HIGHER RELATIVE INDEX THEOREMS FOR FOLIATIONS,
A SUPERCONNECTION APPROACH
October 14, 2025

MOULAY-TAHAR BENAMEUR 1965-2025f AND JAMES L. HEITSCH

ABSTRACT. We continue our extension of the groundbreaking results of Gromov and Lawson, [GL83], to
Dirac operators defined along the leaves of foliations of non-compact complete Riemannian manifolds. Given
two leafwise Dirac operators on two foliated manifolds which agree near infinity, we have the topological
indices of [BH24], and using Bismut superconnections, we define analytic Connes-Chern characters, all in
Haefliger cohomologies. We show that they are pairwise equal.

In this paper we do not assume that the foliations are Riemannian. Thus, in order to relate our invariants
to the invariants of the so called “index bundles” of the operators, we must strengthen the assumptions in
[BH24] on the Novikov-Shubin invariants of the foliations and require that the manifolds satisfy a stronger
growth condition. This allows us to use results in [HL99] to extend our higher relative index bundle theorem
for Riemannian foliations to a much broader class of foliations.

We construct examples of non-Riemannian foliations and use our results to show that their spaces of
leafwise metrics of positive scalar curvature have infinitely many path-connected components.
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1. INTRODUCTION

This paper is a continuation of our program, [BH19, BH21, BH24], of extending the groundbreaking
relative index theorem, Theorem 4.18, [GL83], of Gromov and Lawson, to Dirac operators defined along the
leaves of foliations whose holonomy groupoids are Hausdorff. We assume that the foliations are on (possibly
non-compact) complete Riemannian manifolds, and that all of their structures have bounded geometry. In
[BH24], we sometimes assumed that the foliations were Riemannian. Here we make no such assumption.
This necessitates strengthening the conditions on the Novikov-Shubin invariants of the foliations. The reason
we need more restrictive assumptions is that, in the Riemannian case, the results we use from [BH08] are
valid only for foliations whose holonomy maps are isometries, which is precluded in the general case. Our
assumptions do allow us to use the more general results of [HL99].

Our approach is quite similar to that in [BH24]. In particular, we assume that we have a foliated manifold
(M, F) as above, and a Clifford bundle Ej; — M over the Clifford algebra of the co-tangent bundle to F,
along with a Hermitian connection V¥ compatible with Clifford multiplication. This determines a leafwise
Dirac operator, denoted Dp. We assume that we have a second foliated manifold (M’, F’) with the same
structures. We further assume that there are compact subspaces Ky = M \ Vi and Ky, = M’ \V},, so
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that the situations on Vj; and Vj,, are identical. Objects which are identified “near infinity”, that is off
compact neighborhoods of Ky and K, are called ¢ compatible.

As in [BH24], we work on the holonomy groupoids G and G’ of F' and F’, with their canonical foliations
F, and F!. Thus we lift everything to G using the map r : G — M, which maps the leaves of Fs to those
of F, and similarly for M’. In particular, we have the G invariant leafwise Dirac operator D for Fj, and
similarly D’ for F..

For each U; in a good cover of M by foliation charts, let T; < U; be a transversal and set T' = | J T;. The
Haefliger forms A (M /F') associated to F' are uniformly bounded smooth forms on T" which have compact
support in each T;, modulo forms minus their holonomy images. Their dual spaces are the Haefliger currents.
The Haefliger cohomology of F', denoted H} (M /F), is the associated cohomology, which is independent of
the choice of good cover.

The relative Haefliger cohomology for the pair ((M, F),(M’, F")), denoted H} (M /F, M'/F’; o) is the
cohomology of pairs of ¢ compatible Haefliger forms (that is, on T; far enough away from KCp;, and similarly
for the T/), modulo pairs of forms minus their holonomy images, which are ¢ compatible. More precise
definitions are given in Section 2 below.

Using the Atiyah-Singer characteristic forms AS(Dp) and AS(Dp), which agree near infinity, we define
topological indices

Ind,(D) € H(M/F), Indy(D') e H¥*(M'/F’), and Ind,(D,D’') e H*(M/F,M'/F’; ).
The usual heat operator definition of the superconnection analytic Chern character gives
ch,(D) e H¥*(M/F) and ch,(D')e H¥*(M'/F"),
and previous results give,
ch,(D) = Ind;(D) e H¥(M/F) and ch,(D’) = Ind,(D’) € H} (M'/F").

Using a Bismut superconnection B = By + B; 4+ B, [B86], and appropriate finite propagation even functional
calculi we are able to define the relative analytic Connes-Chern character,

ch (D, D’) € H (M /F, M'/F’; ¢).

Our first result is the following.

Theorem 3.2 Suppose that (M, F), (M',F'), and (D,D’) are as above. Then the relative index formula
holds in HYX(M/F,M'/F’; ), i.e.

ch, (D, D") = Inds(D, D").

Next we relate these relative (and absolute) Chern characters with the so-called index bundle, so as to be
able to apply the classical vanishing principle of the topological indices whenever the kernel projections are
trivial, and to deduce important corollaries, see for instance [BH19, BH21]. As is already well known for
closed foliated manifolds, this is a non-trivial issue and one cannot expect such results without imposing
extra assumptions, see for instance [HL99, BH0O8, BHW14].

Denote by P, the leafwise spectral projection to the kernel of D?, and by P,y the spectral projection
associated to the interval (0,¢). In general these are not transversely smooth (although they are always
leafwise smooth), so that in general we cannot define their Connes-Chern characters in Haefliger forms.
When they are transversely smooth, their characters are well defined Haefliger forms and the form for P, is
closed, so we have

chy(Pp) € HI(M/F) and ch,(Pe) € A¥(M/F),
and similarly for Py and Py, .

We have two main results, begining with the (non-Riemannian) gap at zero Relative Index Theorem.
Theorem 3.3 Assume that the holonomy groupoids G and G' are Hausdorff, and that for sufficiently small
€, Plo,e) = P(’0 o= 0. Assume moreover that:
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(1) Py is transversely smooth and satisfies J tr (Pp)dx < o0, and similarly for P|;

M
(2) B1(Py) and B1(P)) are bounded leafwise smoothing operators;
(3) M, so also M', has sub-exponential growth.

Then, for C and C' closed bounded ¢ compatible continuous holonomy invariant Haefliger currents, the
pairings {chq(Py),C) and {chy(F}),C") are well defined, and

(cb(D.D),(€,C) = (eha(Fo). ) = (P, = <[ | AS(Dr), [ AS(De]. (.0,

The element dz is the volume form on M. The finite integral assumption in the first item is for instance
satisfied when the locally defined zeroth order operator in the associated Bochner Identity for D is uniformly
positive near infinity on M, so also on M’. This is true for the leafwise spin-Dirac operator when the foliations
have positive scalar curvature near infinity in the ambient manifolds.

When there is no gap in the spectra near zero, the Novikov-Shubin invariants N.S(D) of D provide a
measure of the density of the image of Py . The larger NS(D) is, the sparser the image of P is as
€ — 0, and they are infinite in the gap at zero case.

The general non-Riemannian Relative Index Theorem is the following.
Theorem 3.5 Assume that the holonomy groupoids G and G' are Hausdorff, and that Py, Fy, P and
P( 0,6)7 (for € sufficiently small), are transversely smooth. Assume further that,

( S(D) and NS(D') are greater than 3 codim(F);

1) N
(2) Bi(Po), B1(Po,e)) are bounded leafwise smoothing, and similarly for Py and P(o o
(3) A

)

(4

Then, for C and C' closed bounded ¢ compatible continuous holonomy invariant Haefliger currents, the
pairings {chq(FPo),C) and {chy(P}),C") are well defined, and

[0,¢) satzsﬁesf tr (P[O E)) dx < o0, and similarly for P [0 o
M

M has sub-super polynomial growth, so also does M.

(cha(D, D), (C,C")) = {cha(Py),C) — {cha(P}),C" J AS(Dp), /AS(DF/)],(C,C’))

The notion of sub-super polynomial growth is introduced in Definition 3.4.

Remarks 1.1.

(1) The reader should note carefully that, for simplicity, the equalities in our theorems are up to universal
non-zero constants.
(2) Under the assumptions of Theorems 3.3 or 3.5, the proofs actually show that

cha(D) = chy(Py) [ L AS(DF>] in H*(M/P),

and similarly for ch,(D").

(3) The growth conditions on the ambient manifolds are needed so that that the pairings will be as
claimed.

(4) As above, the finite integral assumption is satisfied when the locally defined zeroth order operator in
the associated Bochner Identity is uniformly positive near infinity on M, so also on M'. This is
proven in Theorem 4.6 of [BH24].

