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ABSTRACT. In this paper, we prove a higher Lefschetz formula for foliations in the presence of a closed
Haefliger current. To this end, we associate with such a current an equivariant cyclic cohomology class
of Connes’ C*-algebra of the foliation, and compute its pairing with the localized equivariant K-theory in
terms of local contributions near the fixed points.

CONTENTS
1. Introduction 1
2. Review of the K-theory Lefschetz theorem. 4
3. Equivariant cyclic cohomology 7
4. Haefliger currents and leaf-wise diffeomorphisms 12
5. The higher Lefschetz theorem 24
References 30

1. INTRODUCTION

Let V be a smooth closed manifold and let f : V' — V be a smooth map. Then f induces endomorphisms
H(f) on the finite dimensional i-th cohomology spaces H*(V,R). The Lefschetz number of f is the integer
given by the alternating sum L(f) := Z?;S(V)(—l)itr(Hi(f)), where tr is the ordinary trace. It is a
topological invariant of f. When f has a finite fixed point set, the classical Lefschetz fixed point formula
states

L(f)= ) _ signdet(I — d.f).
f@)=z
In [ABG67], under appropriate assumptions, Atiyah and Bott extended the above construction to the geometric
elliptic complexes over V. More precisely, for any elliptic complex (F,d) over V, and under appropriate
compatibility conditions, Atiyah and Bott defined

L B.d) = S (-0 e lipa) € C.
i>0
where tr is again the ordinary trace of endomorphisms of the finite dimensional i-th cohomology space
H'(E,d) of (E,d), and f*|gi(p,a denotes the endomorphism of H'(E,d) induced by the action of f. In
general, such a number need not be an integer, or even a real number. When (FE, d) is the de Rham complex
of differential forms on V', the Atiyah-Bott Lefschetz number coincides with the classical topological Lefschetz
number L(f) of f, using the de Rham isomorphism. Moreover, using heat kernel methods, Atiyah and Bott
extended the Lefschetz fixed point formula to such geometric complexes and expressed L(f; E,d) in terms
of appropriate topological invariants of the fixed point submanifold. Consequences of such formulae are
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nowadays well known and encompass results in topology, in complex geometry as well as in number theory,
see for instance [HZ74].

The relationship between the Atiyah-Bott Lefschetz formulae and index theory should be transparent
from the very definition of L(f; E,d). More precisely, assume that f is an isometry for some metric g on V
and denote by H the compact Lie group generated by f in the group Iso(V,g) of isometries of (V, g). Then
for any H-invariant elliptic pseudodifferential complex (E, d), the Lefschetz number L(f; E, d) is well-defined
and can be re-interpreted as the evaluation at f of a character, namely the H-equivariant analytical index
of the complex (F,d). In [ASe68], Atiyah and Segal gave a proof of the Lefschetz fixed point formulae with
respect to pseudodifferential complexes, as a consequence of the H-equivariant index theorem of Atiyah-
Singer. Moreover, the index method allowed them to extend the fixed point formulae to higher dimensional
fixed point sets with interesting new characteristic invariants [AS68].

When the closed manifold V is endowed with a smooth foliation F', the Lefschetz problem can be stated
for leaf-preserving maps and for leaf-wise elliptic pseudodifferential complexes. The Atiyah-Bott heat kernel
approach for the geometric complexes has been extended in [HL90] to foliations which admit a holonomy
invariant transverse measure A. In this case, the Lefschetz number of a leaf-preserving diffeomorphism f with
respect to the leaf-wise elliptic complex (E,d) is defined by replacing the usual trace tr by a von Neumann
trace trp associated with A, and the precise definition is as expected

LA(f; E,d) == Z(_l)itrA(f*|Hi(E,d)) e C

i>0

Moreover, under the usual transversality assumption, the measured MacKean-Singer formula allowed the
proof of a measured Lefschetz fixed point theorem, see again [HL90]. When f is an isometry of V for
some metric g, it was proved in [B97] that the measured Lefschetz number can again be interpreted as the
evaluation at f of an appropriate character, namely the equivariant measured analytic index introduced by
Connes [C79]. Moreover, the measured Lefschetz fixed point formula can be deduced from an equivariant
measured index theorem for foliations exactly as in the Atiyah-Segal approach, see again [B97].

One of the main features of Connes’ approach to foliation index theory is that the measured index of a
leaf-wise elliptic complex is the von Neumann trace of a much more fundamental object: the K-theory index
in the C*-algebra of the foliation [C79]. This latter exists even if the foliation has no holonomy invariant
measure and yields more sophisticated index invariants by the use of Connes’ cyclic theory [C85]. In this
picture, holonomy invariant measures correspond to the pairing of the K-theory index class with a zero
degree cyclic cocycle. Moreover, one can use the transverse geometry of the foliation to produce higher
degree cyclic cocycles and higher indices. In [C86] for instance, examples of cyclic cocycles arising from the
so-called Haefliger currents are used to investigate higher index theory and some of its deep consequences.
On the other hand, the main result of [B97] is a proof of a K-theory Lefschetz fixed point formula which
takes place in the, localized with respect to f, equivariant K-theory of Connes’ C*-algebra of the foliation.
As recalled in Section 2, this formula is a consequence of the K-theory index theorem proved in [CS84].
In order to extend the measured Lefschetz theorem to higher degree cyclic cocycles, one is naturally led to
the study of the following interesting questions for a given compact Lie group H of leaf-preserving (or more
generally T F-preserving) diffeomorphisms of V:

(1) Show that the cyclic cocycles arising from the Haefliger homology of the foliation are H-equivariant
cyclic cocycles.

(2) Show that evaluation at a conjugacy class [h] of H of the well-defined pairing of these H-equivariant
cocycles with the equivariant K-theory of Connes’ C'*-algebra induces a well-defined pairing with
the localized K-theory at the prime ideal in R(H) associated with [h].

(3) Once (1) and (2) have been accomplished, show that the equivariant pairing of Haefliger homology
with K-theory is compatible with shriek maps associated with transverse submanifolds and their
foliations.

We give here a complete solution to the three problems. The first one allows us to define the higher Lefschetz
number of any leaf-preserving map f : V — V which is isometric for some metric on V. The second and
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third ones allow us to prove our higher Lefschetz theorem. It is worth pointing out that the answer to
the third problem allows us to prove a higher Lefschetz formula which only depends on the fixed point
submanifold with its induced foliation, which is in the spirit of the classical Lefschetz theorems. Indeed, a
formula depending only on the saturation of this fixed point submanifold can be obtained in a much easier
way and for a larger class of cyclic cocycles. However, it doesn’t really qualify as a fixed point formula, as
it would not be useful in most of the examples where this saturation coincides with the ambient manifold.
We also translate in this paper the higher fixed point formula to cohomology by using the Chern-Connes
character and the Grothendieck-Riemann-Roch theorem proved in [BHO04].

To sum up, we use geometric equivariant cyclic cocycles of arbitrary even dimension to produce Lefschetz
fixed point formulae in terms of characteristic classes at the fixed point submanifold with its induced foliation.
When the foliation is top dimensional, we recover the results of Atiyah and Segal [ASe68] and Atiyah and
Singer [AS68]. When the foliation admits a transverse holonomy invariant measure, we recover the results of
[HL90]. When the foliation is given by the connected components of the fibers of a smooth closed fibration,
we recover the results obtained by the first author in [B02]. Finally, since we may use any closed Haefliger
current on the foliation, we get new and very interesting formulae.

We now explain more explicitly our results. Denote by h: V, FF — V, F' a leaf-preserving map, and assume
that it generates a compact Lie group H in some Lie group of maps of V. So, we do not assume a priori
that h a leaf-wise isometry. Note also that H need not preserve the leaves although it will always send leaves
to leaves. The Chern-Connes construction allows us to construct out of any closed Haefliger current C, an
equivariant cyclic cocycle 7o which pairs with the equivariant K-theory of the foliation and gives a central
function on the compact Lie group H. This is the content of

Theorem 4.21 Let C be an even dimensional closed Haefliger current on (V, F') and let 7¢ be the associated
cyclic cocycle. Then for any H-vector bundle E, 1¢ is an equivariant cyclic cocycle on C(G, E). Moreover,
the equivariant pairing extends to a well-defined pairing

K"(C*(V,F)) ® Heo(V/F) — C(H)H.

The pairing of 7 with Ind? (E,d), (the equivariant index class in K-theory of a leaf-wise elliptic pseudo-
differential complex (E,d)), evaluated at h will be, by definition, our higher Lefschetz number L (h; E, d):

Lo(h; E,d) =< 7¢,Ind” (E,d) > (h) € C.

Compatibility with the prime ideal associated with h is then easily deduced from the properties of the
equivariant pairing. Finally, the commutation with transverse shriek maps is proved in Proposition 5.1. The
higher Lefschetz formula that we get using the higher index theorem of [BHO04] is then stated as follows when
the fixed point submanifold V" is transverse to the foliation with an oriented induced foliation F”:

Theorem 5.3 For any even dimensional closed Haefliger current C,

Le(hy B, d) = < /F ) c}f;;l((c)fll[ésff ’g)(g:()h()ff)) TA(TF" ® «:),0|Vh,>.

See Section 5 for more details and for the notation. Theorem 5.3 simplifies notably when the fixed point
submanifold V" is a strict transversal, which corresponds in the case of a foliation by a single leaf to the
original case of isolated fixed points:

Theorem 5.4 If V" is a strict transversal,

S che(B )
5, (-1 e (W (TFlvr 0 O " )

As an obvious corollary of Theorem 5.3, we see for instance that the non-vanishing of the higher Lefschetz
numbers, for some current C', immediately implies the existence of fixed points under the action of h.

In order to keep the present paper to a reasonable size, we have postponed the investigation of the
applications of our higher Lefschetz theorem to complex geometry, topology and number theory to the second
part [BH10]. In particular, we deduce in [BH10] a higher version of the Atiyah-Hirzebruch rigidity theorems,

Lc(h;E,d) = <
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new formulae for appropriate sums of products of cotangents, as well as some integrality consequences for
Riemannian foliations.

We now describe the contents of each section. Section 2 gives a brief survey of the K-theory Lefschetz
theorem. In Section 3, we define the appropriate equivariant cyclic cohomology and construct a pairing be-
tween this equivariant cyclic cohomology and equivariant K-theory which factors through the representation
ring of the compact Lie group generated by the isometry f. In Section 4, we return to the foliation case
and construct a correspondence between Haefliger homology and equivariant cyclic cohomology. Finally, in
Section 5 we use the results of the previous sections together with the K-theory Lefschetz theorem to prove
the higher Lefschetz formula.

Acknowledgements. The authors wish to thank Alain Connes, Thierry Fack, Gilbert Hector, Steve Hurder,
Victor Nistor, and Denis Perrot for helpful discussions. They are also indebted to the referee for his judicious
comments.

2. REVIEW OF THE K-THEORY LEFSCHETZ THEOREM.

Most of the results of this paper are based on the K-theory Lefschetz theorem proven by the first author
in [B97] and which we now recall. Let F' be a smooth foliation of the smooth compact Riemannian manifold
(V,g) and denote the tangent bundle to the foliation F' by T'F, and its normal bundle by v. Denote by G
the holonomy groupoid of F', which consists of equivalence classes of leaf-wise paths, where two paths are
identified if they start at the same point, end at the same point, and the holonomy germ along them is the
same. Composition of paths makes G a groupoid, and its space of units G° consists of the classes of the
constant paths, so G° ~ V. Denote by G, the elements of G which start at the point € V, by GY those
elements which end at the point y € V, and by GY the intersection G, N GY. We have the maps s,r: G — V,
where s(y) = z, if vy € G, and r(y) = y of ¥ € GY. The metric g on V induces a canonical metric on G, and so
the splitting TG = TF, @ TF, ©vg. Note that 7.(vg ) = Vy(y), and s.(Vg ) = Vs(4). For details, see [BHO4].
The metric on G gives metrics on the submanifolds G,,GY C G. So objects such as L?(G,) and L*(GY) are
well-defined, and do not depend on the choice of metric since V' is compact. Note that r : G, — L, is the
holonomy covering of L, the leaf of F' through z, and similarly, s : GY — L, is the holonomy covering of L,,.

