertrace of the Schwartz kernel of the leafwise operator e´Bptq2{2.

See pp. 188-89 of [HL99]. Denote by Qε the spectral projection of D2 associated to the interval rε,8q. Set,

Bptq “ B̄ε,t ` Aε,t, where B̄ε,t “ pP0 `QεqBptqpP0 `Qεq ` Pp0,εqBptqPp0,εq.

As in [HL99], we show that the Haefliger cohomology class determined by lim
tÑ8

ż

F

Strpe´B̄2
ε,t{2q is chapP0q. If

Pp0,εq “ 0, then Aε,t “ 0 also, and we have the essential result we need for the proof of Theorem 3.3. To
extend that proof to Theorem 3.5, we then show that the term Aε,t does not affect the limit as tÑ8.

The main technical challenges are to define chapD,D
1q, and then to extend the existing arguments to

the new definition. This entails a number of subtle difficulties. The problem is that, even though D and

D1 are ϕ compatible, etD
2
{2 and etD

12
{2 are not in general, since what D is on say KM can effect what

e´tD
2
{2 is near infinity. So, if D and D1 are not ϕ compatible globally, this can cause e´tD

2
{2 and e´tD

12
{2

to not be ϕ compatible. The solution is to approximate e´tD
2
{2 and etD

12
{2 by operators which have finite

propagations, and which converge to e´tD
2
{2 and e´tD

12
{2 as t Ñ 0 and 8. This is accomplished by using

families of Schwartz functions denoted χt approximating e´tz
2

which have Fourier transforms which are
compactly supported. Then χtpDq and χtpD1q will be ϕ compatible, and as tÑ 0 and 8, they converge to

etD
2
{2 and etD

12
{2.

The final section contains the application of the main results to non-Riemannian foliations which admit
positive scalar curvature. In particular we show how to construct families of such foliations whose spaces of
positive scalar curvature metrics have infinitely many path connected components.
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2. The Setup

In order for this paper to be self contained we repeat some of Section 2 of [BH24].

Denote by M a smooth (if non-compact, then complete) Riemannian manifold of dimension n, and by F
an oriented foliation (with the induced metric) of M of dimension p, assumed to be even, and codimension
q “ n ´ p. The tangent and cotangent bundles of M and F are denoted TM, T˚M,TF and T˚F . The
normal and dual normal bundles of F are denoted ν and ν˚. A leaf of F is denoted by L. In [BH24], we
assumed that F is Riemannian. Here we make no such assumption.

If M is non-compact, we assume that both M and F are of bounded geometry, that is, the injectivity radii
on M and on all the leaves of F are uniformly bounded below, and the curvatures and all of their covariant
derivatives on M and on all the leaves of F are uniformly bounded (the bound may depend on the order of
the derivative).

Let U be a good cover of M by foliation charts as defined in [HL90]. In particular, denote by Dpprq “ tx P
Rp, ||x|| ă ru, and similarly for Dqprq. An open uniformly locally finite cover tpUi, ψiqu of M by foliation
coordinate charts ψi : Ui Ñ Dpp1q ˆ Dqp1q Ă Rn is a good cover for F provided that

(1) For each y P Dqp1q, Py “ ψ´1
i pDpp1q ˆ tyuq is contained in a leaf of F . Py is called a plaque of F .

(2) If Ui X Uj ‰ H, then it is contractible, and if U i X U j ‰ H, then Ui X Uj ‰ H.

(3) Each ψi extends to a diffeomorphism ψi : Vi Ñ Dpp2q ˆ Dqp2q, so that the cover tpVi, ψiqu satisfies
p1q and p2q, with Dpp1q and Dqp1q replaced by Dpp2q and Dqp2q.
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(4) Each plaque of Vi intersects at most one plaque of Vj and a plaque of Ui intersects a plaque of Uj if
and only if the corresponding plaques of Vi and Vj intersect.

(5) There are global positive upper and lower bounds on the norms of each of the derivatives of the ψi.

Bounded geometry foliated manifolds always admit good covers. In particular, we may assume that the Vi
have a uniform bound on their diameters significantly less than the bound on the injectivity radii.

For each Ui P U , let Ti Ă Ui be a transversal, and set T “
Ť

Ti. We may assume that the closures of the
Ti are disjoint. Given pUi, Tiq and pUj , Tjq, suppose that γij` : r0, 1s ÑM is a path whose image is contained
in a leaf with γij`p0q P Ti and γij`p1q P Tj . Then γij` induces a local diffeomorphism hγij` : Ti Ñ Tj , with

domain Domγij` and range Ranγij` . The space Ak
c pT q consists of all uniformly bounded smooth k-forms

on T which have compact support in each Ti. The Haefliger k-forms for F , denoted Ak
c pM{F q, consists of

elements in the quotient of Ak
c pT q by the closure of the vector subspace W generated by elements of the

form αij` ´ h
˚
γij`

αij` where αij` P Ak
c pT q has support contained in Ranγij` . We need to take care as to what

this means. Members of W consist of possibly infinite sums of elements of the form αij`´h
˚
γij`

αij`, with the
following restrictions: each member of W has a bound on the leafwise length of all the γij` for that member,
and each γij` occurs at most once. Note that these conditions plus bounded geometry imply that for each
member of W , there is n P N so that the number of elements of that member having Domγij` contained in
any Ti is less than n, and that each Ui and each Uj appears at most a uniformly bounded number of times.
The projection map is denoted

r¨s : A˚c pT q Ñ A˚c pM{F q.

Denote the exterior derivative by dT : Ak
c pT q Ñ Ak`1

c pT q, which induces dH : Ak
c pM{F q Ñ Ak`1

c pM{F q.
Note that Ak

c pM{F q and dH are independent of the choice of cover U . The cohomology H˚c pM{F q of the
complex tA˚c pM{F q, dHu is the Haefliger cohomology of F .

Denote by Ap`k
u pMq the space of p ` k-forms on M which are smooth and uniformly C8 bounded, and

denote its exterior derivative by dM . Its cohomology is denoted Hp`k
u pM ;Rq. As the bundle TF is oriented,

there is a continuous open surjective linear map, called integration over F ,
ż

F

: Ap`k
u pMq Ñ Ak

c pT q,

which commutes with the exterior derivatives. This map is given by choosing a partition of unity tφiu

subordinate to the cover U , and setting

ż

F

ω to be the class of
ÿ

i

ż

Ui

φiω. It is a standard result, [Ha80],

that the image of this form
”

ż

F

ω
ı

P Ak
c pM{F q is independent of the partition of unity and of the cover U .

As

ż

F

commutes with dM and dH , it induces the map

ż

F

: Hp`k
u pM ;Rq Ñ Hk

c pM{F q.

Note that

ż

Ui

is integration over the fibers of the projection Ui Ñ Ti, and that each integration ω Ñ

ż

Ui

φiω

is essentially integration over a compact fibration, so

ż

F

satisfies the Dominated Convergence Theorem on

each Ui P U .

The holonomy groupoid G of F consists of equivalence classes of paths γ : r0, 1s ÑM such that the image
of γ is contained in a leaf of F . Two such paths γ1 and γ2 are equivalent if γ1p0q “ γ2p0q, γ1p1q “ γ2p1q, and
the holonomy germ along them is the same. Two classes may be composed if the first ends where the second
begins, and the composition is just the juxtaposition of the two paths. This makes G a groupoid. The space
Gp0q of units of G consists of the equivalence classes of the constant paths, and we identify Gp0q with M .

G is 2p ` q dimensional (in general, non-Hausdorff) manifold. We restrict to foliations for which G is
Hausdorff. The maps r, s : G Ñ M are given by sprγsq “ γp0q and rprγsq “ γp1q. G has two natural
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foliations, Fs and Fr, whose leaves are the fibers of s and r. We will primarily use Fs, whose leaves are

denoted rLx “ s´1pxq, for x PM . Note that r : rLx Ñ L is the holonomy covering map.

If E is a bundle, the smooth sections are denoted by C8pEq, and those with compact support by C8c pEq.
We assume that any connection or any metric on E, and all their derivatives, are uniformly bounded. See
[Sh92] for material about bounded geometry bundles and their properties.

In [BH23] we worked on M , while in [H95, HL99, BH04, BH08, BH24], we worked on G. The results in
[BH23] extend readily to G with the only change being that the spectral projections used on G are for the
operator lifted to Fs. This represents another extension, in the spirit of Connes’ extensions in [C79, C81],
of the classical Atiyah L2 covering index theorem, [A76]. In addition, the results in the above cited papers
where M was assumed to be compact still hold provided both M and F are of bounded geometry.