As we shall see, the proof of Theorem 3.2 is standard and follows the classical steps for the heat equation
proof of index theorems. The idea behind the proofs of Theorems 3.3 and 3.5 is to use the results and
techniques of [HL99] coupled with finite propagation techniques, see also [Roe87, BGV92]. The family of
foliation Bismut superconnections associated to D is

1
B(t) = VtBg + B; + —=Bs.
(t) \/>0 1 \/1—52
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The Connes-Chern character ch, (D) is the Haefliger class denoted STt ( ~B(t)*/ 2) determined by the Haefliger

form J Str(e -B()*/ %), where Str is the supertrace of the Schwartz kernel of the leafwise operator e —B()*/2,

See pp. 188-89 of [HL99]. Denote by Q. the spectral projection of D? associated to the interval [e, ). Set,
B(t) = Bey + Aci, where Bey = (Py+ Qo)B(t)(Po + Qc) + Po,oB(t)Po,e)-

As in [HL99], we show that the Haefliger cohomology class determined by tlin;g f Str(e_Bg‘t/ %) is chy (Py). If
—~®JF

P,y = 0, then A.; = 0 also, and we have the essential result we need for the proof of Theorem 3.3. To
extend that proof to Theorem 3.5, we then show that the term A.; does not affect the limit as ¢ — co.

The main technical challenges are to define ch,(D, D’), and then to extend the existing arguments to
the new definition. This entails a number of subtle difficulties. The problem is that, even though D and
D’ are ¢ compatible, etD*/2 and eP”/2 are not in general, since what D is on say Kj; can effect what
e~tD*/2 ig near infinity. So, if D and D’ are not ¢ compatible globally, this can cause e~tP?/2 and —tD"/2
—tD*/2 and etP”/2 by operators which have finite

as t — 0 and co. This is accomplished by using
—tz2

to not be ¢ compatible. The solution is to approximate e

tD?/2 and e—tD’2/2

propagations, and which converge to e~
families of Schwartz functions denoted ! approximating e which have Fourier transforms which are
compactly supported. Then x*(D) and x*(D’) will be ¢ compatible, and as t — 0 and o0, they converge to

2 2
etP”/2 and etP7/2,

The final section contains the application of the main results to non-Riemannian foliations which admit
positive scalar curvature. In particular we show how to construct families of such foliations whose spaces of
positive scalar curvature metrics have infinitely many path connected components.
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2. THE SETUP
In order for this paper to be self contained we repeat some of Section 2 of [BH24].

Denote by M a smooth (if non-compact, then complete) Riemannian manifold of dimension n, and by F
an oriented foliation (with the induced metric) of M of dimension p, assumed to be even, and codimension
g = n —p. The tangent and cotangent bundles of M and F are denoted TM,T*M,TF and T*F. The
normal and dual normal bundles of F' are denoted v and v*. A leaf of F is denoted by L. In [BH24], we
assumed that F' is Riemannian. Here we make no such assumption.

If M is non-compact, we assume that both M and F are of bounded geometry, that is, the injectivity radii
on M and on all the leaves of F' are uniformly bounded below, and the curvatures and all of their covariant
derivatives on M and on all the leaves of F' are uniformly bounded (the bound may depend on the order of
the derivative).

Let U be a good cover of M by foliation charts as defined in [HL90]. In particular, denote by D?(r) = {z €
RP ||z|| < r}, and similarly for D?(r). An open uniformly locally finite cover {(U;,¢;)} of M by foliation
coordinate charts 1; : U; — DP(1) x D?(1) < R™ is a good cover for F' provided that

(1) For each y € DI(1), P, = ¢; *(DP(1) x {y}) is contained in a leaf of F. P, is called a plaque of F.
(2) If U; nU; # &, then it is contractible, and if U; n U; # &, then U; n U; # &.

(3) Each v; extends to a diffeomorphism 1; : V; — DP(2) x D?(2), so that the cover {(V;,;)} satisfies
(1) and (2), with D?(1) and D?(1) replaced by D?(2) and D?(2).
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4) Each plaque of V; intersects at most one plaque of V; and a plaque of U; intersects a plaque of U; if
J J
and only if the corresponding plaques of V; and V; intersect.

(5) There are global positive upper and lower bounds on the norms of each of the derivatives of the ;.

Bounded geometry foliated manifolds always admit good covers. In particular, we may assume that the V;
have a uniform bound on their diameters significantly less than the bound on the injectivity radii.

For each U, e U, let T; < U; be a transversal, and set T' = | J 7;. We may assume that the closures of the
T; are disjoint. Given (U;,T;) and (Uj,T}), suppose that 7,5, : [0,1] — M is a path whose image is contained
in a leaf with v;;,(0) € T; and ~;;¢(1) € Tj. Then ~;j, induces a local diffeomorphism h.,;, : T; — T}, with
domain Dom.,,;, and range Ran,, ,. The space AF(T) consists of all uniformly bounded smooth k-forms
on T which have compact support in each T;. The Haefliger k-forms for F, denoted A¥(M/F), consists of
elements in the quotient of A¥(T) by the closure of the vector subspace W generated by elements of the
form o0 — hjwozijg where o0 € A’j(T) has support contained in Ran,,,,. We need to take care as to what
this means. Members of W consist of possibly infinite sums of elements of the form a;;p — h,";waijg, with the
following restrictions: each member of W has a bound on the leafwise length of all the v;;, for that member,
and each vy;;, occurs at most once. Note that these conditions plus bounded geometry imply that for each
member of W, there is n € N so that the number of elements of that member having Dom,,,, contained in
any T; is less than n, and that each U; and each U; appears at most a uniformly bounded number of times.
The projection map is denoted

[1: AX(T) — AZ(M/F).

Denote the exterior derivative by dr : A¥(T) — AE*Y(T), which induces dg : A¥(M/F) — A*+1(M/F).
Note that A¥(M/F) and dy are independent of the choice of cover U. The cohomology H (M /F) of the
complex {A*(M/F),dy} is the Haefliger cohomology of F'.

Denote by APT*(M) the space of p + k-forms on M which are smooth and uniformly C* bounded, and
denote its exterior derivative by dys. Its cohomology is denoted HP™*(M;R). As the bundle TF is oriented,
there is a continuous open surjective linear map, called integration over F,

| s artan - 4,
F

which commutes with the exterior derivatives. This map is given by choosing a partition of unity {¢;}

subordinate to the cover U, and setting f w to be the class of Z ¢;w. It is a standard result, [Ha80],
F —Ju;

that the image of this form [J w] e A¥(M/F) is independent of the partition of unity and of the cover U.

F
As J commutes with dy; and dy, it induces the map J c HPF(M;R) — HY(M/F).
F F

Note that J

is integration over the fibers of the projection U; — T}, and that each integration w — J P;w
Ui Ui

is essentially integration over a compact fibration, so J satisfies the Dominated Convergence Theorem on

F
each U; e U.

The holonomy groupoid G of F' consists of equivalence classes of paths v : [0, 1] — M such that the image
of 7y is contained in a leaf of F. Two such paths v; and 7, are equivalent if v1(0) = v2(0), 71 (1) = 72(1), and
the holonomy germ along them is the same. Two classes may be composed if the first ends where the second
begins, and the composition is just the juxtaposition of the two paths. This makes G a groupoid. The space
G of units of G consists of the equivalence classes of the constant paths, and we identify G(© with M.

G is 2p + g dimensional (in general, non-Hausdorff) manifold. We restrict to foliations for which G is
Hausdorff. The maps r,s : G — M are given by s([y]) = «(0) and ([y]) = «(1). G has two natural
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foliations, Fs and F., whose leaves are the fibers of s and r. We will primarily use Fs, whose leaves are
denoted L, = s~!(x), for x € M. Note that r : L, — L is the holonomy covering map.

If F is a bundle, the smooth sections are denoted by C*(E), and those with compact support by CX(E).
We assume that any connection or any metric on E, and all their derivatives, are uniformly bounded. See
[Sh92] for material about bounded geometry bundles and their properties.

In [BH23] we worked on M, while in [H95, HL99, BH04, BHO8, BH24], we worked on G. The results in
[BH23] extend readily to G with the only change being that the spectral projections used on G are for the
operator lifted to Fs. This represents another extension, in the spirit of Connes’ extensions in [C79, C81],
of the classical Atiyah L? covering index theorem, [A76]. In addition, the results in the above cited papers
where M was assumed to be compact still hold provided both M and F' are of bounded geometry.