Let H C Iso(V,g) be a compact Lie group which acts by T F-preserving isometries on (V,g). The
isometry of (V,g) which corresponds to the action of h € H will be denoted by h for simplicity, so such
h takes leaves of F' to leaves of F', but does not necessarily take leaves to themselves. An easy example
is the action of the torus on its constant slope foliation. When the slope is irrational, this action can be
seen as being topologically generated by a leaf-preserving isometry, but the whole group does not preserve
the leaves. Connes’ C*-algebra of (V, F') is denoted C*(V, F'), see [C82]. It is easy to check that C*(V, F)
is an H-algebra, i.e. the induced action of H is strongly continuous for the C*-norm. Let P be an H-
invariant, uniformly supported, elliptic pseudodifferential G-operator acting from sections of the H-vector
bundle ET to sections of the H-vector bundle E~. See [C79] for the precise classical definitions. Choose an
H-invariant Hermitian structure on E and denote by ey, g the Hilbert C*-module over C*(V, F'), associated
with the continuous field of Hilbert spaces L?*(G,,7*E). Then (ey,g, P) defines a K K-class in the Kasparov
equivariant group K K (C,C*(V, F)), [K80]. The image of this class under the isomorphism

KKH(C,C*(V,F)) =~ K¥(C*(V, F)),

is the analytic H-index of P, and is denoted Indf,v(P). So, IndaHy(P) e KH(C*(V,F)).
Denote the space of leaves of F' by V/F, and recall that a map g : N — V/F, from a smooth manifold N
to the space of leaves, is by definition a G-valued 1-cocycle over N, see [CS84]. Recall the H-submersion

p:TF - V/F

which is the composite map TF — V — V/F.

The pull-back by p of the “tangent bundle” T'(V/F) is well-defined, and it is just the pull-back 7*v of
the normal bundle v = TFL C TV of the foliation F' by the projection 7 : TF — V. The map p is
KH _oriented, which means that the vector bundle T(TF) & 7*v admits a spin® structure, which is given



HIGHER LEFSCHETZ THEOREM April 5, 2010 5

by an H-equivariant Hermitian vector bundle of irreducible representations of the Clifford algebra bundle
associated with TF @ m*v. Using this spin®-bundle, Connes and Skandalis constructed in [CS84] a Gysin
class

P € KK (Co(TF), C*(V, F)),

which generalizes the Atiyah-Singer topological shrieck maps [AS68]. The topological H-index of P is by
definition

Ind/y, (P) = [o(P)| @rrp € K"(C*(V,F)),

where [o(P)] is the H-equivariant class of the principal symbol of P in Ky (TF), and we have used
the Kasparov product over the C*-algebra Cy(T'F') together with the isomorphism KKy (C,C*(V,F)) ~
KH(C*(V,F)) to see the H-index as an equivariant K-theory class. The leaf-wise H-equivariant index
theorem of [C85] is then

Theorem 2.1.
Ind} (P) =Ind{",(P) € K" (C*(V,F)).

This theorem clearly works as well for elliptic H-invariant G-complexes, see [AS68].

We now to state the K-theory Lefschetz theorem for a fixed isometry f € H. Let (E,d) be an elliptic
pseudodiﬂ’e_rential G-complex over (V, F'). Recall that such a complex is a finite collection of smooth vector
bundles (E")o<;<k over the ambient manifold V together with a collection of G-invariant uniformly supported

pseudodifferential operators d* = (d%),cv acting from the smooth sections of 7*E? to the smooth sections of
r* B see [C79, NWX]. So, we have

d

0 1 k—1
0 — C=(Gy, 7 E°) 22, 02(G,,r* EY) o . L (G, r*EF) — 0,

with d“t'od? = 0. Notice that the uniform support of d* means that its Schwartz kernel, viewed as a section
over G using the G-invariance, is compactly supported. Associated to (E,d) is the vector bundle complex of
principal symbols that we denote by o(FE, d), see again [C79],

0 1 k—1
0— g0 1) gt 1) ) ek 0,

where 7 : TF — V is the projection. Ellipticity of (F,d) then means that this principal symbol complex is
exact off the zero section of (T'F,m, V). We assume that (F,d) is H-invariant in the sense that each E* is
an H-equivariant vector bundle over the H-manifold V, and the operators d° commute with the naturally
induced actions of H, [B97].

Let It = {x € R(H)|x(9fg~") = 0,Vg € H} be the prime ideal, in the representation ring R(H) of
H, associated with the conjugacy class [f] of f. Localization of the ring R(H) with respect to Ij; yields
the ring of fractions that we denote as usual by R(H)(s. Given an R(H)-module M, we denote by My
the localization of M with respect to Ijs. So, M is an R(H)(s-module. When H is abelian, we remove
the brackets and denote as well by f the conjugacy class of f. Important examples of such modules are
the H-equivariant K-theories of H-algebras with the module structure given by Kasparov product. We now
define the Lefschetz class as in [B97].

Definition 2.2. (1) The Lefschetz class L(f; E,d) of the conjugacy class [f] of the isometry f, with
respect to the H-invariant elliptic G-complex (E,d) is the localized analytic H-index of (E,d) with
respect to the ideal Ijy). More precisely,

Ind\ (E,d)

L7 B d) = =

K™ (C*(V, F)) -

(2) Denote by Hy the compact subgroup of H generated by f. The Lefschetz class of f with respect to
the Hy-invariant elliptic G-complex (E,d) is the localized analytic Hy-index of (E,d) with respect to
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the ideal Iy of R(Hy). More precisely,

Ind’", (B, d)

L(f;E,d) = Lt
1

e KM(CH(V,F))s.

One can express L([f]; E, d) in terms of the union of the fixed points of all the elements of the conjugacy
class [f] as in [ASe68]. Notice now that the usual Lefschetz formulae express Lefschetz numbers of a given
map in terms of local contributions from the fixed point submanifold of that map. In our context of the
foliated Lefschetz problem, this means that we can concentrate on the compact group H; topologically
generated by a given h € H. We shall therefore assume for the rest of this section that H; = H and only
consider L(f; E,d).

For the foliation with one leaf, namely the manifold V itself, (E, d) becomes a classical pseudodifferential
elliptic H-invariant complex over the compact manifold V, and the R(H ) ;-module K2 (C*(V, F)) coincides
with KH(IC(L?(V))) ¢, where K(L?(V)) is the elementary C*-algebra of compact operators on the Hilbert
space L2(V) of L? functions on V. Given any smooth kernel k € C°(V x V), we define for any h € H the
smooth kernel k" (x,y) = k(h~'x,y). The integral of k" over the diagonal of V x V' then realizes the Morita
equivalence which induces the isomorphism K (K(L?(V))) = R(H). The fixed point submanifold of f is
denoted V/. We are only interested in the case where V/ is transverse to the foliation (this is true when H
is connected and preserves the leaves, see [HL90]). Let F/ be the foliation of V¥ whose tangent bundle is
TF! =TV NTF, where (TV)/ = T(V/) is the fixed point tangent manifold. Let i : TF/ < TF be the
inclusion. Then an easy inspection shows that i is a K -oriented map. Thus, following [AS68], one defines
a shrieck element iy € KKy (TF/,TF), [B97].

Notice that since the action of H on (Vf, Ff) is trivial, the H-equivariant K-theory of the manifold F/
can be shown to be isomorphic to the tensor product R(H)-module K (F/)® R(H). The same isomorphism
holds for the C*-algebra of the foliation (V/, F/). Moreover, the H-equivariant index map for the foliated
manifold (V/, F/) then respects this isomorphism, i.e.

Indf; = Indy; ® R(H) : Ky(F') = K(F)® R(H) - K (C*(V/,F/)) = K(C*(V/,F/)) ® R(H).

Theorem 2.3. [B97] With the above notations, the following diagram commutes
7

K(FfY® R(H) = Ky (F7) Ky(F)

Indys © R(H) = Indgf\ J Ind!

K(C*(V!, F1)) ® R(H) = KH(C*(V. F)).

Here we have denoted by Ind‘f/lf the analytic (= topological) leaf-wise H-index for the compact foliated
manifold (V/, /). This index map takes values in the R(H)-module K (C*(V/ F/)) and we have implicitly
used composition with a quasi trivial element of K KH(C*(Vf, F¥),C*(V,F)) corresponding to Morita
extension as in [C85], to view its range in K (C*(V, F')). Now, functoriality of the localization at the prime
ideal Iy yields the K-theory Lefschetz theorem.

Theorem 2.4. [B97] [The K-theory Lefschetz Theorem] Let (V, F) be a compact foliated manifold and let
f be an isometry of V' for some metric g. Assume that f preserves the leaf-wise bundle TF. Then, the
Lefschetz class L(f; E,d) € KH(C*(V,F)); of f with respect to an f-invariant elliptic G-complex (E,d) is
given by

L(f; B, d) = (Indvf®R(H)f)< *lo(E,d)] )

A1 (N ®C)

where i* : Ky (F); — Ky (F'); is the restriction homomorphism, N/ is the normal H-vector bundle to VI
inV, and A\_1(NV @ C) = S (-1 AN @ C)] in Ku(V); 2 K(V/) @ R(H);.
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The reader should note that we do not assume that f preserves the leaves. That the fraction in the
previous theorem is well-defined is clear since

AN @C) = D (-1)'AN(NT®C) € Ku(VY),
becomes a unit when pushed to the localized ring K (V) and we have used the K (V/) ;-module structure
of KH (Ff)f.
Hence, this theorem tells us that the Lefschetz class L(f; E,d) coincides with the index of a virtual leaf-

wise operator on the fixed point foliation. When V/ is a strict transversal, i. e. when V/ is transverse to the
foliation with dimension equal to the codimension of the foliation, we get

S (=D)'[Evs]
2(=DN(Flys @ C)]

Here [[V/]] is the class associated to the transversal V¥ in KKH(C(V/), C*(V,F)) as defined in [C82].
Since Kasparov product by [[V/]] is K -integration over V¥, the above formula agrees with the classical ones.
In particular when (F,d) is the de Rham complex along the leaves, our Lefschetz class coincides with the
K-volume of VI a class [V/] represented by an H-invariant idempotent in C°(G), supported in a small
tubular neighborhood of V¥, [C82].

It is worth pointing out that the above K-theory Lefschetz theorem implies the measured Lefschetz
theorem of [HL90] in the isometric case. More precisely, if the foliation (V, F') admits a holonomy invariant
transverse measure A [P75], then recall the trace 7% constructed by Connes on the von Neumann algebra
of the foliation [C79]. In [B97], the first author constructed an additive map T/{ : KH(C*(V,F)); — C
associated with A, such that

L(f; E,d) = ®vs [VI]] € K"(C*(V,F))y.

m{(L(f; E,d)) = La(f:E,d),

where Ly (f; E,d) is the measured Lefschetz number defined in [HL90]. Hence composing Theorem 2.4 with
T/J:, the Heitsch-Lazarov measured Lefschetz formula is deduced.

We end this review section by pointing out that the analytic H-index Indi (E, d) is the image of an element
indi (E, d) of the equivariant K-theory group K (C°(G, E)) of the algebra of compactly supported smooth
sections of the bundle Hom(E) over the graph G, whose fiber at v € G is Hom(E;(4), Er(4)).

3. EQUIVARIANT CYCLIC COHOMOLOGY

In this section we recall the definitions and properties of the equivariant cohomologies for actions of
compact groups. References for these notions go back to [Br87] where equivariant homology arises as the
E? term of a spectral sequence that computes the homology of a topological crossed product. In the
papers [BG94] and [Go092], the equivariant homologies are computed for algebras of functions on a smooth
manifold, extending to the equivariant setting the HKR theorem of Connes [C85]. The computation of these
equivariant (co)homologies for more general algebras with appropriate topologies (more precisely bornologies)
and endowed with strongly continuous actions of compact groups was recently achieved in the PhD thesis of
C. Voigt [VO7]. We also point out the earlier computation in [N90].