Our basic data will be taken from pM,F q. In particular, denote by DF a generalized leafwise Dirac
operator for the even dimensional foliation F . It is defined as follows. Let EM be a complex vector bundle
over M with Hermitian metric and connection, which is of bounded geometry. Assume that the tangent
bundle TF is spin with a fixed spin structure. Denote by SF “ S`F ‘ S´F the bundle of spinors along the
leaves of F . Denote by ∇F the Levi-Civita connection on each leaf L of F . ∇F induces a connection ∇F

on SF |L, and we denote by ∇F,E the tensor product connection on SF b EM |L. These data determine a
smooth family DF “ tDLu of leafwise Dirac operators, where DL acts on sections of SF bEM |L as follows.
Let X1, . . . , Xp be a local oriented orthonormal basis of TL, and set

DL “

p
ÿ

i“1

ρpXiq∇F,E
Xi

where ρpXiq is the Clifford action of Xi on the bundle SF bEM |L. Then DL does not depend on the choice
of the Xi, and it is an odd operator for the Z2 grading of SF b EM “ pS`F b EM q ‘ pS´F b EM q. Thus
DF : C8c pS˘F bEM q Ñ C8c pS¯F bEM q, and D2

F : C8c pS˘F bEM q Ñ C8c pS˘F bEM q. For more on generalized
Dirac operators, see [LM89].

All the data above may be lifted to pG, Fsq using the map r : G ÑM . The notation we will use is obtained
from that above by:

EM Ñ E; SF Ñ S; ∇F,E Ñ ∇; LÑ rLx; DF Ñ D; DL Ñ Dx.

Thus the smooth family D “ tDxu of G invariant leafwise Dirac operators acting on sections of S b E|rLx is

given as follows. Let X1, . . . , Xp be a local oriented orthonormal basis of T rLx. Then,

Dx “

p
ÿ

i“1

ρpXiq∇Xi , where D : C8c pS˘ b Eq Ñ C8c pS¯ b Eq, and D2 : C8c pS˘ b Eq Ñ C8c pS˘ b Eq.

Denote by ^ν˚s , the exterior powers of the dual normal bundle ν˚s of Fs which we identify with s˚pT˚Mq “
s˚pT˚F q ‘ s˚pν˚q. We extend D to

D : C8c pS b E b^ν˚s q ÝÑ C8c pS b E b^ν˚s q,

by using the leafwise flat connection on ^ν˚s determined by the pull-back of the Levi-Civiti connection on
T˚M .

Given a leafwise operator A on S b E b ^ν˚s , denote its leafwise Schwartz kernel by kA. Then we have

the usual pointwise trace trpkApx, xq and supertrace StrpkApx, xq defined on M Ă G. The element x P rLx is
the class of the constant path at x P L ĂM .

We also have the Haefliger traces, TrpAq, and if dH STrpAq “ 0, TrpAq which are,

TrpAq “

ż

F

trpkApx, xqqdxF P A˚c pM{F q and TrpAq “

„
ż

F

trpkApx, xqqdxF



P H˚c pM{F q,
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where dxF is the leafwise volume form associated with the fixed orientation of the foliation F . If A is an
even Z2 graded operator, that is A “ A` ‘A´, where

A˘ : C8c pS˘ b E b^ν˚s q Ñ C8c pS˘ b E b^ν˚s q,

we have the supertraces,

STrpAq “ TrpA`q ´ TrpA´q, and if dH STrpAq “ 0, STrpAq “ TrpA`q ´ TrpA´q.

Now suppose that we have the situation in Section 4 of [BH23]. That is, we have:

‚ foliated manifolds pM,F q and pM 1, F 1q;
‚ Clifford bundles EM ÑM and EM 1 ÑM 1, with Clifford compatible Hermitian connections;
‚ leafwise Dirac operators DF and DF 1 ;
‚ compact subspaces KM “M r VM and K1M 1 “M 1 r V 1M 1 ;
‚ an isometry ϕ : VM Ñ V 1M 1 with ϕ´1pF 1q “ F ;

‚ an isomorphism φ : EM |VM Ñ E1M 1 |V 1
M1

with φ˚p∇F 1,E1 |V 1
M1
q “ ∇F,E |VM .

The pair Φ “ pφ, ϕq is called a bundle morphism from EM |VM to E1M 1 |V 1M 1 . The well defined (since they are
differential operators) restrictions of DF and DF 1 to the sections over VM and V 1M 1 agree through Φ, i.e.

pΦ´1q˚ ˝DF ˝ Φ˚ |V 1
M1
“ DF 1 |V 1

M1
.

Such operators are called ϕ compatible. Without loss of generality, we may assume that KM and K1M 1 are
the closures of open subsets.

Recall the following material from [BH23]. Denote by g : M Ñ r0,8q and g1 : M 1 Ñ r0,8q compatible
smooth approximations to the distance functions dM pKM , xq and dM 1pK1M 1 , x1q. So we assume that g and
g1 are 0 on KM and K1M 1 respectively and they satisfy g1 ˝ ϕ “ g. Hence, for s ě 0, the open submanifolds
Mpsq “ tg ą su and M 1psq “ tg1 ą su agree through ϕ, that is ϕpMpsqq “ M 1psq and g|Mpsq “ g1 ˝ ϕ|Mpsq.
For s ě 0 denote by Ts the set

Ts “ tTi Ă T | Ti XMpsq ‰ Hu,

and similarly for T 1s.

Suppose that pζ, ζ 1q P W ˆW 1 Ă A˚c pT q ˆA˚c pT 1q, with ζ “
ř

pα,γq α´ h
˚
γα and ζ 1 “

ř

pα1,γ1q α
1 ´ h˚γ1α

1.

For simplicity, we have dropped the subscripts. The vector subspace WˆϕW
1 ĂWˆW 1 consists of elements

pζ, ζ 1q which are ϕ compatible. This means that all but a finite number of the pα, γq and pα1, γ1q are paired,
that is

α “ ϕ˚pα1q and γ1 “ ϕ ˝ γ, so α´ h˚γα “ ϕ˚pα1 ´ h˚γ1α
1q.

Definition 2.1. Given β P A˚c pT q and β1 P A˚c pT 1q, the pair pβ, β1q is ϕ compatible if there exists s ě 0 so
that β “ ϕ˚pβ1q on Ts. Set

A˚c pM{F,M 1{F 1;ϕq “ tpβ, β1q P A˚c pT q ˆA˚c pT 1q | pβ, β1q is ϕ compatibleu{pW ˆϕW 1q.

The de Rham differentials on A˚c pT q and A˚c pT 1q yield a well defined relative Haefliger complex, whose
homology spaces are denoted

H˚c pM{F,M
1{F 1;ϕq “ ‘0ďkďqH

k
c pM{F,M

1{F 1;ϕq.

Definition 2.2. Suppose pξ, ξ1q P A˚c pM{F,M 1{F 1;ϕq, and C and C1 are closed bounded ϕ compatible con-
tinuous holonomy invariant Haefliger currents. Set

xpξ, ξ1q, pC, C1qy “ lim
sÑ8

`

Cpξ|TrTsq ´ C1pξ1|T 1rT 1sq
˘

.

This is well defined because any representative in pξ, ξ1q is ϕ compatible, so the right hand side is eventually
constant. In addition, every pζ, ζ 1q PW ˆϕW

1 is ϕ compatible, so satisfies

lim
sÑ8

`

Cpξ|TrTsq ´ C1pξ1|T 1rT 1sq
˘

“ 0.
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To see this, recall that there is a global bound on the leafwise length of the γ and γ1 in ζ and ζ 1. This, and
the fact that there are only finitely many unpaired pα, γq and pα1, γ1q, insures that for large s, every unpaired
pα, γq will have both Domγ and Ranγ Ă T rTs, so Cpα´h˚γαq will be zero, and similarly for every unpaired
pα1, γ1q. Those pα, γq and pα1, γ1q which are paired and appear in the integration, will have Domγ and/or
Ranγ Ă T rTs with corresponding Domγ1 and/or Ranγ1 Ă T 1rT 1s. In both cases, their integrals will cancel.

Remark 2.3. Examples of such currents include the following.

(1) Invariant transverse measures Λ and Λ1 on T and T 1 which are ϕ compatible as in [BH23].
(2) Suppose ω P C8p^˚ν˚q and ω1 P C8p^˚ν1

˚
q are closed holonomy invariant forms on M and

M 1 which are ϕ´compatible, i.e. ϕ´compatible basic cohomology classes, [R58]. They determine
ϕ´compatible closed holonomy invariant Haefliger currents, also denoted ω and ω1. In particular,

xpξ, ξ1q, pω, ω1qy “ lim
sÑ8

˜

ż

TrTs
ξ ^ ωT ´

ż

T 1rT 1s
ξ1 ^ ω1T 1

¸

.

Here ωT “ ω |T , which is well defined and is holonomy invariant, as is ω1T 1 .

Next, consider the ‘infinite dimensional fiber bundle’ W “ C8c pS b Eq over M whose ‘fiber’ over x P

M is the space Wx “ C8c p
rLx;S b Eq. Filter the space M of all sections of ^T˚M b EndpW,Wq over

M by the subspaces Mi of sections of
ř

jěi^
jT˚M b EndpW,Wq. Filter the space N of all sections of

^T˚M b EndSpW,Wq similarly, where EndSpW,Wq is the space of leafwise smoothing operators. An
element A P M assigns to each k vector X P ^kTMx an operator ApXq on the space Wx, that may be
viewed as an (unbounded) operator on its L2 completion or between any Sobolev completions. We say
A PM is bounded if

}A} ” supt}ApXq} |X P ^˚TM, }X} “ 1u ă 8,

and it is smooth if it is a smooth section of ^T˚M bEndpW,Wq. Denote by } }r,s the Sobolev r, s norm
on EndpWx,Wxq. We say A P N is bounded if for each r and s,

}A}r,s ” supt}ApXq}r,s |X P ^˚TM, }X} “ 1u ă 8.