Our basic data will be taken from (M, F). In particular, denote by Dp a generalized leafwise Dirac
operator for the even dimensional foliation F. It is defined as follows. Let Ej; be a complex vector bundle
over M with Hermitian metric and connection, which is of bounded geometry. Assume that the tangent
bundle TF is spin with a fixed spin structure. Denote by Sp = S}t @ Sy the bundle of spinors along the
leaves of F. Denote by V¥ the Levi-Civita connection on each leaf L of F. VI induces a connection V¥
on Sr|L, and we denote by VI*¥ the tensor product connection on Sp ® Ejs|L. These data determine a
smooth family D = {Dr} of leafwise Dirac operators, where Dy, acts on sections of Sp ® Ej/|L as follows.
Let X1,...,X, be alocal oriented orthonormal basis of T'L, and set

p
Dy = Y p(X:)ViF
i=1

where p(X;) is the Clifford action of X; on the bundle Sp ® Fjs|L. Then Dy, does not depend on the choice
of the X, and it is an odd operator for the Z, grading of Sp ® Ep = (S;f ® Eum) @ (Sp ® En). Thus
Dr : CX(SE®FEn) — CX(Sf ® Enr), and D% : C*(SE® Ey) — CL(Si ® Epr). For more on generalized
Dirac operators, see [LM89].

All the data above may be lifted to (G, Fs) using the map r : G — M. The notation we will use is obtained
from that above by:

Ev—E Sr—S, VPP Vv, L1, Dp—D; Dy— D,.

Thus the smooth family D = {D,.} of G invariant leafwise Dirac operators acting on sections of S ® F |Zm is
given as follows. Let X1,..., X, be a local oriented orthonormal basis of T'L,. Then,

P
Dy = > p(Xi)Vx,, where D:CP(S*®FE) - CL(ST®E), and D*: CF(S*® E) » CF(S* @ E).
i=1
Denote by av¥, the exterior powers of the dual normal bundle v* of Fy which we identify with s*(T*M) =
s*(T*F) @ s*(v*). We extend D to
D:CPSR®ERAvY) — CP(SQER® AvY),

by using the leafwise flat connection on Av¥ determined by the pull-back of the Levi-Civiti connection on
T*M.

Given a leafwise operator A on S ® E ® Av¥, denote its leafwise Schwartz kernel by k4. Then we have
the usual pointwise trace tr(k (%, T) and supertrace Str(ka(Z,Z) defined on M < G. The element T € L, is

the class of the constant path at x € L < M.
We also have the Haefliger traces, Tr(A), and if di STr(A) = 0, Tr(A) which are,

Tr(4) = Ltr(kA@,z))dxFeAj(M/F) and Te(4) — [ Ltr(kA(x,m))dxF] € HY(M/F),
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where dzr is the leafwise volume form associated with the fixed orientation of the foliation F'. If A is an
even Zs graded operator, that is A = AT @ A, where

At CCOO(Si®E® INZO I CgC(Si®E® AVF),
we have the supertraces,

STr(A) = Tr(A") — Tr(A7), andif dy STr(A) =0, STr(A) = Te(AT) — Te(A7).

Now suppose that we have the situation in Section 4 of [BH23]. That is, we have:

foliated manifolds (M, F') and (M’ F');

Clifford bundles Ey; — M and Ej; — M’, with Clifford compatible Hermitian connections;
leafwise Dirac operators Dr and Dgv;

compact subspaces Ky = M N Vs and K, = M N Vi

an isometry ¢ : Vay — V{,, with o= 1(F) = F;

e an isomorphism ¢ : Enlv,, — Ejyp|v  with o (VFF lvi,) = VEE |y, .

The pair ® = (¢, ¢) is called a bundle morphism from Ej|Vas to E;|Vy. The well defined (since they are
differential operators) restrictions of Dp and Dp- to the sections over V), and Vj,, agree through ®, i.e.

(@ 1)* o Dp o ®* v, =D lvr -
Such operators are called ¢ compatible. Without loss of generality, we may assume that fCp; and K, are
the closures of open subsets.

Recall the following material from [BH23]. Denote by g : M — [0,00) and ¢’ : M’ — [0,00) compatible
smooth approximations to the distance functions 05 (KCar, z) and 9 (K0, 2"). So we assume that g and
g' are 0 on Kp; and K, respectively and they satisfy ¢’ o ¢ = ¢g. Hence, for s > 0, the open submanifolds
M(s) = {g > s} and M'(s) = {g' > s} agree through ¢, that is p(M(s)) = M'(s) and g|rr(s) = 9" © @|pr(s)-
For s = 0 denote by T the set

Ts = {T, cT|T; n M(s) # &},
and similarly for 7.

Suppose that (¢,¢") € W x W' < AX(T) x AZ (1), with ¢ = X, ,y o —hjaand (" = 3y o' = hY,a.
For simplicity, we have dropped the subscripts. The vector subspace W x, W' c W x W' consists of elements
(¢, ¢") which are ¢ compatible. This means that all but a finite number of the («,~) and (o/,~") are paired,
that is

a = ¢*() and 4 = pony, so a-hia = p*(@ —hid).

Definition 2.1. Given 8 € A*(T) and B’ € A*(T"), the pair (B, ') is ¢ compatible if there exists s = 0 so
that 8 = ¢*(B') on Ts. Set

AX(M/F,M'/F';9) = {(B,8") € AX(T) x AX(T") | (B, ') is ¢ compatible} /(W x, W').

The de Rham differentials on A% (T) and A% (T") yield a well defined relative Haefliger complex, whose
homology spaces are denoted

Hj<M/F7M//F/750) = @0<k<qH§(M/FaM//FI;QP)'

Definition 2.2. Suppose (§,¢') € A*(M/F,M'/F’; ), and C and C' are closed bounded ¢ compatible con-
tinuous holonomy invariant Haefliger currents. Set

(&€),(€.C) = lm (CElrr.) =)

This is well defined because any representative in (£,£’) is ¢ compatible, so the right hand side is eventually
constant. In addition, every (¢,¢") € W x, W' is ¢ compatible, so satisfies

Jim (C(€lrr.) = C'(€lrr)) = 0.
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To see this, recall that there is a global bound on the leafwise length of the v and v’ in ¢ and ¢’. This, and
the fact that there are only finitely many unpaired (a,v) and (¢, '), insures that for large s, every unpaired
(a,7y) will have both Dom., and Ran, < T'\. Ty, so C(o — h:sa) will be zero, and similarly for every unpaired
(¢/,~"). Those (o,7) and («/,7’) which are paired and appear in the integration, will have Dom, and/or
Ran, < T'\. T with corresponding Dom., and/or Ran,, < 7"\ T,. In both cases, their integrals will cancel.

Remark 2.3. Ezamples of such currents include the following.

(1) Invariant transverse measures A and A’ on T and T' which are ¢ compatible as in [BH23].

(2) Suppose w € CP(A*V*) and W' € CP(A*V'™) are closed holonomy invariant forms on M and
M’ which are p—compatible, i.e. ¢—compatible basic cohomology classes, [R58]. They determine
p—compatible closed holonomy invariant Haefliger currents, also denoted w and w'. In particular,

<(£v 5/)’ (W’ OJ/)> = SILHQO (JT gT/\ wr — fT’ g;//\ w’IT’> :

Here wr = w7, which is well defined and is holonomy invariant, as is wip, .

Next, consider the ‘infinite dimensional fiber bundle’ W = CP(S ® E) over M whose ‘fiber’ over x €
M is the space W, = Cf(L;S ® E). Filter the space M of all sections of AT*M ® End(W,W) over
M by the subspaces M; of sections of 3, ; ANT*M ® End(W,W). Filter the space N of all sections of
AT*M ® Ends(W, W) similarly, where Ends(W, W) is the space of leafwise smoothing operators. An
element A € M assigns to each k vector X € A*T'M, an operator A(X) on the space W,, that may be
viewed as an (unbounded) operator on its L? completion or between any Sobolev completions. We say
A e M is bounded if

[ Al = sup{[ A(X)| | X € A*T'M, | X| = 1} < o,
and it is smooth if it is a smooth section of AT*M ® End(W,W). Denote by || ||, s the Sobolev r, s norm
on End(W,, W,). We say A € N is bounded if for each r and s,
[Allr.s = sup{| A(X)[lrs | X € A*TM, [ X] =1} < c0.

Finally, recall the Bismut superconnection B for F' and FE associated to the metric on M. See [B86, BV87,
HI5] for the details of its construction. It is a Dirac type odd operator on CX(Av¥ @ S® E), and B satisfies
the usual properties (suitably interpreted) for a Bismut superconnection. In particular, the operator B may
be written as

B = Eo+El+BQ,

where each B; is a uniformly bounded smooth differential operator, B; € M; and By = D.

For ¢t > 0, denote by B(¢) the Bismut superconnection associated to the metric obtained by scaling the
original metric by 1/¢t. By [BV87, H95],

2.4. B(t) = \/ED + B + %BQ = \/%D + .B\/{7
SO,
2.5. B(t)?2 = tD? + VI[D,B1] + B +--- = tD? — Cy,

where C; is a smooth leafwise differential operator of order at most one, with uniformly bounded coefficients.
As such, its Sobolev norm ||Cy||¢,e—1 is uniformly bounded, see [H95] and [Sh92]. Notice also that C; is
nilpotent since it is in Mj.