Let H be a compact group which acts continuously on the locally convex (unital) algebra .A. We proceed
to define the equivariant cohomology of the dynamical system (A, H). Denote by C(H) the continuous C
valued functions on H. The equivariant Hochschild complex (C*(A, H), b) is defined as follows. The cochains
C™(A, H) consist of the continuous functions f : A®»+1 — C(H) such that

f(hao,--~ ,ha")(hgh_l) = f(a0,~- ,a")(g), Vg,he€ HVdl € A.

We denote by f(a®,---,a"|h) the scalar f(a® ---,a")(h) for f € C"(A, H). The equivariant Hochschild
differential b : C"(A, H) — C"*1(A, H) is defined by

(bf) (@, a" k) = (V' f)(a®, -+ aTHR) + (1)L (™ e 6t ah)
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where

(b’f)(ao, . 7an+1‘h) — Z(_l)jf((l07 L. ,ajaj-i-l’ L. 7an+1|h).
=0
Then one checks that b2 = 0 and b% = 0.

Definition 3.1. The equivariant Hochschild cohomology of the pair (A, H) is the homology HH* (A, H) of
the equivariant Hochschild complex (C*(A, H),b).

Definition 3.2. An equivariant Hochschild cochain f is cyclic if the following relation holds
f(ana aO’ e 7a'n71|h) = (_l)nf(aov e ,an717 h(an)‘h)

We denote by Ag(a®,---,a"|h) = (h=1(a™),a’,---,a™ k) the equivariant permutation. So, an n-
cochain f is cyclic if A}, f = (—1)"f. We denote by A the equivariant cyclic permutation of cochains
n—1
AP = (D)™ R ().
j=0

The subspace of C*(A, H) composed of equivariant cyclic cochains is denoted C5 (A, H). An easy computa-
tion shows that
Aob =bo A

So, the subspace C5 (A, H) is preserved by b and the subcomplex (C5 (A, H),b) of the equivariant Hochschild
complex is called the equivariant cyclic complex. Its homology H (A, H) is the equivariant cyclic cohomology
of the pair (A, H).

Remark 3.3. When A is complete, a chain equivalence between the equivariant Hochschild (resp. cyclic)
complex of (A, H) and the Hochschild (resp. cyclic) complex of the crossed product algebra A x H, is
constructed in [BT]. When the group H is in addition finite, this chain map turns out to be an isomorphism
between the equivariant cohomologies and the twisted cohomologies of the crossed product, as constructed in
[BO3b]. These latter complexes being other alternatives for describing the Hochschild and cyclic cohomologies
of the crossed product.

For the algebra of smooth functions on a closed manifold, equivariant Hochschild (resp. cyclic, resp.
periodic cyclic) (co)homology has been computed in [BG94] using Borel (co)homology.

Now let H — U(X) be a given finite dimensional unitary representation of H in the Hermitian vector
space X. Then H acts on A ® End(X) according to the formula

h(a® A) :=ha@Uh)AU(hW™"), a€ A AcEnd(X)andhec H.
If f is a continuous equivariant k-cochain on the pair (A, H), then we define the cochain 7ftr on (A ®
End(X), H) by setting
(fitr)(a® @ A%, - [ aF @ AF|n) = f(a® - ,a"|h) tr(A° - - ARU(R)), o' ® A€ A® End(X) and h € H.
Lemma 3.4. The cochain fftr is continuous and equivariant, and we have
b(fgtr) = (bf)ttr and f cyclic = fitr cyclic.
Proof. Continuity is obvious. We have for a’ € A, A* € End(X) and h,g € H,
(fitr)(h(a® ® A°), -+ h(a™ ® A™)|hgh™")

= (fttr)(ha® @ U(h)A°U(R™Y),---  ha™ @ U(h)A™)U(h~ | hgh™")

= f(ha®,---  ha"|hgh™ ") tr[(U(R)A°U(R™Y) - U(R)A"U (h~ 1)U (hgh™")]

= f(ha®,---  ha"|hgh™') tr[U(h)(A° - - A")U(gh™")]

= f(a®-- a"g)tr[A° - A"U(g)]

= (fitr)(a®® A% -+ a" ® A"|g).
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If we assume in addition that f is cyclic, then

(fitr)(a" @A™, a® @ A%, La" T @ A" Hg) = (=1)"f(a", - g(a")|g) tr(A"A% - APTIU(g))
= (=D)"f(a’,--,g(a")]g) tr(A%- - AU (g)A™)
= (=1)"f(a" -, g(a")lg) tr(A"--- A" g(A")U(g))

= (=D)"(fitr)(a’ ® A%, -+ g(a" @ A™)|g).
The proof of the relation b(fftr) = bfftr is similar and omitted. a

Recall that the H-equivariant K-theory of the H-algebra A is defined in terms of H-invariant idempotents
in H-algebras A ® End(X) for the action

h(a® A) := (ha) @ U(R)AU(h™1).

where X runs through the finite dimensional unitary representations U of H. More precisely, we identify any
two such H-invariant idempotents e € A ® End(X) and ¢’ € A ® End(X"), if there exists finite dimensional
unitary representations (V,Y) and (V’,Y’) and H-invariant elements z € A ® Hom(X ¢ Y, X' ®Y’) and
ye AQHom(X' @Y, X &Y) such that

ry=e d0€AREd(X' @Y )andyr=e®0€ AQEnd(X ®Y).

This is an equivalence relation and the quotient is a monoid for direct sums, whose associated Grothendieck
group is by definition the H-equivariant Ky-theory or simply K-theory of the H-algebra A. We denote it as
usual by K (A) or simply K2 (A). It is clear from the definition that when A = C with the trivial action,
K*H(A) is isomorphic to the representation ring R(H) of H, that is the Grothendieck group associated with
the monoid of finite dimensional unitary representations of H. When the algebra A is not unital, we add
a unit with a trivial action of H and get a unital H-algebra A, and the character € : A — C induces by a
straightforward functoriality e, : K (A) — R(H). The equivariant K-theory of the non-unital algebra A is
then by definition the kernel of e,.

The following is a generalization of Proposition 14 in [C85] and we give a proof based on a straightforward
extension of Connes method. We point out that this proposition can also be deduced from the results of

[Vo7).

Proposition 3.5. Let f be a continuous equivariant cyclic 2k-cocycle on the pair (A, H). For any finite
dimensional unitary representation U : H — U(X), and any H-invariant idempotent e in A ® End(X), we
define < f,e >, by the formula

3.6. < fre> (h) = (fgtr)(e,--- ,elh)
Then

e < f,e > is a continuous central function on the compact group H.
o Formula 3.6 induces a pairing between the equivariant K -theory and the equivariant cyclic cohomology
of the H-algebra A, i.e.
Kg'(A) @ HS" (A H) — C(H)H,

where C(H)H denotes the central continuous functions on H.

When A is unital, the statement in the second item is clear. When A is non-unital, it needs some
explanation. As usual we denote by A the algebra A @ C endowed with the extended action (trivial on the
C factor) and with the natural locally convex topology. Then the second item means that if X and X’ are

two unitary representations of H and if € = (e,A) and & = (¢/,A’) are two idempotents in A ® End(X) and
A®End(X'), with e € A® End(X), ¢/ € A® End(X’), A € End(X) and A’ € End(X’), such that [e] — [€]
defines a class z in K (A), then the scalar

(fgtr)(e,--- elh) = (ftr)(e,- - €'[n)

only depends on the class  and on the equivariant cyclic cohomology class of f.
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Proof. We give a brief proof for the convenience of the reader. We first notice that fftr is an equivariant
continuous cyclic 2k-cocycle on the H-algebra A ® End(X) and that e is H-invariant. Therefore, we have

(fatr)(e, - 7e|ghg_1) = ([t tr)(g_le7 T 79_1e|h) = (fttr)(e, - ,elh).

Hence, < f,e > (ghg™!) = < f,e > (h) and < f,e > is central. The action of H on A being strongly
continuous, the corresponding action on A ® End(X) is also strongly continuous. Now, continuity of f
implies continuity of fftr. Therefore, for any e as above, the map < f,e > is a continuous function on H.

In order to prove the second item, we extend Connes’ proof given in the non-equivariant case in [C85].
We can assume that A is unital, see for instance [BH08]. Using classical matrix techniques, we reduce the
proof to showing that if e, ¢’ are H-equivariantly conjugated in A, then < f,e >= < f,¢’ >. We first prove
that if ¢/ = ueu™! with u an H-invariant element, then there exists an odd H-equivariant cyclic cochain
© = @, such that

3.7. < fiel>—<fe>=<bpe>.
For any H-invariant element a € A, the Hochschild cochain
fal@®,...;a™ th) = f(a®,...,a" "t alh),
is H-equivariant and we set
62 .,a™h) = > f(d,..,aa" — d'a,...,a"|h).
0<i<n

Then ¢} f is an H-equivariant cochain on (A, H). Using the relation bf = 0, we easily get the following
relation

(=1)"(Aot')(fo)(a®,--- ,a™|h) = f((h ta)a’—a’a,a’,--- 7a”|h)—i—2 f@, - e’ add—adla,a? - a™)
j=1

where A is the cyclic operator on C*(A, H) defined in the previous section. Since a is supposed to be
H-invariant, we deduce that (—1)"0%f = (Ao V')(f,). Thus, using the relation A od’ = bo A, we obtain
0% f =b[(=1)"A(f,)], which shows that the class of 0, f in H} (A, H) is trivial.

Now if u is an invertible H-invariant element of .4, then there exists an invertible v € M(A) and b € M5(C)
such that u = e"? := vebv~!, see [C85] again. We set a = vbv~! and write p : My(A) — My(A) for
conjugation by e®. Then a straightforward computation shows that

*\k—1
pf -1 = oy Yl )

k>1

finishing the proof of relation 3.7. Notice that the convergence makes sense using only the convergence in
M5(C). Now, we have for any h € H and using that e is H-invariant and n is even

<bp,e>(h) = Ve, - elh) + (=1)"p((h te)e,e--- ,e) =

4,0(6,"' 7€|h) (_1)J = 30(6,"' ae‘h)'
§=0
Finally, using cyclicity of ¢, we deduce that
ole, -+ ,elh) = —p(e, -+ ,e,h(e)|h) = —p(e,--- e, e|h).
O

Remark 3.8. The pairing in the odd case can be defined similarly extending Proposition 15 in [C85] to the
equivariant setting.

Remark 3.9. The evaluation < f,e > (h) of the pairing at h is well-defined provided the idempotent e is
only h-invariant. It does not depend on the group H as far as this latter exists.
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In the rest of this section, we explain the relation with the equivariant index pairing in the case of
equivariant Fredholm modules. In particular, an important example of an equivariant cyclic cocycle arises
from index theory and is given as the equivariant Chern-Connes character of an equivariant finitely summable
Fredholm module. We concentrate on the even case, as the odd case is similar. Let A be a locally convex H-
algebra endowed with a continuous representation as operators on a Zs-graded Hilbert space H = HT & H™.
Let v be the grading involution, and assume that v commutes with the elements of A. Let the compact
group H act on H by unitaries commuting with the grading v so that H acts on .4 by conjugation. Let F’
be an H-invariant symmetry (F* = F and F? = I) on H such that

Foy+yoF =0and [F,a) = Foa—aoF € L*’(H),

where L9(H) is as usual the g-th Schatten ideal of operators T such that (T*T)%/* is a Hilbert-Schmidt
operator. For T' € L'(H), we denote by tr(T) the trace of the operator T

Proposition 3.10. The map
(a® @ - ® a®P|h) — (=1)P tr(ya®[F, a']...[F, a®*)U (R)).
is a continuous equivariant cyclic cocycle on the pair (A, H).

Proof. Denote by f this map and forget the (—1)P. Continuity is obvious, given our assumptions. We
compute

flga®, -, ga®®|ghg™") = tr(yU(g)a’[F,a']---[F,a®)U (g~ U(9)U(R)U(g~"))
= tr(U(g)ya’[F,a']--- [F,a®®]U(R)U(g~"))
= t(1a[F, 0] [F, a?U (k).

