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Abstract. The classical Getzler rescaling theorem of [G83] is extended to the transverse geometry of fo-

liations. More precisely, a Getzler rescaling calculus, [G83], as well as a Block-Fox calculus of asymptotic
pseudodifferential operators (AΨDOs), [BlF90], is constructed for all transversely spin foliations. This calcu-

lus applies to operators of degree m globally times degree ` in the leaf directions, and is thus an appropriate
tool for a better understanding of the index theory of transversely elliptic operators on foliations [CM95].

The main result is that the composition of AΨDOs is again an AΨDO, and includes a formula for the leading

symbol. Our formula is more complicated due to its wide generality but its form is essentially the same,
and it simplifies notably for Riemannian foliations. In short, we construct an asymptotic pseudodifferential

calculus for the “leaf space” of any foliation. Applications will be derived in [BH16a, BH16b] where we give

a Getzler-like proof of a local topological formula for the Connes-Chern character of the Connes-Moscovici
spectral triple of [K97], as well as the (semi-finite) spectral triple given in [BH16a], yielding an extension of

the seminal Atiyah-Singer L2 covering index theorem, [A76], to coverings of “leaf spaces” of foliations.

Contents

1. Introduction 1
2. Symbols adapted to foliations 3
3. Symbols of differential operators 6
4. Composition of polynomial symbols 10
5. Asymptotic pseudodifferential operators and their symbol calculus 15
6. The main theorem 24
Appendix A. proof of Lemma 5.10 29
Appendix B. Bifiltered calculus on complete foliations 32
References 34

1. Introduction

In [G83], Getzler gave an elegant proof of the local Atiyah-Singer index formula for a twisted Dirac
operator on a compact spin manifold M , which was first proposed by Alvarez-Gaumé, [AG83]. It is well
known that such a result leads immediately to the local Atiyah-Singer index theorem. To do so, he used
a pseudodifferential calculus based on work of Bokobza-Haggiag [B69] and Widom [W78, W80], and he
introduced a grading and a corresponding rescaling on the space of symbols of pseudodifferential operators
(ΨDOs) on the twisted spin bundle, which treated Clifford multiplication by a k-co-vector as a differential
operator of degree k. These results have been generalized in a number of directions, including hypoelliptic
operators and singular geometric situations. See for instance [B11], [L01], [P08],...

In this paper we extend the Getzler rescaling calculus of [G83] to transversely spin foliations, as well
as the Block-Fox calculus of asymptotic pseudodifferential operators (AΨDOs), [BlF90], and we generalize
them to operators of type (m, `), that is of degree m globally times degree ` in the leaf directions. This is
in the spirit of Kordyukov, [K97]. In particular, the space of symbols of type (m,−∞) are the symbols of
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grading m on the “space of leaves” of the foliation, so they are the appropriate space to use for transverse
index theory of foliations. In short, we extend these theories to the “leaf spaces” of foliations.

Note that while the extension of the rescaling formulae to leafwise operators on foliations, in the presence
of say a holonomy invariant measure, is a routine (although interesting) exercise, the rescaling theorem in
the transverse directions has remained an open problem.

We concentrate here on the formula for the symbol of an AΨDO which is the composition of two such
operators. The classical cases considered by Getzler and Block-Fox are the case of a foliation by points.
Even though our situation is more general, the formula is essentially the same.

Recall that given a symbol p, Getzler defined a quantization map θ which produces a ΨDO θ(p), and
given a ΨDO P , there is an associated symbol ς(P ). Denote the Getzler rescaling of a symbol p by pt. Then
the composition of two symbols is defined as

p ◦t q = ς(θ(pt) ◦ θ(qt))t−1 .

The power of this calculus lies in the computability of limt→0 p ◦t q, and that the trace of θ(pt) ◦ θ(qt) (which
of course is intimately related to the index of operators) is determined by this limit. Block and Fox define
an asymptotic symbol p(t) of grading n to be one which has an asymptotic expansion as t→ 0 of the form

p(x, ξ, t) =

∞∑
k=0

tkpk(x, ξ),

where pk is a symbol of grading n− k. Here (x, ξ) ∈ T ∗Mx and pk(x, ξ) acts on the fiber of the twisted spin
bundle at x ∈ M . The operator p0 is the leading symbol of p. An AΨDO is then one which is of the form
Pt = θ(p(t)t). The main theorem of [BlF90], which is an extension of the Getzler theorem, states that the
composition of AΨDOs is again an AΨDO, and its leading symbol is given by the formula

p0 = e−
1
4 Ω(∂/∂ξ,∂/∂ξ′)p0(x, ξ) ∧ q0(x, ξ′) |ξ′=ξ,

where p0 and q0 are the leading symbols of p and q, and Ω(∂/∂ξ, ∂/∂ξ′) is a differential operator constructed
out of the curvature of the connection used to define the twisted Dirac operator.

We introduce here a symbol calculus, as well as an asymptotic pseudodifferential calculus, for a bounded-
geometry foliated manifold (M,F ) whose normal bundle is spin. The spin hypothesis plays the crucial role
of simplifying the computations in the proof of the associated index theorem, but is not required for the
final local index formula, exactly as in the Getzler case of a foliation by points. Our symbols are of the
form p(x, ξ, σ), where ξ is a global co-vector, and σ is a leafwise co-vector. We use the grading which treats
Clifford multiplication by a transverse k-co-vector as a differential operator of order k. Our main result is
that the composition of AΨDOs is again an AΨDO, and its leading symbol a0(p, q) is given by the formula

a0(p, q)(x, ξ, σ) = e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))p0(x, ξ, σ) ∧ q0(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ),

where p0 and q0 are the leading symbols of p and q. See Definition 4.5 for the notation. The operator
Ων(∂/∂(ξ, σ), ∂/∂(ξ′, σ′)) is quite similar to Ω(∂/∂ξ, ∂/∂ξ′), but involves more terms, and is determined by
the curvature Ων of the connection on the normal bundle to the foliation F .

When F is a Riemannian foliation, this formula for the leading symbol has a particularly simple form.
Write ξ = (η, ζ), where η is the projection of ξ to the co-normal bundle of F , and ζ is its projection to the
co-tangent bundle of F . Then the leading symbol simplifies to

a0(p, q)(x, η, ζ, σ) = e−
1
4 Ων(∂/∂η,∂/∂η′)p0(x, η, ζ, σ) ∧ q0(x, η′, ζ, σ) |η′=η,

and the operator Ων(∂/∂η, ∂/∂η′) is identical to the one in [G83] and [BlF90]. In the non-Riemannian case,
as expected, interesting extra terms do contribute, compare [CM95, CM98].

The assumption of bounded geometry allows us to work on non-compact manifolds as well as compact
ones, for which the assumption is automatic. It allows us to obtain local estimates which are uniform over
the whole manifold, with respect to the canonical coordinate charts we use, which is not true in general
for non-compact manifolds. This category is stable under taking Galois coverings as well as passing to the
foliation of the holonomy or monodromy groupoids as far as these groupoids are Hausdorff.
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More specifically, our two main results are as follows. Denote by ς(P ) the symbol of a differential operator
P , (Definition 3.2), and by θα(p) the quantization of a symbol p (Definition 2.4).

Theorem 4.6 [Theorem 2.7 of [G83], Theorem 2.1 of [BlF90]] Let p(x, ξ, σ) and q(x, ξ, σ) be symbols which
are polynomial in ξ and σ, with gradings kp and kq, respectively. Set p ◦ q = ς(θα(p) ◦ θα(q)). Then there
are differential operators ak, k ≥ 0, which act on pairs of symbols so that:

(1) ak(p, q) is a symbol which is polynomial in ξ and σ, with grading kp + kq − k;
(2) p ◦ q =

∑∞
0 ak(p, q), which is actually a finite sum;

(3) a0(p, q)(x, ξ, σ) = e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))p(x, ξ, σ) ∧ q(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ).

Our proof of this theorem is a direct computation, using Proposition 3.7 of Atiyah-Bott-Patodi [ABP73],
a paper whose results we use heavily, so we avoid the use of the daunting Baker-Campbell-Hausdorff formula
used by [G83] and [BlF90]. There is a cancellation of operators in the proof of Theorem 4.6, which is obvious
if one uses [ABP73], and is not at all obvious if one uses BCH. This leads to a much simpler proof and to
a nicer formula. It was the fact that the BCH formula does not adapt well to our case which led us to a
deeper understanding of Proposition 3.7 of [ABP73], which is essential to the proof of Theorem 4.6, which
in turn is essential to the proof of our second main result:

Theorem 6.1 [Theorem 3.5 of [G83], Lemma 3.10 of [BlF90]]
Let p(x, ξ, σ, t) and q(x, ξ, σ, t) be asymptotic symbols, with associated AΨDOs Pt = θα(pt) and Qt = θα(qt).
Then

(1) Pt ◦Qt is an AΨDO.
(2) The leading symbol of Pt ◦Qt is a0(p0, q0), where p0 and q0 are the leading symbols of p and q.

An important difficulty we encounter is how to define the symbol map for operators adapted to foliations.
This occurs because the variables ζ (the T ∗F part of ξ) and σ correspond to the same spaces, namely the
leaves of F . The solution is to make σ correspond to an independent space, namely the tangent spaces of
the leaves of F . We do this by replacing M by TF , the total space of the tangent bundle of F . We must
take great care when we do so that the definitions of the symbol and the quantization used in TF respect
the definitions of the symbol and the quantization we use in Sections 2 and 3 on M . The reader should note
that the fact that F is a foliation is used in the proof of the Theorem 6.1, as it gives us the control we need
over the changes of variables used in that proof.

As mentioned above, the above theorems allowed us to extend the proof of the Atiyah-Singer index
theorem given in [G83], and the calculation of the cyclic cocycle for the Dirac operator to the transversely
elliptic case. This leads immediately to an extension of the Atiyah-Singer L2 covering index theorem, [A76],
to leaf spaces. The results of this paper are also used in the integrality consequences of the main theorem of
[BH10], which are treated, among other applications, in [BH16c].

Acknowledgements. We benefited from discussions with many colleagues during the preparation of this work
and we thank them all. We are in particular grateful to the following people: A. Carey, T. Fack, V. Gayral,
G. Hector, D. Perrot, H. Posthuma, G. Skandalis, and S. Zelditch. MB wishes to thank the french National
Research Agency for support via the project ANR-14-CE25-0012-01 (SINGSTAR). Finally, we would like to
thank the referee whose careful reading and cogent suggestions were very helpful.

2. Symbols adapted to foliations

Let F be a smooth foliation of the smooth Riemannian manifold M , where the dimension of the leaves
is p and the dimension of M is n. So the codimension of the foliation is q = n − p, which we assume to be
even. The normal bundle of F is denoted ν and its co-normal bundle ν∗. We assume that the metric on M
as well as the metrics induced on the leaves of F are of bounded geometry. In particular the manifold M
is complete and so are all the leaves of the foliation F . We also assume that all the bundles we use have
bounded geometry, which, of course, is automatic for the usual geometric bundles.
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Assume that F is transversely spin with a fixed spin structure on ν∗, and denote by Sν the associated spin
bundle. The connection on ν∗ is denoted ∇ν and the associated spin connection it induces on Sν is denoted
∇S . Let E → M be a smooth complex vector bundle over M endowed with a Hermitian structure and
associated connection ∇E . We denote by ∇ the resulting tensor product connection on the bundle Sν ⊗ E.
We will also use the Levi-Civita connection on M , which is denoted ∇LC .

Denote by T ∗M and T ∗F the cotangent bundles, and by TM and TF the tangent bundles. Let π :
T ∗M ⊕ T ∗F →M be the projection.

Definition 2.1. The symbol space Sm,`(M,E) consists of all p ∈ C∞(T ∗M ⊕ T ∗F, π∗(End(Sν ⊗ E))) so
that, for any multi-indices α, β and λ, there is a constant Cα,β,λ > 0, such that

|| ∂αξ ∂βσ∂λxp(x, ξ, σ) || ≤ Cα,β,λ(1 + |ξ|)m−|α|(1 + |σ|)`−|β|.

The topology on Sm,`(M,E) is given by the semi-norms

ρα,β,λ = inf
{
Cα,β,λ | || ∂αξ ∂βσ∂λxp(x, ξ, σ) || ≤ Cα,β,λ(1 + |ξ|)m−|α|(1 + |σ|)`−|β|

}
.

Of course, ∂αξ ∂
β
σ∂

λ
xp(x, ξ, σ) only makes sense if we specify local coordinates. We will use the so-called

“normal coordinates” associated to the metric on M and the above estimates are assumed to hold in all
such normal charts of a(ny) given distinguished atlas. Normal coordinates at a point x ∈ M are given by
choosing a neighborhood Ux of 0 ∈ TMx on which exp : TMx →M is a diffeomorphism, and an orthonormal
basis of TMx, which defines coordinates (x1, . . . , xn) on TMx. This then defines coordinates (also denoted
(x1, . . . , xn)) in the neighborhood exp(Ux) of x. In addition, it also induces coordinates on T ∗M and T ∗F .
Because of our assumptions of bounded geometry, no pathologies occur. The reader should note that for
(x1, ..., xn) normal coordinates at x ∈M , we always assume that νx is spanned by ∂/∂x1, ..., ∂/∂xq.

So in particular, a sequence pn ∈ C∞(T ∗M⊕T ∗F, π∗(End(Sν⊗E))) converges to p if and only if, for each
set of multi-indices α, β and λ and each n, there is a constant Cn,α,β,λ > 0, such that limn→∞ Cn,α,β,λ = 0
and

|| ∂αξ ∂βσ∂λx [p(x, ξ, σ)− pn(x, ξ, σ)] || ≤ Cn,α,β,λ(1 + |ξ|)m−|α|(1 + |σ|)`−|β|,
for all elements of a fixed atlas of normal coordinates for T ∗M ⊕ T ∗F .

It is easy to check that pseudodifferential symbols of order m on M , using the variable ξ, are symbols of
type (m, 0) while leafwise pseudodifferential symbols of order `, using the variable σ, are symbols of type
(0, `). See for instance [K97].

We denote by ∧∗ν∗ the complexified Grassmann algebra bundle. Then

C∞(T ∗M ⊕ T ∗F, π∗(End(Sν ⊗ E))) ∼= C∞(T ∗M ⊕ T ∗F, π∗(∧∗ν∗ ⊗ End(E))),

as ∧∗ν∗ ∼= Cliff(ν∗), and since q is even, End(Sν) ∼= Cliff(ν∗), where Cliff(ν∗) is the Clifford algebra. The
reader should note carefully that when we represent endomorphisms of Sν as elements of C∞(∧∗ν∗) and
we compose them, the operation we use is Clifford multiplication and not wedge product. In this regard,
recall that Clifford multiplication on elements of C∞(∧∗ν∗) is given in terms of the wedge product and inner
product by the equation

2.2. ωa · ωb = ωa ∧ ωb ±
∑
k(iekωa) ∧ (iekωb) ±

∑
k,`(iek ie`ωa) ∧ (iek ie`ωb) + · · ·

where e1, ..., eq is a local orthonormal basis for ν. Note also that we use the convention ω · ω = −〈ω, ω〉 =
−||ω||2 for co-vectors.

Following [G83], we treat Clifford multiplication by a normal k-co-vector as a differential operator of order
k. Thus if p ∈ C∞(T ∗M ⊕ T ∗F, π∗(End(E))) ∩ Sm−k,`(M,E), (so involves no Clifford multiplication) and
ω ∈ C∞(π∗(∧kν∗)), we say ω⊗ p has grading m+ `. Note that any symbol can be written as a sum of such
symbols.

Definition 2.3. The symbol space SCm,`(M,E) is

SCm,`(M,E) =

q∑
k=0

Sm−k,`(M,E) ∩ C∞(T ∗M ⊕ T ∗F, π∗(∧kν∗ ⊗ End(E))).
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An element p ∈ SCm,`(M,E) has grading m+ `.

Set

SC∞,∞(M,E) =
⋃
m,`

SCm,`(M,E) and SC−∞,−∞(M,E) =
⋂
m,`

SCm,`(M,E).

Note that if p has support where |ξ|2 + |σ|2 < C for C ∈ R+, then p ∈ SC−∞,−∞(M,E).
Each element of SCm,`(M,E) defines an operator on smooth sections of Sν ⊗ E as follows. Choose a

smooth bump function α on M × M which is supported in a neighborhood of the diagonal, and equals
one on a neighborhood of the diagonal. We require that the support of α is close enough to the diagonal
that (π, exp)−1 : Supp(α) → TM is a diffeomorphism onto the component of (π, exp)−1(Supp(α)) which
contains the zero section, where π : TM →M is the projection. For each (x, x′) ∈ Supp(α) there is a unique
X ∈ TMx so that x′ = expx(X). Denote by Tx,x′ the parallel translation for the bundle Sν ⊗ E along the
geodesic expx(tX), t ∈ [0, 1], from x to x′.

For x ∈M , X ∈ TMx, and u ∈ C∞(Sν ⊗ E), set

ux(X) = α(x, expx(X))T −1
x,expx(X)(u(expx(X)),

which is an element of (Sν ⊗ E)x.

Definition 2.4. The quantization of p ∈ SCm,`(M,E) is denoted θα(p). It is the operator which on u ∈
C∞(Sν ⊗ E) is given at x by

θα(p)(u)(x) = (2π)−n−p
∫
TMx×T∗Mx×TFx×T∗Fx
e−i〈X,ξ〉e−i〈Y,σ−ζ〉p(x, η, ζ, σ)α(x, expx(Y ))ux(X) dY dσdXdξ.