Remark 2.6. Note that Fy, and Py ) are bounded elements of N, and we are assuming that Py and, for
sufficiently small €, Py ¢ are smooth elements of N.
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3. THE THEOREMS

Denote by AS(Dp) the Atiyah-Singer characteristic form for Dp, and similarly for Dgs. Then integrating
over the leaves we get the topological index classes

Ind,(D) = [ LAS(DF)] € HI(M/F), Ind,(D') = [F/

Note carefully that the elements of H¥ (M /F) and H*(M’/F’) are not generally represented by compactly
supported forms since they can have non-zero contributions from smooth compactly supported forms on
infinitely many transversals. Because of our compatibility assumptions near infinity, the forms AS(Dp) and
AS(D’s) agree near infinity on M and M’. Hence integrating over the leaves yields a ¢ compatible pair

(J AS(DF),J AS(D’F,)> and the corresponding relative topological class
F F

AS(D;,)] e H¥(M'/F).

Ind,(D,D’) = [LAS(DF),L/ AS(D;,)] e H*(M/F,M'/F'; ).

Next, we introduce the analytic superconnection relative index class using the metric-rescaled Bismut
superconnection B(t). For technical reasons, we will replace the variable ¢ € [0,00) by ((t), a smooth
function with domain [0, 1), which is increasing, with 3(t) = t near 0, and 3(t) = (1 —t)~! near 1.
Definition 3.1. The Bismut relative analytic Connes-Chern character is

cho(D,D") = [STr (x'(B(B(1)))),STr (x"(B'(B(1))))] € HE(M/F,M'/F';¢).
For the definition of the Schwartz function x!, see Section 4. It is an approximation of e/ 2 whose Fourier
transform is compactly supported. That insures that ch, (D, D’) is defined since the operators x*(B(3(t)))
and x*(B'(3(t))) will then have finite propagation, so will be ¢ related. We cannot use e~ 3BBM) and
e~ 3B (B®)’? because, in general, they are not ¢ related. So the pair

(STr (x"(B(3(1)))) STr (x"(B'(8(1)))))
is an element of A*(M/F, M'/F’;p) whose relative Haefliger class is the class ch,(D, D’). The notation is

legitimate as this class will be shown to be independent of all the choices used to define the superconnections
B and B’.

For the Bismut absolute analytic Connes-Chern characters, we can use the usual heat operator and set
(no need of finite propagation here)

chy(D) = STt (e*%W“”z) e H*(M/F) and ch,(D') = STt (e*%B'WW) e H* (M'/F).

Indeed, in this absolute case, we also show in Section 4 that these characters are all well defined, but can as
well be defined using such function ¢, i.e. that we have

STe (X' (B(B(t)))) = STe (e—%W“”z) € H*(M/F), and similarly on (M, F").
The higher relative index theorem for (non-riemannian) foliations is as follows.
Theorem 3.2. Suppose that (M, F), (M',F’), D and D" are as above. Then,
ch,(D,D") =Ind,(D,D") € H¥(M/F,M'/F’; ).

In the process of the proof, we shall also obtain the more familiar index formulae in absolute Haefliger
cohomologies, which is now valid for all bounded geometry foliations, namely

ch,(D) = Ind(D) € H*(M/F) and ch,(D’) = Inds(D’") € H*(M'/F").
Next, we relate of our higher relative index formula with the index bundles Py and Pj, which we are
assuming are ransversely smooth. Thus, we have

cha(Py) = Sst(Poexp (W)) e H¥*(M/F),
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where ¢ is a certain differential operator, and similarly for PJ]. For details see [BH08], Section 3. For
simplicity of notation, we will uniformly suppress the constant 27 in what follows.

The gap at zero non-Riemannian Foliation Higher Relative Index Theorem is the following.

Theorem 3.3. Assume that M, so also M’', has sub-exponential growth, and that the holonomy groupoids
G and G' are Hausdorff. Assume furthermore that:

(1) Py and Pj are transversely smooth with transverse derivatives By (Py) and B} (P)) bounded and leaf-
wise smoothing;
(2) (gap condition) for sufficiently small €, Py ) = P(/O,e) = 0;

(3) Py satisfies f tr (Py)dx < o, and similarly for Pj;
M

Then, for C and C' closed bounded ¢ compatible continuous holonomy invariant Haefliger currents, the
pairings {chq(Po),C) and {chy(P}),C") are well defined, and

{chy(Py),C) — {chy(P)),C"y = <[f AS(DF),J. AS(DF/)],(C,C’».
F F
We will actually prove that under the our assumptions,
{cha(D,D"),(C,C")) = (chq(F),C) — {cha(Fp),C"),

and then apply Theorem 3.2. Note that the leafwise smoothness of the projections is automatic because of
the bounded geometry. As an immediate corollary, we have that if Py = P = 0, then,

| ASDe). | AsDrL €0 =0

The Novikov-Shubin invariants N.S(D) of D are greater than k > 0 provided that there is 7 > k so that
Tr(Po,e)) is O(e") as € — 0,

and similarly for D’. A Haefliger form ¥ depending on € is O(€") as ¢ — 0 means that there is a representative
1 € ¥ defined on a transversal T', and a constant ¢, > 0, so that the function on T, [[¢[r < cpe” as € — 0.
Here || |7 is the pointwise norm on forms on the transversal T induced from the metric on M.

Definition 3.4. A function f(t) has super polynomial decay if for all m € Z,

f@®) = Ot™), ast— oo.
A function g(t) has sub-super polynomial growth, if lim;_,« f(t)g(t) =0, for all f(t) with super polynomial
decay.

The general non-Riemannian Foliation Higher Relative Index Theorem is the following.

Theorem 3.5. Assume that M, so also M’, has sub-super polynomial growth, and that the holonomy
groupoids G and G' are Hausdorff. Assume furthermore that:

(1) for sufficiently small €, Py and P ) are transversely smooth, with bounded leafwise smoothing trans-
verse derivatives By (Po) and B1(Pg¢)), and similarly for Py and P('0 o7

/

(2) for e sufficiently small €, Py ) satisfies J tr (P[O,e)) < oo, and similarly for P[o o)
M ’
(3) The Nowikov-Shubin invariants NS(D) and NS(D’) are greater than 3 codim(F).

Then, for C and C' closed bounded ¢ compatible continuous holonomy invariant Haefliger currents, the
pairings {chq(Po),C) and {chy(P}),C") are well defined, and

(eha(Po),€) = (cha(F).C) = ([ | AS(Dp). | AS(DR)].(C.C:
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The condition on the Novikov-Shubin invariants can be improved, that is the constant 3 can be replaced
by a smaller positive number. See the comments before Lemma 10 of [HL99]. It cannot be less that 1/2,
unless additional conditions are imposed, [BHW14].

The growth condition on M and M’ are needed for the proof that the pairings will be as claimed. As
above, we will prove that under our assumptions,

<Cha(D7 D/)’ (C,CI)> = <Cha(P0)7C> - <Cha(P(/))7C/>a

and then apply Theorem 3.2. The proofs of Theorems 3.3 and 3.5 also show the following absolute index
formula for bounded geometry foliations.

Corollary 3.6. Under the assumptions of Theorems 3.3 or 3.5 on the foliation (M, F'),

cho(D) = cha(Py) = UFAS(DF)] in H*(M/F).

4. PROOFS OF THE THEOREMS

A basic fact we will use repeatedly is that uniformly bounded geometry and standard estimates insure that
any bounded A € N has Schwartz kernel K 4 which is leafwise smooth and pointwise uniformly bounded, as
are all its leafwise derivatives. In particular, for sufficiently large ¢, and for any x € M and v, € L,, the
Schwartz kernel K4 of A satisfies |Ka(v,)| < ce|All—¢,e where ¢ is a constant depending only on ¢. Thus
estimates on | Al _¢, translate directly into uniform pointwise estimates on Tr(A) and STr(A). See the proof
of Theorem 2.3.9 and the statement of Theorem 2.3.13 of [HL90]. In particular, if a family A; € N satisfies
|As—e.e = O(t*) as t — a, this implies || Tr(A:)|| = O(t*) and || STr(A,)|| = O(t*), uniformly pointwise as
t — a.