On the other hand, using the equality tr(y[F,w]) = 0 for w € B(H) such that yw = (—1)?“w~, the equivariant
cyclicity is proved as follows:

f@®,a® - a* 7 h) = tr(WQ”[Fa] [F,a®THU(R))
tr(yh(a®)U (h)[F,a"] - [F, a7 1])
= t(y[F h(@®)U(h)a"] - - [F,a®71]) — te(y[F, h(a®*P)]U (h)a’[F,a'] - - [F, a7 1])
— tr(y[F, h(a®)]U (h)a’[F, a'] -+ [F,a*P 1))
tr([F, h(a®)]U (h)ya"[F,a'] -+ [F,a®71])
tr(ya’[F,a'] - [F, h(a®)]U (h))
= f@@ -, a® 1 h(a®*)|h).
To finish the proof of the proposition, it remains to show that bf = 0. But, we have

W' )@@ h) = tr(ya®al[F,a®) - [F,a® U (h))

2p

+ > (-1 tr(ya®[Fya'] - ([Fa']a’ T + a7 [F, /) - [F,a®P U (h))
j=1

= tr(ya"[F,a']- - [F,a*]a® U (h))

= tr(ya"[F,a']--- [F,a®|U(R)h~} (a®T))

= tr(yh (@ T)a [F,a'] - [F,a®|U (),

which completes the proof. O

Definition 3.11. We define the equivariant Chern-Connes character chH(H,F, v) of (H,F,~) as the equi-
variant cyclic cohomology class of the equivariant cyclic cocycle defined in Proposition 3.10.

Now let (H,F,~) be an even 2p-summable H-equivariant Fredholm module over the H-algebra A as
defined above. For any finite dimensional unitary representation U : H — U(X) of the compact group H,
and any H-invariant projection e € A ® End(X), the operator e o [F ® idx] o e, acting on e(H x X), is an
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H-invariant Fredholm operator which anticommutes with the grading v of H = HT & H~ and induces the
Fredholm operator

Ffi=co[F®idx]oe:e(HT ® X) — e(H™ ® X).
The H-equivariant index of F. is then an element of the representation ring R(H) of H. The map e —
Ind(F;") induces the map Indy .,

Indjf p : K7 (A) — R(H).

Recall that we have previously defined the equivariant Chern-Connes character ch? (H, F,~) of (H, F,~),
as an equivariant cyclic cohomology class over the H-algebra A.

Proposition 3.12. We have
Indjy p..,(¢) =< ch™ (H, ), [¢] >,

where [e] is the equivariant K-theory class of e.

Proof. Let X a finite dimensional representation of H and let ¢ € A®QEnd(X) be an H-invariant idempotent.
Then e acts as an even degree operator on H ® X and we denote by P the H-invariant Fredholm operator
Ft defined above. It is then easy to check that the operator ) which is the same operator e(F ® idx )e but
acting from H~ ® X to HT ® X, is an H-invariant parametrix for P modulo the Schatten ideal LP. Now
recall the equivariant Atiyah-Bott formula for any h € H, [B03a],

1nd™ (P)(R) = tros ) (1 = QPY? 0 U(R)) — trope- gy (1 — PQ)? 0 U(R)).
Using the H-invariance of e and F' and the relation e[F' ® idx, e]le = 0, we deduce that
e —e(F @idx)e(F ®idx)e = —e[F ®idx, €]*.
The computation of [e — e(F ® idx )e(F ® idx )e]P then finishes the proof. O
As a consequence of the previous proposition, we deduce the following integrality result.

Corollary 3.13. Let (H,F,v) be a finitely summable H-equivariant Fredholm module over A as above.
Then
<chH(H,F,q/),KH(A)> C R(H).

When H is the finite cyclic group of order n, we get
<chH(H, Fv), KH(A)> (h) C Z[e*™/", Vhe H.

Therefore, for foliated involutions, one gets the integrality result <chH(H, F,v), K1 (A)> CZ.

4. HAEFLIGER CURRENTS AND LEAF-WISE DIFFEOMORPHISMS

We now focus on foliations. We recall the correspondence between Haefliger homology and Connes’
periodic cyclic cohomology, and then prove that the cyclic cocycles arising from this correspondence are
equivariant with respect to leaf-wise actions of leaf-wise volume preserving diffeomorphisms.

As above, (V, F') is a smooth compact foliated manifold of codimension ¢, and G is the holonomy groupoid
of F. Denote the metrics on G, and GY by dvol, = r*(dvolr) and dvol, = s*(dvolg), where dvolp is the
given metric on the leaves of F'. Recall that v C TV is the normal bundle to TF, so TV = TF ® v. Any
leaf-wise path 7 : [0,1] — V defines a germ of diffeomorphisms denoted h. (and called the holonomy germ)
from transversals at v(0) = s(v) to transversals at v(1) = r(vy). The differential of the germ, also denoted
h, gives a well-defined linear isomorphism h., : v,y — V(). This defines an action of G on v. Transposing
this action gives an action of G on the dual normal bundle v*. Notice that v* is naturally defined as the
subbundle of T*V

v = {aeT'V | VX eTF, a(X) = 0}.
Thus this action of G on v*, as well as its action on all the exterior powers A for 0 < k < q, is natural.

Denote by Q7 the space C°(G, AYr*(v*)). This is a graded algebra where
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4.1. V(wi,ws) € Y x V' and Yy € GY, wiwa(y) = / w1 (71) A hay (w2 (77 1)) dvols.
Gy

The push-forward map ?L,Yl : /\jlz/:(,yl) — /\jll/:(,h) is Em =1[h
[C94] p. 266,

}*1 = hfy—l' There is a transverse differential
1

¥
7
d, : Q) — QI

which satisfies all the properties of a precycle (definition below) required of it, which we now recall.
For v € G and Xy,---, X € v,(,), there exist unique tangent vectors Yi,---,Y; € vg 5 such that

r.Y; = X; and s,Y; = hy1 X;.
If dg is the de Rham differential on the smooth manifold G, then for w € QJ,
dl,w(Xl, e ,Xj) = dgw(}/l, e ,Y‘).

In [C94] p. 267, Connes showed that d,, is a graded differential of degree 1 on Q = ®Q7, which satisfies the
relation

i (w) = [0, w],
with 6 a generalized (compactly supported) section of r*(A?v*) over G, which is a multiplier of (2, i.e. for
any w € , fw and wf make sense in 2. In addition, d, () is zero.

Fix a finite distinguished open cover {U;} for the foliation and choose smooth transversals T; C U; such
that T; N Ty = () for i # i’. Then with T' = J, T;, the space Q.(T/F) of Haefliger forms on the complete
transversal T is the quotient of the space of compactly supported differential forms on the smooth manifold
T' by the closure of the subspace generated by all forms, when well-defined, of the form hla — a. See [H80].
A holonomy invariant k-current C' assigns a real number to any compactly supported differential & form
defined on any transversal, with the stipulation that C'(hja — a) = 0. Any such C gives a continuous (for
the smooth topology) linear form on QF(T/F), and such a form is called a Haefliger current. Let dvolr be
the leaf-wise volume form determined by the restriction of a metric g on V to the leaves of F. Any w € QF
can be restricted to the units G(©) = V to yield a smooth differential form w|y on V, which is actually
a section of AFv*. Given a € C*(V;AFr*), integration over the leaves of F of a A dvolp, as defined for
instance in [H80], yields

/ L C®(V; APV — QF(T/F).
F

[ o= femre)

Recall from [C85] the definition of a precycle over an algebra A:

Set

Definition 4.2. Let A be a C-algebra. A k-precycle over A is a quadruple (Q,d, [,0) such that:

(1) Q is a graded algebra Q = Q° @ ... © QF, the product sends ¥V @ Q7" into Qjﬂl, and QY = A;
(2) d is a graded differential of degree 1 on 2, so d: Q) — QI+ and

d(wiws) = (dwi)wy + (—1) wy (dws)  Y(wi,ws) € Y x Q,
(3) 6 € Q% (see Remark 4.4 below) satisfies df = 0, and for all w,
d*(w) = [0, w] = w — wb;

(4) / 1 QF — C is a closed graded trace, i. e.

Y(wy,ws) € Y x QF—J, /w1w2 = (fl)j(k*j) /wgwl; and Yw € QF L, /dw =0.

A k-precycle over A is a k-cycle if d?> = 0.

Remark 4.3. The condition Q° = A is not necessary, even though it will be sufficient for our applications,
and one can replace it by the existence of an algebra morphism from A to QO.
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Remark 4.4. The condition § € Q? is too strong and Connes’ X -trick (see below) works just as well even
if 0 is only a degree 2 multiplier of Q. In general, it suffices to assume the existence of 6 such that df and
[0,.] do make sense. With this in mind, we proved in [BHO4] that (Q,d,, [,,0) is a k-precycle over the
convolution algebra C°(G) of smooth compactly supported functions on the graph G.

The classical example is A = C°(M), where M is a smooth m-dimensional manifold. Then every closed
de Rham k-current C' on M gives rise to a k-cycle over A, by considering the compactly supported de Rham
complex, truncated at the level k, together with the closed graded trace induced by C'. Other examples come
from the study of finitely summable Fredholm modules over C-algebras, see [C85] for the details.

Connes has given a curvature method, nowadays called Connes’ X-trick [C94] p. 229, which assigns to
any k-precycle (2, d, [,0) over an algebra A a k-cycle (SN), 0, ®,0) over an extension of A and hence over A.
Since the X-trick will be important in the sequel, we recall it for the convenience of the reader. As a vector
space, the new graded algebra Q = M5(Q), the 2 by 2 matrices over €2, but the product is not the usual one.

Set
1 0
°~(s o)

T+T :=TOT".

Denote by 0w the degree of a homogeneous element w € (2, and recall that 0 has all degrees. An element
T € Q is homogeneous of degree 0T = k if

k=0T, =0T12+1=01To1 +1 =0T + 2.

and define the product * on Q by setting

The differential § on € is defined on homogeneous elements of Q as
_ dT1q dT1s 0 -0 or 0 1
5T‘<—dT21 —dT22>+(1 0 >T+(_1) =0 0)

A straightforward computation then shows that §2 = 0. This makes (Q,6) into a graded differential algebra.
The graded algebra ) embeds as a subalgebra of 2 by using the homogeneous map

<_}(.‘)0
w L

(T) = / Ty — (-1)°7 / T2,

and extend to arbitrary elements of QF by linearity. Then the linear form ® is a closed graded trace on
(KNZ, 0), see [C94]. Thus (ﬁ, 5, ®,0), denoted (ﬁ, 0, ®) for short, is a k-cycle. The precycle (£2,d,, fC, ) defined
in [BHO4] and recalled in Remark 4.4, gives rise to the cycle that we denote (S~27 0,, o).

Given a general k-cycle (2, d, [) over an algebra A, define a cyclic k-cocycle (the Connes character of the
cycle) by setting

For homogeneous T € QF define

4.5. 7(a®,...,a") = /aoda1 - da".
Theorem 4.6. [BHO04] Let C be a closed Haefliger k-current for (V,F) as above. Then the formula
Tc(ko, ceey k‘k) = / ([ko * (SVIﬁ koo (Sykk]uh/)
c

defines a cyclic k-cocycle over the algebra C2°(G), which is continuous with respect to the C°° compact open
topology.
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Proof. In [BH04], we proved that for any closed Haefliger k-current C, the quadruple (€, d,, fC, ) defined
above, is a precycle over the convolution algebra of compactly supported smooth functions on G. It is easy
to check that for the associated cycle (ﬁ, d,, ¢ ), the multilinear functional 7¢ is precisely the cyclic cocycle
which is the Chern-Connes character of (ﬁ, 0., P¢). Note that 7 does not depend on the choice of v.

