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THE TWISTED HIGHER HARMONIC SIGNATURE
FOR FOLIATIONS
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Abstract

We prove that the higher harmonic signature of an even dimen-
sional oriented Riemannian foliation F' of a compact Riemannian
manifold M with coefficients in a leafwise U(p, ¢)-flat complex
bundle is a leafwise homotopy invariant. We also prove the leaf-
wise homotopy invariance of the twisted higher Betti classes. Con-
sequences for the Novikov conjecture for foliations and for groups
are investigated.
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1. Introduction

In this paper, we prove that the higher harmonic signature, o(F, E),
of a 2¢ dimensional oriented Riemannian foliation F' of a compact Rie-
mannian manifold M, twisted by a leafwise flat complex bundle £ over
M, is a leafwise homotopy invariant. We also derive important conse-
quences for the Novikov conjecture for foliations and for groups. We
assume that E admits a non-degenerate possibly indefinite Hermitian
metric which is preserved by the leafwise flat structure. As explained in
[G96], this includes the leafwise O(p, ¢)-flat and the leafwise symplectic-
flat cases. We assume that the projection onto the twisted leafwise har-
monic forms in dimension ¢ is transversely smooth. This is true when-
ever the leafwise parallel translation on F defined by the flat structure
is a bounded map, in particular whenever the preserved metric on
is positive definite. It is satisfied for important examples, e.g. the ex-
amples of Lusztig [Lu72] which proved the Novikov conjecture for free
abelian groups, and it is always true whenever E is a bundle associated
to the normal bundle of the foliation. In particular, the smoothness
assumption is fulfilled for the (untwisted) leafwise signature operator.

Any metric on M determines a metric on each leaf L of F', so also
on all covers of L. The bundle E'| L can be pulled back to a flat bundle
(also denoted E) on any cover of L. These leafwise metrics and the
leafwise flat bundle E determine leafwise Laplacians A and Hodge =
operators on the differential forms on L with coefficients in E| L, as
well as on all covers of L. The Hodge operator determines an involution
which commutes with AP, so AF splits as a sum AF = AB+ 4 AE—,
in particular in dimension ¢, AY = Af’JF + Af’_. To each leaf L of
F we associate the formal difference of the (in general, infinite dimen-
sional) spaces Ker(Af’Jr) and Ker(Af’_) on L, the simply connected
cover of L. We assume that the Schwartz kernel of the projection
onto Ker(AF) = Ker(Af’+) @ Ker(Af’_) varies smoothly transversely.

Roughly speaking, transverse smoothness means that the Ker(Af’i) are
“smooth bundles over the leaf space of F”. There is a Chern-Connes
character ch, for such bundles which takes values in the Haefliger coho-
mology of F', [BHO8]. The higher harmonic signature of F' is defined
as

o(F,E) = cha(Ker(Af’Jr)) — cha(Ker(AgE’_)).
Our main theorem is the following.

Theorem 9.1. Suppose that M is a compact Riemannian manifold,
with an oriented Riemannian foliation F of dimension 2¢, and that E
is a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection onto Ker(AgE) for the associated
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foliation Fy of the homotopy groupoid of F' is transversely smooth. Then
o(F, E) is a leafwise homotopy invariant.

In particular, suppose that M’, F’, and E’ satisfy the hypothesis of
Theorem 9.1, and that f : M — M’ is a leafwise homotopy equivalence,
which is leafwise oriented. Set E = f*(E’) with the induced leafwise
flat structure and preserved metric. Then f induces an isomorphism f*
from the Haefliger cohomology of F’ to that of F', and

frlo(F' E) =o(F, E).

A priori, o(F, E) depends on the metric on M. However, it is an imme-
diate corollary of Theorem 9.1 that it is independent of this metric since
the identity map is a leafwise homotopy equivalence between (M, F; go)
and (M, F;g1). In general, o(F, E) depends on the flat structure and
the metric on E, in particular on the splitting of £ = ET @ E~ into
positive (resp. negative) definite sub bundles.

Our techniques also give the leafwise homotopy invariance of the
twisted higher Betti classes. When the twisting bundle E is trivial,
this extends (in the Riemannian case) the main theorem of [HL91].

Theorem 10.6 Suppose that M is a compact Riemannian mani-
fold, with an oriented Riemannian foliation F of dimension p. Let E
be a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection onto Ker(AF) for the associated
foliation Fs of the homotopy groupoid of F' is transversely smooth. Then
the twisted higher Betti classes Bj(F, E), 0 < j < p, are leafwise homo-
topy invariants.

We now give some background to place the results of this paper in
context.