Recall that 3(t) a smooth function with domain [0,1), which is increasing, with f = ¢ near 0, and
B(t) = (1 —t)~! near 1. We consider the operator (see Equation 2.5),

6—%1&%(5(1&))2 — e(_B(t)D2+Cﬁ(t))/27

and proceed as in [HL99, BH24| with the Volterra series for the exponential of a perturbed operator to write
as in [BGV92] p. 78,

o
4.1, e 3BB®)? _ ZJ 9 ke~ tBOD* 20y o~a2BOD 20 - Oy et POD 2y
k=07A%

where Ay, is the standard k simplex Ag = {(z1,...,2x11) |2 = 0,32 = 1}. Recall that Cg is a smooth
leafwise differential operator of order at most one, whose Sobolev norm ||Cg()||¢,¢—1 is uniformly bounded,
which is also nilpotent since it is in M;. Thus the sum is finite, in particular £ < n = dim M, (in fact,
k < g = codim(F'), see the proof of Lemma 13 of [HL.99]). This series allows us to extend results for D to

B(5(1))-

Next, we construct a family of operators with finite propagations which converges to e~ 3BB®)* . To do
so, we follow Section 5 of [BH24]. Denote the Fourier Transform of a real function g by g and FT(g), and
its inverse transform by § and FT™*(g). Set gx(z) = g(\2), for non-zero A € R. We have the following facts:

FT(gy) = %FT(g)% FT(g* h) = V2r FT(9) FT(h); and FT(§) = FT™'(§) = g, if g is even.

As usual, we denote by » the convolution product of integrable functions. Fix a smooth even non-negative

function 1 supported in [—1,1], which equals 1 on [—1/4,1/4], is non-increasing on R, and whose integral

over R is 1. Note that FT(¢) = 1 since v is even. The family %d; 1 is an approximate identity when acting
t

on a Schwartz function f by convolution since, up to the constant /27 which we systematically ignore,

4.2. Db xf = FTNET( Lo« ) = FT () > T = F.

1
Vt

S

t
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in the Schwartz topology as ¢ — 0. Denote by a(t) a smooth function with domain [0, 1], with «(¢) = ¢ near

0, a(t) = 1 — ¢ near 1, is increasing on [0,1/2] and symmetric about ¢ = 1/2. Set e(z) = e~ /2, and for

te(0,1), set
1 -
= —— * €.
X «/a(t)w\/;m
Note that e BBE)?*/2 by [H95] and the Volterra series, and x!(B(3(t))), by [Roe87], and all their deriva-
tives are bounded smooth elements of A'. Recall that for any even function f, the operator f(B(3(t)))

is defined by the Fourier integral f(B(5(t))) = J fA(x) cos(zB(B(t)))dx, where for a given section go,
R

gi(z) = cos(zB(B(t)))go is the unique solution of the equation (62 + B(5(t))?)g:(z) = 0 with initial data

g+(0) = go and (09:)(0) = 0.

Lemma 4.3. The limits in the Schwartz topology as t — 0,1 of x'(z) — e=*/2 are zero. So, ast — 0,1,
the Schwartz kernel of x'(B(B(t))) — e~ 2BBM) converges uniformly pointwise to zero.

In addition, x*(B(B(t))) has finite propagation bounded by a multiple of A/B(t)/a(t).

By the remarks above we have the first two statements. The proof of finite propagation proceeds as in
[BH24], using the Volterra series.

Thus, we have the following.
Proposition 4.4. Under the assumptions in Theorem 3.2,
lim Str(x'(B(A(1)))) = lim Str(e™2P7®)") = AS(Dp),
uniformly pointwise on M, and similarly for B (8(t)) associated to D'. Under the assumptions in Theorems
3.3 and 3.5,
lim Str(x' (B(3(1)))) = limStr(e2*C0) = Str(Pye (MBI py),
uniformly pointwise on M, and similarly for B'(5(t)).

These equalities are from Lemma 4.3 and [H95] and [HL99], respectively. From Theorem 5.2 of [BHOS]
we have

STr(Pye~(PoB170)*/2 ) — STr(PO exp (—(5P0)2)) e AX(T),
and
[STr(PO exp (—(5P0)2))] - S‘Zt(PO exp (—(6P0)2)) — chy(Py) € H*(M/F).

As f involves integrating over compact subsets, we may interchange the limits with J , thus extending
F F

Proposition 4.4 to STr(x*(B(B(t)))), where AS(Dp) is replaced by f AS(Dp), and Str(Poe*(Po]BIPO)2/2PO)
F

is replaced by STr(POe_(P0B1PO)2/2PO).

We show below that STr(x!(B(3(¢)))) is a closed Haefliger form and that STr(x*(B(3(t)))) is independent
of ¢t. The same proof works for STr(e_%B(ﬁ(t))Q) and S‘It(e_%B('@(t))z). Thus we have Theorem 3.2.

Now for the proofs of Theorems 3.3 and 3.5.

Lemma 4.5. If f1 and fo are even Schwartz functions, the operators B(t), f1(B(¢)) and fo(B(t)) commute,
and

(f1f2)B(?) = f1(B(£)) f2(B(t)).
Proof. Recall that f(B(t)) = J f(x) cos(zB(t))dx. We first show this for cos(xB(t)) and cos(yB(t)). For a
fixed ug € CX(v* ASQE) andRyo € R, the section v; given by

ve(x) = cos(yoB(t)) cos(xB(t))ug,
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satisfies the equation (02 + B(t)?)v(x) = 0 with initial data v;(0) = cos(yoB(¢))up and (3,v:)(0) = 0. By
the uniqueness theorem for this equation, we have

cos(yoB(t)) cos(xB(t))ug = ve(z) = cos(zB(t)) (Ut\gg:o) = cos(xzB(t)) cos(yoB(¢))ug
A similar argument gives B(t) cos(zB(t)) = cos(zB(t))B(t).

The Fourier transform of f; fo is fl * fg, )

(fif2)(B J f f1 f2 (x — y) cos(aB(t))dydx = f f1 (JR ]?g(z) cos((y + z)IB%(t))dz) dy.
By the uniqueness of the solution to the wave equation with initial data,
cos((y + z)B(t)) = cos(yB(t)) cos(zB(t)) — sin(yB(t)) sin(zB(t)).

Since sin is odd and f; and f5 are even, we have

[ 7w ( [ 7 cos<<y+z>B<t>>dz) dy
[ i costumn ( f o) cos(:B(0)az ) ay — [ Ftw)sintB0) ( [ Fote) stz ay -
[ Aeostumn ( [ 2o eostene >>dz) dy = fi(B)f2(B(). o

For definiteness and simplicity of notation, we will assume that our Haefliger currents are closed holonomy

invariant forms w € C®(A*v*) and ' € COO(/\*V/*) which are p—compatible. In that case, for example,

{che(Py),w) = J chy(Po) A wr,
T
where wr is the Haefliger form determined by w.

Proposition 4.6. Fort e (0,1), the Haefliger forms STr(x*(B(3(t)))) and STr(x'(B'(3(t)))) are closed and
@ compatible, so represent the class
[STe(x"(B(A(1))), STr(x" (B'(B(t))] € Hz(M/F,M'/F';¢).
Moreover, the pairing,
([STe(x"(B(B(1)))), STe(x" (B (B(1))))] , [w,w'])

is independent of the parameter t.

Proof. Note that we may assume that x!(z) = ¥!(z)?, where ¥'(z) is an even positive Schwartz function,
and has the same properties as x!(z). If this is not the case, we may systematically replace x*(z) by X*(2)?
where

R() = [@wﬁ . N} (=)
and &(z) = e~ 2"/4.
Equation 2.4 in this case is
B(B(t)) = B(1)?D + By + 5(t)”/*Ba,
where D and B are leafwise differential operators. From (Lemma 4.5), we have,
[B(B(1). x"(B(B(1)))] = 0.
Note that,
[B(t)"*D + B(t)~"/*Ba, x' (B(5(1)))] =

[(5(t)1/2D + B(1) 7 B2)X (B(B(1)) + X' (BBM!)(B(H)2D + () ~/*Bs) , Xt(B(ﬁ(t)))] -
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Since this is a graded commutator of leafwise smoothing operators, its supertrace is zero. So,

STr([By, x' (B(B(t))] = STr([B(3(£)), x' (B(B(¢)))]) = 0.

Denote by VZ a Bott connection on v. Then By = >7_, w; A V)B}i, where (X1, .., X,) and (w1, .., w,) are dual
bases of v and v*. See [H95]. It is immediate that for a smooth form ,

dTJFm = JF]B%l(m) = JF[EMK].

dr(STr(x"(B(A(1))))) = STr([B1, X" (B(B(t)))]) = 0,

and we have the first result.

Thus,

For the t independence of the pairing, consider the smooth foliation Fg of M x (0,1) whose leaves are
L x {t}. The metric on M x (0,1) is the metric corresponding to 8(¢t) on M x {t} product with the usual
metric on R. The resulting Bismut superconnection for Fg is
0

Br = B (5(1)) +di,

and B2 = B (3(t))° + dt A %. Now the smooth bounded Haefliger form STr(x!(Bgr)) in A¥*(Tg) can
be written for each ¢ € (0,1) as v + dt A &; with v and &; Haefliger forms for F. Here we obviously take
Tk =T x (0,1). It is clear that v; is given by killing all the terms appearing in STr(x*(Bgr)) containing dt,
so ¢ = STr (x*(B(B(t)))). Since STr(x!(Br)) and ; are closed Haefliger forms for the foliations Fg and F,

respectively, we have

0 = dr, STr(x'(Br)) = dr, (¢ + dt A 6;) = dt A % — dt A dpdy = dt A (ajtt — dréy).
0
So,
_ M _ J t
4.7. drd; = Eraalie STr (X (B(ﬁ(t))))
It is also clear that,
4.8. 515 = ia/at STI‘(Xt(]B]R)) = f ia/at Str(xt(BR)),
F

where ig/g; is the interior product of the vector field 0/0t. We have the same results for v;, and &;. Note
that i5/5; Str(x*(Br)) and iy/s, Str(x*(Bg)) are p—related, so also are drd; and dgd;.