Here p = p(x, ξ, σ) = p(x, η, ζ, σ), where σ ∈ T ∗Fx, ξ ∈ T ∗Mx = ν∗x ⊕ T ∗Fx, η ∈ ν∗x, ζ ∈ T ∗Fx, X ∈ TMx,
and Y ∈ TFx.

This is well defined since, for x fixed, α(x, expx(Y ))ux(X) has compact support (near zero) in TMx×TFx.
Exactly as for the Riemannian pseudodifferential calculus developed by Getzler for a single manifold [G83,
BlF90] (which also provides a description in normal coordinates for the usual pseudodifferential operators),
our operator θα(p) is automatically a uniformly supported operator of class Ψm,`, and therefore extends to

a bounded operator between any anisotropic Sobolev spaces Hs,k and Hs−m,k−`, see [K97] and Appendix
B for the bounded geometry extension. However, since the operator θα(p) is not compactly supported in
general, when m < 0 and ` < 0, it only extends to a locally compact operator on the L2-sections in the sense
of [R03] and is not compact in general.

One can, of course, integrate out Y and σ as indicated below, but this is at the cost of losing control
of the transverse aspect of the symbols. In particular, the space of symbols of grading m on the “space of
leaves” would then not be at all obvious.

Remark 2.5. Set

p̃(x, ξ) = (2π)−p
∫
TFx×T∗Fx

e−i〈Y,σ−ζ〉p(x, η, ζ, σ)α(x, expx(Y )) dY dσ.

Then

θα(p)(u)(x) = FT−1
x

[
p̃(x, ξ)

(
FTx(ux)(ξ)

)]
(0),

where FTx is the Fourier Transform on TMx. We are of course working here in the world of distributions,
and we have normalized the metrics.

Remark 2.6. If p(x, ξ, σ) = σβ, then a simple calculation using the change of coordinates σ 7→ σ+ ζ shows
that p̃(x, ξ) = ζβ. More generally, if p(x, ξ, σ) is polynomial in σ, then p̃(x, ξ) = p(x, ξ, ζ).
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3. Symbols of differential operators

It is classical that any smooth differential operator on C∞(Sν ⊗ E) with uniformly bounded coefficients
[Sh92] is in the image of SC∞,∞(M,E) under the quantization map θα, since it is supported on the diagonal.
We want to define a symbol map for operators which satisfies the usual compatibility conditions [G83, BlF90].
Unfortunately, the naive definition does not work, and we explain in this section how to adjust it for
differential operators so that it does work. The construction of our symbol map for general operators is
postponed to Section 5, where we extend that given here for differential operators.

In this section, we also give the basic examples of symbols which will be used in the sequel, and make
note of their gradings. Note that symbols are not uniquely defined. In particular, our examples will show,
as does Remark 2.6, that we have a choice of how to represent the associated operators as quantizations of
symbols. We will define the symbols of differential operators so that the symbol of the quantization gives
back the original symbol.

We first note that any differential operator at a fixed point x ∈M may be written as a sum of operators
of the form g∇mX , where X ∈ C∞(TM) is given in normal coordinates at x by X =

∑n
i=1 ci∂/∂xi, the ci are

constants, and g ∈ C∞(∧ν∗ ⊗ End(E)).
The fact that we have two variables, ζ and σ, which correspond to the same space TF causes some

complications in computing symbols. We need to have a way to decide whether to use ζ or σ. To do so,
we divide the differential operators into two classes: the leafwise operators, which are given at x by g∇mX ,
where X =

∑n
i=q+1 ci∂/∂xi, so Xx ∈ TFx, and that fact is part of the data; the global operators, where

X =
∑n
i=1 ci∂/∂xi, and there is no restriction on the ci, so a priori Xx ∈ TMx, (and if Xx happens to be in

TFx, that fact is not part of the data). So if Xx ∈ TFx, and that fact is part of the data, the calculations
will be expressed using the variable σ. For Xx ∈ TMx with no restrictions, the calculations will be expressed
using the variable ξ, (even if Xx happens to be in TFx).

Definition 3.1. Suppose X ∈ C∞(TM) is given in normal coordinates at x by X =
∑n
i=1 ci∂/∂xi where

the ci are constants. For X =
∑n
i=q+1 ci∂/∂xi, so Xx ∈ TFx, and that is part of the data, set (for x′ close

to x)

∇mXx〈exp−1
x (x′), (ξ, σ)〉 = ∇mXx〈exp−1

x (x′), σ〉,
where σ ∈ T ∗Fx ⊂ T ∗Mx. Otherwise, set

∇mXx〈exp−1
x (x′), (ξ, σ)〉 = ∇mXx〈exp−1

x (x′), ξ〉,

where ξ ∈ T ∗Mx.

Note that since X has constant coefficients, ∇mXx is well defined at x ∈M .

Definition 3.2. The symbol ς(P ) of a differential operator P acting on sections of Sν ⊗ E is defined as
follows. Let x ∈M , ξ ∈ T ∗Mx, σ ∈ T ∗Fx, and ux ∈ (Sν ⊗ E)x. Then

ς(P )(x, ξ, σ)(ux) = P (x′ 7→ ei〈exp−1
x (x′),(ξ,σ)〉α(x, x′)Tx,x′(ux)) |x′=x.

The expression 〈exp−1
x (x′), (ξ, σ)〉 is purely formal as is ei〈exp−1

x (x′),(ξ,σ)〉. To compute ς(P )(x, ξ, σ)(ux),

we only need ∇mXx(ei〈exp−1
x (x′),(ξ,σ)〉) to make sense for X ∈ C∞(TM) as in Definition 3.1, and the meaning

of that is obvious.

Lemma 3.3. Suppose X ∈ C∞(TM) is given in normal coordinates at x by X =
∑
i ci∂/∂xi where the ci

are constants, and g ∈ C∞(∧kν∗ ⊗ End(E)). If Xx ∈ TFx, and that is part of the data, then

ς(g∇mX)(x, ξ, σ) = g〈iXx, σ〉m.

Otherwise,

ς(g∇mX)(x, ξ, σ) = g〈iXx, ξ〉m.
In both cases, the symbol has grading m+ k, and θα(ς(g∇mX))(x) = g∇mX(x).
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Proof. We first note that α = 1 near x so we may ignore it. To compute the symbol for X in the second
case, we may restrict to the geodesic expx(tX) (= tX in the normal coordinates) determined by X through
x, and setting x′ = expx(tX) in 〈exp−1

x (x′), ξ〉 shows that

X〈exp−1
x (x′), ξ〉 = 〈X, ξ〉 and Xk〈exp−1

x (x′), ξ〉 = 0, for k ≥ 2.

Then a simple induction argument gives

ς(∇mX)(x, ξ, σ)ux =

m∑
k=0

(
m
k

)[
Xk(ei〈exp−1

x (x′),(ξ,σ)〉)∇m−kX Tx,x′(ux)(x′)
]
| x′=x =

m∑
k=0

(
m
k

)
〈iX, ξ〉k

[
∇m−kX Tx,x′(ux)(x′) | x′=x

]
.

Now Tx,x′(ux) is the parallel translate of ux along geodesics through x. The vector field X is tangent to
the geodesic expx(tX) = tX, and on that geodesic ∇XTx,x′(ux) = 0 identically, so for all m − k > 0,

∇m−kX Tx,x′(ux)(x′) = 0.
In the first case, where Xx ∈ TFx and that is part of the data, we need only substitute σ for ξ in 〈iX, ξ〉m−j

above.

For the second part, first note that θα(g〈iX, ξ〉m) = gθα(〈iX, ξ〉m), and similarly for θα(g〈iX, σ〉m), so
we may ignore g. Next note that for both p(x, ξ, σ) = 〈iX, σ〉m, (so X ∈ TFx), and p(x, ξ, σ) = 〈iX, ξ〉m,
(for general X), p̃(x, ξ) = 〈iX, ξ〉m. Thus we have, by Remark 2.5 for both cases, that for functions u,

θα(〈iX, ξ〉m)(u)(x) = Xm(ux)(0).

To know what θα(〈iX, ξ〉m)(u)(x) is for general u, we only need to know it for the local sections of Sν ⊗ E
given by uj(x

′) = Tx,x′(uj,x), where the uj,x are a basis of (Sν ⊗ E)x. This is because an arbitrary local
section can be written as a functional linear combination of the uj and the mapping ux 7→ ux is functionally
linear. Now for such uj ,

uj,x(V ) = α(expx(V ), x)T −1
x,expx(V )Tx,expx(V )(uj,x) = α(expx(V ), x)uj,x,

so θα(〈iX, ξ〉m)(uj)(x) = 0, and θα(〈iX, ξ〉m)(gjuj)(x) = (Xmgj)(x)uj,x, where gj is a smooth local function
on M . So for arbitrary u(x′) =

∑
j gj(x

′)uj(x
′), we have

θα(〈iX, ξ〉m)(u)(x) =
∑
j

(Xmgj)(x)uj,x.

But as above ∇mXuj = 0 on expx(tX), so

(∇mXu)(x) =
∑
j

(Xmgj)(x)uj(x) =
∑
j

(Xmgj)(x)uj,x = θα(〈iX, ξ〉m)(u)(x).

�

The following is immediate.

Corollary 3.4. For any smooth differential operator D acting on C∞(Sν ⊗ E), θα(ς(D)) = D.

Definition 3.5. If X ∈ C∞(TM), ξ ∈ T ∗Mx and σ ∈ T ∗Fx, set

〈X, (ξ, σ)〉 = 〈X,σ〉,
if Xx ∈ TFx, and that is part of the data. Otherwise, set

〈X, (ξ, σ)〉 = 〈X, ξ〉.

Lemma 3.6. Suppose X,Y ∈ C∞(TM). Then

ς(∇X∇Y )(x, ξ, σ) = 〈iX, (ξ, σ)〉〈iY, (ξ, σ)〉+
1

4
Ων(X,Y ) + iXx(∇Y 〈exp−1

x (x′), (ξ, σ)〉) +
1

2
ΩE(X,Y ),

where Ων is the curvature of ∇ν on ν∗ and ΩE is the curvature of ∇E on E.
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The first term has grading 2, as does the second term, see [G83], Example 2.3 b), or [BlF90], Example 2.
The third term has grading 1, and the last has grading 0.

Proof. We do only the case involving ξ and leave the other cases to the reader. So, let x, x′ ∈ M with x
fixed, X,Y ∈ C∞(TM), ξ ∈ T ∗Mx and ux ∈ (Sν ⊗E)x. Since the operator is local we may, as above, ignore
the term α(x, x′). Denote the curvature of ∇ by Ω. Then

∇X∇Y (ei〈exp−1
x (x′),ξ〉Tx,x′(ux)) |x′=x =

∇X
[
i(∇Y 〈exp−1

x (x′), ξ〉)ei〈exp−1
x (x′),ξ〉Tx,x′(ux) + ei〈exp−1

x (x′),ξ〉∇Y Tx,x′(ux)
]
|x′=x =

i(∇X∇Y 〈exp−1
x (x′), ξ〉)ux + 〈iY, ξ〉〈iX, ξ〉ux + 〈iX, ξ〉∇Y Tx,x′(ux) +∇X∇Y Tx,x′(ux) |x′=x =[

iXx(∇Y 〈exp−1
x (x′), ξ〉) + 〈iX, ξ〉〈iY, ξ〉+

1

2
Ω(X,Y )

]
ux.

The fact that ∇X∇Y Tx,x′(ux) |x′=x = 1
2Ω(X,Y )ux follows from Proposition 3.7 of [ABP73] (see Proposition

4.1 below). To finish, we have (see [LM89], Theorem 4.15),

Ω(X,Y ) = ΩS(X,Y ) + ΩE(X,Y ) =
1

2
Ων(X,Y ) + ΩE(X,Y ),

where ΩS is the curvature of ∇S on Sν . �

To finish this section, we consider the transverse Dirac operator, as well as its square. This is an important
example for the local index theorem treated in [BH16b], but it also has an obvious independent interest so
we include it here. Recall that the transverse Dirac operator D with coefficients in E is given as follows.
Choose a local orthonormal basis f1, ..., fq of ν∗ and denote by e1, ..., eq the dual orthonormal basis of ν on
an open set U of M . Given any element u ∈ C∞(Sν ⊗ E), then on U set

D̂(u) =
∑

1≤i≤q

fi · ∇eiu,

where fi· is the operator c(fi), Clifford multiplication by fi. It is immediate from the definition that this is
independent of the basis used, and it is an easy calculation to show that the bases need not be orthonormal.

Note that D̂ is not self adjoint in general. To correct for this we need to add the Clifford multiplication
operator −c(µ)/2, where µ ∈ ν is the mean curvature vector field of F , that is µ = pν(

∑
1≤i≤p∇LCXi Xi),

where pν : TM → ν is the projection, ∇LC is the Levi-Civita connection on M , and X1, X2, ..., Xp is a local
orthonormal frame for TF . See [K07, GlK91]. In particular, the proof in [K07] that perturbation by µ/2
yields a self-adjoint operator does not depend on the foliation being Riemannian. Using the classic equation
defining ∇LC , we may also write µ =

∑p
j=1

∑q
i=1〈[ei, Xj ], Xj〉ei. Then set

c(µ) =

p∑
j=1

q∑
i=1

〈[ei, Xj ], Xj〉fi.

The transverse Dirac operator D of F is

D = D̂ − 1

2
c(µ).

Example 3.7. It is easy to see that

ς(D)(x, ξ, σ) = ς(

q∑
j=1

fj ·∇ej )(x, ξ, σ) − 1

2
c(µ) = i

q∑
j=1

fj⊗〈ej , ξ〉 −
1

2
c(µ) = i

q∑
j=1

fj⊗〈ej , η〉 −
1

2
c(µ),

where η is the projection of ξ to ν∗.

The first term has grading 2, and the second grading 1. Note that while D is a differential operator of
order one, its symbol contains elements of grading two. Note also that D does not contain any differential
operators defined using vectors in TF where that is part of the data.
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Definition 3.8. Choose a framing e1, ..., eq of νx, with dual framing f1, ..., fq. (These framings are not
assumed to be orthonormal.) Extend them to local framings which are parallel (using ∇ν) along geodesics
through x. Then the non-integrability tensor ϑν is the smooth global section of ∧2ν∗⊗ TM which is given at
x by:

ϑν,x =
∑
j<k

(fj ∧ fk ⊗ [ej , ek])x.

We leave it to the reader to show that this does not depend on the choice of framing. Note that ϑν does
depend on the choice of normal bundle ν.

Remark 3.9. The tensor ϑν is smooth because the solutions to the differential equations used in defining
the ei are smooth as functions of their initial data, and the ei(x) can be chosen to vary smoothly in x, so
their parallel translates along geodesics vary smoothly in all variables.

Proposition 3.10. The symbol of D2 is given by

ς(D2)(x, ξ, σ) = |η|2 − i
∑
j

ej,xej〈exp−1
x (x′), ξ〉 +

1

2

∑
j<k

fj ∧ fk ∧ Ων(ej , ek) +

∑
j<k

fj ∧ fk ⊗ ΩE(ej , ek) + i〈ϑν , ξ〉 +
1

2

∑
fi · fk ⊗ ek(〈[ei, Xj ], Xj〉) + 〈iµ, η〉 − 1

4
|µ|2,

where ξ = (η, ζ).

The first and fourth terms have grading 2, the second and seventh at most 1, and the fifth at most 3. and
the eighth 0. The third term in general will have at most grading 4. For Riemannian foliations however, it
has grading 0, see Remark 3.11 below. The sixth term has terms of grading 2 (those where k 6= i), and terms
of grading 0 (those where k = i, since we are using Clifford multiplication so fi · fi = −1 in this expression).
Finally, the eighth term has grading 0, since if c(µ) =

∑
aifi, then c(µ)2 = −

∑
a2
i = −|µ|2 is a scalar.

Proof. We may assume that our dual orthonormal bases, f1, ..., fq of ν∗ and e1, ..., eq of ν, are parallel (using
∇ν) along geodesics through x. Then

ς(D2) = ς([D̂ − 1

2
c(µ)]2) = ς(D̂2) − 1

2
ς(D̂c(µ)) − 1

2
ς(c(µ)D̂) + ς(

1

4
c(µ)2).

A simple calculation shows that D̂c(µ) + c(µ)D̂ = D̂(c(µ))− 2∇µ, and

ς(D̂(c(µ))) = −
∑

fi ∧ fk ⊗ ek(〈[ei, Xj ], Xj〉).

Thus we get

ς(D2)(x, ξ, σ) = ς(D̂2)(x, ξ, σ) +
1

2

∑
fi ∧ fk ⊗ ek(〈[ei, Xj ], Xj〉) + 〈iµ, η〉 − 1

4
|µ|2.

As µ ∈ ν, and D does not contain any differential operators defined by vectors in TF where that is part of

the data, σ plays no role here, and we need only compute ς(D̂2)(x, ξ, σ). As (∇ejfk)x = 0, we have

ς(D̂2)(x, ξ, σ) = ς
(∑
j,k

fj · ∇ejfk · ∇ek
)

(x, ξ) = ς
(∑
j,k

fj · fk · ∇ej∇ek
)

(x, ξ) =

−
∑
j

ς(∇ej∇ej )(x, ξ) +
∑
j<k

fj ∧ fk ∧ ς(∇ej∇ek −∇ek∇ej )(x, ξ) =

|η|2 − i
∑
j

ej,xej〈exp−1
x (x′), ξ〉 +

∑
j<k

fj ∧ fk ∧
1

2
Ων(ej , ek) +

∑
j<k

fj ∧ fk ⊗ ΩE(ej , ek) +
∑
j<k

fj ∧ fk ⊗ i〈[ej , ek], ξ〉.