Finally, recall the Bismut superconnection B for F and E associated to the metric on M . See [B86, BV87,
H95] for the details of its construction. It is a Dirac type odd operator on C8c p^ν

˚
s bS bEq, and B satisfies

the usual properties (suitably interpreted) for a Bismut superconnection. In particular, the operator B may
be written as

B “ B0 ` B1 ` B2,

where each Bi is a uniformly bounded smooth differential operator, Bi PMi and B0 “ D.

For t ą 0, denote by Bptq the Bismut superconnection associated to the metric obtained by scaling the
original metric by 1{t. By [BV87, H95],

2.4. Bptq “
?
tD ` B1 `

1?
t
B2 “

?
tD `B?t,

so,

2.5. Bptq2 “ tD2 `
?
trD,B1s ` B2

1 ` ¨ ¨ ¨ “ tD2 ´ Ct,

where Ct is a smooth leafwise differential operator of order at most one, with uniformly bounded coefficients.
As such, its Sobolev norm ||Ct||`,`´1 is uniformly bounded, see [H95] and [Sh92]. Notice also that Ct is
nilpotent since it is in M1.

Remark 2.6. Note that P0, and Pp0,εq are bounded elements of N , and we are assuming that P0 and, for
sufficiently small ε, Pp0,εq are smooth elements of N .
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3. The Theorems

Denote by ASpDF q the Atiyah-Singer characteristic form for DF , and similarly for DF 1 . Then integrating
over the leaves we get the topological index classes

IndtpDq “

„
ż

F

ASpDF q



P H˚c pM{F q, IndtpD
1q “

„
ż

F 1
ASpD1F 1q



P H˚c pM
1{F 1q.

Note carefully that the elements of H˚c pM{F q and H˚c pM
1{F 1q are not generally represented by compactly

supported forms since they can have non-zero contributions from smooth compactly supported forms on
infinitely many transversals. Because of our compatibility assumptions near infinity, the forms ASpDF q and
ASpD1F 1q agree near infinity on M and M 1. Hence integrating over the leaves yields a ϕ compatible pair
ˆ
ż

F

ASpDF q,

ż

F 1
ASpD1F 1q

˙

and the corresponding relative topological class

IndtpD,D
1q “

„
ż

F

ASpDF q,

ż

F 1
ASpD1F 1q



P H˚c pM{F,M
1{F 1;ϕq.

Next, we introduce the analytic superconnection relative index class using the metric-rescaled Bismut
superconnection Bptq. For technical reasons, we will replace the variable t P r0,8q by βptq, a smooth
function with domain r0, 1q, which is increasing, with βptq “ t near 0, and βptq “ p1´ tq´1 near 1.

Definition 3.1. The Bismut relative analytic Connes-Chern character is

chapD,D
1q “

“

STr
`

χtpBpβptqqq
˘

,STr
`

χtpB1pβptqqq
˘‰

P H˚c pM{F,M
1{F 1;ϕq.

For the definition of the Schwartz function χt, see Section 4. It is an approximation of e´z
2
{2, whose Fourier

transform is compactly supported. That insures that chapD,D
1q is defined since the operators χtpBpβptqqq

and χtpB1pβptqqq will then have finite propagation, so will be ϕ related. We cannot use e´
1
2Bpβptqq

2

and

e´
1
2B
1
pβptqq2 because, in general, they are not ϕ related. So the pair

`

STr
`

χtpBpβptqqq
˘

STr
`

χtpB1pβptqqq
˘˘

is an element of A˚c pM{F,M 1{F 1;ϕq whose relative Haefliger class is the class chapD,D
1q. The notation is

legitimate as this class will be shown to be independent of all the choices used to define the superconnections
B and B1.

For the Bismut absolute analytic Connes-Chern characters, we can use the usual heat operator and set
(no need of finite propagation here)

chapDq “ STr
´

e´
1
2Bpβptqq

2
¯

P H˚c pM{F q and chapD
1q “ STr

´

e´
1
2B
1
pβptqq2

¯

P H˚c pM
1{F 1q.

Indeed, in this absolute case, we also show in Section 4 that these characters are all well defined, but can as
well be defined using such function χt, i.e. that we have

STr
`

χtpBpβptqqq
˘

“ STr
´

e´
1
2Bpβptqq

2
¯

P H˚c pM{F q, and similarly on pM 1, F 1q.

The higher relative index theorem for (non-riemannian) foliations is as follows.

Theorem 3.2. Suppose that pM,F q, pM 1, F 1q, D and D1 are as above. Then,

chapD,D
1q “ IndtpD,D

1q P H˚c pM{F,M
1{F 1;ϕq.

In the process of the proof, we shall also obtain the more familiar index formulae in absolute Haefliger
cohomologies, which is now valid for all bounded geometry foliations, namely

chapDq “ IndtpDq P H˚c pM{F q and chapD
1q “ IndtpD

1q P H˚c pM
1{F 1q.

Next, we relate of our higher relative index formula with the index bundles P0 and P 10, which we are
assuming are ransversely smooth. Thus, we have

chapP0q “ STr
´

P0 exp

ˆ

´pδpP0qq
2

2πi

˙

¯

P H˚c pM{F q,
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where δ is a certain differential operator, and similarly for P 10. For details see [BH08], Section 3. For
simplicity of notation, we will uniformly suppress the constant 2πi in what follows.

The gap at zero non-Riemannian Foliation Higher Relative Index Theorem is the following.

Theorem 3.3. Assume that M , so also M 1, has sub-exponential growth, and that the holonomy groupoids
G and G1 are Hausdorff. Assume furthermore that:

(1) P0 and P 10 are transversely smooth with transverse derivatives B1pP0q and B11pP 10q bounded and leaf-
wise smoothing;

(2) (gap condition) for sufficiently small ε, Pp0,εq “ P 1
p0,εq “ 0;

(3) P0 satisfies

ż

M

tr pP0q dx ă 8, and similarly for P 10;

Then, for C and C1 closed bounded ϕ compatible continuous holonomy invariant Haefliger currents, the
pairings xchapP0q, Cy and xchapP

1
0q, C1y are well defined, and

xchapP0q, Cy ´ xchapP 10q, C1y “ x
“

ż

F

ASpDF q,

ż

F 1
ASpDF 1q

‰

, pC, C1qy.

We will actually prove that under the our assumptions,

xchapD,D
1q, pC, C1qy “ xchapP0q, Cy ´ xchapP 10q, C1y,

and then apply Theorem 3.2. Note that the leafwise smoothness of the projections is automatic because of
the bounded geometry. As an immediate corollary, we have that if P0 “ P 10 “ 0, then,

xr

ż

F

ASpDF q,

ż

F 1
ASpDF 1qs, pC, C1qy “ 0.

The Novikov-Shubin invariants NSpDq of D are greater than k ě 0 provided that there is τ ą k so that

TrpPp0,εqq is Opετ q as εÑ 0,

and similarly for D1. A Haefliger form Ψ depending on ε is Opετ q as εÑ 0 means that there is a representative
ψ P Ψ defined on a transversal T , and a constant cψ ą 0, so that the function on T , }ψ}T ď cψε

τ as εÑ 0.
Here } }T is the pointwise norm on forms on the transversal T induced from the metric on M .

Definition 3.4. A function fptq has super polynomial decay if for all m P Z`,

fptq “ Opt´mq, as tÑ8.

A function gptq has sub-super polynomial growth, if limtÑ8 fptqgptq “ 0, for all fptq with super polynomial
decay.

The general non-Riemannian Foliation Higher Relative Index Theorem is the following.

Theorem 3.5. Assume that M , so also M 1, has sub-super polynomial growth, and that the holonomy
groupoids G and G1 are Hausdorff. Assume furthermore that:

(1) for sufficiently small ε, P0 and Pp0,εq are transversely smooth, with bounded leafwise smoothing trans-
verse derivatives B1pP0q and B1pPp0,εqq, and similarly for P 10 and P 1

p0,εq;

(2) for ε sufficiently small ε, Pr0,εq satisfies

ż

M

tr
`

Pr0,εq
˘

ă 8, and similarly for P 1
r0,εq;

(3) The Novikov-Shubin invariants NSpDq and NSpD1q are greater than 3 codimpF q.

Then, for C and C1 closed bounded ϕ compatible continuous holonomy invariant Haefliger currents, the
pairings xchapP0q, Cy and xchapP

1
0q, C1y are well defined, and

xchapP0q, Cy ´ xchapP 10q, C1y “ x
“

ż

F

ASpDF q,

ż

F 1
ASpDF 1q

‰

, pC, C1qy.
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The condition on the Novikov-Shubin invariants can be improved, that is the constant 3 can be replaced
by a smaller positive number. See the comments before Lemma 10 of [HL99]. It cannot be less that 1{2,
unless additional conditions are imposed, [BHW14].