It remains to show continuity. But, the map k — d,k is clearly continuous with respect to the C'*
compact open topologies on C2°(G) and CS°(G,r*v*). Multiplication by 6 being continuous, k& — J,k is also
continuous for the induced topology on My (C2°(G,r*v*)). As we are only dealing with compactly supported
sections, the x-product is continuous. Therefore, the multilinear map

(k07' o ;kr) [— [kO * 6uk1 T X 6VkT]11

is continuous with respect to the C'°° compact open topologies on C°(G) and C(G,r* A* v*). If we fix
a smooth complete transversal 1" to the foliation, then Haefliger integration over the leaves is known to be
continuous from Q*(V') to Q%(T'), endowed with the compact open topologies. By definition of a Haefliger
current, we know that its action on Q.(7) is continuous. To sum up, we get continuity of the multilinear
form

(ko, cee ,kT) — <C,/ [k‘o x 0 ky - % (Sl,kr]ll‘v A\ d’UOlF> s
F
which finishes the proof. O
Remark 4.7. For k > 2, [ko * k1 % -+ % 0, k|11 does involve the curvature 0 of the precycle (Q,d,,, fC,O).

Remark 4.8. In the presence of a Hermitian bundle E — V, it is easy to extend this construction, and
to associate with any closed Haefliger current C' on the foliation (V,F), a cyclic cocycle on the algebra
C*(G, E) of smooth compactly supported sections over G of the vector bundle whose fiber at v € G is as
usual Hom(E, .y, Es()). See [BHO4] for the precise definition.

Fix a diffeomorphism f : V' — V which preserves the leaves and assume that f preserves the leaf-wise
Lebesgue measure defined by the volume form dwvolr. This assumption will be referred to as the leaf-wise
SL assumption. We proceed now to prove that the cyclic cocycle associated with a closed Haefliger current
as above is indeed f-equivariant. Our assumption on f is satisfied for instance when f is an element of a
compact Lie group which acts on V' by leaf-preserving diffeomorphisms, but this is not needed to prove the
f-equivariance. It is of course easy to construct examples on say T? where f is not an element of a compact
group and satisfies our leaf-wise SL assumption.

We will need the following.

Definition 4.9. The diffeomorphism f is a holonomy diffeomorphism if there exists a smooth map @f :
V — G, so that for any x € V, s(pf(x)) = x, r(¢f (x)) = f(x), and the holonomy along ¢f(x) coincides
with the action of f on transversals.

Lemma 4.10. The diffeomorphism f is a holonomy diffeomorphism in the following cases:

(1) When the holonomy is trivial, and the foliation is tame.

(2) When the foliation is Riemannian.

(3) When f belongs to a connected Lie group which acts on V' by leaf-preserving diffeomorphisms. More
generally, if f belongs to the path connected component of a holonomy diffeomorphism g (for instance
g = identity) in the group of leaf-preserving diffeomorphisms.

(4) When restricted to the saturation sat(VY) of the fived point submanifold V', that is the union of the
leaves that intersect V7.

Proof. For the first two items, see [Hel0]. For the third, choose any smooth path h; from the g to f in the
group, and define ¢ () to be the element of G determined the composition of ©9(x) with the leaf-wise path
t — hy(x). For the last item, if z € sat(V/), y € V/ N L,, and if v € GY, set ¢/ (z) = (fy~!) ov. Then ¢/
is well-defined, smooth, depends only on z, and it works. O

Remark 4.11. Theorem 2.4 shows that the Lefschetz class lives over sat(VY).
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Remark 4.12. A particular case of the second item in the above lemma is when f is given by the time one
flow of a vector field on V' which is tangent to the foliation F'.

To sum up, we are assuming from now on that f is a holonomy diffeomorphism which preserves the
leaf-wise Lebesgue measure associated with dvolp. Note that depending on which current we are using to
produce Lefschetz formulae, the holonomy assumption will sometimes be unnecessary. In particular, if the
current is diffuse (in the sense that it is determined by its restriction to open dense subsets of a complete
transversal) then we recall the following classical density theorem due to Gilbert Hector, [He].

Theorem 4.13. Let T1 and Ty be transversals of a foliation F', and consider the map between transversals
f:Th — f(Th) C Ty. Then there is a countable family {U;} of open subsets of Ty so that:

(1) UUj is dense in Ty,
J

(2) any restriction of f to f; : U;j — f(U;) is a holonomy map, that is an element of the holonomy
pseudo-group of F'.

Proof. [Hector] We may assume that 7} and Ty are subsets of a global transversal T' and we denote by P
the pseudo-group of holonomy transformations of T induced by the foliation F. For any element h € P,
there exists a subset U, C T, maybe the empty set, such that f(z) = h(x) for any x € U, and this set is
a closed subset of T' by continuity. On the other hand for any x € T there exits an element h, € P such
that f(z) = hy(x), so |JUp covers T. But the set of maximal elements of P is countable, and therefore by
Baire category theory there exists a set Uy, with non-empty interior U;. The result follows by a standard
argument. (|

Notice that in view of the Lefschetz problem we are interested in, f will be an isometry of the ambient
Riemannian manifold V', in which case the SL assumption is of course satisfied. The holonomy assumption
is satisfied in all known examples. We now fix some Hermitian vector bundle E over V and assume that we
have a bundle isomorphism

Af: f*E — E.
We denote by ey,r the Hilbert C*-module over Connes’ C*-algebra C*(V, F) of the foliation, as defined

in [CS84]. This is the Hilbert module associated with the G-equivariant continuous field of Hilbert spaces
L?(G,,r*E) over V, see [C82]. Define the endomorphism WE(f) = (\IIE(f)x)a;ev of the Hilbert module ey g,

UE(f)p : L*(Gy, 7" E) — L?(G,,7* E), by setting
VE(O)() = A7 e ¢! ()] = A7 e () )]

for € € L%(G,,r*E) and v € G,. The second equality follows from the fact that the two paths f~1y-¢f  (s(7))
and ¢/ (r(7))-~ start and end at the same points and, since f is a holonomy diffeomorphism, the holonomy
along them is the same.

In the special case E = V x C where Ay acts as the identity of C, U¥(f) = U(f) is, as we shall see
soon, a multiplier of the C*-algebra of the foliation which preserves C°(G). Recall that k € C2°(G) acts on
@revL?(G,) as follows. If € € L?(G,), and 7 € G, then

KE)() = / kO ol ().

With this in mind, the operator W(f) o k has a smooth compactly supported kernel denoted by k/*!. In the
same way, k o ¥(f) has a smooth compactly supported kernel k/". A simple computation gives

Kl y) = k(00 (5(0) = kT (r() ),

where the second equality follows just as it does above. Similarly,

K (y) = k(v-¢f (fs() = k(T (fr(3)) - ).
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To see this note that

ko w(©r = [ kT ! @) ()

gI

Set v} == f~1y, - ¢/ ' (2) € G,. Then
yl=ef @) T =T ) T = e o) = (s ).
So
ko w(N©y = [ Koyt (st O (o))
As [k o U(f)](£)y is also given by )

ko W(N)E) = /g K7 (i T (7)),

we have the formula.
Recall that the action of f on k € C°(G) is given by

(fR) () = k(')

where v € G. Then we immediately have
Lemma 4.14. U(f)okoW(f~1) = f(k).
Proof. For v € G,
(k! ) () = B (0 of (@) = h(F T v ol (@) 0 (f7)) = R(F M)
O

It is then easy to check that the same relations hold in the presence of the general Hermitian bundle E over
V with isomorphism A as above. So for instance, we have for any k € C°(G, E) := C°(G,Hom(s*E, r*E)):

VE(f) o ko WP(fY) = f(k), where f(k)(7) = (Af)i) o k(5 0 (Af)f-140r)-

Proposition 4.15. Let C be a closed Haefliger current and 7¢ the cyclic cocycle on C°(G, E) associated
with C by Theorem 4.6. Then 1¢ satisfies the following equation

TC(k07 ey kia \IJE(f) o ki+17 ey k’r) = TC(kO7 ey kl © \IIE(f)7 ki+17 ey k'r‘)

Proof. We shall give the proof for the trivial line bundle £ =V x C, from which the general case is easily

deduced. If C' is a O-current, we must show 7¢(U(f)ok) = 7¢(ko ¥ (f)). But koW (f) = U(f oW (f)oko

U(f) = f~1(¥(f)ok), and in the proof of Proposition 4.19, we show that 7 (f~1(¥(f)ok)) = 7c(¥(f) o k).
Now suppose that r = dim(C') > 0. Since 7¢ is cyclic, we need only show

Tc(ko, \If(f) o kl, kQ, ceey k‘»,«) = Tc(ko O \I/(f), k’l, veey ]{1,«)
Recall that the product kg * §, k1 * 6, ko * - - - % 0,k in Connes’ X-trick is given by
_ kg O dyk1 Kk dyks ko dyk, k,
ko * 0, k1 x 0 kg * -+ x 0k, = ( 0 O)( Ok, O)( Oks 0 )( ok, 0 ),
where § = d2, the curvature of d, defined above. To compute 7¢(ko, k1, ..., k), we need only the (1,1)
component of this product.
There are two types of terms. The first type consists of terms of the form ko (¥(f) o k1) A, where A
is a polynomial in the variables ko, ..., kr,dyko,...,d, k., and 0. Tt is immediate that ko (U(f) o k1) =

(ko o W(f)) ky, that is kok{" = k;g’rk:l, so we have the result for these terms. The second type consists of
terms of the form ko d, (V(f) o k1) A= ko d,,k{’e A.

Lemma 4.16. For k € C°(G),
AR) = @M () on) and  dkT() = dk(roo! (fs()).
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Proof. Lety € GY, and set ' = @fﬁl(r(y))oy € gfl(”. Let k € C°(G). Note that d, k™' (v) € r*(v*), = v}
and dyk(y') € (V") = vi_y(,y. Given X € vy =1r*(v),, let Y € TG, be the unique vector with r,(Y) = X
and s,(Y) = h,-1X. Then
d kPN X)) = dgk™(Y).
The vector X also gives the vector Y’ € T'G./, determined by the requirements that r.(Y”) = X’ where
X' = f7UX) = bty X, and 5. (V') = hooi X = b1, ())0py1 X' = hor X', Then

d,k(X') = dgk(Y").
Let v : [0,1] — V for ¢ near 0 be a smooth family of leaf-wise paths which defines the tangent vector Y. It
is sufficient for ; to satisfy three requirements:
dy dye
dt dt
Now consider the smooth family of leaf-wise paths v = ol (r(y¢)) oy:. First v =~'. Second, s(v;) = s(y+)
/

Yo =; (0) li=0 = hy-1 X;; (1) =0 = X.

d; d ) d ~
50 “H(0) limo = “H(0) imo = Iy 1 X = hpa X', Finally, r(27) = £~1 (), s0 (1) lio = £'(X) =
X', So the family ~; defines the vector Y'. As k/!(v,) = k(v}), we have

fil /
d,/kf’l(X) _ dgkf,l(y) — d(k dt(’yt)) | g = d(kcgz/t)) | _

dgh(Y') = dyk(X') = d k(f71(X)) = ("(f7)dk)(X).
Therefore, for all v € G,
kM (y) = N (R)(Y)) = F(FTD) k(! (r(y) 0 )

A similar argument proves the second relation. O
To finish the proof of Proposition 4.15, we have

Lemma 4.17. For ko, k1 € C°(G),
kody ki = kI"d, k.

Proof. Recall (Equation 4.1) that for v € G,

ko d,k{"](7) = /

Ko(11)ha, (k]! (3771) ) dvols,
Y1 EGY
where E,Yl : 1/;‘(71) — u;‘(,ﬂ) is the push-forward map associated to the holonomy map along the leaf-wise
path v;. Set 7 = 1 0 o/ (f~'s(v1)). Then ko(y1) = k(’;r(ﬁ) (since f is a holonomy diffeomorphism). As

~-1

T =@ (fls(m) Lot = of T (r(77Y) 01 Y, we also have dy k' (v7Y) = H(fo ) (dki(FY)), and by
a trivial extension,

d k] () = Dok (7).
Then

ko dy k"] (7) = /

ko(71) Py, (dl/klf o 17))dvols —
Y1EGY

[ R (b G ol = [ TG, (ot (a9,
Y1 €GY T1EGY

As E% 07L<pf(f—15(71)) = Eq and v1 =50 (fs(7)), this last may be written as

ﬁ K@k G ol = (K] ] (0)
veGY
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As an immediate corollary of Lemma 4.17 we have
Corollary 4.18. For ko, k1 € C°(G),
o+ 0,k = KT w6,k and ko % 0,k = 6,k 6, k1.