�
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Remark 3.11. The term
∑
j<k fj ∧ fk ∧Ω(ej , ek) has order zero when F is Riemannian, since in that case,

it is locally the pull-back of the same expression on any transversal W . But it is classical, see [LM89], p.
161, that on W this expression is just 1

4κ, where κ is the scalar curvature of W .

The example treated in Proposition 3.10 accords well with the case of a foliation by points, the case
in [G83], where the symbol of the square of the Dirac operator is given as ς(D2)(x, ξ) = −|ξ|2 + 1

2ΩE+
lower graded terms. The minus sign occurs because Getzler uses the convention f · f = 〈f, f〉 rather

thanf · f = −〈f, f〉 which we use. In this case, the transverse operator D̂ is self adjoint, so the terms
involving µ disappear. The tangent bundle TF is the zero bundle, so the term involving ϑν also disappears.

4. Composition of polynomial symbols

In this section, we concentrate on polynomial symbols, that is, symbols associated to differential operators,
and an important result for us is Proposition 3.7 of [ABP73]. The set up there is the following. Let
x = (x1, ..., xn) be normal coordinates at the point x and u1, u2, ... a local framing of Sν ⊗ E obtained by
parallel translating a framing at x along the geodesics through x. Then with respect to this data, the local
connection and curvature forms are defined by the equations

∇ui =
∑
jk

Γijkdxk ⊗ uj and Ωui =
∑
jkl

Ki
jkldxk ∧ dxl ⊗ uj .

The Γijk and Ki
jkl are smooth locally defined functions on M , which are related as follows.

Proposition 4.1 ([ABP73], Proposition 3.7). Write Γ̂ and K̂ for the formal Taylor series at x for the

function indicated, and Γ̂[n] and K̂[n] for the term of homogeneity n in this expansion. Then

(n+ 1)Γ̂ijk[n] =
∑
l

2xlK̂
i
jlk[n− 1].

In particular, the Taylor series for Γijk at x is given by

Γ̂ijk = xlK
i
jlk(x) + amxlxm

∂Ki
jlk

∂xm
(x) + amnxlxmxn

∂2Ki
jlk

∂xm∂xn
(x) + · · ·

where a• ∈ Q, and the expression on the right is summed over repeated indices.

As corollaries of this fundamental proposition, we quote the following facts for later use. Their proofs are
straightforward and are omitted.

(1) All the terms in Γ̂ijk have grading at most 2, and those of grading 2 are given by the (Kν)ijlk and

their derivatives, where Kν is defined by Ωνui =
∑
jkl(Kν)ijkldxk ∧ dxl ⊗ uj .

(2) Suppose that X ∈ C∞(TM). Then ∇Xui(x) = 0 and we have more explicitely

∇Xui = θij(X)uj = Γijkdxk(X)uj =
(
x`Ki

jlk(x) + amxlxm
∂Ki

jlk

∂xm
(x) + · · ·

)
dxk(X)uj .

(3) Suppose X,Y ∈ C∞(TM). Then

∇Y∇Xui(x) =
(
Ki
jlkdxl(Y )dxk(X)uj

)
(x) =

1

2
(Ω(X,Y )ui)(x).

(4) Ω(X,Y ) = 1
2Ων(X,Y ) + ΩE(X,Y ), and as operators the first has grading 2, while the second has

grading zero.

(5) If Z ∈ C∞(TM), then ∇Z∇Y∇Xui(x) has the term amdxl(Z)dxm(Y )dxk(X)
∂Ki

jlk

∂xm
(x)uj , which is

not necessarily zero. Thus ς(∇Z∇Y∇X)(x, ξ, σ) has a multiple of the term dxm(Y )∂Ω(Z,X)/∂xm,
which has grading at most two. However, the terms of highest grading in ς(∇Z∇Y∇X) will have
grading 3, e. g. 〈iZ, ξ〉〈iY, ξ〉〈iX, ξ〉. Similar remarks apply to higher compositions of covariant
derivatives. Thus, our calculations below of the highest graded terms of the symbols of compositions
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of covariant derivatives will contain no derivatives of the Ki
jlk, and we may assume that Γ̂ijk =

xl(Kν)ijlk(x).

Remark 4.2. It is clear that the following three facts hold:

(1) The highest graded terms of ς(∇mX∇`Y )(x, ξ, σ) have grading m+ `.

(2) The highest graded term of (Xm−kY `−k
′
ei〈exp−1

x (x′),(ξ,σ)〉)(x) is 〈iX, (ξ, σ)〉m−k〈iY, (ξ, σ)〉`−k′ .
(3) The highest graded term of (∇kX∇kY (uj))(x) is 4−kΩν(X,Y )k.

For non-negative integers k ≤ m, k′ ≤ `, set(m, `
k, k′

)
=
(m
k

)( `
k′

)
=

m!`!

k!(m− k)!k′!(`− k′)!
.

Lemma 4.3. Suppose X,Y ∈ C∞(TM) are given in normal coordinates at x by X =
∑n
i=1 ci∂/∂xi and

Y =
∑n
i=q+1 di∂/∂xi where the ci and di are constants. So Y (x) ∈ TFx, and that is part of the data. Then

ς(∇mX∇`Y )(x, ξ, σ) =

min(m,`)∑
k=0

4−kk!
(
m, `
k, k

)
〈iX, ξ〉m−k〈iY, σ〉`−kΩν(X,Y )k + cm,`(X, ξ, Y, σ),

where cm,`(X, ξ, Y, σ) is polynomial in ξ and σ and has grading less than m+ `.

Proof. Note,

∇mX∇`Y
(
ei〈exp−1

x (x′),ξ〉uj

)
(x) =

m∑
k=0

∑̀
k′=0

(m, `
k, k′

)
(Xm−kY `−k

′
ei〈exp−1

x (x′),ξ〉)(x)(∇kX∇k
′

Y (uj))(x).

As Ω(X,X)(x) = Ω(Y, Y )(x) = 0, in order to get a term of grading m + `, we must have k′ = k. Then
the term of grading 2k in (∇kX∇kY (uj))(x) is 4−kk!Ων(X,Y )k, and the term of grading m + ` − 2k in

(Xm−kY `−kei〈exp−1
x (x′),ξ〉)(x) is 〈iX, ξ〉m−k〈iY, σ〉`−k. �

We say an operator has grading k if its symbol has that grading.

Lemma 4.4. Suppose X and Y are as in Lemma 4.3. Then modulo operators of lower grading

θα(〈iX, ξ〉m〈iY, σ〉`) =

min(m,`)∑
k=0

(−4)−kk!
(m, `
k, k

)
∇m−kX ∇`−kY Ων(X,Y )k.

Proof. For m = 0 or ` = 0, this is just Lemma 3.3. So, we need only assume that it is true for 0 ≤ r < m
and 0 ≤ s < `, and then prove it for m, `. In what follows, we ignore operators of grading lower than m+ `.

Using the fact that for differential operators and polynomial symbols θα◦ς = I, Corollary 3.4, and applying
θα to the formula in the previous lemma, we have

∇mX∇`Y =

min(m,`)∑
k=0

4−kk!
(
m, `
k, k

)
θα
[
〈iX, ξ〉m−k〈iY, σ〉`−k

]
Ων(X,Y )k.

Set s = min(m, `), and rewrite this as

θα
[
〈iX, ξ〉m〈iY, σ〉`

]
= ∇mX∇`Y −

s∑
k=1

4−kk!
(m, `
k, k

)
θα
[
〈iX, ξ〉m−k〈iY, σ〉`−k

]
Ων(X,Y )k.

Using the induction hypothesis, the second term on the right hand side equals

−
s∑

k=1

s−k∑
k′=0

4−kk!
(m, `
k, k

)
(−4)−k

′
k′!
(m− k, `− k

k′, k′

)
∇m−k−k

′

X ∇`−k−k
′

Y Ων(X,Y )k+k′ =
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s∑
k=1

s−k∑
k′=0

(−1)k+1(−4)−(k+k′) (k + k′)!

k!k′!

( m, `
k + k′, k + k′

)
(k + k′)!∇m−(k+k′)

X ∇`−(k+k′)
Y Ων(X,Y )k+k′ =

s∑
r=1

[ r−1∑
k′=0

(−1)r−k
′+1 r!

(r − k′)!k′!

]
(−4)−rr!

(
m, `
r, r

)
∇m−rX ∇`−rY Ων(X,Y )r =

min(m,`)∑
r=1

(−4)−rr!
(m, `
r, r

)
∇m−rX ∇`−rY Ων(X,Y )r.

�

Now we extend Theorem 2.7, [G83], on composing symbols in SC∞,∞(M,E) which are polynomial in
ξ and σ. This is just another application of [ABP73], Proposition 3.7. First, we have some notation. Let
p, q ∈ SC∞,∞(M,E) be two such symbols, and set

p ◦ q = ς(θαp ◦ θαq).
Next write p =

∑
j ωp,j ⊗ pj , where ωp,j ∈ C∞(∧∗ν∗) and pj ∈ S∞,∞(M,E) and similarly write q =∑

k ωq,k ⊗ qk. Then set

p(x, ξ, σ) ∧ q(x, ξ′, σ′) =
∑
j,k

ωp,j ∧ ωq,k ⊗ pj(x, ξ, σ)qk(x, ξ′, σ′).

Note that we are taking the usual wedge product of the form part of the symbols here, not the Clifford
product.

Let e1, ..., en be a local orthonormal basis of TM with dual orthonormal basis f1, ..., fn of T ∗M , with
f1, ..., fq a local basis for ν∗. Set, as usual,

Ων(ei, ej) =

n∑
i,j,=1

q∑
k,`=1

(Ων)k`,i,jek ⊗ f`, that is (Ων)k`,i,j = 〈Ων(ei, ej)(e`), ek〉,

and note that (Ων)k`,i,j is skew in the indices i, j (since Ων is a 2-form) as well as the k, `, (since Ων has

coefficients in soq = spinq).
Set

Ων(∂/∂ξ, ∂/∂ξ′)p(x, ξ, σ) ∧ q(x, ξ′, σ′) =

n∑
i,j=1

q∑
k,`=1

(Ων)k`,i,jfk ∧ f` ∧
∂p(x, ξ, σ)

∂ξi
∧ ∂q(x, ξ

′, σ′)

∂ξ′j
,

so e−
1
4 Ων(∂/∂ξ,∂/∂ξ′) is actually a finite sum of compositions of such operators, and the number of compositions

is ≤ q/2 because of the fk ∧ f`. We also set

Ων(∂/∂ξ, ∂/∂σ)p(x, ξ, σ) ∧ q(x, ξ′, σ′) =

q∑
k,`=1

n∑
i=1

n∑
j=q+1

(Ων)k`,i,jfk ∧ f` ∧
∂2p(x, ξ, σ)

∂ξi∂σj
∧ q(x, ξ′, σ′),

and the similarly defined operators Ων(∂/∂ξ, ∂/∂σ′), Ων(∂/∂σ, ∂/∂ξ′), Ων(∂/∂σ, ∂/∂σ′), and Ων(∂/∂ξ′, ∂/∂σ′).

Definition 4.5. Set

Ων(∂/∂(ξ, σ), ∂/∂(ξ′, σ′)) = Ων(∂/∂ξ, ∂/∂ξ′) + Ων(∂/∂ξ, ∂/∂σ′) + Ων(∂/∂σ, ∂/∂ξ′) + Ων(∂/∂σ, ∂/∂σ′).

We are now in position to state our first main result which is a foliation version of Theorem 2.7 of [G83]
(see also Theorem 2.1 of [BlF90]):

Theorem 4.6. Let p ∈ SCm,`(M,E) and q ∈ SCm′,`′(M,E) be polynomial in ξ and σ. There are differential
operators ak, k ≥ 0 on the bundle SC∞,∞(M,E)⊗C∞(M) SC

∞,∞(M,E) so that if we denote by ak(p, q) the
image of ak(p⊗ q) under

SC∞,∞(M,E)⊗C∞(M) SC
∞,∞(M,E) −→ SC∞,∞(M,E),

the fiberwise composition of endomorphisms, then
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(1) ak(p, q) ∈
∑

k1+k2=k

SCm+m′−k1,`+`′−k2(M,E);

(2) p ◦ q =
∑∞

0 ak(p, q), which is actually a finite sum;

(3) a0(p, q)(x, ξ, σ) = e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))p(x, ξ, σ) ∧ q(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ).

Before giving the proof, we remark on two special cases. If the dimension of F is zero, that is the foliation
is by points, this is Theorem 2.7 of [G83]. In this case, σ, σ′, `, `′, and k2 just disappear. At the other
end of the spectrum, when the foliation has maximal dimension, so it has a single leaf, we are in the case
considered by Widom in [W78]. In this case ξ, ξ′, m, m′, k1, and − 1

4Ων(∂/∂(ξ, σ), ∂/∂(ξ′, σ′)) disappear,
and we have

a0(p, q) = p(x, σ)q(x, σ),

the first term in the formula in Corollary 4.11 of [W78]. The interesting new situations now occur in
intermediate dimensions and for non trivial foliations.

Proof. To prove the theorem, we proceed just as in the proof of Lemma 4.3, and we use the same notation.
Careful bookkeeping of the terms which are ignored in the calculation we do will prove parts (1) and (2) of
the theorem, so what we will prove is part (3).

The first step is to note that any symbol which is polynomial in ξ and σ can be written as a sum of
symbols of the form pm,`,r = h〈iX, ξ〉m〈iY, σ〉`, where X and Y are local sections of TM as in Lemma
4.3, h ∈ C∞(∧rν∗ ⊗ End(E)), and Y (x) is in TFx, and that is part of the data. Since (p, q) → p ◦ q
is linear in both variables, we may assume that p = h〈iX, ξ〉m〈iY, σ〉` and q = g〈iW, ξ〉m′〈iZ, σ〉`′ , where

g ∈ C∞(∧r′ν∗ ⊗ End(E)).
For the simplest cases, say for m = m′ = 1 and `, `′, r and r′ are zero, we may use Lemma 3.6 to get

〈iX, ξ〉 ◦ 〈iW, ξ〉 = ς(∇X∇W )(x, ξ) = 〈iX, ξ〉〈iW, ξ〉 − 1

4
Ων(iX, iW ) + iXxW 〈exp−1

x (x′), ξ〉+ 1

2
ΩE(X,W ).

Then note that Ων(iX, iW ) = Ων(∂/∂(ξ, σ), ∂/∂(ξ′, σ′))〈iX, ξ〉〈iW, ξ′〉 |ξ′=ξ, and the last two terms have
grading less than two.

For the general case, we use the three facts from Remark 4.2, and the fact that operators of the form
Ων(X,Y ) commute with operators of the form ∇Z , modulo operators of lower grading. Then we have that,
modulo operators of lower grading, that is less than m+ `+ r +m′ + `′ + r′,

p ◦ q(x, ξ, σ) = ς
(
θα(h〈iX, ξ〉m〈iY, σ〉`) ◦ θα(g〈iW, ξ〉m

′
〈iZ, σ〉`

′
)
)

=

ς
(min(m,`)∑

k=0

h(x)(−4)−kk!
(m, `
k, k

)
∇m−kX ∇`−kY Ων(X,Y )k

min(m′,`′)∑
k′=0

g(x)(−4)−k
′
k′!
(m′, `′
k′, k′

)
∇m

′−k′
W ∇`

′−k′
Z Ων(W,Z)k

′
)

=

gh
∑
k,k′

(−4)−(k+k′)k!
(m, `
k, k

)
k′!
(m′, `′
k′, k′

)
Ων(X,Y )kΩν(W,Z)k

′
ς
(
∇m−kX ∇`−kY ∇m

′−k′
W ∇`

′−k′
Z

)
,

since operators of the form XaY b(g) have grading at most r′ ≤ r′ + a + b. Thus we may ignore g and h,

and we only need the terms of highest grading of ς
(
∇m−kX ∇`−kY ∇m

′−k′
W ∇`

′−k′
Z

)
, i. e. those terms of grading

m + ` + m′ + `′ − 2(k + k′). An argument as in the proof of Lemma 4.3 then shows that these terms are
given by∑

4−k̂a!b!c!d!e!f !
(
m− k
a, b, c

)(
`− k
a, d, e

)(
m′ − k′
b, d, f

)(
`′ − k′
c, e, f

)
〈iX, ξ〉m−kX 〈iY, σ〉`−kY 〈iW, ξ〉m

′−kW 〈iZ, σ〉`
′−kZ

Ων(X,Y )aΩν(X,W )bΩν(X,Z)cΩν(Y,W )dΩν(Y,Z)eΩν(W,Z)f ,
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where k̂ = a+b+c+d+e+f , kX = k+a+b+c, kY = k+a+d+e, kW = k′+b+d+f , kZ = k′+c+e+f ,
and the sum is taken over all a, b, c, d, e, f ≥ 0 so that m− kX , `− kY , m′− kW , and `′− kZ are all ≥ 0. We
have used here the convenient notation(

m
a, b, c

)
=

m!

a!b!c!(m− (a+ b+ c))!
.

Substituting in the expression above for p ◦ q (and ignoring gh), gives

a0(〈iX, ξ〉m〈iY, σ〉`, 〈iW, ξ〉m
′
〈iZ, σ〉`

′
) =

∑
4k̂(−4)−(k+k′)k!