The growth condition on M and M 1 are needed for the proof that the pairings will be as claimed. As
above, we will prove that under our assumptions,

xchapD,D
1q, pC, C1qy “ xchapP0q, Cy ´ xchapP 10q, C1y,

and then apply Theorem 3.2. The proofs of Theorems 3.3 and 3.5 also show the following absolute index
formula for bounded geometry foliations.

Corollary 3.6. Under the assumptions of Theorems 3.3 or 3.5 on the foliation pM,F q,

chapDq “ chapP0q “

„
ż

F

ASpDF q



in H˚c pM{F q.

4. Proofs of the Theorems

A basic fact we will use repeatedly is that uniformly bounded geometry and standard estimates insure that
any bounded A P N has Schwartz kernel KA which is leafwise smooth and pointwise uniformly bounded, as

are all its leafwise derivatives. In particular, for sufficiently large `, and for any x P M and γ, ξ P rLx, the
Schwartz kernel KA of A satisfies }KApγ, ξq} ď c`}A}´`,` where c` is a constant depending only on `. Thus
estimates on }A}´`,` translate directly into uniform pointwise estimates on TrpAq and STrpAq. See the proof
of Theorem 2.3.9 and the statement of Theorem 2.3.13 of [HL90]. In particular, if a family At P N satisfies
}At}´`,` “ Optαq as tÑ a, this implies ||TrpAtq|| “ Optαq and || STrpAtq|| “ Optαq, uniformly pointwise as
tÑ a.

Recall that βptq a smooth function with domain r0, 1q, which is increasing, with β “ t near 0, and
βptq “ p1´ tq´1 near 1. We consider the operator (see Equation 2.5),

e´
1
2Bpβptqq

2

“ ep´βptqD
2
`Cβptqq{2,

and proceed as in [HL99, BH24] with the Volterra series for the exponential of a perturbed operator to write
as in [BGV92] p. 78,

4.1. e´
1
2Bpβptqq

2

“

8
ÿ

k“0

ż

∆k

2´ke´x1βptqD
2
{2Cβptqe

´x2βptqD
2
{2Cβptq ¨ ¨ ¨Cβptqe

´xk`1βptqD
2
{2dxk . . . dx1,

where ∆k is the standard k simplex ∆k “ tpx1, . . . , xk`1q |xi ě 0,
ř

xi “ 1u. Recall that Cβptq is a smooth
leafwise differential operator of order at most one, whose Sobolev norm ||Cβptq||`,`´1 is uniformly bounded,
which is also nilpotent since it is in M1. Thus the sum is finite, in particular k ď n “ dimM , (in fact,
k ď q “ codimpF q, see the proof of Lemma 13 of [HL99]). This series allows us to extend results for D to
Bpβptqq.

Next, we construct a family of operators with finite propagations which converges to e´
1
2Bpβptqq

2

. To do
so, we follow Section 5 of [BH24]. Denote the Fourier Transform of a real function g by pg and FTpgq, and
its inverse transform by rg and FT´1

pgq. Set gλpzq “ gpλzq, for non-zero λ P R. We have the following facts:

FTpgλq “
1

λ
FTpgq 1

λ
; FTpg ‹ hq “

?
2π FTpgqFTphq; and FTppgq “ FT´1

ppgq “ g, if g is even.

As usual, we denote by ‹ the convolution product of integrable functions. Fix a smooth even non-negative
function ψ supported in r´1, 1s, which equals 1 on r´1{4, 1{4s, is non-increasing on R`, and whose integral

over R is 1. Note that FTp pψq “ ψ since ψ is even. The family 1?
t
pψ 1?

t
is an approximate identity when acting

on a Schwartz function f by convolution since, up to the constant
?

2π which we systematically ignore,

4.2. 1?
t
pψ 1?

t
‹ f “ FT´1

pFTp 1?
t
pψ 1?

t
‹ fqq “ FT´1

pψ?t
pfq Ñ

r

pf “ f,
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in the Schwartz topology as tÑ 0. Denote by αptq a smooth function with domain r0, 1s, with αptq “ t near

0, αptq “ 1 ´ t near 1, is increasing on r0, 1{2s and symmetric about t “ 1{2. Set epzq “ e´z
2
{2, and for

t P p0, 1q, set

χt “
1

a

αptq
pψ 1?

αptq

‹ e.

Note that e´Bpβptqq2{2, by [H95] and the Volterra series, and χtpBpβptqqq, by [Roe87], and all their deriva-
tives are bounded smooth elements of N . Recall that for any even function f , the operator fpBpβptqqq

is defined by the Fourier integral fpBpβptqqq “
ż

R
pfpxq cospxBpβptqqqdx, where for a given section g0,

gtpxq “ cospxBpβptqqqg0 is the unique solution of the equation pB2
x ` Bpβptqq2qgtpxq “ 0 with initial data

gtp0q “ g0 and pBxgtqp0q “ 0.

Lemma 4.3. The limits in the Schwartz topology as tÑ 0, 1 of χtpzq ´ e´z
2
{2 are zero. So, as t Ñ 0, 1,

the Schwartz kernel of χtpBpβptqqq ´ e´
1
2Bpβptqq

2

converges uniformly pointwise to zero.

In addition, χtpBpβptqqq has finite propagation bounded by a multiple of
a

βptq{αptq.

By the remarks above we have the first two statements. The proof of finite propagation proceeds as in
[BH24], using the Volterra series.

Thus, we have the following.

Proposition 4.4. Under the assumptions in Theorem 3.2,

lim
tÑ0

StrpχtpBpβptqqqq “ lim
tÑ0

Strpe´
1
2Bpβptqq

2

q “ ASpDF q,

uniformly pointwise on M , and similarly for B1pβptqq associated to D1. Under the assumptions in Theorems
3.3 and 3.5,

lim
tÑ1

StrpχtpBpβptqqqq “ lim
tÑ1

Strpe´
1
2Bpβptqq

2

q “ StrpP0e
´pP0B1P0q

2
{2P0q,

uniformly pointwise on M , and similarly for B1pβptqq.

These equalities are from Lemma 4.3 and [H95] and [HL99], respectively. From Theorem 5.2 of [BH08]
we have

STrpP0e
´pP0B1P0q

2
{2P0q “ STr

´

P0 exp
`

´pδP0q
2
˘

¯

P A˚c pT q,
and

”

STr
´

P0 exp
`

´pδP0q
2
˘

¯ı

“ STr
´

P0 exp
`

´pδP0q
2
˘

¯

“ chapP0q P H
˚
c pM{F q.

As

ż

F

involves integrating over compact subsets, we may interchange the limits with

ż

F

, thus extending

Proposition 4.4 to STrpχtpBpβptqqqq, where ASpDF q is replaced by

ż

F

ASpDF q, and StrpP0e
´pP0B1P0q

2
{2P0q

is replaced by STrpP0e
´pP0B1P0q

2
{2P0q.

We show below that STrpχtpBpβptqqqq is a closed Haefliger form and that STrpχtpBpβptqqqq is independent

of t. The same proof works for STrpe´
1
2Bpβptqq

2

q and STrpe´
1
2Bpβptqq

2

q. Thus we have Theorem 3.2.

Now for the proofs of Theorems 3.3 and 3.5.

Lemma 4.5. If f1 and f2 are even Schwartz functions, the operators Bptq, f1pBptqq and f2pBptqq commute,
and

pf1f2qpBptqq “ f1pBptqqf2pBptqq.

Proof. Recall that fpBptqq “
ż

R
pfpxq cospxBptqqdx. We first show this for cospxBptqq and cospyBptqq. For a

fixed u0 P C
8
c pν

˚
s ^ S b Eq and y0 P R, the section vt given by

vtpxq “ cospy0Bptqq cospxBptqqu0,
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satisfies the equation pB2
x ` Bptq2qvtpxq “ 0 with initial data vtp0q “ cospy0Bptqqu0 and pBxvtqp0q “ 0. By

the uniqueness theorem for this equation, we have

cospy0Bptqq cospxBptqqu0 “ vtpxq “ cospxBptqq
´

vt|x“0

¯

“ cospxBptqq cospy0Bptqqu0.

A similar argument gives Bptq cospxBptqq “ cospxBptqqBptq.

The Fourier transform of f1f2 is pf1 ‹ pf2, so

pf1f2qpBptqq “
ż

R

ż

R
pf1pyq pf2px´ yq cospxBptqqdydx “

ż

R
pf1pyq

ˆ
ż

R
pf2pzq cosppy ` zqBptqqdz

˙

dy.

By the uniqueness of the solution to the wave equation with initial data,

cosppy ` zqBptqq “ cospyBptqq cospzBptqq ´ sinpyBptqq sinpzBptqq.

Since sin is odd and pf1 and pf2 are even, we have
ż

R
pf1pyq

ˆ
ż

R
pf2pzq cosppy ` zqBptqqdz

˙

dy “

ż

R
pf1pyq cospyBptqq

ˆ
ż

R
pf2pzq cospzBptqqdz

˙

dy ´

ż

R
pf1pyq sinpyBptqq

ˆ
ż

R
pf2pzq sinpzBptqqdz

˙

dy “

ż

R
pf1pyq cospyBptqq

ˆ
ż

R
pf2pzq cospzBptqqdz

˙

dy “ f1pBptqqf2pBptqq. �

For definiteness and simplicity of notation, we will assume that our Haefliger currents are closed holonomy
invariant forms ω P C8p^˚ν˚q and ω1 P C8p^˚ν1

˚
q, which are ϕ´compatible. In that case, for example,

xchapP0q, ωy “

ż

T

chapP0q ^ ωT ,

where ωT is the Haefliger form determined by ω.