Proof. A simple computation gives the first equality. Applying §, and using the facts 62 = 0 and 6, is a
derivation gives the second. O

Let g be another holonomy diffeomorphism of (V, F).

Proposition 4.19. Let C be a closed Haefliger r-current and 7¢ the cyclic cocycle on C°(G) associated
with C' by Theorem 4.6. Then for any ko, ..., k. € C>(G),

1c(ko, ... k0 W(9)) = 1c(fkos ..., fhr_1, (k) o U(fgf™h)).

Proof. Note that U is an action, that is U(gf) = U(g)¥(f). If C is a Haefliger 0-current (so closed as all
O-currents are) and k € C2°(G), then we have

e ((fk) o W(fgf ™)) = 1c(W(f) ok o W(fH) o W(fgf™")) =

7e(U(f) o ko W(g) o W(f ™) = (S (k 0 W(g))) = 71 (e (k 0 U(g)) = (ko T(g)).

To prove the second to the last equality recall that the action of f preserves the leaf-wise volume form dvolr.
We may assume that the support of k1 := ko W(g) is contained in a fundamental chart for G, see [BH04]. As
f preserves G(©) = V| we may in fact assume that k; is a smooth compactly supported function on a foliation
chart U C V, with transversal Tyy. Then the support of f(k1) is contained in W = f(U) with transversal

Tw = f(Ty). Now 1¢(f(k1)) = /C/Ff(kl)dvolp, and /Ff(kl)dvolp = /W f(ky)dvolg, so

[ tavots = [ )5 @vole) = [ (£ hadootr) = [

kld’l}OlF:/ kidvolp.
f=r(w) U

That is, / f(k1)dvolg |1, = (/ kidvolp ‘TU) o f~! and we have the second to the last equality.
F P

To prove the final equality, we need only show that f71(C) = C, or equivalently f.(C) = C. Let Ty be
any transversal, and set Ty = f(Ty), also a transversal. Since f is a holonomy diffeomorphism, we may
write Ty as a countable union of open subsets Ty = UUj, where f |y, = hy(z;) for some x; € Uj. Then,
() [pwy) = hor(a,)«(C) lrw;) = C lrw;), and we have this last equality.

Now suppose that dimC' = r > 0.

Lemma 4.20. For ky,ks € C°(G) and f € H,
Ty % 6,(fka) = K[+ 6, (k] ),

and

8, (fhr) * 8, (fha) = 8, (K]") 8, (k7).

Proof. As above, the second equality is d,, applied to the first.
By Corollary 4.18, Lemma 4.14, and the fact that ¥ is an action, we have

Fhi %0, (fka) = fhy %6, (K5 ")) = (Fk)TT 6, (k) ) =
(RHTT w5, (k") =k w6, (k) 7).

Now
Skl w8,k = Sk R kDY = G (k] )T % 8,ks] = Guky %6, ks

By induction it follows immediately that,

Fho # 0y (FEy) % - % 0y (Flip_1) = K 5 Guley # -+ % 6, kp_o % 0, (k7).
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Similarly, we have

5, (k") % 6,((Fhe) 0 W(ff ™)) = Sukiror 8, (ke 0 W(g))T 7).
Thus
Fho # 8, (flr) # - % 8, (fhr—1) % 6, ((fhr) 0 U(fgf ")) =
Kt S,k -k Syl 6, ((Kr 0 U(g)) T,
and we have

e (fkoy- s fhoet, (fR) 0 U(faf 1)) = 7ok kiye e koo, (k0 W(g))T ") =

(=) 7c((ky 0 () 7 K Ky Kyy),
by the cyclicity of 7. Using Corollary 4.18, this equals
(=1)"1c(ky 0 W(g), ko, k1, ... . kr—1) = 71c(ko,... k0 ¥(g)),
again by cyclicity. 0

We finish this section by specializing to the case of the leaf-wise action of a compact group H. So, we
assume that H is a compact group which acts smoothly by diffeomorphisms on the compact manifold V.
We assume for simplicity that H preserves the leaves of the foliation F'. Then H acts continuously on the
algebra C2°(G, E') endowed with its natural compact open topology, as well as on the C*-algebra C*(V, F),
[B97]. Given a finite dimensional unitary representation (X, U) of H, we denote by X the equivariant trivial
bundle V' x X.

Let X, X’ be finite dimensional Hermitian spaces and H — U(X), H — U(X’) unitary representations of

H. Asusual, we denote by C°(G, E) the unital algebra C°(G, E) @C. As usual, we denote by C® (G, E) the
unital algebra C°(G, E) @ C. Let € = (e,A) € C*(G, E) @ End(X) and € = (¢/,A’) € C*(G, E) ® End(X")
be two H-invariant idempotents such that [€] — [¢'] defines an equivariant K-theory class of the algebra

C°(G, E). Recall that h is a holonomy diffeomorphism which generates the compact Lie group H. Then we
have

Theorem 4.21. For any closed Haefliger current C on (V, F'), we have
e The complex number

(rettr) (BF2X(R) o ese, ..., e) — (rettr) (BFEX (R) o e’ e/, ... ¢)),

depends only on the equivariant K-theory class [€] — [€], and yields an additive map from the equi-
variant K -theory of C°(G, E) to the scalars.
e This map induces a pairing

4.22. KH(C>(G,F))® H.,(V/F) — C(H)H.
o This pairing extends to a well-defined pairing
4.23. K*(C*(V,F)) ® Heo(V/F) — C(H)".
Proof. By Proposition 3.5, in order to prove the first and second items, we first prove that the functional
C>(G,E)" ™! x H — C given by
pc : (koy- -+ ke|h) — 7o (TF(h) o ko, k1, ky),

is an equivariant continuous cyclic cocycle on (C°(G, E), H). Continuity is straightforward. We have for
any h/ € H:

dc(Wko, -+ Wk Wh' ™) = 1c(WE(WRA ") o Wko, Wky,---  Wky)
= 17c(VEMW) o UE(R) o WE (W) o Wko, ks, -+, W E,).
But recall that h'k; = WE(h') o kj o WEF(h')~L, therefore,
dc(Rko, -+ kWA ™) =
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170 (TE(W) o WE(R) 0 koUE (W)L, UE (W) o ky o WE(WY 7o [\ UE (W) ok, o UE(W)71) =

e (WE(R') o WE(h) o ko, ki, -+ k0 WE(R)7H).

The last equality is a consequence of Proposition 4.15. Now by cyclicity of the cochain 7o we can again
apply Proposition 4.15 to conclude that

dc(Wko, - Wk WRH ™) = 170(UE(R) o ko, ky, -+, k),

and hence the first and second items.
The third item is a straightforward consequence of the deep result of Connes [C86], where he constructs
a complicated subalgebra B of C*(V, F') such that:

e B is stable under holomorphic functional calculus in C*(V, F).
e 3 contains C$°(G) and so is dense in C*(V, F).
e The cyclic cocycle ¢ on C2°(G) extends to a cyclic cocycle on B.

Hence, the extension of ¢¢ induces an additive map
oo« K(B) — C,

and the inclusion ¢ : B — C*(V, F) induces an isomorphism K(B) ~ K(C*(V,F)). In the presence of
a vector bundle E the same construction yields a subalgebra B of the twisted by E Connes’ C*-algebra
C*(V, F; E), with the same properties. The main input here is the additional action of the compact Lie group
H. But, it is obvious from Connes’ construction that the algebra BZ is an H-subalgebra of C*(V, F; E) and
hence, by easy arguments, the H-equivariant inclusion i : B¥ < C*(V, F; E) induces an R(H )-isomorphism
KH(BE) ~ KH(C*(V,F;E))(~ K?(C*(V,F))). Moreover, the extension of ¢c to BE is also clearly an
equivariant cyclic cocycle. Therefore, Connes’ proof yields the third item in a straightforward way. ]

We quote the following proposition for later use. Recall that when the action of H on an algebra A is
trivial, the equivariant K-theory K% (A) is naturally isomorphic to the tensor product K (A) ® R(H) where
R(H) is the representation ring of H.

Proposition 4.24. Assume that the actions of H on V and E are trivial. Then the following diagram is
commutative

KH(Ce(9, B))

<Ca N
C

where (C,-), is the pairing of Theorem 4.21 of the closed Haefliger current C' with equivariant K -theory,
evy, : R(H) — C is evaluation of characters at h, and ¢ is the natural isomorphism.

K(C(9, B)) @ R(H)

<Oa > & evp,

Proof. If € is an idempotent in the unitalization algebra C°(G, E) and p = (X,U) is a finite dimensional
unitary representation of H, then € can also be viewed as an equivariant element for the trivial action,

—_—~—

and we can therefore consider the equivariant idempotent €p of the algebra C®(G, F) ® End(X). The map
€ ® p — ép then implements the isomorphism ¢~!. Now, since the action of H on C(G, E) is trivial,
the multiplier W (h) is simply the identity operator. Moreover, the multiplier W#®X(h) is simply given by
Idg ® U(h). Thus applying the pairing with C' to the element €p gives
(C,lepl), = (tettr)(Id @ U(h)ce® Idx,e ® Idx,...,e ® Idx)
= (rettr)(e®@U(h),e® Idx,...,e ® Idx) = (C,[e]) x tr(U(h)).

Hence the conclusion. |
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We now return to the general case, so the action of the compact group H is now a general action by
F-preserving diffeomorphisms of (V, F'). Recall the prime ideal Ijj,; associated with (the conjugacy class of)
h€ H in R(H):

Iipy = {x € R(H) | x(h) = 0};
The equivariant K-theory of the (non-C*-) algebra C°(G, E) is naturally endowed with the structure of an
R(H)-module. Therefore we can define the localization of this module at Iy, denoted K (C°(G, E))p)
which is a module over the localized ring R(H ).

Proposition 4.25. Composing the pairing 4.22 with evaluation at the (conjugacy class of the) element
h € H, gives the pairing
(o) KT (O (G, B)) @ Hoo(V/F) — C,
which satisfies
(26, Chypy = (@, Chyyy x plh), € KM(CE(G, F)), C € Hool(V/F) and p € R(H).
In particular, the pairing (-, ~>[h] induces a pairing of the Haefliger homology of the foliation with the equi-
variant K-theory of C°(G, E) localized at the prime ideal Ijy,).

Proof. For simplicity, we will forget the bundle FE. Fix two H-invariant idempotents € = (e, A) € C°(G) ®
End(X) and & = (¢/,A") € C*(9) ® End(X’), and set z = [¢] — [¢']. We also consider one (again for
simplicity) extra finite dimensional representation (U”, X") of H which represents a class p in R(H). Then
the equivariant K-theory class xp is by definition the class of the formal difference

Tp = [g® ’L'dXH} — [? X idX//].
Therefore, for any even dimensional closed Haefliger current C', we have
(2p,C),, = (rottr i) (TEOX (h) o (e @ idxn), e @ idxr, -+ e @idxn)—
(reftr g tr) (B OX" (h) o (¢! @ idx), € @idxn, -+ € @idxn).
By definition
VEEE () o (e @ idxr) = (V5(h) o €) @ U (h),
and the same relation holds with €’ in place of e. Thus
(xp,C), = (et tr) (WX (W) o e,e,- -+ ,e) x tr(U"(h)) — (rettr)(UX (h) o € ¢, -+, e') x tr(U" (h)).