(m, `
k, k

)
k′!
(m′, `′
k′, k′

)
a!b!c!d!e!f !

(m− k
a, b, c

)( `− k
a, d, e

)(m′ − k′
b, d, f

)( `′ − k′
c, e, f

)
〈iX, ξ〉m−kX 〈iY, σ〉`−kY 〈iW, ξ〉m

′−kW 〈iZ, σ〉`
′−kZ

Ων(X,Y )a+kΩν(X,W )bΩν(X,Z)cΩν(Y,W )dΩν(Y, Z)eΩν(W,Z)f+k′ .

The operators in Ων(∂/∂(ξ, σ), ∂/∂(ξ′, σ′)), along with the operators Ων(∂/∂ξ, ∂/∂σ) and Ων(∂/∂ξ′, ∂/∂σ′),

all commute. In addition, e−
1
4 Ων(∂/∂ξ,∂/∂σ)e

1
4 Ων(∂/∂ξ,∂/∂σ) = e−

1
4 Ων(∂/∂ξ′,∂/∂σ′)e

1
4 Ων(∂/∂ξ′,∂/∂σ′) = I. Thus,

e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′)) =

e−
1
4 Ων(∂/∂ξ,∂/∂ξ′)e−

1
4 Ων(∂/∂ξ,∂/∂σ′)e−

1
4 Ων(∂/∂σ,∂/∂ξ′)e−

1
4 Ων(∂/∂σ,∂/∂σ′)

e−
1
4 Ων(∂/∂ξ′,∂/∂σ′)e−

1
4 Ων(∂/∂ξ,∂/∂σ)e

1
4 Ων(∂/∂ξ′,∂/∂σ′)e

1
4 Ων(∂/∂ξ,∂/∂σ).

Now note, for example, that

e
1
4 Ων(∂/∂ξ′,∂/∂σ′)e

1
4 Ων(∂/∂ξ,∂/∂σ)

(
〈iX, ξ〉m〈iY, σ〉`〈iW, ξ〉m

′
〈iZ, σ〉`

′
)

=∑
k,k′

(−4)−kk!
(m, `
k, k

)
〈iX, ξ〉m−k〈iY, σ〉`−kΩν(X,Y )k(−4)−k

′
k′!
(m′, `′
k′, k′

)
〈iW, ξ〉m

′−k′〈iZ, σ〉`
′−k′Ων(W,Z)k

′
.

A similar computation gives that

e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))e−

1
4 Ων(∂/∂ξ′,∂/∂σ′)e−

1
4 Ων(∂/∂ξ,∂/∂σ)

(
〈iX, ξ〉m−k〈iY, σ〉`−k〈iW, ξ〉m

′−k′〈iZ, σ〉`
′−k′

)
=

∑
4−k̂a!b!c!d!e!f !

(m− k
a, b, c

)( `− k
a, d, e

)(m′ − k′
b, d, f

)( `′ − k′
c, e, f

)
〈iX, ξ〉m−kX 〈iY, σ〉`−kY 〈iW, ξ〉m

′−kW 〈iZ, σ〉`
′−kZ

Ων(X,Y )aΩν(X,W )bΩν(X,Z)cΩν(Y,W )dΩν(Y,Z)eΩν(W,Z)f .

Combining these we finally get the desired equality

a0(〈iX, ξ〉m〈iY, σ〉`, 〈iW, ξ〉m
′
〈iZ, σ〉`

′
) = e−

1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))

(
〈iX, ξ〉m〈iY, σ〉`〈iW, ξ〉m

′
〈iZ, σ〉`

′
)
.

�

In the case where F is a Riemannian foliation, the formula for a0(p, q)(x, ξ, σ) has a particularly simple
form. Note that in this case, we use a Bott connection on ν∗. It is then immediate that whenever Y ∈ TF ,
Ων(Y,X) = 0, since the curvature is locally the pull back of the curvature on any transversal. Write ξ = (η, ζ)
where η is the projection of ξ to ν∗. Then all the terms of

Ων(∂/∂(ξ, σ), ∂/∂(ξ, σ′)) = Ων(∂/∂(η, ζ, σ), ∂/∂(ζ ′, η′, σ′))

are zero except Ων(∂/∂η, ∂/∂η′), and we have

a0(p, q)(x, η, ζ, σ) = e−
1
4 Ων(∂/∂η,∂/∂η′)p0(x, η, ζ, σ) ∧ q0(x, η′, ζ, σ) |η′=η,

and the operator Ων(∂/∂η, ∂/∂η′) is identical to the one in [G83] and [BlF90].
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As examples, we show how Theorem 4.6 applies to pure form operators and to the operator D2. Suppose
that p = ωα ⊗ 1 and q = ωβ ⊗ 1 are pure form operators of degree α and β. By Equation 2.2,

ς(ωα ⊗ 1 ◦ ωβ ⊗ 1) = ωα · ωβ ⊗ 1 =

ωα ∧ ωβ ⊗ 1 ±
∑
k

(iekωα) ∧ (iekωβ)⊗ 1 ±
∑
k,`

(iek ie`ωα) ∧ (iek ie`ωβ)⊗ 1 + · · ·

All of the terms on the right, except the first one (which has grading α+ β), have grading less than α+ β.
This is precisely why we change from the Clifford product to the usual wedge product in this theorem. Note
that

a0(p, q) = ωα ∧ ωβ , a1(p, q) = ±
∑
k

(iekωα) ∧ (iekωβ), a2(p, q) = ±
∑
k,`

(iek ie`ωα) ∧ (iek ie`ωβ), . . .

Now consider D2, and assume for simplicity that F is Riemannian and that ϑν = 0. Then we have
ς(D) ∈ SC2,0(M,E), and modulo terms with lower grading,

ς(D) ◦ ς(D)(x, ξ, σ) = e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))ς(D)(x, ξ, σ) ∧ ς(D)(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ).

We need to be careful about what “terms with lower grading” means. As ς(D) ∈ SC2,0(M,E), we have
a0(ς(D), ς(D)) ∈ SC4,0(M,E). In this case, a0(ς(D), ς(D)) will not contain the terms of ς(D) ◦ ς(D)
of maximal grading, so the terms of maximal grading will come from an(ς(D), ς(D)) for n > 0. Now,
a0(ς(D), ς(D)) is given by

ς(D)(x, ξ, σ) ∧ ς(D)(x, ξ′, σ′) − 1

4
Ων(∂/∂(ξ, σ), ∂/∂(ξ′, σ′))ς(D)(x, ξ, σ) ∧ ς(D)(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ) =

(i

q∑
j=1

fj ⊗ ξj −
1

2
µ) ∧ (i

q∑
k=1

fk ⊗ ξ′k −
1

2
µ) − 1

4

q∑
i,j,k,`=1

(Ων)k`,i,jfk ∧ f` ∧ ifi ∧ ifj |(ξ′,σ′)=(ξ,σ) =

−
q∑

j,k=1

fj ∧ fk ⊗ ξjξk −
i

2

( q∑
k=1

µ ∧ fk ⊗ ξk +

q∑
j=1

fj ∧ µ⊗ ξk

)
− 1

4

q∑
i,j,k,`=1

(Ων)k`,i,jfk ∧ f` ∧ ifi ∧ ifj =

1

4

q∑
i,j,k,`=1

(Ων)k`,i,jfk ∧ f` ∧ fi ∧ fj =
1

2

∑
j<k

fj ∧ fk ∧ Ων(ej , ek) =
1

8
κ,

since F is Riemannian. So, in this case, a0(ς(D), ς(D)) gives the term which has a chance of having grading
four, but actually has grading zero. The reason this happens, that is a0(ς(D), ς(D)) gives us no information
about the terms of maximal grading of ς(D2), will be clarified in the next section and it is, as in the classical
case, that tD is not an AΨDO, while t2D2 is an AΨDO (because ϑν = 0). See the remarks about this on
page 26 of [BlF90].

5. Asymptotic pseudodifferential operators and their symbol calculus

In this section we develop a symbol calculus for asymptotic pseudodifferential operators adapted to the
foliation F . To do this, we extend the operator θα(p) defined over M to an operator defined over TF . This
must be done with some care so that the crucial relationship given in Proposition 5.2 holds. We then extend
some of the material in [BlF90] to our case, and for the sake of brevity, quote several results from that paper
and refer the reader to it and its references for the proofs.

Our basic problem is to compute the symbol in SC∞,∞(M,E) of the composition of two operators
constructed out of two symbols in SC∞,∞(M,E), and we want the formula to depend only on the two
symbols, just as in Theorem 4.6. In addition, we want a way to be able to recover the symbol of an
operator which comes from a symbol in SC∞,∞(M,E). As the calculations in Section 3 make clear, the
procedure we used there for polynomial symbols will not work in general. The solution to this problem
is to make the variable σ correspond to a space variable, and it is based on a simple idea. Consider the
symbol p(x, ξ, σ) = i|α|+|β|ξασβ defined over Rn, which acts on functions on Rn as the differential operator
∂/∂xα+β , whose symbol is i|α|+|β|ξα+β . This is not what we want. Replace Rn with Rn×Rn with coordinates
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(x, y). Now let f(x) be a function on Rn and define the function f̂(x, y) = f(x + y). Then p(x, ξ, σ) acts

on f̂ as the differential operator ∂/∂xα∂/∂yβ , whose symbol is p(x, ξ, σ), just what we want. In addition,

∂/∂xα∂/∂yβ(f̂) restricted to the first Rn (that is, set y = 0) is ∂/∂xα+β(f), the action of p(x, ξ, σ) on
functions on Rn.

To proceed, we replace M by the manifold TF , and we note that there are equivalences of bundles

T (TF ) ' π∗(TM ⊕ TF ) ' π∗(TF ⊕ ν ⊕ TF )

and

T ∗(TF ) ' π∗(T ∗M ⊕ T ∗F ) ' π∗(T ∗F ⊕ ν∗ ⊕ T ∗F ),

where π : TF →M is the projection. These depend on the choice of a transverse bundle to the bundle along
the fibers of TF .

Set Ê = π∗(E) and ÊS = π∗(Sν ⊗ E), and denote by πT : T ∗(TF )→ TF the projection.

Definition 5.1. The symbol space Sm,`(TF, ÊS) consists of all p ∈ C∞(T ∗(TF ), π∗T (End ÊSν )) so that for
any multi-indices α, β and λ, there is a constant Cα,β,λ > 0 so that

|| ∂αξ ∂βσ∂λx,Xp(x,X, ξ, σ) || ≤ Cα,β,λ(1 + |ξ|)m−|α|(1 + |σ|)`−|β|.

The symbol space SCm,`(TF, ÊS) is

SCm,`(TF, ÊS) =

q∑
k=0

Sm−k,`(TF, ÊS) ∩ C∞(T ∗(TF ), π∗T (∧kπ∗(ν∗)⊗ End(Ê))).

Elements of SCm,`(TF, ÊS) have grading m+ `.

Set SC∞,∞(TF, ÊS) =
⋃
m,` SC

m,`(TF, ÊS) and SC−∞,−∞(TF, ÊS) =
⋂
m,` SC

m,`(TF, ÊS).

The topology on SCm,`(TF, ÊS), which is induced from Sm,`(TF, ÊS), is just the analog of the topology
on SCm,`(M,E).

For Z = (Z1, Zν , Z2) ∈ T (TF )(x,X), set x′ = expx(Z1 + Z2, Zν) and X ′ = Tx,x′(X + Z2), where Tx,x′ :
TFx → TFx′ is the parallel translation of the bundle TF along the geodesic t→ expx(tZ1 + tZ2, tZν) in M
from x to x′. Define exp(x,X) : T (TF )(x,X) → TF as

exp(x,X)(Z) = (x′, X ′) = (expx(Z1 + Z2, Zν), Tx,expx(Z1+Z2,Zν)(X + Z2)).

So exp(x,X)(0) = (x,X), as it should.
Next, define

α̃((x,X), (x′, X ′)) = α(x, x′)α(x, expx(T −1
x,x′(X

′)−X)),

for (0, T −1
x,x′(X

′) −X) in the component of (π, exp)−1(Supp α) which contains the zero section. Otherwise,

α̃((x,X), (x′, X ′)) = 0. So for x′ not close to x or T −1
x,x′(X

′) not close to X, α̃((x,X), (x′, X ′)) = 0. Note
that

α̃((x,X), exp(x,X)(Z)) = α(x, expx(Z1 + Z2, Zν))α(x, expx(Z2, 0)),

which is non-zero only for Z close to zero, and does not depend on X.

Let u be a section of ÊS , and set

u(x,X)(Z) = α̃((x,X), exp(x,X)(Z)) T −1
x,expx(Z1+Z2,Zν)u(exp(x,X)(Z)),

which is an element of (ÊS)(x,X) = (Sν ⊗ E)x. Given p ∈ SC∞,∞(TF, ÊS), define the operator θ̂α(p) on u
to be

θ̂α(p)(u)(x,X) = (2π)−n−p
∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ,σ)〉p(x,X, ξ, σ)u(x,X)(Z) dZdσdξ.

Note that any element p ∈ SC∞,∞(M,E) determines an element p̂ ∈ SC∞,∞(TF, ÊS) by

p̂(x,X, ξ, σ) = p(x, ξ, σ).
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In addition, a section u of Sν ⊗ E determines the section û of ÊS by setting û(x,X) = u(x). Note that

û(x,X)(Z1 − Z2, Zν , Z2) = α(x, expx(Z2, 0))ux(Z1, Zν).

Proposition 5.2. Suppose that u is a section of Sν⊗E, and p, q ∈ SC∞,∞(M,E). Then for all (x,X) ∈ TF ,

θα(p)(u)(x) = θ̂α(p̂)(û)(x,X),

and
θα(p)θα(q)(u)(x) = θ̂α(p̂)θ̂α(q̂)(û)(x,X).

Proof. First rewrite (we ignore the constant (2π)−n−p throughout) θα(p)(u)(x) as∫
TMx×T∗Mx×TFx×T∗Fx

e−i〈(Z1,Zν),ξ〉e−i〈Z2,σ−ζ〉p(x, ξ, σ)α(x, expx(Z2, 0))α(x, expx(Z1, Zν))

T −1
x,expx(Z1,Zν)u(expx(Z1, Zν)) dZdσdξ,

where recall ξ = (η, ζ). Now

θ̂α(p̂)(û)(x,X) =

∫
TMx×T∗Mx×TFx×T∗Fx

e−i〈(Z1,Zν),ξ〉e−i〈Z2,σ〉p(x, ξ, σ)û(x,X)(Z) dZdσdξ =∫
TMx×T∗Mx×TFx×T∗Fx

e−i〈(Z1,Zν),ξ〉e−i〈Z2,σ〉p(x, ξ, σ)α(x, expx(Z2, 0))α(x, expx(Z1 + Z2, Zν))

T −1
x,expx(Z1+Z2,Zν)u(expx(Z1 + Z2, Zν)) dZdσdξ.

The first result then follows by making the change of coordinates Z1 → Z1 − Z2.
For the second, we use the formula obtained from the change of coordinates Z1 → Z1 − Z2 to get

θ̂α(p̂)θ̂α(q̂)(û)(x,X) =

∫
TMx×T∗Mx×TFx×T∗Fx

e−i〈(Z1,Zν),ξ〉e−i〈Z2,σ−ζ〉p(x, ξ, σ)α(x, expx(Z2, 0))α(x, expx(Z1, Zν))

T −1
x,expx(Z1,Zν)θ̂

α(q̂)(û)(x′, X ′) dZdσdξ,

where (x′, X ′) = (expx(Z1, Zν), Tx,expx(Z1,Zν)(X + Z2)). Now

θ̂α(q̂)(û)(x′, X ′) =

∫
TMx′×T∗Mx′×TFx′×T∗Fx′
e−i〈(Y1,Yν),ξ′〉e−i〈Y2,σ

′−ζ′〉q(x′, ξ′, σ′)α(x′, expx′(Y2, 0))α(x′, expx′(Y1, Yν))

T −1
x′,expx′ (Y1,Yν)u(expx′(Y1, Yν)) dY dσ′dξ′.

Substituting this in the expression for θ̂α(p̂)θ̂α(q̂)(û)(x,X) and comparing the result with θα(p)θα(q)(u)(x)
immediately gives the second result. �

Definition 5.3. A family p(t) ∈ SCm,`(M,E), t ∈ R, is an asymptotic symbol if there are symbols pk, of
grading m+ `− k and independent of t, so that the following asymptotic expansion holds as t→ 0,

p(t) ∼
∞∑
k=0

tkpk.

The leading symbol of p(t) is p0. There is an obvious extension of this definition to p(t) ∈ SCm,`(TF, ÊS).

Note that p(t) ∼
∑∞
k=0 t

kpk means that given any N > 0,

lim
t→0

t−N
(
p(x, ξ, σ, t) −

N∑
k=0

tkpk(x, ξ, σ)
)

= 0

in the space of symbols of grading m + ` − N − 1. That is, we write p(t) −
∑N
k=0 t

kpk =
∑
pk1,k2 , where

k1 +k2 = N + 1, pk1,k2 ∈ SCm−k1,`−k2(M,E), and limt→0 t
−Npk1,k2 = 0 in SCm−k1,`−k2(M,E). It does not

imply that
∑∞
k=0 t

kpk(x, ξ, σ) converges.
We identify two asymptotic symbols p and q which have the same asymptotic expansion, and write p ∼ q.
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Note that if p0 ∈ SCm,`(M,E) is any symbol, then p(t) = p0 is an asymptotic symbol. Similarly for

p0 ∈ SCm,`(TF, ÊS). The following lemma is standard.