Since w and w’ are closed p—related forms, we have,

0

5 (ST BB(0)), STr(xX (B (B(1))))), (w, o)) =

lim (f ST BE0O) A wr — | aSTroJaB%'(ﬂ(t)»)MuT/) _
T

T—0 T, at T'\T; at

lim J dT(St N W — J dT/(Sé N W = lim f dT(Jt /\wT) — J dT/(ég /\wT/) =
T2\ JTT, T'\T", r=O\J1TT, T'\T",

lim fét/\wT— 5 Awp | =0,
r=© A\ Jor. ot

as the two integrals agree for r sufficiently large. |
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Note that ch, (D, D') is now well defined. This is because Str(x*(B(3(t)))) and Str(x*(B'(8(t)))), Str(x*(Br))
and Str(x’(Bg)), and ig/s, Str(x’(Br)) and ig/e, Str(x"(Bf)) are all p—related. So, their corresponding Hae-
fliger forms are also p—related, and Equations 4.7 and 4.8 give that

cho(D, D) = [STr (x'(B(A(1)))),STr (X' (B'(B(1))))] e HI(M/F,M'/F';¢).

is independent of ¢, as was promised, completing the proof of Theorem 3.2.

Lemma 4.9.
tiy ([T (BB(0)), ST B GO o)y = (| [ a50e). [ a5 | ] ).

Proof. We may assume that the two integrands agree on the co-compact subsets M (sg) and M’(sg). Then
we have,

limd (STr( (B(B(1)))), STr(' (B (5(1))))) » (w,0)) =

lim lim (JT STr (x*(B(B(t)))) A wr — JT STr (x'(B'(8(1)))) A w%,) =

t—0 s—00 T /\T‘;

lim <J Str (x*(B(B(t)))) Aw — J Str (x*(B(B(t)))) A w’) =
M M

t—0 ~M(s0) 'N\M’(s0)

J lim Str (x*(B(B(t)))) A w — f lim Str (x*(B(B(t)))) A w' =
M~ M(s M/~ M/(

0) t—0 50) t—0

J lim Str (e_%B(B(t))z) AW — f lim Str (e_%Bl(’B(t))z/Q) Aw =
M~ M(so) t—0 M’'~\M’(s0) t—0

| A5y nw= [ asD) ~w = Al ASD). | ASDR. ).

As we are integrating over compact subsets, we may interchange the limits with the integrations, and we
may change the integrands thanks to Lemma 4.3. O

Given Lemma 4.9, to prove Theorems 3.3 and 3.5, we need to show that
lim{ (STe(x" (B(B(1)))), STe(x (B'(B(1)))) » (w, ")) = {(cha(Po), cha(FY)), (w,w))-

Now for the proof of Theorem 3.3. Denote by Q. the spectral projection of D? associated to the interval
[e, 00).

Proposition 4.10. Under the assumptions in Theorem 3.3:
(1) STr (e—%B(a(t)V) - STr(pOe—«PoBlPo>2/2+0(r1/2))p0) + STr(Q.e~ (QBHB!IQ)*2+0(") g ),
(2) limy_, STr(Q.e(QEB1)Q)* /240N Q) = 0, uniformly exponentially pointwise;
(3) limf STr (e_%B(ﬁ(t”z) A wrp =f STr(Poe_(PoBlp‘))Z/QPo) Awp = {che(Py),w).
=1 Ty, T
The same holds for B'(8(t)) and wi., associated to D'.

Proof. These follow directly from the arguments on pp. 188-195 of [HL99]. When discussing the material in
[HL99], we will adopt the notation there, in particular, ¢ € (0,00). Thus, we are assuming that Py ) = 0 and
that e is fixed, that is, it is not a function of ¢. Next, first replace the term ¢~/ by € where appropriate,
that is where € had been replaced by t~1/¢. Remove any remaining term involving a, and replace the term
a by —1/2. More specifically, now ||G||s.s < € !, Acy =0,

Be,t = (PO + QG)B(t)(PO + Qe) = B(t)7
and T ; = QB(¢)Q..
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The equation just before Lemma 10, where V = PyB1 Py, gives
B(t)* = vegc "o Aegedy

where
s (PyB1Py)? + O(t~1/?) 0 _ [ A0
0 (QSB(t)Qe)Q + O(to) 0 A2,2
1y multiplies a section of A*T*M ® End(W, W) by t~%/2, and g. is a measurable section of M, with g, — I
and g-' —1 € M.

Lemma 4.11. (Lemma 10 of [HL99]). We may assume without loss of generality that 1.gcp; s = I =
Peg byt

Proof. Using the notation of [HL99] we have

-1
-1 gi,1 g1,2 -1 - 911 91,2
=TI+ : ’ and =1+ 2
Vg1 { 921 922 ] Vi [ 921 922 ]
where each matrix entry is O(t~2). We show below that the Schwartz kernel of Q. e~ (QBMQ)*/2+0(t)) g —,
0 exponentially pointwise as ¢t — 00. So e~4t1 = O(t%) and we may assume that e~ 422 = O(e™?). In
addition, the matrix entries with a subscript 1 contain a Py, and those with a subscript 2 contain a .. For
example, g1 o contains both Py and @, but g2 2 only contains Q..

Next, the long equation on p. 193 becomes

STr(e ™) = STr(vygy i e M igniathy!) =

e (1 3 3o D“ (e[ g2 22 ])) -
STr(e™) + STH(O(t 2)e™) + STr(e A0t ?)) + STr(O(t ?)e 2Ot 7)) =
stre ) + 510 (| Gis) gg” e 1) =5 (] o Ot(f@i ) 0<e0f(>t<9i
([ S8 S8 )

The important thing to note here is that all the entries in the last three terms either are at least (’)(t_%)
and contain the operator Py, or have the entry O(e™"). We can ignore the terms of the first type because
they are dominated by a multiple of the form (’)(t_%)Po which is integrable. Then using the Dominated
Convergence Theorem we have that they go to zero in the limit. We can ignore the terms containing O(e™")
because the sub-exponential growth condition insures that they will disappear when we integrate and then
take the limit. g

s m\»a

Thus, we may assume that
STr (e—%B(B(t)F) — STy(Pye~ (PBLR)* /240 ) iy 1 Gy, e((QB(B1)Q)?/2+0(N) g
so we have (1). Note that in [HL99], we abused notation by writing this equality as
STr(e BW/2) — STy(e—(RB1P)*/240(7 )y | gy(~(@B1Q2+0(E))y

In the Volterra series proof of Proposition 11 involving e~ ((QB(1)Q)*/2+0(t") pear the bottom of p- 194,
the equation now becomes,

t3e Tk QD Qe _ ymm (G M5 (QtD2Q, ) E e Th+1QetD Qe
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where G, is the Green’s operator for Q.tD?Q., and m is a positive integer as large as we please. Denote by
Oe,0) the characteristic function for the interval [e,00). The resulting estimate at the bottom of p. 194 then
becomes, replacing —¢,{ by r, s,

||(QetDQQS)WH'ge_szrlQetDzQe s < max(1 4 22)(7/2 2m+k(2)(tz2)m+%e—rkﬂg[e,w)(Z)tZQQ[e,m(Z) =

2>0 Q[E;OO)

max(1 + 22)(57T)/2(tz2)m+§67””’““”2.
z=€
A straightforward computation shows that this maximum occurs when z satisfies an equation of the form
az? + b(1 + 2?%)
22(1+22)
for constants a and b. In particular, as t — o0, z must go to 0. Thus, for large ¢, the maximum must occur
at z = ¢, and we have,

1(QAD?Qu)m* ekt @t™ Q|| o < (14 @)P@mikymaserendt g

Tpr1t =

)

exponentially as t — 0. Then, the argument in the proof of Proposition 11 translates to,
STr(Qee—((QeB(t)Qe)z/HO(to))Qe) -0,
uniformly exponentially pointwise as t — c0. So we have (2).