Proposition 4.6. For t P p0, 1q, the Haefliger forms STrpχtpBpβptqqqq and STrpχtpB1pβptqqqq are closed and
ϕ compatible, so represent the class

“

STrpχtpBpβptqqq,STrpχtpB1pβptqq
‰

P H˚c pM{F,M
1{F 1;ϕq.

Moreover, the pairing,
@“

STrpχtpBpβptqqqq,STrpχtpB1pβptqqqq
‰

, rω, ω1s
D

is independent of the parameter t.

Proof. Note that we may assume that χtpzq “ rχtpzq2, where rχtpzq is an even positive Schwartz function,
and has the same properties as χtpzq. If this is not the case, we may systematically replace χtpzq by rχtpzq2

where

rχtpzq “

«

1
a

αptq
pψ 1?

αptq

‹ re

ff

pzq,

and repzq “ e´z
2
{4.

Equation 2.4 in this case is

Bpβptqq “ βptq1{2D ` B1 ` βptq
´1{2B2,

where D and B2 are leafwise differential operators. From (Lemma 4.5), we have,
“

Bpβptqq, χtpBpβptqqq
‰

“ 0.

Note that,

rβptq1{2D ` βptq´1{2B2, χ
tpBpβptqqqs “

”

pβptq1{2D ` βptq´1{2B2qχ̃
tpBpβptqqq ` χ̃tpBpβptqqqpβptq1{2D ` βptq´1{2B2q , χ̃

tpBpβptqqq
ı

.
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Since this is a graded commutator of leafwise smoothing operators, its supertrace is zero. So,

STrprB1, χ
tpBpβptqqqs “ STrp

“

Bpβptqq, χtpBpβptqqq
‰

q “ 0.

Denote by ∇B a Bott connection on ν. Then B1 “
řq
i“1 ωi^∇B

Xi
, where pX1, .., Xqq and pω1, .., ωqq are dual

bases of ν and ν˚. See [H95]. It is immediate that for a smooth form κ,

dT

ż

F

κ “

ż

F

B1pκq “

ż

F

rB1, κs.

Thus,

dT pSTrpχtpBpβptqqqqq “ STrprB1, χ
tpBpβptqqqsq “ 0,

and we have the first result.

For the t independence of the pairing, consider the smooth foliation FR of M ˆ p0, 1q whose leaves are
L ˆ ttu. The metric on M ˆ p0, 1q is the metric corresponding to βptq on M ˆ ttu product with the usual
metric on R. The resulting Bismut superconnection for FR is

BR “ B pβptqq ` dt
B

Bt
,

and B2
R “ B pβptqq2 ` dt ^ BBpβptqq

Bt . Now the smooth bounded Haefliger form STrpχtpBRqq in A˚c pTRq can
be written for each t P p0, 1q as γt ` dt ^ δt with γt and δt Haefliger forms for F . Here we obviously take
TR “ T ˆ p0, 1q. It is clear that γt is given by killing all the terms appearing in STrpχtpBRqq containing dt,
so γt “ STr pχtpBpβptqqqq. Since STrpχtpBRqq and γt are closed Haefliger forms for the foliations FR and F ,
respectively, we have

0 “ dTR STrpχtpBRqq “ dTRpγt ` dt^ δtq “ dt^
Bγt
Bt

´ dt^ dT δt “ dt^ p
Bγt
Bt

´ dT δtq.

So,

4.7. dT δt “
Bγt
Bt
“
B

Bt
STr

`

χtpBpβptqqq
˘

.

It is also clear that,

4.8. δt “ iB{Bt STrpχtpBRqq “

ż

F

iB{Bt StrpχtpBRqq,

where iB{Bt is the interior product of the vector field B{Bt. We have the same results for γ1t, and δ1t. Note

that iB{Bt StrpχtpBRqq and iB{Bt StrpχtpB1Rqq are ϕ´related, so also are dT δt and dT 1δ
1
t.

Since ω and ω1 are closed ϕ´related forms, we have,

B

Bt
xpSTrpχtpBpβptqqqq,STrpχtpB1pβptqqqqq, pω, ω1qy “

lim
rÑ8

˜

ż

TrTr

B

Bt
STrpχtpBpβptqqqq ^ ωT ´

ż

T 1rT 1r

B

Bt
STrpχtpB1pβptqqqq ^ ωT 1

¸

“

lim
rÑ8

˜

ż

TrTr
dT δt ^ ωT ´

ż

T 1rT 1r
dT 1δ

1
t ^ ωT 1

¸

“ lim
rÑ8

˜

ż

TrTr
dT pδt ^ ωT q ´

ż

T 1rT 1r
dT 1pδ

1
t ^ ωT 1q

¸

“

lim
rÑ8

˜

ż

BTr

δt ^ ωT ´

ż

BT 1r

δ1t ^ ωT 1

¸

“ 0,

as the two integrals agree for r sufficiently large. �
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Note that chapD,D
1q is now well defined. This is because StrpχtpBpβptqqqq and StrpχtpB1pβptqqqq, StrpχtpBRqq

and StrpχtpB1Rqq, and iB{Bt StrpχtpBRqq and iB{Bt StrpχtpB1Rqq are all ϕ´related. So, their corresponding Hae-
fliger forms are also ϕ´related, and Equations 4.7 and 4.8 give that

chapD,D
1q “

“

STr
`

χtpBpβptqqq
˘

,STr
`

χtpB1pβptqqq
˘‰

P H˚c pM{F,M
1{F 1;ϕq.

is independent of t, as was promised, completing the proof of Theorem 3.2.

Lemma 4.9.

lim
tÑ0

@“

STrpχtpBpβptqqqq,STrpχtpB1pβptqqqq
‰

, rω, ω1s
D

“

B„
ż

F

ASpDF q,

ż

F 1
ASpDF 1q



,
“

ω, ω1
‰

F

.

Proof. We may assume that the two integrands agree on the co-compact subsets Mps0q and M 1ps0q. Then
we have,

lim
tÑ0
x
`

STrpχtpBpβptqqqq,STrpχtpB1pβptqqqq
˘

, pω, ω1qy “

lim
tÑ0

lim
sÑ8

˜

ż

TrTs
STr

`

χtpBpβptqqq
˘

^ ωT ´

ż

T 1rT 1s
STr

`

χtpB1pβptqqq
˘

^ ω1T 1

¸

“

lim
tÑ0

˜

ż

MrMps0q
Str

`

χtpBpβptqqq
˘

^ ω ´

ż

M 1rM 1ps0q

Str
`

χtpBpβptqqq
˘

^ ω1

¸

“

ż

MrMps0q
lim
tÑ0

Str
`

χtpBpβptqqq
˘

^ ω ´

ż

M 1rM 1ps0q

lim
tÑ0

Str
`

χtpBpβptqqq
˘

^ ω1 “

ż

MrMps0q
lim
tÑ0

Str
´

e´
1
2Bpβptqq

2
¯

^ ω ´

ż

M 1rM 1ps0q

lim
tÑ0

Str
´

e´
1
2B
1
pβptqq2{2

¯

^ ω1 “

ż

K
ASpDF q ^ ω ´

ż

K1
ASpD1M 1q ^ ω1 “ xpr

ż

F

ASpDF q,

ż

F 1
ASpDF 1qqs, pω, ω

1qy.

As we are integrating over compact subsets, we may interchange the limits with the integrations, and we
may change the integrands thanks to Lemma 4.3. �

Given Lemma 4.9, to prove Theorems 3.3 and 3.5, we need to show that

lim
tÑ1
x
`

STrpχtpBpβptqqqq,STrpχtpB1pβptqqqq
˘

, pω, ω1qy “ xpchapP0q, chapP
1
0qq, pω, ω

1qy.

Now for the proof of Theorem 3.3. Denote by Qε the spectral projection of D2 associated to the interval
rε,8q.

Proposition 4.10. Under the assumptions in Theorem 3.3:

(1) STr
´

e´
1
2Bpβptqq

2
¯

“ STrpP0e
´ppP0B1P0q

2
{2`Opt´1{2

qqP0q ` STrpQεe
´ppQεBpβptqqQεq2{2`Opt0qqQεq;

(2) limtÑ1 STrpQεe
´ppQεBpβptqqQεq2{2`Opt0qqQεq “ 0, uniformly exponentially pointwise;

(3) lim
tÑ1

ż

TrTβptq
STr

´

e´
1
2Bpβptqq

2
¯

^ ωT “

ż

T

STrpP0e
´pP0B1P0q

2
{2P0q ^ ωT “ xchapP0q, ωy.

The same holds for B1pβptqq and ω1T 1 associated to D1.