Lemma 5.4. Let pn1,n2
∈ SCm−n1,`−n2(M,E), n1, n2 = 0, 1, 2, .... Then there is an asymptotic symbol

p(t) ∈ SCm′,`′(M,E), for all m′, `′ > m, `, such that p(t) ∼
∞∑

n1+n2=0

tn1+n2pn1,n2
.

Proof. This is a reasonably standard result, but it does require some care. In particular, choose a smooth
non-decreasing function ϕ on R with ϕ(x) = 0 for x < 1, and ϕ(x) = 1 for x > 2. Choose a decreasing
sequence εj , with limit 0. Set

p(x, ξ, σ, t) =

∞∑
n=0

∑
n1+n2=n

tnϕ(εn(t−2 + |ξ|2 + |σ|2))pn1,n2(x, ξ, σ).

For fixed ξ, σ and t, this is actually a finite sum, so it converges.
Next we show that p(t) ∈ SCm′,`′(M,E), for all m′, `′ > m, `. So t is now fixed, but not x, ξ or σ. Fix

multi-indices α, β and λ. Then, since ϕ = 1 for |ξ|2 or |σ|2 sufficiently large,

|| ∂αξ ∂βσ∂λxϕ(εn1+n2
(t−2 + |ξ|2 + |σ|2))pn1,n2

(x, ξ, σ) || ≤ Cn1,n2,α,β,λ(1 + |ξ|)m−n1−|α|(1 + |σ|)`−n2−|β| =

Cn1,n2,α,β,λ(1 + |ξ|)m
′−n1−|α|(1 + |σ|)`

′−n2−|β|(1 + |ξ|)m−m
′
(1 + |σ|)`−`

′
.

As we identify two asymptotic symbols if they have the same asymptotic expansion, and since symbols which
are of uniformly fiberwise compact ξ, σ support are in SC−∞,−∞(M,E), we may assume that pn1,n2

= 0 on
the compact set where

Cn1,n2,α,β,λ(1 + |ξ|)m−m
′
(1 + |σ|)`−`

′
≥ 1

(n1 + n2 + 1)!
.

Then we have

|| ∂αξ ∂βσ∂λxp(x, ξ, σ, t) || ≤
∞∑
n=0

tn

n!
(1 + |ξ|)m

′−|α|(1 + |σ|)`
′−|β| = et(1 + |ξ|)m

′−|α|(1 + |σ|)`
′−|β|,

so p(t) ∈ SCm′,`′(M,E), for all m′, `′ > m, `.

Now p(t) ∼
∞∑
n=0

∑
n1+n2=n

tnpn1,n2 , since if t <
√
εN/2, then ϕ(εn(t−2 + |ξ|2 + |σ|2) = 1 for n = 0, ..., N , so

t−N
(
p(x, ξ, σ, t) −

N∑
n=0

∑
n1+n2=n

tnpn1,n2(x, ξ, σ)
)

=

t
[ ∞∑
n=N+1

∑
n1+n2=n

tn−(N+1)ϕ(εn(t−2 + |ξ|2 + |σ|2))pn1,n2
(x, ξ, σ)

]
.

�

Note that SCm,`(M,E) 6= ∩m′,`′>m,`SCm
′,`′(M,E). A simple counterexample is given by the function

σ2 ln(1 + σ2) on R2 (with coordinates (ξ, σ)), which is in S0,`′ for all `′ > 2, but is not in S0,2.

The notions of asymptotically zero and equivalence of families of operators (Definitions 3.4 and 3.5 of
[BlF90]) translate directly to our situation.

Recall that smoothing operators are operators with smooth C∞-bounded uniformly supported Schwartz
kernels. These are called uniform smoothing operators in Appendix B and the support condition fits with
Roe’s definition of locally compact operators [R03], see also [BR15]. Notice that smoothing operators are
sometimes defined in the literature as those operators which extend to bounded operators between any
Sobolev spaces, without condition on the support, so as to include more general Schwartz functional calculus
on elliptic operators. The reason we insist on uniform support is because we want them to furnish ideals in
our uniformly supported bifiltered pseudodifferential calculus.
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Definition 5.5. A family of smoothing operators Pt on sections of Sν ⊗ E or ÊS is asymptotically zero if
given any N ≥ 0, for all s, k,

lim
t→0

t−N ||Pt||s,k = 0.

Two families of operators Pt, Qt are equivalent, written Pt ∼ Qt, if their difference is asymptotically zero.

Here, ||Pt||s,k is the norm of Pt as an operator from the usual s Sobolev space associated to Sν ⊗ E or

ÊS to the usual k Sobolev space. Recall that our manifold, as well as all the bundles we use, has bounded
geometry, hence the Sobolev spaces are perfectly well defined on M and on the total space TF , see for
instance [Sh92].

Definition 5.6. Suppose that the family p(t) ∈ SC∞,∞(M,E) is smooth in t. For t > 0, the rescaling of
p(t), (denoted pt, p(t)t, or p(x, ξ, σ, t)t), is defined as follows. It is the linear operator which, for p(t) ∈
Sm−k,`(M,E) ∩ C∞(T ∗M ⊕ T ∗F, π∗(∧kν∗ ⊗ End(E))), is given by

p(x, ξ, σ, t)t = tkp(x, tξ, tσ, t).

Again, there is an obvious extension of this to SC∞,∞(TF, ÊS).

Definition 5.7. An asymptotic pseudodifferential operator (AΨDO) is a family of operators Pt on sections
of Sν ⊗ E so that there is an asymptotic symbol p(t) ∈ SC∞,∞(M,E), with Pt ∼ θα(p(t)t).

If p(t) ∼
∑∞
k=0 t

kpk, the leading symbol of Pt is the symbol p0.

Similarly for operators on ÊS .

We make no distinction between Pt and its equivalence class.

Definition 5.8. Given an operator P on sections of Sν ⊗ E or ÊS , its symbol ς(P ) is defined as follows.

Let (x,X) ∈ TF and (ξ, σ) ∈ T ∗(TF )(x,X) = T ∗Mx × T ∗Fx, and u(x,X) ∈ (ÊS)(x,X) = (Sν ⊗ E)x. Set

ς(P )(x,X, ξ, σ)(u(x,X)) = P
(

(x′, X ′) 7→ e
i〈exp−1

(x,X)
(x′,X′),(ξ,σ)〉

α̃((x,X), (x′, X ′))Tx,x′(u(x,X))
)
|(x′,X′)=(x,X).

Lemma 5.9. If a family of smoothing operators Pt on sections of Sν ⊗ E or ÊS satisfies Pt ∼ 0, then
ς(Pt) ∼ 0.

Proof. We do the proof for operators on sections of ÊS , as the proof for Sν ⊗ E is identical.

Suppose that Pt ∼ 0. Given u ∈ (ÊS)(x,X), set

ũ(x′, X ′) = e
i〈exp−1

(x,X)
(x′,X′),(ξ,σ)〉

α̃((x,X), (x′, X ′))Tx,x′(u).

Denote by u1, u2, . . . an orthonormal basis of (ÊS)(x,X). Then

lim
t→0

t−N ||ς(Pt)(x,X, ξ, σ)|| = lim
t→0

t−N sup
||u||=1

||ς(Pt)(x,X, ξ, σ)(u)|| = lim
t→0

t−N sup
||u||=1

||Pt(ũ)(x,X)|| =

lim
t→0

t−N sup
||u||=1

[∑
i

|〈Pt(ũ)(x,X), ui〉|2
]1/2

= lim
t→0

t−N sup
||u||=1

[∑
i

|〈Pt(ũ), δx,Xui 〉|
2
]1/2

,

where δx,Xui is the Dirac delta section with value ui at (x,X). Because of the bounded geometry of our

situation, the −k Sobolev norm ||δx,Xui ||−k is uniformly bounded, provided k is sufficiently large. In addition,
the sections ũ, where ||u|| = 1, have ||ũ||0 uniformly bounded. Then we have,

lim
t→0

t−N sup
||u||=1

[∑
i

|〈Pt(ũ), δx,Xui 〉|
2
]1/2

≤ lim
t→0

t−N sup
||u||=1

[∑
i

(
||Pt||0,k||ũ||0||δx,Xui ||−k

)2]1/2
= 0.

To estimate the norms of the derivatives of ς(Pt), we may proceed in a similar fashion, utilizing the
Schwartz kernel Kt of Pt. In particular,

lim
t→0

t−N ||∂αξ ∂βσ∂λx,Xς(Pt)(x,X, ξ, σ)|| = lim
t→0

t−N sup
||u||=1

||∂αξ ∂βσ∂λx,XPt(ũ)(x,X)|| =
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lim
t→0

t−N sup
||u||=1

||∂αξ ∂βσ∂λx,X
∫
Kt((x,X), (x′, X ′))ũ(x′, X ′)dX ′dx′|| =

lim
t→0

t−N sup
||u||=1

||
∫
∂λx,XKt((x,X), (x′, X ′))(∂αξ ∂

β
σ ũ)(x′, X ′)dX ′dx′|| =

lim
t→0

t−N sup
||u||=1

||∂λx,XPt(∂αξ ∂βσ ũ)(x,X)|| = lim
t→0

t−N sup
||u||=1

[∑
i

|〈∂λx,XPt(∂αξ ∂βσ ũ), δx,Xui 〉|
2
]1/2

=

lim
t→0

t−N sup
||u||=1

[∑
i

|〈Pt(∂αξ ∂βσ ũ), ∂λx,Xδ
x,X
ui 〉|

2
]1/2

.

As above, for large enough k, the Dirac delta sections ∂λx,Xδ
x,X
ui have ||∂λx,Xδx,Xui ||−k uniformly bounded, and

||∂αξ ∂βσ ũ)||0 is uniformly bounded. It follows immediately that

lim
t→0

t−N ||∂αξ ∂βσ∂λx,Xς(Pt)(x,X, ξ, σ)|| = 0.

�

The proof of the following lemma depends on Lemma 5.17 and Theorem 6.1, and so is deferred to the
appendix.

Lemma 5.10. If a family of symbols p(t) ∈ SC−∞,−∞(TF, ÊS) and p(t) ∼ 0, then Pt = θ̂α(p(t)t) ∼ 0. The
same result holds for p(t) ∈ SC−∞,−∞(M,E).

By p(t) ∼ 0 we mean that for all N , limt→0 t
−Np(t) = 0 in SC−∞,−∞(TF, ÊS). Note that we are not

assuming that p(t) is an asymptotic symbol.

We now translate some results from [BlF90], which are extensions of results in [G83], to our situation.
For the following, note that there are two lemmas in [BlF90] labeled 3.9. We are interested in the second
one on page 20. This lemma will be important for the proof of our main theorem.

Lemma 5.11 (Lemma 3.9, p. 20 of [BlF90]). Suppose that p(t) ∈ SCm,`(TF, ÊS) is a bounded family of
symbols (i. e. the symbol estimates are independent of t). Then

[ς(θ̂α(pt))(x,X, ξ, σ, t)]t−1 ∼ p(x,X, ξ, σ, t).

Setting X = 0, gives the same result for p(t) ∈ SCm,`(M,E).

Note that we are not assuming that p is an asymptotic symbol. Also, note that what we have to prove is

that for all N , [ς(θ̂α(pt))(x,X, ξ, σ, t)]t−1 − p(x,X, ξ, σ, t) is of grading m+ `−N − 1, and that

lim
t→0

t−N
(

[ς(θ̂α(pt))(x,X, ξ, σ, t)]t−1 − p(x,X, ξ, σ, t)
)

= 0,

as described above.

Remark 5.12. This lemma says that ς is just what we want for our symbol operator as it allows us to
recover (up to equivalence of symbols) the original symbol from its associated operator. In particular, if p(t)
is polynomial in ξ and σ, then the proof below actually shows that for all t,

[ς(θα(pt))(x, ξ, σ, t)]t−1 = p(x, ξ, σ, t).

This is because for N large enough, the error term is zero. In addition, just as in the previous section, we
have that for any smooth differential operator D, θα(ς(D)) = D. So we have that for differential operators
and polynomial symbols, θα and ς are inverses of each other.
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Proof. We may use the proof of [BlF90] mutatis mutandis. Some typos in that proof are given in the remark
immediately after this proof.

First note that we may assume without loss of generality that p has no form components. For, if p = ω⊗ p̃,
where p̃ contains no form component, then it follows easily that ς(θ̂α(ω ⊗ p̃)) = ω ⊗ ς(θ̂α(p̃)). A straight
forward computation gives (we suppress constants)

[ς(θ̂α(pt))(x,X, ξ, σ, t)]t−1 = ς(θ̂α(pt))(x,X, ξ/t, σ/t, t) =∫
e−i〈Z,(ξ̂,σ̂)〉α̃((x,X), exp(x,X)(Z))2p(x,X, tξ̂ + ξ, tσ̂ + σ, t)dZdσ̂dξ̂.

Now apply Taylor’s formula to the variables ξ̂ and σ̂ in p to obtain the formula

p(x,X, tξ̂ + ξ, tσ̂ + σ, t) =
∑

|(α,β)|≤N

t|(α,β)|ξ̂ασ̂β

α!β!
(∂α
ξ̂
∂βσ̂p)(x,X, ξ, σ, t) +

∑
|(α,β)|=N+1

N + 1

α!β!
tN+1ξ̂ασ̂β

∫ 1

0

(∂α
ξ̂
∂βσ̂p)(x,X, stξ̂ + ξ, stσ̂ + σ, t)ds.

Just as in [BlF90], when we integrate with respect to ξ̂ and σ̂, all the terms in the first sum disappear, except
for the first one, namely p(x,X, ξ, σ, t), so we have that

[ς(θ̂α(pt))(x,X, ξ, σ)]t−1 = p(x,X, ξ, σ, t) + E ,

where the error term E is∫
e−i〈Z,(ξ̂,σ̂)〉α̃((x,X), exp(x,X)(Z))2

∑
|(α,β)|=N+1

N + 1

α!β!
tN+1ξ̂ασ̂β

∫ 1

0

(∂α
ξ̂
∂βσ̂p)(x,X, stξ̂ + ξ, stσ̂+ σ, t)dsdZdσ̂dξ̂.

If |(α, β)| = N + 1, then ∂α
ξ̂
∂βσ̂p has grading m+ `−N −1, and we can finish the proof just as in [BlF90]. �

Remark 5.13. Typos in the proof of Lemma 3.9, p. 20 of [BlF90]. The exponentials have the wrong sign.
In the last line of (3.19), the dξm should be dηm. In the first line of (3.20), the sum is missing the factor ηαm.
In the second line of (3.20), (tα)m should be t|α|ηαm, and the function r is missing the variable t. In (3.21),
∂Xm should be ∂αXm . In the first line of (3.21), the term φ(m,Xm) is missing. In (3.23), the middle line is
missing the term ηαm under the integral sign.

Lemmas 5.9 and 5.11 immediately give the following.

Corollary 5.14. Suppose that Pt is an AΨDO, with Pt ∼ θ̂α(p(t)t) or Pt ∼ θα(p(t)t). Then ς(Pt)t−1 ∼ p(t).

Proposition 5.15 (Lemma 3.6 of [BlF90]). Suppose that φ is a smooth function on T (TF ) which is zero on
a neighborhood of the zero section. Assume further that for each (x,X), φ is supported in a neighborhood of

zero in T (TF )(x,X) where exp(x,X) is a diffeomorphism. Given an asymptotic symbol p(t) ∈ SC∞,∞(TF, ÊS),

and a section u of ÊS , set

P̂t(u)(x,X) = (2π)−n−p
∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ,σ)〉p(x,X, ξ, σ, t)tφ(Z)T −1
x,expx(Z1+Z2,Zν)u(exp(x,X)(Z)) dZdσdξ.

Then P̂t is an asymptotically zero operator .
Similarly for p(t) ∈ SC∞,∞(M,E).

Proof. We may use the proof of [BlF90], with the following changes. The Schwartz kernel of P̂t is given by

Kt((x,X), (x′, X ′)) =

(2π)−n−p
∫
T∗(TF )(x,X)

e
−i〈exp−1

(x,X)
(x′,X′),(ξ,σ)〉

p(x,X, ξ, σ, t)tφ(exp−1
(x,X)(x

′, X ′))J(
dz

d vol
)T −1
x,x′ dσdξ,
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where J is the Jacobian of the change in volume forms, and d vol is the volume form on TF . The kernel Kt

is an element of C∞(TF × TF ) which is supported in a bounded neighborhood of the diagonal and is zero
on a smaller neighborhood of the diagonal. As such, standard arguments for uniformly supported operators
on manifolds with bounded geometry show that it is infinitely smoothing, see for instance [Sh92].

To see that it is asymptotically zero, set Z = exp−1
(x,X)(x

′, X ′), and note that

e−i〈Z,(ξ,σ)〉 = ||Z||−2k∆k
ξ,σe

−i〈Z,(ξ,σ)〉 and ∆k
ξ,σ

(
p(x,X, tξ, tσ, t)

)
= t2k(∆k

ξ,σp)(x,X, tξ, tσ, t),

where ∆ξ,σ = −(
∑
∂2/∂ξ2

j +
∑
∂2/∂σ2

k). Then, using integration by parts repeatedly, we have∫
T∗(TF )(x,X)

e−i〈Z,(ξ,σ)〉p(x,X, ξ, σ, t)tφ(Z)J(
dz

d vol
)T −1
x,x′ dσdξ =

t2k
∫
T∗(TF )(x,X)

φ(Z)||Z||−2ke−i〈Z,(ξ,σ)〉(∆k
ξ,σp)(x,X, tξ, tσ, t)J(

dz

d vol
)T −1
x,x′ dσdξ,

where k is as large as we please. To finish the proof, proceed just as in [BlF90]. �

We have immediately,

Corollary 5.16. Suppose p(t) ∈ SC∞,∞(TF, ÊS) is an asymptotic symbol. Then the equivalence class of

the AΨDO Pt = θ̂α(p(t)t) does not depend on the choice of α.
Similarly, if p(t) ∈ SC∞,∞(M,E) is an asymptotic symbol, the the equivalence classes of the AΨDOs

θα(p(t)t) and θ̂α(p(t)t) do not depend on the choice of α.