As for (3), since lim;,q STr(QEe_((QGB(B(t))QE)2/2+O(t0))QE) = 0, uniformly exponentially pointwise and
T . T; grows sub-exponentially,

lim STr(Q.e~(RBBMIRI/2HO0EN ) ) A wy = 0.
—LITNT,

Finally, the family (PyByPy)?+PyO(t~/?) Py consists of uniformly bounded elements of A, so the Schwartz

kernel of e~ ((PoB1Po)?+PoO(t™*)Po)/2 i uniformly bounded pointwise due to bounded geometry. In addition,

a multiple of tr(Py(Z,T)) dominates | Str(Poe_((PoBlP0)2+P°O(t71/2)P0))P0))H pointwise. This combined with
assumption (3) in Theorem 3.3 and the Dominated Convergence Theorem gives,

tlgrolo TSEr(POef((POIBlP0)2+P0(9(t—1/2)Po)/2P0)/\wT _

J tlilg)STr(Poef((PolBlPO)2+POO(t—1/2)PO)/2PO) Awp =
T —

J STr(POef(PﬂlBlPO)z/QPO) A wrp = {chg(Py),w).
T
The last equality follows from Section 5 of [BHO8]. Translating this to our notation here gives (3). O

To finish the proof of Theorem 3.3, we have the following.

Proposition 4.12. Under the assumptions in Theorem 3.3, STr(x*(B(B(t)))) and STr(x*(B'(5(t)))) satisfy
the conclusions in Proposition 4.10, so

((STe(x" (B(B(1)))), STe(x" (B (B(1))))) » (w, )y = {([cha(FD)], [cha(FP)], (w,w'))-

Proof. We need to transfer the results above to x*. Please recall the material in the paragraph containing
Equation 4.2. Note that x!(z) is a power series, in particular,

t _ 1 i _ _ —(z2—x)2%/2 _
X'(2) = [mwm *e] (2) = [FT(i/)m)*e] (z) = JRFT(wm)(x)e (z=2)°/2 g0 —

0 (_1)kz2k+é

[ JRFT(¢ m)(x)e_mz/ze” dm] e = ) URFT(wm)(x)e_“”z/zxzdx] okpl

k=0
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s | FT( o) (x)e™™ 22k dy | 27,
= A 2Rk (r — 2k)! Jg ®)

where [r/2] is the greatest integer less than or equal to r/2. This is actually an even power series, since x¢(z)
is even because its Fourier transform is even. That is,

t < - —1)* —x2/2,_ 2r—2 2r
X'(2) = Z lZ ML{FTW\/@)(%)@ Py kdm]z )

r=0 Lk=0

Replace 22" by 2" to get,

~t = - —1)k —22/2_2r—2k r
X'(2) = Z lz MJRFT(wm)(x)e 2y kdx] 2"

k=0

Next, note that if By and By satisfy B1By = BBy = 0, then for any power series f(z), f(B1 + Bs) =
f(B1) + f(B2). Arguing just as we did above, we may assume that as t — 1,
> _ | (PB1Ry)? + O(B(t)~1/?) 0 ]
260 - | 0 (QEBE0)Q.? +0(B(1°) |
So, just as above, we may conclude that,
STr(xX'(B(A(1)))) = STe(X"(B(B(1)*)) =
STr(PoX* (PoB1Po)* + O(B(t)"/%))Py) + STr(QX'((QB(B(1)Qe)* + O(B(1)°)Qc) =
STe(Po(PoB1Po + O(B(1) %) Po) + STr(Qe(QeB(B(£) Qe + O(B(1)))Qe)-
Thus we have (1) of Proposition 4.10.

In the first equation for x?(z) above, the index ¢ must be even, so only the even powers of €** play a role,

—22/2

and it can be replaced by cosh(zx). Then, using the Volterra series on cosh(zx) and e in that equation,

we get the following. See Equations 2.4, 2.5 and 4.1.

@) = (| [ Fre a2 st de| ) B310) -

a 1
JFT(wm)(x)e_£2/2 (Z J-Q_k cosh(yix B(t)D)B\/m - Bm cosh(yr+124/B(t)D) H dyg> dx
=k

R k=0

q
<y f gkemnBODY 20y o Ogye B OD 2 g
k=0 A%

Applying the techniques of the proof that STr(Q.e~(QEB(1HQ)*/2+0(t") Q) — 0, uniformly exponentially
pointwise as t — o to this Volterra expression shows that the same holds for

STr(Qex' (QB(B(1))Qe + O(B(t)")) Q)

and its twin, as ¢ — 1, that is, we have (2) of Proposition 4.10 and we may ignore those terms when
computing

lim U STH( (B((0)) A wr — [ STHOC(B(B(0) A
T T

=1 Tt Tty

For property (3), we are now reduced to computing,
i STr(PoX' ((PoB1Po)* + PoO(B(1) V%) Po) A wr.
- T\Tg)

As above, the family (PyB;Py)? + PoO(B(t)~"/?)Py consists of uniformly bounded elements of A, so the
Schwartz kernel of X! ((PyB1 Py)? + PyO(B(t)~1/2)) is uniformly bounded pointwise due to bounded geometry.
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Thus, a multiple of tr(Py(Z,7)) dominates || STr(PoX!((PoB1Ps)? + PoO(B(t)~/?))Py)| pointwise. This
combined with assumption (3) in Theorem 3.3 and the Dominated Convergence Theorem gives,

lim STr(PoX' ((PoB1Py)? + PyO(B(t) V) Py) A wp =
- T\Tﬁ(t)

f lim STr(Poxt ((PoB1Py)? + PoO(B(t)"Y2)Py) A wr =

T e

f thrr% STF(Poit((P0E1P0)2)P0) ANWp = J %III% STI'(Poxt(PoBlpo)Po) ANwp =
Tt Tt

STr(Poe™ BRI 2 P) A wp = (chq(Po), w).
The last equality again follow€ from Section 5 of [BHOS]. O
That finishes the proof of Theorem 3.3. To finish the proof of Theorem 3.5, we have the following.
Proposition 4.13. Under the assumptions in Theorem 3.5,
((STe(xX" (B(B(1)))), STe(x"(B'(B(1))))) , (w, ")) = {([cha(Po)], [cha(Fg)], (w, w'))-
Proof. The proof follows [HL99], pp. 193-199. So, we no longer assume that there are spectral gaps at zero.

Now ¢ =t~/ where a € (6,2NS(D)/q) # &, and a > 6 is needed in the expression for B?, on p. 192.
In particular, now

Be,t = (PO + QE)B(t)(PO + QE) + P(O,G)B(t)P(O,e) and Bz,t = 1/%95_11/);114%961/&_1,

where, for some 3 > 0,

(PoB1Po)? + Ot ) 0 0
A = 0 (QB(H)Q:)* + O(t**) 0
0 0 (P0,0)BiPo,e))?

We may again assume that ;g 14, 1 Vg L' — 1, so we are reduced to considering just A.

The proof in [HL99] shows that if B; = A, then lim; o STr(e_B?) = STr(e_(P‘)BlPO)2 in Haefliger coho-
mology, which by [BHO8] equals ch,(FPp). It then shows that the terms in B; — A contribute nothing in the
limit. As above, to prove Proposition 4.13, we need to show that that proof can be adapted to our case here.

With this in mind, note that the proof of Proposition 11 of [HLI9] uses the Volterra series and estimates
from the Spectral Mapping Theorem to show that, for any § > 0, as t — oo,

STr(Qee~(Q:BiQI*+OW ™) g ) — O(t~9),

that is, STr(QEe_((QEBtQ6)2+O(t2/a))Q6) has pointwise uniform super polynomial decay as ¢ — c0. Thus the
corresponding terms, || STr(QcX*((QeBswQe)* + O(B(t)¥*))Q.) and its twin, also have pointwise uniform
super polynomial decay as ¢ — 1, and may be disregarded as above because of the sub-super polynomial
growth assumption.

The proof of Proposition 12 of [HL99], again using the Volterra series and estimates from the Spectral
Mapping Theorem, shows that for ¢ large,

[ STe(Pg e~ Po0BiPea) Py )| < [|CTe(Po )l
where ||t=9/2C| is bounded. Now,
ICTr(Pro.o)l| = lIE772Ct2 Ta(Po o)l < [[t792C|19/2eNSP) = |20 =52 — 0,
uniformly pointwise as t — o0, since € = ¢t~/ where a € (6,2N.S(D)/q) and NS(D) > 3q. This combined
with the assumption that JM tr(Po,e))du < 00, and the Bounded Convergence Theorem once again give that

(STr(Po,)X" (P0,e)BstyPro,e))*) P0,e)), wry — 0,
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ast — 1, and so it and its twin may be ignored.

Thus we have the Proposition for B, ; and IB%6 +, that is,

i [STr(x" (Be £ (8(1)))), STr(x" (B (8(1)))], (w, ")) = {([cha(Po)], [cha (Fp)], (w, ).