Let M and M’ be closed oriented manifolds with oriented foliations
Fand F'. Let ¢ : (M', F") — (M, F) be an oriented, leafwise oriented,
leafwise homotopy equivalence. Denote the homotopy groupoid of F' by
G, and let f : M — BG be a classifying map for F. The BC (Baum-
Connes) Novikov conjecture predicts that for every x € H*(BG;R),

/]L(TF)Uf*x:/ L(TF')U (f o) x.
M /

It is easy to check that this conjecture reduces to the case where the
leaves have even dimension. In the case of a foliation with a single
closed leaf with fundamental group I" and denoting by f : M — BI' a
classifying map for the universal cover of M, the BC Novikov conjecture
reduces to the classical Novikov conjecture

/ ]L(TM)Uf*x:/ L(TM')U (f o p)*z, Va € H*(BT;R).
o :
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A powerful approach to the Novikov conjecture was initiated by Kas-
parov in [K88]. He actually proves a stronger version of the Novikov
conjecture, namely the injectivity of the famous Baum-Connes map
[KS03, HgKO01, La02]. See [T99] for a proof of this injectivity for
a large class of foliations, including hyperbolic foliations. Note that it
is still an open question whether the Baum-Connes map is rationally
injective for Riemannian foliations.

A second approach to the Novikov conjecture was initiated by Connes
and his collaborators [CM90] and uses cyclic cohomology and the ho-
motopy invariance of the Miscenko symmetric signature in the K-theory
of the reduced group C*-algebra [K88, M78]. This method proved
successful, [CGM93|, for the largest known class of groups, including
Gromov-hyperbolic groups. For foliations, the homotopy invariance of
the corresponding Miscenko class in the K-theory of the C*-algebra of G
was explained in [BC00, BC85] and proved independently in [KaM85]
and [HiS92]. It reduces the BC Novikov conjecture to an extension
problem in the K-theory of foliations, together with a cohomological
longitudinal index formula. The extension problem was first solved by
Connes for certain cocycles in [C86] by using a highly non trivial an-
alytic breakthrough. For general cocycles, the extension problem is
a serious obstacle and many efforts have been made in this direction
[Cu04, CuQ97, LMINO05, N97, P95, Me|. See also the recent [Ca]
for an alternative approach.

The present paper was inspired by a third method mainly due to
Lusztig [Lu72], and to ideas of Gromov [G96]. It relies on the fact
that for discrete groups having enough finite dimensional U(p,q) rep-
resentations, the even cohomology of the classifying space BI is gen-
erated by U(p,q) flat K-theory classes. The main theorem needed in
this approach is the oriented homotopy invariance of the twisted sig-
nature by such K-theory classes. This approach has been extended in
[CGM90, CGM93| to cover all the known cases, using the concept of
groups having enough almost representations and almost flat K-theory
classes.

Recall that in non-commutative geometry, the index of an elliptic
operator is usually defined as a certain C*-algebra K theory class con-
structed out of the operator itself, without reference to its kernel or cok-
ernel. In the special (commutative) sub-case of a fibration, the Chern
character of this operator K theory class coincides with the Chern char-
acter of the index bundle determined by the operator. In the (non-
commutative) case of foliations, this equality is not known in general.
See [BHO8], where conditions are given for it to hold, as well as [N97]
and the recent [AGS]. For the signature operator, and its twists by
leafwise almost flat K-theory classes, the C*-algebra K-theory index is
well known to be a leafwise homotopy invariant of the foliation [HiS92].



TWISTED HIGHER SIGNATURES FOR FOLIATIONS 393

However, in order to deduce explicit results on the BC Novikov conjec-
ture for foliations, one needs to define a Chern-Connes character of this
(C*-algebra K-theory class and to compute it. Our approach to this
problem is to use the index bundle of the twisted leafwise signature op-
erator, whose Chern-Connes character in Haefliger cohomology is well
defined as soon as the bundle is. It is therefore a natural problem to
prove directly the homotopy invariance of the Chern-Connes character
of the leafwise signature index bundle and its twists by leafwise (almost)
flat K-theory classes.

Our program to attack the BC Novikov conjecture for foliations con-
sists of three steps.

e Given a K-theory class y = [E*] — [E~] over BG, prove that
the characteristic number / L(TF)U f*ch(y) equals the higher

leafwise harmonic signature twisted by f*y.

e Prove that the higher leafwise harmonic signature twisted by leaf-
wise almost flat K-theory classes of the ambient manifold is a
leafwise oriented, leafwise homotopy invariant.

e Prove that complex bundles F = ET & E~, such that [f*ET] —
[f*E~] is a leafwise almost flat K-theory class, generate the K-
theory of BG.

It is clear that solving these three problems for a class of foliations
implies the BC Novikov conjecture for that class. The first step was
partially completed in our previous papers [BH04, BHOS8|, where we
proved this equality under certain assumptions, which were subsequently
removed in [AGS], provided the bundle E* @& E~ is globally flat. We
conjecture that the result is still true under the far less restrictive as-
sumption that ET @ E~ is only leafwise flat. The second step is the goal
of the present paper, when the coefficient bundle E has a leafwise flat
structure and the foliation is Riemannian. See [BH] for further results
on this question.