Proof. These follow directly from the arguments on pp. 188-195 of [HL99]. When discussing the material in
[HL99], we will adopt the notation there, in particular, t P p0,8q. Thus, we are assuming that Pp0,εq “ 0 and

that ε is fixed, that is, it is not a function of t. Next, first replace the term t´1{a by ε where appropriate,
that is where ε had been replaced by t´1{a. Remove any remaining term involving a, and replace the term
α by ´1{2. More specifically, now ||Gε||s,s ď ε´1, Aε,t “ 0,

B̄ε,t “ pP0 `QεqBptqpP0 `Qεq “ Bptq,

and Tε,t “ QεBptqQε.
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The equation just before Lemma 10, where ∇ “ P0B1P0, gives

Bptq2 “ ψtg
´1
ε ψ´1

t Aψtgεψ
´1
t ,

where

A “

„

pP0B1P0q
2 `Opt´1{2q 0
0 pQεBptqQεq2 `Opt0q



“

„

A1,1 0
0 A2,2



,

ψt multiplies a section of ^kT˚M b EndpW,Wq by t´k{2, and gε is a measurable section of M, with gε ´ I
and g´1

ε ´ I P N1.

Lemma 4.11. (Lemma 10 of [HL99]). We may assume without loss of generality that ψtgεψ
´1
t “ I “

ψtg
´1
ε ψ´1

t .

Proof. Using the notation of [HL99] we have

ψtgn`1ψ
´1
t “ I`

„

g1,1 g1,2

g2,1 g2,2



and ψtg
´1
n`1ψ

´1
t “ I`

„

g´1
1,1 g´1

1,2

g´1
2,1 g´1

2,2



where each matrix entry is Opt´ 1
2 q. We show below that the Schwartz kernel of Qεe

´ppQεBptqQεq2{2`Opt0qqQε Ñ
0 exponentially pointwise as t Ñ 8. So e´A1,1 “ Opt0q and we may assume that e´A2,2 “ Ope´tq. In
addition, the matrix entries with a subscript 1 contain a P0, and those with a subscript 2 contain a Qε. For
example, g1,2 contains both P0 and Qε, but g2,2 only contains Qε.

Next, the long equation on p. 193 becomes

STrpe´B2
t q “ STrpψtg

´1
n`1ψ

´1
t e´Aψtgn`1ψ

´1
t q “

STr

ˆˆ

I`

„

g´1
1,1 g´1

1,2

g´1
2,1 g´1

2,2

˙

e´A
ˆ

I`

„

g1,1 g1,2

g2,1 g2,2

˙˙

“

STrpe´Aq ` STrpOpt´ 1
2 qe´Aq ` STrpe´AOpt´ 1

2 qq ` STrpOpt´ 1
2 qe´AOpt´ 1

2 qq “

STrpe´Aq ` STr

ˆ„

Opt´ 1
2 q Opt´ 1

2 qOpe´tqq
Opt´ 1

2 q Opt´ 1
2 qOpe´tqq

˙

` STr

ˆ„

Opt´ 1
2 q Opt´ 1

2 q

Ope´tqOpt´ 1
2 q Ope´tqOpt´ 1

2 q

˙

`

STr

ˆ„

Opt´1q `Opt´1qOpe´tq Opt´1q `Opt´1qOpe´tq
Opt´1q `Opt´1qOpe´tq Opt´1q `Opt´1qOpe´tq

˙

.

The important thing to note here is that all the entries in the last three terms either are at least Opt´ 1
2 q

and contain the operator P0, or have the entry Ope´tq. We can ignore the terms of the first type because

they are dominated by a multiple of the form Opt´ 1
2 qP0 which is integrable. Then using the Dominated

Convergence Theorem we have that they go to zero in the limit. We can ignore the terms containing Ope´tq
because the sub-exponential growth condition insures that they will disappear when we integrate and then
take the limit. �

Thus, we may assume that

STr
´

e´
1
2Bpβptqq

2
¯

“ STrpP0e
´ppP0B1P0q

2
{2`Opt´1{2

qqP0q ` STrpQεe
ppQεBpβptqqQεq2{2`Opt0qqQεq

so we have p1q. Note that in [HL99], we abused notation by writing this equality as

STrpe´Bptq2{2q “ STrpe´ppP0B1P0q
2
{2`Opt´1{2

qqq ` STrpe´ppQεBptqQεq
2
{2`Opt0qqq.

In the Volterra series proof of Proposition 11 involving e´ppQεBptqQεq
2
{2`Opt0qq near the bottom of p. 194,

the equation now becomes,

t
k
2 e´xk`1QεtD

2Qε “ t´mpεGεq
m` k2 pQεtD

2Qεq
m` k2 e´xk`1QεtD

2Qε ,
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where Gε is the Green’s operator for QεtD
2Qε, and m is a positive integer as large as we please. Denote by

%rε,8q the characteristic function for the interval rε,8q. The resulting estimate at the bottom of p. 194 then
becomes, replacing ´`, ` by r, s,

||pQεtD
2Qεq

m` k2 e´xk`1QεtD
2Qε ||r,s ď max

zě0
p1` z2qps´rq{2%2m`k

rε,8q pzqptz
2qm`

k
2 e´xk`1%rε,8qpzqtz

2%rε,8qpzq “

max
zěε

p1` z2qps´rq{2ptz2qm`
k
2 e´xk`1tz

2

.

A straightforward computation shows that this maximum occurs when z satisfies an equation of the form

xk`1t “
az2 ` bp1` z2q

z2p1` z2q
,

for constants a and b. In particular, as tÑ 8, z must go to 0. Thus, for large t, the maximum must occur
at z “ ε, and we have,

||pQεtD
2Qεq

m` k2 e´xk`1QεtD
2Qε ||r,s ď p1` ε2qps´rq{2ε2m`ktm`

k
2 e´xk`1ε

2t Ñ 0,

exponentially as tÑ8. Then, the argument in the proof of Proposition 11 translates to,

STrpQεe
´ppQεBptqQεq2{2`Opt0qqQεq Ñ 0,

uniformly exponentially pointwise as tÑ8. So we have (2).

As for p3q, since limtÑ1 STrpQεe
´ppQεBpβptqqQεq2{2`Opt0qqQεq “ 0, uniformly exponentially pointwise and

T r Tt grows sub-exponentially,

lim
tÑ1

ż

TrTt
STrpQεe

´ppQεBpβptqqQεq2{2`Opt0qqQεq ^ ωT “ 0.

Finally, the family pP0B1P0q
2`P0Opt´1{2qP0 consists of uniformly bounded elements of N , so the Schwartz

kernel of e´ppP0B1P0q
2
`P0Opt´1{2

qP0q{2 is uniformly bounded pointwise due to bounded geometry. In addition,

a multiple of trpP0px, xqq dominates }StrpP0e
´ppP0B1P0q

2
`P0Opt´1{2

qP0qqP0qq} pointwise. This combined with
assumption p3q in Theorem 3.3 and the Dominated Convergence Theorem gives,

lim
tÑ8

ż

TrTt
STrpP0e

´ppP0B1P0q
2
`P0Opt´1{2

qP0q{2P0q ^ ωT “

ż

T

lim
tÑ8

STrpP0e
´ppP0B1P0q

2
`P0Opt´1{2

qP0q{2P0q ^ ωT “

ż

T

STrpP0e
´pP0B1P0q

2
{2P0q ^ ωT “ xchapP0q, ωy.

The last equality follows from Section 5 of [BH08]. Translating this to our notation here gives (3). �

To finish the proof of Theorem 3.3, we have the following.

Proposition 4.12. Under the assumptions in Theorem 3.3, STrpχtpBpβptqqqq and STrpχtpB1pβptqqqq satisfy
the conclusions in Proposition 4.10, so

x
`

STrpχtpBpβptqqqq,STrpχtpB1pβptqqqq
˘

, pω, ω1qy “ xprchapP0qs, rchapP
1
0qs, pω, ω

1qy.

Proof. We need to transfer the results above to χt. Please recall the material in the paragraph containing
Equation 4.2. Note that χtpzq is a power series, in particular,

χtpzq “

«

1
a

αptq
pψ 1?

αptq

‹ e

ff

pzq “
”

FTpψ?
αptq
q ‹ e

ı

pzq “

ż

R
FTpψ?

αptq
qpxqe´pz´xq

2
{2 dx “

„
ż

R
FTpψ?

αptq
qpxqe´x

2
{2ezx dx



e´z
2
{2 “

8
ÿ

k,`“0

„
ż

R
FTpψ?

αptq
qpxqe´x

2
{2x` dx



p´1qkz2k``

2kk!`!
“
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8
ÿ

r“0

»

–

rr{2s
ÿ

k“0

p´1qk

2kk!pr ´ 2kq!

ż

R
FTpψ?

αptq
qpxqe´x

2
{2xr´2k dx

fi

fl zr,

where rr{2s is the greatest integer less than or equal to r{2. This is actually an even power series, since χtpzq
is even because its Fourier transform is even. That is,

χtpzq “
8
ÿ

r“0

«

r
ÿ

k“0

p´1qk

2kk!p2r ´ 2kq!

ż

R
FTpψ?

αptq
qpxqe´x

2
{2x2r´2k dx

ff

z2r.