As a corollary, we deduce that the formula

<x,c> A ze KH(C2(G)), pe RH) N I,
h

P p(h)
gives the desired pairing between the localized K-theory at the conjugacy class of h in H, and the Haefliger
even dimensional homology of the foliation. The case of general F is similar. ]

We now define the higher Lefschetz number. Recall that for any h € H, the topologically cyclic group H;
is the compact (abelian) group topologically generated by h in H. Given an H-invariant leaf-wise elliptic

H
complex (FE,d) over the foliation (V, F), we can define the localized index class % with respect to

the prime ideal associated with the conjugacy class of h in R(H). So, wd(Bd) ¢ g (C*(V,F))n and we

1rm)
know that there exists a localized class In(i%% € KM(C(G, E))n which pushes to In‘i# under the
functoriality map. Recall that the Lefschetz class of h with respect to (E, d) is given by
Ind" (E,d
L B, d) = BYED pemn oy,
R(H1)

In the same way one defines a smooth Lefschetz class Lo (h; E, d) with lives in K1 (C2°(G, E));, which pushes
to L(h; E,d). One can use naturality with respect to subgroups to check that the following diagram, where
r is the natural forgetful map from H-equivariant K-theory to Hj-equivariant K-theory, is commutative
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KH(C(9, B)) KM (CE(G. E))

Here C is any even dimensional closed Haefliger current on the foliation (V, F') and (C, ->[h} stands as before
for evaluation at h of the pairing of C' with the H-equivariant K-theory, while (C,-), is the same map but
for the compact abelian group Hj.

Therefore, the Lefschetz numbers given by h evaluated against a given closed Haefliger current C' with
respect to a given H-invariant elliptic complex (F,d) along the leaves of the foliation, do not depend on
H as far as this latter exists. We can use any such group and the smallest one is the closed subgroup H;
generated by h in the compact Lie group of isometries of the Riemannian compact manifold V. This reduces
the Lefschetz problem to the case where H = H;.

Definition 4.26. Let C be an even dimensional closed Haefliger current. Then the C-Lefschetz number of
h with respect to a leaf-wise elliptic pseudodifferential H-invariant complex (E,d) is the scalar Lo (h; E,d)
defined as

Le(h; E,d) == (C, Loo(h; E, d)),, ,
where Lo (h; E,d) is the smooth Lefschetz class in the localized equivariant K -theory group K (C®(G, E))p.

As a straightforward consequence of the K-theory Lefschetz theorem, we then deduce:

Theorem 4.27. Let (E,d) be an H-invariant leaf-wise elliptic pseudodifferential complex over the compact
foliated manifold (V, F). Let C be an even dimensional closed Haefliger current on (V, F). Then we have

Lo(hE,d)#0 = L(Ed)#0 = Indi(E,d) #0 and VP #0.
Proof. 'We know by Theorem 4.21 that the map (C, ->[h] extends to an additive map on the H-equivariant
K-theory C*-algebra C*(V, F). Since L(h; E,d) = Ind{ (Bd) o immediately deduce,

1r(H)
Lo(hE,d)#0 = LEd#0 = Indi(E,d) #0.
Moreover, by the K-theory Lefschetz theorem of [B97], we also have
LE,d)#0 = Vh#£0.
a

To end this section we explain the case when (V| F') admits a holonomy invariant transverse measure
A. Recall that A induces a trace on C*(V, F; E), [C79], which is finite on C2°(G, E). We will denote this
0-cocycle by 7o. Because the Ruelle-Sullivan current associated with A is a Haefliger current we deduce:

Corollary 4.28. Let € be an H-invariant projection of C*(G, E) ® End(X), where (U, X) is a finite di-
mensional unitary representation of H. Then the formula

Tk(é’) = (alitr) (\I/E®§(h) o e)
induces an additive map on the (localized at the conjugacy class of h) equivariant K-theory of the algebra
C*(G,E):
T/}\L : KH(CSO(Q,E))[;L] — C.
Notice that 7} extends easily to the localized equivariant K-theory of Connes’ C*-algebra of the foliation.

Corollary 4.28 was first proved in [B97]. Here it is a corollary of Theorem 4.21 since 7, is an H-equivariant
cyclic 0-cocycle. If we define the Lefschetz A-number of i to be
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then we get from the K-theory Lefschetz theorem a measured Lefschetz theorem which recovers the results
of [HL90] when the diffeomorphism is an isometry. In this measured case it is easy to see that Lx(h; E,d)
coincides with the alternating sum of the actions of h on the kernels of the Laplacians of the G-complex so
that when F = T(V) we obtain the classical Lefschetz theorem.

5. THE HIGHER LEFSCHETZ THEOREM

Recall that (V| F) is a closed foliated manifold and that H is a compact Lie group which is generated by a
holonomy diffeomorphism h of V', so h is leaf preserving while H is only necessarily F-preserving. We assume
that (F,d) is a leaf-wise elliptic pseudodifferential complex on (V, F') which is H-equivariant, i.e. £ = ®E"
and the bundles E? are H-equivariant, while the operators d’ are H-invariant. We tackle in this section the
main result of this paper, namely the higher Lefschetz theorem in Haefliger cohomology. Rephrasing the
results of the previous section and using continuity in A’ € H, we have defined an equivariant Chern-Connes
character

ch” . KH(C>(G,E)) — H(V/F) @ C(H)H,
which, composed with evaluation at h, induces a localized Chern-Connes character
(ch™)py : KT(CZ(G, E))py — HE(V/F,C).

We want to compute the image under (chH)W of the Lefschetz class of h with respect to (E,d), in terms
of characteristic classes at the fixed points of the elements of [h]. We have adopted the technically simpler
choice of applying the pairing of this equivariant Chern-Connes character with closed Haefliger currents.
Therefore, we shall rather compute the complex numbers L¢(h; E,d), where C' runs through the space
of closed Haefliger currents on the foliation (V, F). Due to the naturality of the pairing with respect to
subgroups, we can restrict to the case where H is the abelian compact Lie group topologically generated by
an element h, so the conjugacy class reduces to h and the statements are then much simpler.

We need to restrict Haefliger currents to the fixed point submanifold with its induced foliation, so we
assume that this fixed point submanifold is transverse to the ambient foliation and has dimension at least
equal to the codimension of the foliation, since otherwise the contributions are trivial. Recall that a smooth
submanifold W of the closed manifold V is transverse to the foliation F', if the fibers of the tangent space
TW to W are transverse as vector spaces to the fibers of TF. In the case dim(WW) < codim(F'), this means
that TW and TF are in direct sum. In the case dim(W) > codim(F') this means that dim(TW NTF) =
dim(W) —codim(F'). We shall then denote by Fyy the induced foliation on W whose leaves are the connected
components of the intersections of the leaves of (V, F') with W. So the bundle T'Fy is given by

TFw =TWNTEF.

We shall denote by Gy the holonomy groupoid of the foliation (W, Fy/). Associated with the inclusion
j : W — V of the transverse submanifold W of V| there is a well-defined Morita extension map

v K(CZ (9w, Elw)) — K(CZ(9, E))

which is the smooth version of the construction given in [CS84]. When W is in addition an H-submanifold,
we immediately get an equivariant Morita extension map

g KM(CZ(Gw, Blw)) — K'(CZ(G. B)),

which is defined in exactly the same way. For the convenience of the reader, we recall the construction of
the equivariant version of the map ji below in the proof of Proposition 5.1, see [C82, B97] for more details.

Let C be any closed Haefliger k-current on (V, F') and let 7 = 7¢ be the associated H-equivariant cyclic
k-cocycle on the algebra C¢°(G, E) as in Theorem 4.6, and recall Theorem 4.21. We assume again that k is
even and concentrate on the even K-theory. Then we have

Proposition 5.1. Let W be a smooth (closed) H-submanifold of V' which is transverse to the foliation F
and has dimension > codim(F). We suppose that Fy is oriented. Then
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o There is a well-defined R(H)-linear morphism j : KH(C>®(Gw, E|lw)) — KH(C>(G, E)) which
induces the (equivariant) Connes-Skandalis Morita extension morphism [CS84].

o The restriction of the current C' to the (open) transversals of Fy yields a closed Haefliger current
on (W, Fyw) that we denote by Cyw . Moreover, if the generator h preserves the leaves of Fy and is
a holonomy diffeomorphism of the foliation (W, Fy ), then the following diagram commutes:

K™ (C&(Gw, Elw)) KH(CX(G, E))

mk /a )

C(H)H

Proof. For the moment, we forget the bundle E. Let N be an open tubular neighborhood of W in V' which is
an open H-submanifold of V' so that its fibers over W are connected open disks of the leaves of (V, F'). Notice
that since H is compact, such tubular H-neighborhoods always exist. As N is a transverse submanifold to
(V, F), it inherits a foliation Fy and a holonomy groupoid Gar which is clearly an open subgroupoid and
submanifold of G. As usual, we identify A/ with the total space of the normal vector bundle 7 : N — W to W
in V. Then the foliation of N yields a foliation on N and the action of H on N endows NN with the structure
of an H-equivariant vector bundle. More precisely, the vector bundle N — W is endowed with the smooth
foliation whose leaves are the restrictions of N to the leaves of (W, Fyy ), said differently, it is the foliation
on N generated by the integrable subbundle of TN given by the kernel of p o7, where p: TW — TW/TFy,
is the quotient projection. The Morita extension map 7 is then, up to the identification of (N, Fjr) with
(N, Fx), the composite map of a Mischenko map induced in K*’-theory by an algebra morphism

M : CZ(Gw) — CZ(9n),

that we recall below, and the excision map induced by the trivial extension ¢ : C°(Gyr) — C°(G) associated
with the open subgroupoid Gar of G. Recall that v is the transverse bundle to the ambient foliation. We also
denote by v its restriction to A and W, as well as the normal bundle to the foliation of the vector bundle
N. It should be clear from the context which we mean.

We first show that the equivariant pairing commutes with the equivariant excision. Any smooth compactly
supported form w € C(Gar, AV7*(v*)) can be trivially extended to a smooth compactly supported form
tew € C(G, Nr*(v*)). Moreover, we get by direct inspection that for any wy,ws € C°(Gar, Ar*(v*)),

(txw1)(tawz) = tu(wiwe) and  dy ote = tx0d,.
On the other hand, notice that since h preserves the leaves of Fy and is a holonomy diffeomorphism of

(W, Fi), it also preserves the leaves of Fjy and is a holonomy diffeomorphism of (N, Fi). Hence, for any
h € H, the multiplier ¥(h) can be defined as an operator on L*((Gn).). Then

(W(R) o tho)dy (thr) -+ dy (thy) = 1a [(U(h) 0 ko) (dyhr) -+ (dky)]
and a simple algebraic computation shows that
[(U(h) o tho) * 0, (the) 5 - -+ % 0, (tky )] = ta [(B(R) 0 ko) * (6k1) * -+ % (8 k)] -
Integration over the leaves also commutes with ¢, and we deduce
Tc(U(h) o tho, tk, -+ ,tky) = To (U(h) o ko, k1, - -+ L k), ki € C2(Gnr).

This finishes the proof that the equivariant pairing with C' commutes with the excision map.

The equivariant leaf-wise diffeomorphism between (N, Fjr) and (NN, Fiv) induces an isomorphism in equi-
variant K-theory, so we now concentrate on the Mischenko map M : C(Gw) — C°(Gn) associated with
the vector bundle 7 : N — W. We shall identify W with the zero section of the vector bundle (N, x, W).
It is obvious that the holonomy groupoid Gy may be identified with the smooth groupoid whose space of
arrows is

{(y,n,n") € Gw x N? such that 7(n) = s(v) and 7(n') = r(v)}.
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The groupoid laws should be clear. Choose a Lebesgue class measure (§ along the fibers of (N, 7, W) which
is given by a volume form along the fibers, and a Lebesgue class measure p along the leaves of Fy associated
with a leaf-wise volume form. Then, there is a Lebesgue class measure along the leaves of Fy which is locally
given by p ® [ and that is associated with a volume form along the leaves of Fiy. Using a partition of unity
argument and averaging if necessary, construct a non-negative smooth compactly supported function ¢ on
the total space N which is H-invariant and such that for every w € W, the restriction of ¢ to the fiber N,
has L?-norm equal to 1, i.e.