Note that Proposition 5.15 actually implies more than this. It implies that in the definition of θ or θ̂, we
may use different bump functions in the places where α occurs.

Let π⊕ : T (TF )⊕ T ∗(TF )→ TF be the projection. The next technical result is essential to the proof of
our main result, Theorem 6.1.

Lemma 5.17 (Lemma 3.8 of [BlF90]). Suppose that r(t) ∈ C∞(T (TF )⊕ T ∗(TF ), π∗⊕ End(ÊS)), and that
for any multi-indices α, β, and δ, there is a constant Cα,β,δ > 0 (independent of t) with

|| ∂αξ ∂βσ∂δx,X,Zr(x,X,Z, ξ, σ, t) || ≤ Cα,β,δ(1 + |ξ|)m−|α|(1 + |σ|)`−|β|,

with respect to a fixed atlas of normal coordinates.
Assume moreover that r has an asymptotic expansion r(t) ∼

∑∞
k=0 t

krk.

For a section u of ÊS , set

Rt(u)(x,X) = (2π)−n−p
∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ,σ)〉r(x,X,Z, ξ, σ, t)tu(x,X)(Z) dZdσdξ.

Then Rt is an AΨDO, in particular Rt = θ̂α(r̂t), where

r̂(x,X, ξ, σ, t) = (2π)−n−p
∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ̂,σ̂)〉r(x,X,Z, tξ̂ + ξ, tσ̂ + σ, t) dZdσ̂dξ̂,

and

r̂(x,X, ξ, σ, t) ∼
∑
α,β≥0

t|(α,β)|

α!β!
∂α(Z1,Zν)∂

α
ξ ∂

β
Z2
∂βσr(x,X,Z, ξ, σ, t) | Z=0.

Furthermore, the leading symbol of r̂ is r̂0(x,X, ξ, σ) = r0(x,X, 0, ξ, σ).

Proof. Again, we may use the proof of [BlF90] mutatis mutandis, with the following changes.
First note that the formula for p(m, ξm, t) is missing the factor t|α|, and the definition of q(m, ξm, ηm, t)

should be

q(m, ξm, ηm, t) =

∫
e−i〈Xm,ηm〉r(m, ξm, Xm, t) dXm.
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Equation (3.10) should be

Rt(s)(m) =

∫
e−i〈Xm,ηm〉p(m, tηm, t)ŝ(Xm) dXm dηm.

In the third line of (3.11), ξ−xm should be |ξm|−x, where x is an even positive integer, and ∂xXm should be

∆
x/2
Xm

, where ∆ is the Laplacian for Xm. In addition, the last ξ in that line should be an X. In the fifth line,
the first d − |β| should be |d − |β||. Next, note that (3.11) is really two inequalities, one for |ξm| ≥ 1 and
another for |ξm| ≤ 1. The first inequality is the one given, but K should be replaced by 2xK. The second is
proven by deleting the third and fourth lines of (3.11) and replacing KCα,β,x by 2xKCα,β . One then makes
the appropriate changes in (3.12), i.e.

ρα,β(T (r)) ≤ 2xK
(
ρα,β,x(r) + ρα,β(r)

)
.

Equation (3.13) should be

r(m, tξm + ηm, Xm, t) ∼
∑
α≥0

t|α|

α!
(∂αξmr)(m, ηm, Xm, t)ξ

α
m,

whence comes the missing t|α| in statement of Lemma 3.8 of [BlF90]. Note that ∂αξmr can be replaced by

∂αηmr if we think of r as being a function of η instead of ξ. Then in (3.14), 1/α! should be replaced by t|α|/α!,
and ∂αξmr should be replaced by ∂αηmr. This gives

p(m, ηm, t) ∼
∑
α≥0

t|α|

α!
∂αXm∂

α
ηmr(m, ηm, Xm, t) |Xm=0.

�

Proposition 5.18. [Lemma 3.9, p. 19, [BlF90]] If Pt is an AΨDO, then its formal adjoint is also an AΨDO.

Proof. Suppose that Pt ∼ θα(p(t)t), and that u and v are smooth compactly supported sections of Sν ⊗ E.
Then (ignoring the (2π)−n−p)〈

Ptu, v
〉

=

∫
M

∫
TMx×T∗Mx×TFx×T∗Fx

e−i〈X,ξ〉e−i〈Y,σ−ζ〉α(x, expx(X))α(x, expx(Y ))〈
p(x, ξ, σ, t)tT −1

x,expx(X)u(expx(X)), v(x)
〉
dY dσdXdξdx.

Set x′ = expx(X) and X ′ = exp−1
x′ (x). Since T (which is parallel translation along the geodesic expx(tX))

is an isometry, and we may assume that α is symmetric, we have

α(x, expx(X))
〈
p(x, ξ, σ, t)tT −1

x,expx(X)u(expx(X)), v(x)
〉

=

α(x′, expx′(X
′))
〈
u(x′), Tx,x′p∗(x, ξ, σ, t)tTx′,xT −1

x′,expx′ (X
′)v(expx′(X

′))
〉

=〈
u(x′), Tx,x′p∗(x, ξ, σ, t)tTx′,xα(x′, expx′(X

′))T −1
x′,expx′ (X

′)v(expx′(X
′))
〉

=〈
u(x′), Tx,x′p∗(x, ξ, σ, t)tTx′,xvx′(X ′)

〉
.

On the support of α, we identify TMx withM andM with TMx′ , using exp. Then dXdx = J (x,X, x′, X ′)dx′dX ′,
where the Jacobian J is a smooth function with all of its derivatives bounded on the support of α. Multiply-
ing by a bump function which is 1 on the support of α (with respect to a fixed atlas of normal coordinates),
we may assume that J is zero off a neighborhood of the support of α. We will incorporate any future
Jacobians in J . Then〈
Ptu, v

〉
=

∫
M

∫
TMx′×T∗Mx×TFx×T∗Fx

e−i〈X,ξ〉e−i〈Y,σ−ζ〉α(x, expx(Y ))J
〈
u(x′), Tx,x′p∗(x, ξ, σ, t)tTx′,xvx′(X ′)

〉
dY dσdX ′dξdx′.

Next we make the change of coordinates from T ∗Mx to T ∗Mx′ using T , and the change of coordinates
from TFx×T ∗Fx to TFx′×T ∗Fx′ using T . Note that this second T is parallel translation along the geodesic
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expx(tX) for the given bundles, so in general is not the same as the first T followed by projection. Thus we
have,〈

Ptu, v
〉

=

∫
M

∫
TMx′×T∗Mx×TFx×T∗Fx

e−i〈Tx,x′ (X),Tx,x′ (ξ)〉e−i〈Tx,x′ (Y ),Tx,x′ (σ−ζ)〉α(x, expx(Y ))J〈
u(x′), Tx,x′p∗(x, ξ, σ, t)tTx′,xvx′(X ′)

〉
dY dσdX ′dξdx′.

Note that Tx,x′(X) = −X ′. Setting ξ′ = −Tx,x′(ξ), σ′ = Tx,x′(σ − ζ) + ζ ′, and Y ′ = Tx,x′(Y ), this becomes∫
M

∫
TMx′×T∗Mx′×TFx′×T∗Fx′
(−1)ne−i〈X

′,ξ′〉e−i〈Y
′,σ′−ζ′〉α(x, expx(Y ))J β(x′, expx′(Y

′))〈
u(x′), Tx,x′p∗(x, ξ, σ, t)tTx′,xvx′(X ′)

〉
dY ′dσ′dX ′dξ′dx′.

In addition, we have introduced the function β(x′, expx′(Y
′), which is a bump function which has value one

whenever α(x, expx(Y )) 6= 0. We are assured that such a β exists because we can make the support of α as
close to the diagonal as we please. Because of Corollary 5.16, we may replace α in vx′ by β.

Set

r(x′, ξ′, σ′, X ′, Y ′, t) = [(−1)nα(x, expx(Y ))J Tx,x′p∗(x, ξ, σ, t)tTx′,x]t−1 ,

where x = expx′(X
′), X = −T −1

x,x′X
′, Y = T −1

x,x′(Y
′), ξ = −T −1

x,x′(ξ
′), σ = T −1

x,x′(σ
′ − ζ ′) − πTFT −1

x,x′(ξ
′), and

πTF : TM → TF is the projection. Then

P ∗t (v)(x′) = (2π)−n−p
∫
TMx′×T∗Mx′×TFx′×T∗Fx′

e−i〈X
′,ξ′〉e−i〈Y

′,σ′−ζ′〉r(x′, ξ′, σ′, X ′, Y ′, t)tβ(x′, expx′(Y
′))vx′(X

′) dY ′dσ′dX ′dξ′.

Using the fact that J = 0 off a neighborhood of the support of α and that p has an asymptotic expansion,
it follows immediately that r satisfies the conditions of Lemma 5.17 (where there is no X, and the role of Z
is played by (X ′, Y ′)), and we are done. �

Recall that given symbols p, q ∈ SC∞,∞(M,E), the symbol a0(p, q) is given by

a0(p, q)(x, ξ, σ) = e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))p0(x, ξ, σ) ∧ q0(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ).

See Definition 4.5 for the definition of e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′)).

A similar formula holds for p, q ∈ SC∞,∞(TF, ÊS).

Definition 5.19. Suppose that Pt is an AΨDO with leading symbol p0. Then Pt is asymptotically elliptic if
the map q 7→ a0(p0, q) is invertible.

Note that if p ∈ SCm,`(M,E) and q ∈ SCm
′,`′(M,E) (respectively p ∈ SCm,`(TF, ÊS) and q ∈

SCm
′,`′(TF, ÊS)), then Theorem 6.1 below (which does not depend on Proposition 5.20) implies that the

symbol a0(p, ·)−1(q) is an element of SCm
′−m,`′−`(M,E) (respectively SCm

′−m,`′−`(TF, ÊS)). It follows
easily that we may use the proof of Theorem 3.1 in [BlF90], mutatis mutandis, to prove the following.

Proposition 5.20. If Pt is an asymptotically elliptic operator, then there is an AΨDO Qt such that
Pt ◦Qt ∼ I.

6. The main theorem

In this section we prove our second main result, which is the extension of Theorem 4.6 to SC∞,∞(M,E).
This theorem is originally due to Getzler and was extended by Block-Fox.

Theorem 6.1 (Theorem 3.5 of [G83], Lemma 3.10 of [BlF90]). Let p(t) and q(t) be asymptotic symbols in
SC∞,∞(M,E), with associated AΨDOs Pt = θα(p(t)t) and Qt = θα(q(t)t). Then

(1) Pt ◦Qt is an AΨDO.
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(2) The leading symbol of Pt ◦ Qt is a0(p0, q0), where p0 and q0 are the leading symbols of p and q. In
particular,

a0(p0, q0)(x, ξ, σ) = e−
1
4 Ων(∂/∂(ξ,σ),∂/∂(ξ′,σ′))p0(x, ξ, σ) ∧ q0(x, ξ′, σ′) |(ξ′,σ′)=(ξ,σ).

A similar statement holds for asymptotic symbols p(t), q(t) ∈ SC∞,∞(TF, ÊS).

Remark 6.2. It follows immediately that

a0(p0, q0) = lim
t→0

ς(Pt ◦Qt)t−1 .

Remark 6.3. In Theorem 4.6, p is the leading symbol of Pt = θα(pt), that is p0 = p in that theorem.

Our proof follows that of [BlF90]. However, since our situation is more complicated, the proof is also
more complicated.

Proof. We will be working with Pt = θ̂α(pt) and Qt = θ̂α(qt), and then we will apply Proposition 5.2 to

get the result. Essentially the same proof works for asymptotic symbols p(t), q(t) ∈ SC∞,∞(TF, ÊS). For
simplicity, we will ignore the constants.

Let (x,X) ∈ TF , and u be a section of ÊS . Then we have the following equation

6.4. Pt ◦Qt(u)(x,X) =

∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ,σ)〉p(x, ξ, σ, t)t α̃((x,X), (x1, X1))T −1
x,x1(∫

T∗(TF )(x1,X1)×T (TF )(x1,X1)

e−i〈Y,(κ,%)〉q(x1, κ, %, t)t α̃((x1, X1), (x2, X2))T −1
x1,x2

u(exp(x1,X1)(Y ))dY d%dκ
)
dZdσdξ,

where (x1, X1) = exp(x,X)(Z), and (x2, X2) = exp(x1,X1)(Y ).

We want to write this as∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈V,(λ,µ)〉r(x,X, λ, µ, t)t β((x,X), (x′, X ′))T −1
x,x′u(exp(x,X)(V )) dV dµdλ,

where (x′, X ′) = exp(x,X)(V ), r(t) is an asymptotic symbol, and β is a bump function. Then we need

to compute the leading symbol of r(t). To do the first, we make several changes of variables. Again for
simplicity, the products of the various Jacobians associated with our changes of variables will be denoted
simply J . It is of course possible to keep track of the variables on which the various J depend, but this does
not clarify the computation. What is important here is to check that because of bounded geometry and the
fact that we can make the support of α as close to the diagonal as we please, all the derivatives of all the J
are uniformly bounded.

The map Tx,x1 : TMx → TMx1 and its dual Tx,x1 : T ∗Mx → T ∗Mx1 , which are parallel translations along
the geodesic t 7→ expx(tZ1 +tZ2, tZν), are isometries. We extend these to all of T (TF )(x,X) and T ∗(TF )(x,X)

as follows. Given W = (W1,Wν ,W2) ∈ T (TF )(x,X), set

Tx,x1(W ) = (Tx,x1(W1,Wν), 0) + (0, Tx,x1(0,W2)) ∈ T (TF )(x1,X1),

where (0,W2) and Tx,x1(0,W2) are in TM = ν ⊕ TF considered as the second two factors in T (TF ) '
TF ⊕ ν ⊕ TF . Since Tx,x = I, Tx,x1

is an isomorphism for x1 sufficiently close to x. We then have the dual
map

Tx,x1 : T ∗(TF )(x,X) → T ∗(TF )(x1,X1),

so by definition, T preserves the pairing of these bundles. Set V = T −1
x,x1

(Y ), and (λ, µ) = T −1
x,x1

(κ, %). Then

〈V, (λ, µ)〉 = 〈Y, (κ, %)〉, and T −1
x,x1

(dY d%dκ) = J dV dµdλ, so the right side of Equation 6.4 becomes∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈V,(λ,µ)〉
∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ,σ)〉p(x, ξ, σ, t)t α̃((x,X), exp(x,X)(Z))T −1
x,x1

(
q(x1, Tx,x1

(λ, µ), t)t

)
α̃((x1, X1), exp(x1,X1)(Tx,x1

(V )))T0,1,2T −1
x,x2

(u(exp(x,X)(φZ(V )))J dZdσdξdV dµdλ.
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Here T0,1,2 = T −1
x,x1
T −1
x1,x2
Tx,x2

, and φZ : T (TF )(x,X) → T (TF )(x,X) is

φZ(V ) = exp−1
(x,X)(exp(x1,X1)(Tx,x1

(V ))) = (W1,Wν ,W2),

where

(W1 +W2,Wν) = exp−1
x expx1

Tx,x1
(V1 + V2, Vν).

This is because Tx,x1(V1, Vν , V2) = (Y1, Yν , Y2), so (Y1 + Y2, Yν) = Tx,x1(V1 + V2, Vν), and

W2 = −X + T −1
x,x2

(Tx1,x2(X1 + T (2)
x,x1

(0, V2))),

where T (2)
x,x1 is the composition ν ⊕ TF

Tx,x1→ ν ⊕ TF π→ TF , and π is the projection.
Note that φZ(V ) depends on X in general, that φ0 = I, and we are only interested in φZ(V ) for

α̃((x,X), exp(x,X)(Z)) 6= 0 and α̃((x1, X1), exp(x1,X1)(Tx,x1
(V ))) 6= 0,

that is for Z and V small. We can control the size of the relevant Z and V by making the support of
α close to the diagonal. Thus, we may assume that φZ is a diffeomorphism on a neighborhood of V = 0.
According to [Gi84], p. 25 bottom, φ−1

Z (V ) = φ−1
Z (0)+AZ,V V , where AZ,V is a linear map which is invertible

in a neighborhood of V = 0. For Z, Ẑ ∈ T (TF )(x,X), with Z close to zero, define the linear map WZ on
T (TF )(x,X) to be

WZ(Ẑ) = (Ŵ , 0,−Ŵ ),

where

Ŵ = Ẑ2 −
(
T (2)
x,x1
| TF(x,X)

)−1

Tx,x1
(Ẑ2).

Note that in general this is not zero, since Tx,x1
is parallel translation in the bundle TF , while T (2)

x,x1 | TF(x,X)

is parallel translation in TM followed by projection to TF . It will be zero if F is totally geodesic, but this
is quite rare. It is a straight forward computation to show that φ−1

Z (0) = −Z −WZZ, (solve φZ(V ) = 0
directly from the definition of φZ , and use the fact that x2 = expx1

(Tx,x1(V1 + V2, Vν)) = x), so

φ−1
Z (V ) = −Z − WZZ + AZ,V V = −(I +WZ)Z + AZ,V V.