Replace z2r by zr to get,

rχtpzq “
8
ÿ

r“0

«

r
ÿ

k“0

p´1qk

2kk!p2r ´ 2kq!

ż

R
FTpψ?

αptq
qpxqe´x

2
{2x2r´2k dx

ff

zr.

Next, note that if B1 and B2 satisfy B1B2 “ B2B1 “ 0, then for any power series fpzq, fpB1 ` B2q “

fpB1q ` fpB2q. Arguing just as we did above, we may assume that as tÑ 1,

Bpβptqq2 “
„

pP0B1P0q
2 `Opβptq´1{2q 0

0 pQεBpβptqqQεq2 `Opβptq0q



.

So, just as above, we may conclude that,

STrpχtpBpβptqqqq “ STrprχtpBpβptqq2qq “

STrpP0rχ
tppP0B1P0q

2 `Opβptq´1{2qqP0q ` STrpQεrχ
tppQεBpβptqqQεq2 `Opβptq0qqQεq “

STrpP0pP0B1P0 `Opβptq´1{2qqP0q ` STrpQεpQεBpβptqqQε `Opβptq0qqQεq.
Thus we have p1q of Proposition 4.10.

In the first equation for χtpzq above, the index ` must be even, so only the even powers of ezx play a role,

and it can be replaced by coshpzxq. Then, using the Volterra series on coshpzxq and e´z
2
{2 in that equation,

we get the following. See Equations 2.4, 2.5 and 4.1.

χtpBpβptqqq “
ˆ„

ż

R
FTpψ?

αptq
qpxqe´x

2
{2 coshpzxq dx



e´z
2
{2

˙

pBpβptqq “

ż

R
FTpψ?

αptq
qpxqe´x

2
{2

˜

q
ÿ

k“0

ż

∆k

2´k coshpy1x
a

βptqDqB?
βptq

¨ ¨ ¨B?
βptq

coshpyk`1x
a

βptqDq
1
ź

`“k

dy`

¸

dx

ˆ

q
ÿ

k“0

ż

∆k

2´ke´x1βptqD
2
{2Cβptq ¨ ¨ ¨Cβptqe

´xk`1βptqD
2
{2dxk . . . dx1.

Applying the techniques of the proof that STrpQεe
´ppQεBptqQεq2{2`Opt0qqQεq Ñ 0, uniformly exponentially

pointwise as tÑ8 to this Volterra expression shows that the same holds for

STrpQεχ
tpQεBpβptqqQε `Opβptq0qqQεq

and its twin, as t Ñ 1, that is, we have p2q of Proposition 4.10 and we may ignore those terms when
computing

lim
tÑ1

«

ż

TrTβptq
STrpχtpBpβptqqqq ^ ωT ´

ż

TrTβptq
STrpχtpB1pβptqqqq ^ ω1T 1

ff

.

For property p3q, we are now reduced to computing,

lim
tÑ1

ż

TrTβptq
STrpP0rχ

tppP0B1P0q
2 ` P0Opβptq´1{2qqP0q ^ ωT .

As above, the family pP0B1P0q
2 ` P0Opβptq´1{2qP0 consists of uniformly bounded elements of N , so the

Schwartz kernel of rχtppP0B1P0q
2`P0Opβptq´1{2qq is uniformly bounded pointwise due to bounded geometry.
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Thus, a multiple of trpP0px, xqq dominates }STrpP0rχ
tppP0B1P0q

2 ` P0Opβptq´1{2qqP0q} pointwise. This
combined with assumption p3q in Theorem 3.3 and the Dominated Convergence Theorem gives,

lim
tÑ1

ż

TrTβptq
STrpP0rχ

tppP0B1P0q
2 ` P0Opβptq´1{2qqP0q ^ ωT “

ż

T

lim
tÑ1

STrpP0rχ
tppP0B1P0q

2 ` P0Opβptq´1{2qqP0q ^ ωT “

ż

T

lim
tÑ1

STrpP0rχ
tppP0B1P0q

2qP0q ^ ωT “

ż

T

lim
tÑ1

STrpP0χ
tpP0B1P0qP0q ^ ωT “

ż

T

STrpP0e
´pP0B1P0q

2
{2P0q ^ ωT “ xchapP0q, ωy.

The last equality again follows from Section 5 of [BH08]. �

That finishes the proof of Theorem 3.3. To finish the proof of Theorem 3.5, we have the following.

Proposition 4.13. Under the assumptions in Theorem 3.5,

x
`

STrpχtpBpβptqqqq,STrpχtpB1pβptqqqq
˘

, pω, ω1qy “ xprchapP0qs, rchapP
1
0qs, pω, ω

1qy.

Proof. The proof follows [HL99], pp. 193-199. So, we no longer assume that there are spectral gaps at zero.

Now ε “ t´1{a where a P p6, 2NSpDq{qq ‰ H, and a ą 6 is needed in the expression for B̄2
ε,t on p. 192.

In particular, now

B̄ε,t “ pP0 `QεqBptqpP0 `Qεq ` Pp0,εqBptqPp0,εq and B̄2
ε,t “ ψtg

´1
ε ψ´1

t Aψtgεψ
´1
t ,

where, for some β ą 0,

A “

»

–

pP0B1P0q
2 `Opt´βq 0 0

0 pQεBptqQεq2 `Opt2{aq 0
0 0 pPp0,εqBtPp0,εqq2

fi

fl .

We may again assume that ψtg
´1
ε ψ´1

t “ ψtgεψ
´1
t “ I, so we are reduced to considering just A.

The proof in [HL99] shows that if Bt “ A, then limtÑ8 STrpe´B2
t q “ STrpe´pP0B1P0q

2

in Haefliger coho-
mology, which by [BH08] equals chapP0q. It then shows that the terms in Bt ´ A contribute nothing in the
limit. As above, to prove Proposition 4.13, we need to show that that proof can be adapted to our case here.

With this in mind, note that the proof of Proposition 11 of [HL99] uses the Volterra series and estimates
from the Spectral Mapping Theorem to show that, for any δ ą 0, as tÑ8,

STrpQεe
´ppQεBtQεq

2
`Opt2{aqqQεq “ Opt´δq,

that is, STrpQεe
´ppQεBtQεq

2
`Opt2{aqqQεq has pointwise uniform super polynomial decay as t Ñ 8. Thus the

corresponding terms, || STrpQεrχ
tppQεBβptqQεq

2 ` Opβptq2{aqqQεq and its twin, also have pointwise uniform
super polynomial decay as t Ñ 1, and may be disregarded as above because of the sub-super polynomial
growth assumption.

The proof of Proposition 12 of [HL99], again using the Volterra series and estimates from the Spectral
Mapping Theorem, shows that for t large,

|| STrpPp0,εqe
´pPp0,εqBtPp0,εqq

2

Pp0,εqq|| ď ||C TrpPp0,εqq||,

where ||t´q{2C|| is bounded. Now,

||C TrpPp0,εqq|| “ ||t´q{2Ctq{2 TrpPp0,εqq|| ď ||t´q{2C||tq{2εNSpDq “ ||t´q{2C||t
q
2´

NSpDq
a Ñ 0,

uniformly pointwise as t Ñ 8, since ε “ t´1{a where a P p6, 2NSpDq{qq and NSpDq ą 3q. This combined

with the assumption that

ż

M

trpPp0,εqqdµ ă 8, and the Bounded Convergence Theorem once again give that

xSTrpPp0,εqrχ
tpPp0,εqBβptqPp0,εqq

2qPp0,εqq, ωT y Ñ 0,
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as tÑ 1, and so it and its twin may be ignored.

Thus we have the Proposition for B̄ε,t and B̄1ε,t, that is,

lim
tÑ1
x
“

STrpχtpB̄ε,tpβptqqqq,STrpχtpB̄1ε,tpβptqqqq
‰

, pω, ω1qy “ xprchapP0qs, rchapP
1
0qs, pω, ω

1qy.

Finally, consider the remaining missing terms in [HL99], namely,

Bt ´ B̄ε,t “ pP0 `QεqBtPp0,εq ` Pp0,εqBtpP0 `Qεq “

pP0 `QεqpBt ´
?
tB0qPp0,εq ` Pp0,εqpBt ´

?
tB0qpP0 `Qεq,

since pP0 `QεqB0Pp0,εq “ pP0 `QεqPp0,εqB0 “ 0, as B0 “ D so commutes with Pp0,εq, and similarly for the
other term. The proof of Proposition 14 of [HL99] shows that

STrpe´B2
t q ´ STrpe´B̄2

t q “ TrpCPp0,εqq “ TrpPp0,εqCPp0,εqq,

where C is a bounded leafwise smoothing operator, with a bound depending on t, and t´q{2||C|| is bounded
independently of t for t large. Just as above we get,

||TrpPp0,εqCPp0,εqq|| ď ||βptq´q{2C||βptqq{2εNSpDq “ ||βptq´q{2C||βptq
q
2´

NSpDq
a Ñ 0,

uniformly pointwise as tÑ 1.

Next, consider the corresponding term

STrpχtpBpβptqqqq ´ STrpχtpB̄pβptqqqq “

pSTrpχtpBpβptqqqq ´ STrpe´Bpβptqqq2qq ´ pSTrpχtpB̄pβptqqqq ´ STrpe´B̄pβptqq2q `

pSTrpe´Bpβptqq2q ´ STrpe´B̄pβptqq2qq.