/ o(n)?dp(n) =1, YwecW.
NUY
The homomorphism M applied to k € C°(Gw ) is then simply given by

M(k)(y,m,n) = k(7)p(n)e(n’).
It is easy to check that M is an algebra morphism which is H-equivariant. With obvious notations, the
bundle m,v is a normal bundle to the foliation Fy and coincides with the restriction of v to W. Let
[a] = [(y,n,n")] € Gn, so « is a path joining n to n’ inside a leaf of Fy. Denote by h, the holonomy local
diffeomorphism of « acting between a small transversal at n and a small transversal at n’. Denote by h., the
local holonomy diffeomorphism associated with the leaf-wise (in Fyy) path v = 7(«). Notice that, up to the
identifications through 7 of the transversals at points of N and their projected transversals in W, the local
diffeomorphism h, coincides with the local diffeomorphism A, that is

mohy =hyom.
Therefore at the level of the induced tangent maps, we deduce a similar relation in the actions on the normal

bundle v. This shows, by definition of the transverse differential d, corresponding to the choice of v, that
for any X € v/, and denoting by Y € T|)Gn the unique lift with r.Y = X and s.Y = h;}*X, we have

< [dl/(M(k))][a]7X > =< d(M(k))[oz]’Y > =

p(n)p(n') < dyk,Y > + p(n)k(7) < dpp, X > + o(n)k(7) < dup, hiL(X) >
Since ¢ is smooth compactly supported, we have the following equality in v for any w € W,
£\ — 1
[ @t = 5d. | [ eorasm) <o

where 7 : v ~ v¥. Now consider the contribution of the second term in d, (M (k1)) to say M (ko)d, (M (k1)),

evaluated at the unit [n'] of Gy determined by the point n’ € N. Recall that for a = (y,n,n'), ha = "ha-1 ,

vy — vy, and l~1,y ="thy-1,: u;(n) — y:(n,). Using the above equality we have

(M(ko)lion* (k1) doi) () = /[ o MO @Pallon” Ga)duel(@™ )l @ ) (o]

/yeg

= o [ B0 [ [ Falemdem)dsim) | duty).
Ve n€Ns(y)

w

o [ R el (7 el V) )d()
neN,

{ s(v)

™
w

But
/ ha(p(n)dyp(n))dp(n) = =, / (7)™ ha(p(n)dyp(n))dB(n)
neN, NEN ()

s(v)

— / oy (7)™ () dy o (n))AB(n)
neEN,(+)

7y / (72) "M (p(n)duip(m))dB(n) = 0.
NENs ()
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Essentially the same computation shows that, restricted to the units, M (ko)xthe third term in d, (M (k1))
is also zero. Thus [M (ko)d, (M (k1))]([n']) = ¢(n')?[kod, k1]([x(n’)]). A similar (more involved but straight-
forward) computation gives that restricted to the units, all the terms in the differential form

which involve at least one differential of ¢ are zero. Hence
[M (ko)dyy (M (k1)) - - dyy (M (k)] ([0']) = @ (n')? [Kody, (k1) - - - doy (k)] ([ ().

In order to extend this relation to the modified differential graded algebras, we note that the argument above
would suffice if the curvature 6 evaluated at [(vy,n,n’)] depended only on 7, so that it would pull out of the
integration just as k;(y) does. We show that in fact this is morally true in the sense that we may treat 6 as if
this were true with no ill effects. First note that the Haefliger class we pair with is independent of the choice
of the function ¢. Now consider the one parameter family of such functions given by ?(n) =t~ ¢?(n/t).
Here k is the fiber dimension of N. Next note that for the general case, we must deal with integrals of the
form
[ emdpmotnm)dsm) and [ @ nndsm)
NEN () NEN(~)

For simplicity, we are ignoring things such as hq, 7k, (m) 71, ete. Now we may write 6(y,n,n’) = 6(v,0,n’)+

> ; n;0;(y,n,n’), where the 6; and all their derivatives are uniformly bounded on G. Then, by a simple
change of variables, we have
[ A@semdsm) = 6.0+ Y [ Pt n)dsm) = 60,0.0) + .
nENs() j YnENs
Since the 0; and all their derivatives are uniformly bounded on G, ®; is smooth in all its variables, and all
its transverse derivatives converge to zero as t goes to zero. Since d,,0 = 0, twice the first integral is just d,
applied to the second integral, so equals d, ®;, and behaves just like ®;. Thus we get

[M (ko) # 0, (M (1)) -+ - 6, (M (kr))]1y ([0]) = @(n')? [Ko # 8, (k) -+ 5 0, (R )]y ([7()]) + W,

where ¥, is smooth in all its variables, and all its transverse derivatives converge to zero as t goes to zero.
By Fubini, integration over the leaves of Fy becomes integration over the fibers of N followed by integration
over the leaves of Fyy. Thus, up to the identification of the Haefliger forms on (W, Fy/) with the Haefliger
forms on (N, Fy),

[ 000) 8,000 <-4, = |
Fn

Fy,

o (k) <6, (k) + [0

Fn

Now, integration over the leaves of Fly is really integration over compact sets, and since the integrands
are uniformly bounded, this integration commutes with taking transverse derivatives. The Haefliger class

determined by / U, is independent of ¢, and letting ¢ — 0, we see that it has a representative whose
Fn
derivatives up to any finite order are as small as we please. Thus it is the zero Haefliger class, and so it

contributes nothing to the pairing.

To finish the proof of the commuting with the equivariant Mischenko map, notice that since the projection
7 is H-equivariant, we have for any h € H and any n € N, (" (n)) = ¢"(n(n)), where 7 : Gx — Gy is the
projection. Hence

U(h)o M(k)=M(¥(h)ok), VkeCX(Gw).

We now indicate how to handle the inclusion of the bundle F, and for this we revert to the open tubular
neighborhood N. Denote by p : N — W the projection. In order to extend the above construction, we only
need a smooth way to identify E, with E,) for each x € N. Choose a connection on E. We may assume
that the fibers of A/ as so small that there is a unique (leaf-wise for F') geodesic from z to p(x) in fiber of z.
We then use the parallel translation defined by the connection on E along this geodesic to identify E, with
Epa)- -
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We are now in position to state the following

Theorem 5.2. [Higher Lefschetz Theorem] Let F' be an oriented foliation of the Riemannian manifold (V,g).
Let h be a holonomy isometry of (V,g) (so h preserves the leaves of F'). Denote by H the compact Lie group
generated by h in the group of isometries of (V,g). Assume that the fized-point submanifold V* = VH of h is
transverse to the foliation and denote by F'" its induced foliation and by N the normal bundle to V" in V.
Then for any leaf-wise elliptic H-equivariant pseudodifferential complex (E,d) over (V, F) and every closed
even dimensional Haefliger current C' on (V, F), the higher Lefschetz number of h with respect to (E,d) is

given by
i*[o(E, d)](h)
Le(hy E,d) = Ind —_—
where C|yn is the closed Haefliger current on (V" F) which is the restriction of C, Indgy,, : K(TF"®C —
C is the complexified higher C|yn-index map on (V" F), see [BHO4|, and i : TF" < TF is the H-inclusion.

Proof. We will use Theorem 2.3, which can be summarized by the commutativity of the following square

Ky (TF), S /S Ku(TF),

(Indl‘fh )h (Ind\lj)h

KH(C*(V}L,Fh))h ﬂ KH(C*(M F))h

3k

and the fact that (i), is an R(H )p-isomorphism with inverse given by W Recall that the Morita
-1

extension j is induced by the smooth Morita extension ji : K (C°(Gyn, Eyn)) — K7 (C(G, E)) described
in the previous proposition applied to the transverse submanifold W = V*. We deduce that the Lefschetz

class L(h; E,d) := Ind{f [0(E,d)]

is given b
Trem g Y

L(h;E,d) = (ji)n o (Indyn ®R(H)h)< i*[o(E, d)] )

A 1(NFeC)
On the other hand, Lo (h; E,d) is the image of L(h; E,d) by the additive map < C, - >, so
Lo(h;Eyd) = (< C,->p o) o (Ind{a), (%) :
By Proposition 5.1, we know that
<C)->po()n = <Clyn,->n .

Since the action of H on V" is trivial, the H-algebra C*(Vh7 F h) is also endowed with the trivial action.
Hence there is a natural R(H)p-isomorphism

KR (v FhY), ~ K(C*(VM FY) @ R(H),,
with respect to which the additive map < C|yn,- >p reads simply < C|yn, - > ®evy,, where

< Clyn,- >: K(C=(C* (VM FM)) — C,

is the non-equivariant pairing with the closed Haefliger current C|y» and where evy, : R(H), — C is
evaluation at h, given by ev(x/p) = x(h)/p(h). So, we get

i*[o(E,d)] i*lo(E,d)]
N e Cy ) = Wdes ®en) | T e )
where Indc‘vh =< Clynr,- > olndyn is the complexified index map associated with C|y» on the foliation
of the fixed point submanifold V.

Le(hiB,d) = (1< 0|Vh,->olndw]®evh><
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In the same way, we define evaluation at h
Ky(TF"), - K(TF") @ C,

which we denote by x +— x(h). More precisely, we use again that Ky (TF"), ~ K(TF") ® R(H);, and
evaluate at h the elements of R(H)y. We finally get

Lo(hi Bod) = Tndey,, ( i*lo(E,d)](h) )

A_1 (N @ C)(h)
as claimed. O

We finish this section by stating the cohomological Lefschetz formula obtained using the higher index
theorem for Haefliger currents [BH04, C94].

Theorem 5.3. [Cohomological Lefschetz formula] Under the assumptions of Theorem 5.2 and when the
foliation F" of the fized point submanifold V" is oriented, we get for any even dimensional closed Haefliger

current C,
che(i*[o(E,d)]|(h
LC(h;Ead) = <Lh Chczc)f_l[(zsfh ®)(]C()()}3)) Td(Fh ®(C)aC|Vh>

where Td denotes the Todd characteristic class of complex bundles and th is the integration over the leaves

of the foliation (V" F™).
Proof. Let ¢ yn be the map from H (TF" R) to C given by

doyn(z) = </Fh [z TA(TF" ® C)],C|Vh> .

Then the higher index theorem for foliations, applied to the closed foliated leaf-wise oriented manifold
(VP Fh) with the closed even dimensional Haefliger current C|y», reduces (up to a sign that we include in
the definition of the Chern character), to the equality

Indc7vh = ¢C,Vh o Ch,

where ch : K(TF") — H*(TF" R) is the usual Chern character for compactly supported K-theory. This
Chern character can be extended trivially to K(TF") ® R(H);, and then composed with evaluation at h to
yield the map 6 : K(TF") ® R(H); — H*(TF",C) which is given by

0z @ %) = chef(z@x/p)(h)] = chel(z @ x(h)/p(h)] = [x(h)/p(h)] ch(z).

Hence, if we trivially extend ¢y to H*(TEF",C), we get

(bewno0)@ox/) = (ebia) X TATF 90, Cly )

_ <chc((x ® %)(h)) TA(TF" ® C), cvh> .

On the other hand, by the K-theory Lefschetz theorem, we have

ALEIORE

Lc(h, E, d) = Indc7vh <A_1(]Vh®(c)(h)

As
(¢c,vn 00)(u) = Indc yn (u(h)),
we obtain
Lo(h: B.d) = (b 00) (T s )
and finally

che(i*[o(E, d)](h))
chc(A-1(N" @ C)(h))

Lo(hyE,d) = < Td(TF" ® C),C|Vh>
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as claimed. O

Theorem 5.3 simplifies notably when the fixed point submanifold V" is a strict transversal, that is when
V" is transverse to the foliation with dimension exactly the codimension of the foliation. This simplification
corresponds in the case of a foliation with one leaf to the original case of isolated fixed points. In particular,

Corollary 5.4. Suppose that V" is a strict transversal and C is an even closed Haefliger current. Then
under the assumptions of Theorem 5.2,
>_i(=1)" che([E|ya](h))

Le(h B.d) = Zj(_mchc(w(TF\w®<C)](h))’c|vh

Proof. Here TF" =2 V", so
*lo(E,d)] =Y (~1)'[E'|ya], N* 2 TF|y. and Td(TF" ® C) = Td(V" x C) = 1.

)

Applying Theorem 5.3 gives the corollary.. ]

We point out that the term che(i*[o(E, d)](h)) is not easy to compute in general. The simplifications
that occur in the most important geometric cases, together with some applications of the higher Lefschetz
formula, are treated in the second part of this work [BH10].
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