We note for later use, that if Z = 0, then x1 = x, and so W0 = 0.
Make the change of variables V → φ−1

Z (V ) to get∫
e−i〈φ

−1
Z (V ),(λ,µ)〉

∫
e−i〈Z,(ξ,σ)〉p(x, ξ, σ, t)t α̃((x,X), exp(x,X)(Z))T −1

x,x1

(
q(x1, Tx,x1

(λ, µ), t)t

)
α̃((x1, X1), exp(x1,X1)(Tx,x1

(φ−1
Z (V ))))T0,1,2T −1

x,x2
(u(exp(x,X)(V )))J dZdσdξdV dµdλ.

Set

α̂(x,X,Z, V ) = α̃((x,X), exp(x,X)(Z))α̃((x1, X1), exp(x1,X1)(Tx,x1
(φ−1
Z (V )))).

Choose a bump function β on TF × TF which is supported in a neighborhood of the diagonal so that
β((x,X), exp(x,X)(V )) = 1 whenever α̂ 6= 0. We are assured that such a β exists by choosing the support of

α sufficiently close to the diagonal. Replacing φ−1
Z (V ) by −(I +WZ)Z + AZ,V V and making the change of

variables (λ, µ)→ [A−1
Z,V ]∗(λ, µ) gives∫

e−i〈V,(λ,µ)〉r(x,X, V, λ, µ, t)t β((x,X), exp(x,X)(V ))T −1
x,x2

(u(exp(x,X)(V ))dV dµdλ,

where

r(x,X, V, λ, µ, t)t =

∫
ei〈(I +WZ)Z,[A−1

V,Z ]∗(λ,µ)〉e−i〈Z,(ξ,σ)〉p(x, ξ, σ, t)t

α̂(x,X,Z, V )T −1
x,x1

(
q(x1, Tx,x1

[A−1
Z,V ]∗(λ, µ), t)t

)
T0,1,2 J dZdσdξ =
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e−i〈Z,(ξ,σ)−(I +WZ)∗[A−1

V,Z ]∗(λ,µ)〉p(x, ξ, σ, t)t

α̂(x,X,Z, V )T −1
x,x1

(
q(x1, Tx,x1

[A−1
Z,V ]∗(λ, µ), t)t

)
T0,1,2 J dZdσdξ.

Next make the change of variables (ξ, σ)→ (ξ, σ) + (I +WZ)∗[A−1
V,Z ]∗(λ, µ) to get

r(x,X, V, λ, µ, t)t =

∫
e−i〈Z,(ξ,σ)〉p(x, (ξ, σ) + (I +WZ)∗[A−1

V,Z ]∗(λ, µ), t)t

α̂(x,X,Z, V )T −1
x,x1

(
q(x1, Tx,x1

[A−1
Z,V ]∗(λ, µ), t)t

)
T0,1,2 J dZdσdξ.

We now follow [T80], the proof of Theorem 3.2, to show that r satisfies the hypotheses of Lemma 5.17,

(with Z replaced by V in the lemma) so it determines a symbol r̂(t) with Pt ◦ Qt = θ̂β(r̂(t)t). We give a
brief outline, and leave the details to the reader, of how to obtain an estimate of the form

|| ∂αλ∂βµ∂δ(x,X,V )r(x,X, V, λ, µ, t) || ≤ Cα,β,δ(1 + |λ|)m−|α|(1 + |µ|)`−|β|,

as in Lemma 5.17. First note that the derivatives with respect to x, X, and V of α̂(x,X,Z, V ), and J
are uniformly bounded, so we may dispense with them. We may assume that 0 ≤ t ≤ 1, since we are only
interested in t in that interval. Next note the crucial facts that φ0 = I and W0 = 0, which imply that
[A−1

0,V ]∗ = I and I +W0 = I. In addition, Tx,x = I. So, by making the support of α close to the diagonal, we

can make [A−1
Z,V ]∗ as close to I as we please and all its derivatives uniformly bounded. Similar remarks apply

to I +WZ , Tx,x1
, T −1

x,x1
, and T0,1,2. So, we may assume that [A−1

Z,V ]∗, I + WZ , Tx,x1
, T −1
x,x1

, and T0,1,2 are the

identity when computing estimates. Thus we may assume that r(t)t has the form

r(x,X, V, λ, µ, t)t =

∫
e−i〈Z,(ξ,σ)〉α̂(Z)p(x, ξ + λ, σ + µ, t)t q(x1, λ, µ, t)t dZdσdξ =∫

e−i〈Z,(ξ,σ)〉α̂(Z)p(x, tξ + tλ, tσ + tµ, t)q(x1, tλ, tµ, t)dZdσdξ.

Here we have written α̂(Z) for α̂(x,X,Z, V ).
The astute reader will note that this equation is incorrect, unless both p and q have no form components.

However, since we are only interested in t for t ∈ [0, 1], we may replace the missing terms by 1, and
no harm is done to our estimates. More precisely, if either has form components, then the expression
after the equals sign is missing terms of the form t to a positive power. We need to find estimates on
r = [rt]t−1 and its derivatives, which (because we are using Clifford multiplication and not differential
form multiplication) may also be missing terms of the form t to a positive power. This is due to forms
which would disappear under form multiplication, but do not under Clifford multiplication. For example,
[dxt · dxt]t−1 = [−t2||dx||2]t−1 = −t2||dx||2, while [dxt ∧ dxt]t−1 = [0]t−1 = 0. So, for t ∈ [0, 1] we can easily
estimate the extra terms.

Now r = [rt]t−1 , so we have finally that

r(x,X, V, λ, µ, t) =

∫
e−i〈Z,(ξ,σ)〉α̂(Z)p(x, tξ + λ, tσ + µ, t)q(x1, λ, µ, t)dZdσdξ.

The derivatives with respect to x of p are uniformly bounded, so we may ignore them in the computation.
So now consider ∂αλ∂

β
µr(x,X, V, λ, µ, t), which is a finite sum of terms which are constants times terms of the

form ∫
e−i〈Z,(ξ,σ)〉α̂(Z)∂α1

λ ∂β1
µ p(x, tξ + λ, tσ + µ, t)∂α2

λ ∂β2
µ q(x1, λ, µ, t)dZdσdξ

where the αi add up to α, and the βi add up to β. In what follows, we will again ignore constants. Note
that, up to a constant, e−i〈Z,(ξ,σ)〉 = (1 + |(ξ, σ)|2)−N (1 + ∆Z)N (e−i〈Z,(ξ,σ)〉), where N is an integer to be
specified soon. Thus the above equals∫

(1 + |(ξ, σ)|2)−N
[
(1 + ∆Z)Ne−i〈Z,(ξ,σ)〉

]
α̂(Z)∂α1

λ ∂β1
µ p(x, tξ + λ, tσ + µ, t)∂α2

λ ∂β2
µ q(x1, λ, µ, t)dZdσdξ,
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and integration by parts gives something of the form∫
(1 + |(ξ, σ)|2)−Ne−i〈Z,(ξ,σ)〉

[
(1 + ∆Z)N α̂(Z)

]
∂α1

λ ∂β1
µ p(x, tξ + λ, tσ + µ, t)∂α2

λ ∂β2
µ q(x1, λ, µ, t)dZdσdξ.

Note that we are integrating Z over compact sets whose diameters and volumes are uniformly bounded,
namely where α̂(Z) = α̂(x,X,Z, V ) 6= 0, and we are integrating a uniformly bounded function e−i〈Z,(ξ,σ)〉(1+

∆Z)N α̂(Z). Suppose that p ∈ SCm,`(M,E) and q ∈ SCm
′,`′(M,E). Then the integral is bounded by a

multiple of∫
(1 + |(ξ, σ)|2)−N (1 + |tξ + λ|)m−|α1|(1 + |tσ + µ|)`−|β1|(1 + |λ|)m

′−|α2|(1 + |µ|)`
′−|β2|dσdξ.

Now Peetre’s inequality gives that

(1 + |tξ + λ|)m−|α1| ≤ C(1 + |tξ|)|m−|α1||(1 + |λ|)m−|α1|,

and similarly (1 + |tσ + µ|)`−|β1| ≤ C(1 + |tσ|)|`−|β1||(1 + |µ|)`−|β1|. Thus the integral is bounded by

(1 + |λ|)m+m′−|α|(1 + |µ|)`+`
′−|β|

∫
(1 + |(ξ, σ)|2)−N (1 + |tξ|)|m−|α1||(1 + |tσ|)|`−|β1||dσdξ.

If we choose N large enough, then the integral converges, so we have that ||∂αλ∂βµ∂δ(x,X,V )r(x,X, V, λ, σ, t)||
is bounded by a multiple of

(1 + |λ)|)m+m′−|α|(1 + |µ|)`+`
′−|β|

as required.

To determine the asymptotic expansion, we proceed as follows. By Lemma 5.11, r̂(t) ∼ ς(θ̂α(pt) ◦
θ̂α(qt))t−1 , so we may work with ς(θ̂α(pt) ◦ θ̂α(qt)). In particular we wish to invoke the results of Widom,
[W80, W78]. Let (Z1, Zν , Z2) ∈ T (TF )(x,X), and consider the local diffeomorphism

ẽxp(x,X)(Z1, Zν , Z2) = (expx(Z1, Zν), Tx,expx(Z1,Zν)(X + Z2)).

Let P be an operator on sections of ÊS , (x,X) ∈ TF , (η, ζ, σ) ∈ T ∗(TF )(x,X), and u(x,X) ∈ (ÊS)(x,X). Set

ς̃(P )(x,X, η, ζ, σ)(u(x,X)) =

P
(

(x′, X ′) 7→ e
i〈ẽxp−1

(x,X)
(x′,X′),(η,ζ,σ)〉

α̃((x,X), (x′, X ′))Tx,x′(u(x,X))
)
|(x′,X′)=(x,X).

It is immediate that

ς(P )(x,X, η, ζ, σ) = ς̃(P )(x,X, η, ζ, σ − ζ).

Lemma 6.5. Let π : A → M be a vector bundle with connection ∇A over a manifold M with connection
∇M . Then for Y ∈ A with π(Y ) = x, and (X,Z) ∈ TAY ' TMx ⊕Ax, the path γ(t) = Tx,expx(tX)(Y + tZ)

is a geodesic in A for the connection ∇ = π∗∇M ⊕ π∗∇A.

Proof. Set σ(t) = expx(tX), and denote the derivatives of γ and σ by
.
γ and

.
σ. Then

.
γ(t) = (

.
σ(t), Tx,σ(t)(Z))

is the pull back of a section of TM ⊕ A, also denoted (
.
σ(t), Tx,σ(t)(Z)). In addition, π∗(

.
γ(t)) =

.
σ(t), since

(0, Tx,σ(t)(Z)) is tangent to the fibers of A→M . Thus

∇ .
γ(t)

.
γ(t) = (π∗∇M ⊕ π∗∇A) .γ(t)

π∗(
.
σ(t), Tx,σ(t)(Z)) =

(∇M ⊕∇A)
π∗(

.
γ(t))

(
.
σ(t), Tx,σ(t)(Z)) = (∇M.σ(t)

.
σ(t),∇A.σ(t)

Tx,σ(t)(Z)) = (0, 0),

as required. �
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Thus ẽxp is the usual exponential for the manifold TF for the connection which is the pull back of the
Levi-Civita connection on TM to π∗(TM) direct sum with the pull back to π∗(TF ) of the connection on

TF induced from the Levi-Civita connection on TM . It follows that the function 〈ẽxp
−1
(x,X)(x

′, X ′), (η, ζ, σ)〉
satisfies Proposition 2.1 of [W80], see [R88], locally. In addition, ς̃(P ) is the usual symbol associated to this
connection for the operator P . Thus we may combine Widom’s results with the argument in [BlF90], pp.
22-23, to get that there are differential operators ãn (which decrease the grading by n, and which do not

differentiate in the t variable) so that for p(t) and q(t) asymptotic symbols in SC∞,∞(TF, ÊS),

ς̃(θ̂α(pt) ◦ θ̂α(qt)) ∼
∞∑
n=0

tnãn(p, q)t.

Thus we have

ς(θ̂α(pt) ◦ θ̂α(qt))(x,X, η, ζ, σ) = ς̃(θ̂α(pt) ◦ θ̂α(qt))(x,X, η, ζ, σ − ζ) ∼
∞∑
n=0

tnãn(p, q)t(x,X, η, ζ, σ − ζ) =

∞∑
n=0

tnân(p, q)t(x,X, η, ζ, σ).

where the ân are also differential operators which decrease the grading by n, and do not differentiate in the
t variable. For asymptotic symbols p(t) and q(t) in SC∞,∞(M,E) we have

p ◦ q := ς(θα(pt) ◦ θα(qt))t−1 := ς(θ̂α(p̂t) ◦ θ̂α(q̂t))t−1 ∼
∞∑
n=0

tnân(p̂, q̂) =

∞∑
n=0

tnân(p, q).

The ân acting on elements in SC∞,∞(M,E) are determined by how they act on symbols which are polynomial
in ζ, η, and σ, so they must be the an of Theorem 4.6. Finally we have

p ◦ q ∼
∞∑
n=0

tnan(p, q) ∼
∞∑

n,k,k′=0

tnan(tkpk, t
k′qk′) =

∞∑
n,k,k′=0

tn+k+k′an(pk, qk′),

giving the asymptotic expansion for p ◦ q, and identifying its leading symbol as a0(p0, q0). �

In the case of a Riemannian foliation, formula (2) in Theorem 6.1 simplifies, just as the formula in Theorem
4.6 does, and we get:

Corollary 6.6. Suppose F is a Riemannian foliation, and write p and q as functions of x, η, ζ, σ, and t.
Then, under the assumptions of Theorem 6.1,

a0(p0, q0)(x, η, ζ, σ, t) = e−
1
4 Ων(∂/∂η,∂/∂η′)p0(x, η, ζ, σ, t) ∧ q0(x, η′, ζ, σ, t) |η′=η.

Appendix A. proof of Lemma 5.10

We now give the proof of

Lemma 5.10 If a family of symbols p(t) ∈ SC−∞,−∞(TF, ÊS) and p(t) ∼ 0, then Pt = θ̂α(p(t)t) ∼ 0. The
same result holds for p(t) ∈ SC−∞,−∞(M,E).

Recall that p(t) ∼ 0 means that for all N , limt→0 t
−Np(t) = 0 in SC−∞,−∞(TF, ÊS), and note that p(t)

is not assumed to be an asymptotic symbol.

Proof. First assume that the (x,X) support of the symbol is a compact subset of a cube In+p ⊂ TF . The
operator norm ||Pt||0,0 is bounded by the Hilbert-Schmidt norm of Pt, which in turn coincides with the L2

norm over In+p × Rn+p ⊂ T ∗(TF ) of the Schwartz kernel Kt of Pt. Now, Kt is smooth and is given, when
the bundle is trivialized, by

Kt((x,X), (x′, X ′)) = α̃((x,X), (x′, X ′))

∫
Rn+p

ei〈(x−x
′,X−X′),(ξ,σ)〉p(x,X, ξ, σ, t)tdξdσ.
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The norm of α̃((x,X), (x′, X ′)) is uniformly bounded, so we will ignore it. Using Plancherel, that is the fact
that the Fourier transform is an isometry on L2, we get∫

Rn+p

||Kt((x,X), (x′, X ′))||2dx′dX ′ =

∫
Rn+p

||p(x,X, ξ, σ, t)t||2 dξdσ.

Thus modulo constants, we get

||Pt||20,0 ≤
∫
In+p×Rn+p

||p(x,X, ξ, σ, t)t||2 dξdσdxdX.

Let N > 0 be given, and choose N̂ > N + (n + p)/2. Recall that we are assuming that p(t) ∈
SC−∞,−∞(TF, ÊS) and p(t) ∼ 0. So in particular, p(t) ∈ SC−n,−p(TF, ÊS) and

lim
t→0

t−N̂p(t) = 0

in SC−n,−p(TF, ÊS). Thus for each t, there is a constant Ct so that

t−N̂ ||p(x,X, ξ, σ, t)|| ≤ Ct(1 + |ξ|)−n(1 + |σ|)−p,

and Ct → 0 as t→ 0. So, for t small enough, ||p(x,X, ξ, σ, t)t|| ≤ tN̂ (1 + |tξ|)−n(1 + |tσ|)−p. Thus, modulo
constants,

t−N ||Pt||0,0 ≤ t−N
[ ∫

In+p×Rn+p

||p(x,X, ξ, σ, t)t||2 dξdσdxdX
]1/2

≤

tN̂−N
[ ∫

Rn+p

(1 + |tξ|)−2n(1 + |tσ|)−2pdξdσ
]1/2

= tN̂−(N+(n+p)/2)
[ ∫

Rn+p

(1 + |ξ|)−2n(1 + |σ|)−2pdξdσ
]1/2

,

by making the change of coordinates (ξ, σ)→ (ξ/t, σ/t). This last goes to zero as t→ 0.
To extend to the case where the (x,X) support is not necessarily compact, we note that the estimates on

p(t)t are uniform on TF , and since the geometry of TF is bounded, we may assume that we have a countable
locally finite cover of TF by cubes In+p whose diameters and volumes are uniformly bounded. Given any L2

section u of ÊS , we may write it as a countable sum of L2 sections, whose supports are pairwise disjoint, each
being contained in a different cube. The result for ||Pt||0,0 then follows from standard techniques. Indeed,
using again the bounded geometry assumption, there is a uniform upper bound on the local norms, and
||Pt||0,0 can then be estimated by the supremum of these local norms.