The term
pSTrpe´Bpβptqq2q ´ STrpe´B̄pβptqq2qq “ TrpPp0,εqCPp0,εqq Ñ 0,

uniformly pointwise as tÑ 1 by the result quoted above. Using this, the assumption that

ż

M

trpPp0,εqqdµ ă

8, and the Bounded Convergence Theorem shows that we may ignore this term.

Because STr is a trace, P0Pp0,εq “ P0Qε “ Pp0,εqQε “ 0, and we can factor χtpBpβptqqq “ rχtpBpβptqqq2

and e´Bpβptqq2 “ e´
1
2Bpβptqq

2

e´
1
2Bpβptqq

2

, a standard argument gives,

STrpχtpBpβptqqqq ´ STrpe´Bpβptqq2q “ STrpQεpχ
tpBpβptqqq ´ e´Bpβptqq2qQεq `

STrpPp0,εqpχ
tpBpβptqqq ´ e´Bpβptqq2qPp0,εqq ` STrpP0pχ

tpBpβptqqq ´ e´Bpβptqq2qP0q.

The first term on the right can be treated as in the proof of Proposition 11 of [HL99] to show that it goes
to zero uniformly pointwise super-polynomially, so may be ignored thanks to the growth condition. The

second term may be handled using the assumption that

ż

M

trpPp0,εqqdµ ă 8, and the Bounded Convergence

Theorem, so it too contributes zero. The third term also goes to zero using the facts that its two parts have

the same limit as tÑ 1, that

ż

M

trpP0qdµ ď

ż

M

trpPp0,εqqdµ ă 8, and the Bounded Convergence Theorem.

Finally, the term STrpχtpB1pβptqqqq ´ STrpχtpB̄1pβptqqqq may be treated the same way. �

Remark 4.14. The reader may wonder why we can’t just use the operators e´B2
t and e´B1t

2

. That is, why
do we need operators with finite propagations? The answer is two fold. Even though we know that for any
δ ą 0, as tÑ8,

STrpQεe
´ppQεBtQεq

2
`Opt2{aqqQεq “ Opt´δq,

there in no growth condition (save zero, i.e. compactness) which will insure that

xSTrpQεe
´ppQεBtQεq

2
`Opt2{aqqQεq, ωT y

is well defined.
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A way around this problem is to define

xpSTrpe´B2
t q,STrpe´B1t

2

qq, pωT , ω
1
T 1qy “ lim

sÑ8

«

ż

TrTs
STrpe´B2

t q ^ ωT ´

ż

T 1rT 1s
STrpe´B1t

2

q ^ ωT 1

ff

,

and then show that this is well defined and independent of t. We do not know how to prove these. Note
that our proof of these for STrpχtpBpβptqqqq and STrpχtpB1pβptqqqq uses the fact that they agree near infinity,

which, as pointed out in the Introduction, is not necessarily true for STrpe´B2
t q and STrpe´B1t

2

q.

5. Examples

We first give the properties needed for general examples of the type of 5.1 below.

‚ N is a compact n dimensional Riemannian manifold whose fundamental group Γ acts on a compact
manifold S.

‚ Denote by rN the universal cover of N , and set M “ rN ˆΓ S, and denote by F the foliation given by
the fibration S ÑM

π
Ñ N . M also has the natural flat bundle foliation which is transverse to F .

‚ Assume that the tangent bundle of F , namely the tangent bundle along the fiber TF “ rN ˆΓ TS, is

spin, has a nowhere zero cross section (e.g. B{Bθ as in 5.1 below), and

ż

F

pApTF q ‰ 0 in H˚c pM{F q “

H˚pN ;Rq.
‚ Denote by X a vector field on N with at least two zeros and a trajectory which starts at one zero

and ends at another. These always exist.
‚ Since M is compact, TF admits metrics of bounded scalar curvature.

Then, as we show below, the manifold M ˆ S4k´1, k ą 1, admits a non-Riemannian spin foliation FX
with Hausdorff holonomy groupoid, and the space of PSC metrics on FX has infinitely many path connected
components.

Recall the following example in [BH24], which is an adaptation of Example 1 of [H78].

Example 5.1. Let G “ SL2Rˆ¨ ¨ ¨ˆSL2R (q copies) and K “ SO2ˆ¨ ¨ ¨ˆSO2 (q copies). G acts naturally
on R2q r t0u and is well known to contain subgroups Γ with N “ ΓzG{K compact, (in fact a product of q
surfaces of higher genus). Set

M “ ΓzGˆK ppR2q r t0uq{Zq » ΓzGˆK pS2q´1 ˆ S1q,

where n P Z acts on R2q r t0u by n ¨ z “ enz.
M has two transverse foliations, F which is given by the fibers S2q´1ˆ S1 of the fibration M Ñ N , and a

transverse foliation coming from the foliation τ of Example 1 of [H78]. τ is the natural foliation on the flat
vector bundle KzG ˆΓ R2q, and the zero section is a leaf of it. In addition, KzG ˆΓ R2q is diffeomorphic
to ΓzGˆK R2q, and the action of Z preserves τ , fixing the zero section, so it descends to a foliation on M ,
also denoted τ .

The following modification of F preserves the needed properties, but it is not Riemannian. In particular,
the facts that TF is orientable, spin, has Hausdorff holonomy groupoid, and admits a metric with bounded
(actually positive-but this is non-essential) scalar curvature are preserved. We alter F as follows. The base
space N “

śq
i“1 Σi, where each Σi is a surface of higher genus. On each Σi choose a smooth vector field Xi

with isolated simple singularities so having indexes ˘1. We may assume that there are integral curves of Xi

starting at one singularity and ending at another. This insures that the resulting foliation is not Riemannian.
The vector field

śq
i“1Xi on N determines the vector field X on M which is tangent to the foliation τ . We

also have the vector field B{Bθ which is tangent to the fiber S1 of M . Denote by FX the foliation determined
by the fibers S2q´1 and the vector field B{Bθ`X. First note that the tangent bundle TFX is a equivalent to
the tangent bundle TF , so it is also spin and has the same characteristic classes. However, F is Riemannian
but FX is not. This is because there are families of leaves of FX which become arbitrarily close to two
different leaves of F , and this cannot happen in a Riemannian foliation. Note that the holonomy groupoid
of FX is Hausdorff, and that FX admits a metric of positive scalar curvature.
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As in [BH24], we have

Proposition 5.2. There is a non-zero constant Cq so that

ż

N

ż

FX

pApTFXq “ Cq volpNq.

Thus

ż

FX

pApTFXq ‰ 0 in H˚c pM{FXq.

In [Ca88], Carr constructs examples of “exotic” PSC metrics gi, i P Z` on S4k´1, for k ą 1, and compact
Riemannian 4k dimensional spin manifolds Xi with boundary S4k´1, so that the metric pgi on Xi is gi ˆ dt

2

in a neighborhood of S4k´1, and pgi also has PSC. Set

Xpi,jq “ Xi Y pS4k´1 ˆ r0, 1sq YXj ,

where the metric on S4k´1ˆr0, 1s is gtˆ dt
2, and gt is a path of metrics from gi to gj . These examples have

the property that the integer valued Gromov-Lawson invariant iGLpgi, gjq, [GL83], is

iGLpgi, gjq “

ż

Xpi,jq

pApTXpi,jqq “ Ckpi´ jq,

where Ck ‰ 0.

Consider the manifold MˆS4k´1 with the foliation TFXˆTS4k´1, and the metric gi, which is the product
of the metric on TFX and gi on TS4k´1. These metrics have PSC and we claim that for i ‰ j they are not
in the same path component of the space of PSC metrics on TFX ˆ TS4k´1. To see this, set

xM “ M ˆXpi,jq,

with the foliation FX ˆXpi,jq. In [BH24], we define the invariant

ipgi, gjq “

ż

FXˆXpi,jq

pApTFX ˆ TXpi,jqq P H˚c p
xM{FX ˆXpi,jqq,

and show that if gi and gj are in the same path component of the space of PSC metrics on TFX ˆ TS4k´1,
then ipgi, gjq “ 0. However, if i ‰ j, then

ż

FXˆXpi,jq

pApTFX ˆ TXpi,jqq “

ż

FXˆXpi,jq

pApTFXq pApTXpi,jqq “

ż

FX

pApTFXq

ż

Xpi,jq

pApTXpi,jqq “

pApXpi,jqq

ż

FX

pApTFXq “ Ckpi´ jq

ż

FX

pApTFXq ‰ 0 in H˚c p
xM{FX ˆXpi,jqq,

so ipgi, gjq ‰ 0.

Further examples can be constructed using other examples in [H78], as well as those in [KS93].

Note that in Example 5.1, the fact that F admits a metric of positive scalar curvature is non-essential.
What is essential is that it admits metrics of bounded scalar curvature. Then we may multiply the metrics
gi by constants so that their scalar curvatures overwhelm the scalar curvature on the leaves of FX , so the
resulting metric on TFX ˆ TS4k´1 has positive scalar curvature.
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