Finally, consider the remaining missing terms in [HL99], namely,
B —Be: = (Po+ Q. )B:Po,e) + Po,o)Bi(Po + Qc) =
(Po + Qc) (B, — VtBo) Po,e) + Plo,e)(B: — VBo)(Po + Q),

since (Py + Qc)BoPo,e) = (Po + Qc)Po,e)Bo = 0, as By = D so commutes with P ), and similarly for the
other term. The proof of Proposition 14 of [HL99] shows that

STr(e %) — STr(e ®) = Tr(CPy.e) = Tr(Plo.oCPo.0),

where C is a bounded leafwise smoothing operator, with a bound depending on ¢, and t~%2||C|| is bounded
independently of ¢ for ¢ large. Just as above we get,
NS(D)

1T (P CPo0)ll < IB072CIB0Y2N®) = ||30)=2C)s0mi =5 —0,
uniformly pointwise as t — 1.

Next, consider the corresponding term

STr(x'(B (ﬂ( ))) = STe(x'(B(A(1)))) =
(STr(x (B(3(1)) — STa(e™ ™) — (STr(x' (B(3(1)))) — STe(e > +
(STr(e BAW)*) — STy (e BAW*)).
The term ,
(STI'( —BB®)* ) STI'( (B)) )) = Tr(P((Le)CP(O,e)) - 07
uniformly pointwise as t — 1 by the result quoted above. Using this, the assumption that J- tr(Po,e))dp <
M
o0, and the Bounded Convergence Theorem shows that we may ignore this term.
Because STr is a trace, PyPo. = PoQc = Pl,o)Qc = 0, and we can factor x'(B(3(t))) = X' (B(5(t)))?
and e B(B1)* = ¢=3B(B(1))*—3B(B®)* 4 standard argument gives,
STr(x'(B(A(1)))) — STr(e BEOF) = STr(Q.(x' (B(A())) — e *FD)Q.) +

STr(Po,o (X' (B(B(1)) — e PP P ) + STr(Ro(x' (B(B(1))) — e PP ) y).

The first term on the right can be treated as in the proof of Proposition 11 of [HL99] to show that it goes
to zero uniformly pointwise super-polynomially, so may be ignored thanks to the growth condition. The

second term may be handled using the assumption that J tr(Po,e))du < 00, and the Bounded Convergence
M
Theorem, so it too contributes zero. The third term also goes to zero using the facts that its two parts have

the same limit as t — 1, that J tr(Py)dp < f tr(Po,e))dp < o0, and the Bounded Convergence Theorem.
M M

Finally, the term STr(x*(B'(5(t)))) — STr(x*(B'(8(t)))) may be treated the same way. O
Remark 4.14. The reader may wonder why we can’t just use the operators e B and e B, That 18, why

do we need operators with finite propagations? The answer is two fold. Even though we know that for any
6>0, ast —> o0,

STr(QEe*((QeBth)2+0(t2/"'))Qé) = o0@t),
there in no growth condition (save zero, i.e. compactness) which will insure that
(STr(Q.e~ QBRI +OW ) g y (0
is well defined.
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A way around this problem is to define

<(STr(efB?),STr(ele,t2)),(wT,w’T,)> = lim J STr(eiB?) Awrp — f STr(e*Ef) Awp |,
SERal IV NG o8 T'\T!
and then show that this is well defined and independent of t. We do not know how to prove these. Note
that our proof of these for STr(x*(B(B(t)))) and STr(x*(B'(B(t)))) uses the fact that they agree near infinity,

which, as pointed out in the Introduction, is not necessarily true for STr(e_Bf?) and STr(e_B;?).

5. EXAMPLES

We first give the properties needed for general examples of the type of 5.1 below.

e N is a compact n dimensional Riemannian manifold whose fundamental group I' acts on a compact
manifold S. N

e Denote by N the universal cover of N, and set M = N xS, and denote by F' the foliation given by
the fibration S — M 5 N. M also has the natural flat bundle foliation which is transverse to F.

e Assume that the tangent bundle of F', namely the tangent bundle along the fiber TF = N xp TS, is

spin, has a nowhere zero cross section (e.g. /00 as in 5.1 below), and f ﬁ(TF) #0in H*(M/F) =
F

H*(N;R).

e Denote by X a vector field on NV with at least two zeros and a trajectory which starts at one zero
and ends at another. These always exist.

e Since M is compact, T'F admits metrics of bounded scalar curvature.

Then, as we show below, the manifold M x S*~1 k > 1, admits a non-Riemannian spin foliation Fx
with Hausdorff holonomy groupoid, and the space of PSC metrics on Fx has infinitely many path connected
components.

Recall the following example in [BH24], which is an adaptation of Example 1 of [H78].

Example 5.1. Let G = SLaR x -+ - X SLaR (q copies) and K = SO x - - - x SO2 (q copies). G acts naturally
on R24 ~ {0} and is well known to contain subgroups I' with N = I'\G/K compact, (in fact a product of q
surfaces of higher genus). Set

M =T\G xg (R*  {0})/Z) ~T\G x (S**~* x St),

where n € Z acts on R?1~ {0} by n -z = e"z.

M has two transverse foliations, F which is given by the fibers S?1~1 x St of the fibration M — N, and a
transverse foliation coming from the foliation T of Example 1 of [H78]. T is the natural foliation on the flat
vector bundle K\G xt R??, and the zero section is a leaf of it. In addition, K\G xr R?? is diffeomorphic
to T\G x x R%4, and the action of 7 preserves T, fiving the zero section, so it descends to a foliation on M,
also denoted T.

The following modification of F' preserves the needed properties, but it is not Riemannian. In particular,
the facts that T'F is orientable, spin, has Hausdorff holonomy groupoid, and admits a metric with bounded
(actually positive-but this is non-essential) scalar curvature are preserved. We alter F' as follows. The base
space N = [[{_, 3;, where each ; is a surface of higher genus. On each ¥; choose a smooth vector field X;
with isolated simple singularities so having indexes +1. We may assume that there are integral curves of X;
starting at one singularity and ending at another. This insures that the resulting foliation is not Riemannian.
The vector field Hg{:l X; on N determines the vector field X on M which is tangent to the foliation 7. We
also have the vector field /00 which is tangent to the fiber S! of M. Denote by Fx the foliation determined
by the fibers S9! and the vector field 9/00 + X. First note that the tangent bundle T Fy is a equivalent to
the tangent bundle T'F, so it is also spin and has the same characteristic classes. However, F' is Riemannian
but Fx is not. This is because there are families of leaves of F'x which become arbitrarily close to two
different leaves of F', and this cannot happen in a Riemannian foliation. Note that the holonomy groupoid
of Fx is Hausdorff, and that Fx admits a metric of positive scalar curvature.
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As in [BH24], we have

Proposition 5.2. There is a non-zero constant C, so that f A(TFx) = Cy vol(N).
N Jry

Thus J A(TFx) # 0 in H*(M/Fx).
Fx

In [Ca88], Carr constructs examples of “exotic” PSC metrics g;, i € Z; on S*~! for k > 1, and compact
Riemannian 4k dimensional spin manifolds X; with boundary S*~1, so that the metric g; on X; is g; x dt?
in a neighborhood of S**~!, and g; also has PSC. Set

X = Xiv (S™ 1 x[0,1]) u X;,

where the metric on S**~1 x [0,1] is g; x dt?, and g, is a path of metrics from g; to g;. These examples have
the property that the integer valued Gromov-Lawson invariant i¢r(gs,9;), [GL83], is

~

igr(9i,95) = JX A(TX i 5)) = Cil(i—3),
(i,5)

where Cj # 0.

Consider the manifold M x S**~1 with the foliation TFx x TS**~!, and the metric g;, which is the product
of the metric on TFx and g; on TS*~!. These metrics have PSC and we claim that for i # j they are not
in the same path component of the space of PSC metrics on TFx x TS*~1. To see this, set

j/\j = M X A)((ZJ)7
with the foliation Fx x X(; j). In [BH24], we define the invariant

i(gi,9;) = A(TFx x TX(i ;) € HY(M/Fx x X)),
Fx xX(i’]»)

and show that if g; and g; are in the same path component of the space of PSC metrics on T'Fx x TS*=1,

then i(g;, g;) = 0. However, if ¢ # j, then

A(TFx x TX; ) = ATFx)A(TX () = j A(TFx) | A(TXy) =
Fx xX (i) Fx xX i) Fx X (i)

A(X(i7j))J A(TFyx) = Ck(i—j)f A(TFx) #0in Hf(M/Fx x X)),
FX FX

s0 i(gi, g;) # 0.
Further examples can be constructed using other examples in [H78], as well as those in [KS93].

Note that in Example 5.1, the fact that F' admits a metric of positive scalar curvature is non-essential.
What is essential is that it admits metrics of bounded scalar curvature. Then we may multiply the metrics
g; by constants so that their scalar curvatures overwhelm the scalar curvature on the leaves of F'x, so the
resulting metric on TFx x TS*~! has positive scalar curvature.
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