Next consider ||Pt||s,k = ||(1+∇∗∇)k/2Pt(1+∇∗∇)−s/2||0,0. The operators θ̂α(1+|ξ|2+|σ|2) and 1+∇∗∇
are both second order (uniformly) elliptic differential operators on ÊS , so we may also use the equivalent
norm

||Pt||s,k = ||θ̂α((1 + |ξ|2 + |σ|2)k/2)Ptθ̂
α((1 + |ξ|2 + |σ|2)−s/2)||0,0.

Now (Ptθ̂
α((1 + |ξ|2 + |σ|2)−s/2) = θ̂α(pt)θ̂

α((1 + |ξ|2 + |σ|2)−s/2), and if we set q−s(x,X, ξ, σ, t) = (1 +
|ξ/t|2 + |σ/t|2)−s/2, we have

Ptθ̂
α((1 + |ξ|2 + |σ|2)−s/2) = θ̂α(pt)θ̂

α(q−st ).

As in the proof of Theorem 6.1, we may assume that [A−1
Z,V ]∗, I +WZ , Tx,x1

, T −1
x,x1

, and T0,1,2 are the identity

when computing estimates. Note that α̂(V ) actually depends on Z, as do other terms we are ignoring, so
we write them as α̂(V,Z). Set

r(x,X,Z, ξ, σ, t)t =

∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈V,(λ,µ)〉α̂(V,Z)p(x,X, tξ + tλ, tσ + tµ, t)(1 + |ξ|2 + |σ|2)−s/2dV dλdµ,

and

r̂(x,X, ξ, σ, t)t =

∫
T∗(TF )(x,X)×T (TF )(x,X)

e−i〈Z,(ξ̂,σ̂)〉r(x,X,Z, tξ̂ + tξ, tσ̂ + tσ, t) dZdσ̂dξ̂ =∫ ∫
e−i〈Z,(ξ̂,σ̂)〉e−i〈V,(λ,µ)〉α̂(V,Z)p(x,X, tξ̂+tξ+tλ, tσ̂+tσ+tµ, t)(1+|ξ̂+ξ|2+|σ̂+σ|2)−s/2dV dλdµdZdσ̂dξ̂.
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By Lemma 5.17 and the proof of Theorem 6.1, and modulo constants,

θ̂α(pt)θ̂
α(qst ) = θ̂α(r̂(t)t).

Recall that, thanks to the bounded geometry assumption, the support of α̂ is contained in a uniform ball
bundle over the total manifold TF and the Fourier transform FT ((V,Z) 7→ α̂((x,X); (V,Z)) is of Schwartz
class uniformly in the (x,X) variables, i.e. the Schwartz semi-norms are uniformly bounded in the (x,X)
variables. Now

r̂(x,X, ξ, σ, t)t = FT−1
[
FT (α̂(V,Z))(ξ̂, σ̂, λ, µ)p(x,X, tξ̂ + tξ + tλ, tσ̂ + tσ + tµ, t)

(1 + |ξ̂ + ξ|2 + |σ̂ + σ|2)−s/2
]
(0, 0),

so, r̂(t)t has the same properties as p(t)t. Namely, r̂(t)t is of Schwartz class uniformly on each fiber in the

sense described above, and for all N̂ > 0, there is Ct ∈ R, so that limt→0 Ct = 0, and

t−N̂ ||r̂(x,X, ξ, σ, t)t|| ≤ Ct(1 + |tξ|)−n−|s|(1 + |tσ|)−p−|s|(1 + |ξ|+ |σ|)−s.

To see this, note that for any N̂ and any (m, `) ∈ Z2, there exists Ct = Ct(m, `, N̂) which goes to zero as
t→ 0, so that

t−N̂ ||p(x,X, ξ + ξ̂ + λ, σ + σ̂ + µ, σ, t)t|| ≤ Ct(1 + |tξ|+ |tξ̂|+ |tλ|)m(1 + |tσ|+ |tσ̂|+ |tµ|)`.
Applying Peetre’s inequality gives

(1 + |tξ|+ |tξ̂|+ |tλ|)m(1 + |tσ|+ |tσ̂|+ |tµ|)` ≤ (1 + |tξ̂|+ |tλ|)|m|(1 + |tσ̂|+ |tµ|)|`|(1 + |tξ|)m(1 + |tσ|)`,
and

(1 + |ξ̂|+ |ξ|+ |σ̂|+ |σ|)−s ≤ (1 + |ξ|+ |σ|)−s(1 + |ξ̂|+ |σ̂|)|s|.
Set ϕ := FT (α̂), which is a rapidly decaying function. Then using the estimate of 1 + r2 by (1 + r)2 for
r ≥ 0, we have

t−N̂ ||r̂(x,X, ξ, σ, t)t|| ≤ Ct(1 + |tξ|)m(1 + |tσ|)`(1 + |ξ|+ |σ|)−s∫
ϕ(ξ̂, σ̂;λ, µ)(1 + |tξ̂|+ |tλ|)|m|(1 + |tσ̂|+ |tµ|)|`|(1 + |ξ̂|+ |σ̂|)|s|dξ̂dσ̂dλdµ.

For |t| ≤ 1, we deduce that

t−N̂ ||r̂(x,X, ξ, σ, t)t|| ≤ Ct(1 + |tξ|)m(1 + |tσ|)`(1 + |ξ|+ |σ|)−s∫
ϕ(ξ̂, σ̂;λ, µ)(1 + |ξ̂|+ |λ|+ |σ̂|+ |µ|)|m|+|`|+|s|dξ̂dσ̂dλdµ.

Since ϕ is rapidly decaying, the integral is a finite constant, and replacing (m, `) by (−n−|s|,−p−|s|) gives
the estimate.

To get the estimate for t−N ||θα(r̂t)||0,0, proceed as follows. Let N > 0 be given, and choose N̂ >
N + (n+ p)/2. Then for small t, as above and modulo constants,

t−N ||θα(r̂t)||0,0 ≤ t−N
[ ∫
||r̂(x,X, ξ, σ, t)t||2dσdξdx

]1/2
≤

tN̂−N
[ ∫

(1 + |tξ|)−2n−2|s|(1 + |tσ|)−2p−2|s|(1 + |ξ|2 + |σ|2)−sdσdξdx
]1/2

≤

tN̂−N
[ ∫

(1 + |tξ|)−2n−2|s|(1 + |tσ|)−2p−2|s|(1 + |ξ|2 + |σ|2)(|s|−s)/2dσdξdx
]1/2

≤

tN̂−N
[ ∫

(1 + |tξ|)−2n−2|s|(1 + |tσ|)−2p−2|s|t|s|−s(t2 + |tξ|2 + |tσ|2)(|s|−s)/2dσdξ
]1/2

≤

tN̂−N
[ ∫

(1 + |tξ|)−2n−2|s|(1 + |tσ|)−2p−2|s|t|s|−s(1 + |tξ|2 + |tσ|2)(|s|−s)/2dσdξ
]1/2

≤
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tN̂+(|s|−s)/2−(N+(n+p)/2)
[ ∫

(1 + |ξ|)−2n−2|s|(1 + |σ|)−2p−2|s|(1 + |ξ|2 + |σ|2)(|s|−s)/2dσdξ
]1/2

,

which goes to zero as t→ 0.

Next, do the same analysis on θ̂α((1 + |ξ|2 + |σ|2)k/2)θ̂α(r̂(t)t), which yields a symbol denoted ŵ(t)t so
that

θ̂α(q−kt )θ̂α(r̂t) = θ̂α(ŵt),

and ŵ(t)t also has the same properties as r̂ above, mutatis mutandis. As in the ||Pt||0,0 case, we first assume
that the (x,X) support of the symbol ŵ is a compact subset of a cube In+p ⊂ TF . Then we get, modulo
constants,

||ŵt||20,0 ≤
∫
In+p×Rn+p

||ŵ(x,X, ξ, σ, t)t||2 dξdσdxdX,

and we may proceed as in the ||Pt||0,0 case to finish the proof. �

Appendix B. Bifiltered calculus on complete foliations

Suppose that u ∈ C∞c (Rp × Rq = Rn,Ca), and denote its Fourier transform by u. For all s, k ∈ R, the
Sobolev s, k norm of u is defined by:

‖u‖2s,k =

∫
ς∈Rp,η∈Rq

|u(ς, η)|2(1 + |ς|2 + |η|2)s(1 + |ς|2)kdςdη.

Definition B.1. [GU90, K97] The space Hs,k(Rn,Rp,Ca) is the completion of C∞c (Rn,Ca) under the norm

‖·‖s,k. A similar definition works for any open subsets U ⊂ Rp and V ⊂ Rq yielding the space Hs,k(U, V,Ca).

Denote by Ma(C) the a by a complex matrices.

Definition B.2. An element k(z, x, y, σ, ς, η) ∈ C∞(Ip× Ip× Iq ×Rp ×Rp ×Rq,Ma(C)) belongs to the class
Sm,`(Ip×Rn,Rp,Ma(C)), (with n = p+q), if for any multi-indices α, β, and γ, there is a constant Cα,β,γ > 0
so that

(1) ‖∂ας,η∂βσ∂γz,x,yk(z, x, y, σ, ς, η)‖ ≤ Cα,β,γ(1 + |ς|+ |η|)m−|α|(1 + |σ|)`−|β|.

Such a k defines an operator A : C∞c (In,Ca)→ C∞(In,Ca) by the formula

(2) Au(x, y) = (2π)−2p−q
∫
ei[(x−x

′−z)ς+(y−y′)η+zσ]k(z, x, y, σ, ς, η)u(x′, y′)dzdx′dy′dςdηdσ.

The distributional Schwartz kernel of A is thus the oscillating integral

KA(x, y;x′, y′) = (2π)−2p−q
∫
ei[(x−x

′−z)ς+(y−y′)η+zσ]k(z, x, y, σ, ς, η)dzdςdηdσ.

If this Schwartz kernel is uniformly supported in In× In, we write A ∈ Ψm,`(In, Ip,Ca).

Proposition B.3. [K97] Any operator A ∈ Ψm,`(In, Ip,Ca) defines, for any s and k, a continuous mapping

A : Hs,k(In, Ip,Ca) −→ Hs−m,k−`(In, Ip,Ca),

In particular, if m ≤ 0 and ` ≤ 0 then A extends to an L2-bounded operator.

The proof is classical, see Theorem 3.3 in [GU90] and [K97].
We now extend the previous definitions and properties to bounded geometry foliations. Let (M,F) be

a smooth foliated Riemannian manifold. We thus assume that the manifold M has C∞ bounded geometry
and so is complete, and that all the leaves satisfy the same bounded geometry assumption. We say in this
case that the foliation has (C∞-)bounded geometry. All C vector bundles E over M are assumed to also
have C∞-bounded geometry. In this case, we may choose a C∞-bounded Hermitian structure and consider
the space L2(M, E) of L2-sections of E . In fact, the Sobolev spaces associated with E are also well defined,



SYMBOL CALCULUS FOR FOLIATIONS September 27, 2017 33

see for instance [Sh92]. We review below the bigraded Sobolev spaces for our complete foliation. When M
is compact, we recover the usual bigraded Sobolev spaces and the bifiltered calculus as defined in [K97].

Let (Ui, Ti)i∈I be a good open cover of the foliation (M,F) with finite multiplicity and such that Ui '
Rp × Ti and Ti ' Rq so that Ui ' Rp × Rq. Using a classical lemma due to Gromov [G81], it is easy
to check that such open cover always exists. Moreover, we may assume that the open sets Ui are metric
balls which are diffeomorphic images of the local exponential maps and such that any plaque in any Ui is
the diffeomorphic image of the leafwise exponential map. Let {φi} be a C∞-bounded partition of unity
subordinate to the cover {Ui} of M [Sh92]. For u ∈ C∞c (M, E), and using the local trivializations of E over
the Ui, we define its s, k norm as

‖u‖s,k =
∑
i

‖φi · u‖s,k,

where on the right we are thinking of the product φi ·u as an element in C∞c (Rn,Ca) using the trivializations,

and the norm ‖ · ‖s,k is pulled back from the norm of Hs,k(Rn,Rp,Ca).

Definition B.4. The bigraded Sobolev space Hs,k(M,F ; E) is the completion of C∞c (M, E) under the norm
‖ · ‖s,k.

Classical arguments show that although the norms depend on the choices, the bigraded Sobolev spaces
Hs,k(M,F ; E) do not. Notice that the holonomy groupoid (which is assumed to be Hausdorff in the present
paper) is also a foliated manifold of bounded geometry and thus admits the covers and partitions of unity
as above which fit with the description given in [C79]. Let V ' Ip× Iq be a distinguished foliation chart
for F . Then the restriction E|V ' V × Ca. Let V ×γ V ′ ' In× Iq be a chart for the holonomy groupoid G
corresponding to γ ∈ GV ′V with V ′ a distinguished chart with the same properties. Using these charts and
trivializations, any element A0 ∈ Ψm,`(In, Ip,Ca), defines an operator

(3) A : C∞c (V, E) −→ C∞c (V ′; E).

Such operator is called an elementary operator of class (m, `).

Definition B.5. A linear map A : C∞c (M ; E) → C∞c (M ; E) with finite propagation is a pseudodifferential
operator of class (m, `) if it is an elementary operator in all local charts V, V ′ as above (with C∞-bounded
coefficients with bounds independent of the chosen local charts).

The finite propagation assumption is defined using the geodesic distance and the completeness, but we
could as well assume that A is uniformly supported in the sense of [NWX99] without reference to the geodesic
distance. Then the operator A sends compactly supported smooth sections to compactly supported smooth
sections. A uniform smoothing operator will be an operator with smooth Schwartz kernel k which has finite
propagation and such that k is C∞-bounded. This latter property means that we can estimate the derivatives
of k in local coordinates by uniform bounds over M×M . Such operator induces a bounded operator between
any usual Sobolev spaces of the bounded-geometry manifold M as defined in [Sh92]. The space (obviously a
∗-algebra) of uniform smoothing operators is denoted by Ψ−∞(M, E). An easy partition of unity argument
in the sense described above gives the following standard lemma for all bounded geometry foliations.

Lemma B.6. [K97] A uniform smoothing operator T induces, for any s, k, s′, k′, a bounded operator

T : Hs,k(M, E) −→ Hs′,k′(M, E).

Denote by Ψm,`(M,F ; E) the space of operators of the form T = A+R where A is a uniformly supported
pseudodifferential operator of type (m, `) and R ∈ Ψ−∞(M, E) is a uniform smoothing operator. Notice
that if A ∈ Ψm,`(M,F ; E) then the formal adjoint A∗ also belongs to Ψm,`(M,F ; E). Moeover, if B ∈
Ψm′,`′(M,F ; E), then A ◦ B ∈ Ψm+m′,`+`′(M,F ; E). The proof in the compact case given in [K97] extends
again to our setting. Indeed, by the first appendix in [Sh92] we know that for any R ∈ Ψ−∞(M, E) and any
A ∈ Ψm,`(M,F ; E), the composite operators A◦R and R◦A are uniform smoothing operators, hence belong
to Ψ−∞(M, E). Therefore, we only need to check the same properties for locally elementary operators which
are uniformly supported. Using a locally finite partition of unity of M as described above, this is reduced to
considering an elementary operator A from sections over V to sections over V ′ as above. But then we apply
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the techniques developped in [GU90][Proposition 1.39]. Notice in addition that composition of compactly
supported operators is compactly supported and adjoint of compactly supported is compactly supported.
We can now state:

Proposition B.7. [Sh92] Any operator A ∈ Ψm,`(M,F ; E) defines, for any s and k, a continuous mapping

A : Hs,k(M,F ; E) −→ Hs−m,k−`(M,F ; E)),

In particular, if m ≤ 0 and ` ≤ 0 then A extends to an L2-bounded operator.

Since any R ∈ Ψ−∞(M, E) induces a bounded operator between any bigraded Sobolev spaces, this state-
ment is again local by using a partition of unity argument in the sense of [Sh92].
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[C79] A. Connes, Sur la théorie non commutative de l’integration, Lec. Notes in Math. 725 Springer, Berlin (1979).
[CM95] A. Connes and H. Moscovici, The local index formula in noncommutative geometry, Geom. Funct. Anal. 5 (1995)

174–243.

[CM98] A. Connes and H. Moscovici, Hopf algebras, cyclic cohomology and the transverse index theorem, Comm. Math. Phys.
198 (1998), no. 1, 199-246.

[G83] E. Getzler, Pseudodifferential operators on supermanifolds and the Atiyah-Singer Index Theorem, Commun. Math.

Phys. 92 (1983) 163–178.
[Gi84] P. Gilkey, Invariance Theory, The Heat Equation, and the Atiyah-Singer Index Theorem, Publish or Perish, Wilm-

ington, Deleware (1984).
[GlK91] J. F. Glazebrook and F. W. Kamber, Transversal Dirac families in Riemannian foliations, Comm. Math. Phys. 140

(1991) 217–240.

[GU90] A. Greenleaf and G. Uhlmann, Estimates for singular Radon transforms and pseudodifferential operators with singular
symbols, J. Funct. Anal. 89, 202-232, 1990.

[G81] M. Gromov, Structures métriques pour les variétés riemannienne, Edited by J. Lafontaine and P. Pansu. Textes
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