Our results so far on the third step rely on deep but now classi-
cal results of Gromov [G96], and allow us to prove, for instance, the
BC Novikov conjecture, without extra assumptions, for the subring of
H*(BG;R) generated by H!(BG;R) and H?(BG;R). Again see the
forthcoming paper [BH].

We now briefly describe the contents of each section. Section 2 con-
tains notation and some review. In Section 3, we recall the Chern-
Connes character for transversely smooth idempotents, which takes val-
ues in the Haefliger cohomology of the foliation. In Section 4, we define
the twisted higher harmonic signature, and prove that if the parallel
translation using the flat structure on E is bounded, then the projec-
tion to the twisted harmonic forms is transversely smooth. Section 5
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contains two important concepts essential to the proof of our main the-
orem, namely the notion of a “smooth bundle over the space of leaves
of F”, and the extension to such bundles of the classical Chern-Weil
theory of characteristic classes. This allows us to compare the charac-
teristic classes of such bundles on different manifolds. Section 6 contains
results on leafwise homotopy equivalences. Outlines of the proofs are
given in the Appendix. In general, leafwise homotopy equivalences do
not behave well on Sobolev spaces. To overcome this problem, we use a
construction, due to Hilsum-Skandalis [HiS92], which produces smooth
bounded maps between Sobolev spaces. We then use the Whitney iso-
morphism between simplicial and smooth cohomology to get control of
the leafwise cohomologies. In Section 7, we prove that the pull-backs
under leafwise homotopy equivalences of certain smooth bundles over
the space of leaves are still smooth bundles. Section 8 extends the no-
tion of pulled-back connections. Section 9 contains the proof of the
main theorem. In Section 10, we prove the equality between the twisted
higher harmonic signature and the Chern-Connes character of the index
bundle of the twisted leafwise signature operator. We explain how our
methods extend to prove Theorem 10.6. We also conjecture a coho-
mological formula for the twisted higher harmonic signature, which is
already known to be true in some cases. See [H95, HL99, BHO08| and
the forthcoming [AGS]. Finally, in Section 11 we show how our results
lead to important consequences for the Novikov conjecture for foliations
and for groups.

Acknowledgments. We are indebted to J. Alvarez-Lopez, A. Connes,
J. Cuntz, Y. Kordyukov, J. Renault, J. Roe, G. Skandalis, D. Sullivan,
and K. Whyte for many useful discussions. We would also like thank
the referee for several very useful suggestions.

2. Notation and review

Throughout this paper M denotes a smooth compact Riemannian
manifold of dimension n, and F' denotes an oriented Riemannian fo-
liation of M of dimension p = 2/ and codimension ¢q. So n = p + q.
The tangent bundle of F' is denoted by TF, its normal bundle by v,
and its dual normal bundle by v*. We assume that the metric on M,
when restricted to v, is bundle like, so the holonomy maps of v and v*
are isometries. A leaf of F'is denoted L. We denote by U a finite good
cover of M by foliation charts as defined in [HL90].

If V' — N is a vector bundle over a manifold N, we denote the space
of smooth sections by C*°(V') or by C*°(N; V) if we want to emphasize
the base space of the bundle. The compactly supported sections are de-
noted by C2°(V') or C°(N; V). The space of differential £ forms on N
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is denoted A*(N), and we set A*(N) = @4>0.A%(N). The space of com-
pactly supported k forms is denoted A¥(N), and A% (N) = ©i>0AF(N).
The de Rham exterior derivative is denoted d or dx. The tangent and
cotangent bundles of N will be denoted T'N and T*N.

We will freely use the notation and constructions of [BHOS8| in this
paper (very briefly recalled below), with two notable differences. In
constructing the (reduced) Haefliger cohomology of F', [Ha80], we use
the quotient of A¥(T), where T is a complete transversal for F, by the
closure L* of L* taken in the following sense. (The reader should note
that in previous papers, we said that we used the C'*° topology to take
this closure, but in fact we used the one given here.) L* consists of all
elements in w € A¥(T), so that there are sequences {wy},{©,} C L*

with [Jw — wy|| = 0 and ||dr(w) — @y,|| — 0. The norm || - || is the
sup norm, that is ||w|| = sup,er ||w(2)||z, where || - || is the norm on
(NFT*T),.

The reader should note that this cohomology appears as a quotient
in the general computation of cyclic homology for foliations carried
out in [BN94|. It is worth pointing out that since F' is Riemann-
ian and transversely oriented, H}(M/F) is well behaved and is eas-
ily computed in specific examples. In particular, it is finite dimen-
sional, Hausdorff, has twisted duality, and is invariant by foliation ho-
motopies (which are weaker than leafwise homotopies). This is because
H}(M/F) is related to Hj(M, F), the basic cohomology of F', that is
the cohomology of the transverse forms which are invariant under holo-
nomy. For transversely oriented Riemannian foliations of codimension
q, H'j(M/F) ~ Hg_k(M, F), and the latter has all these properties. See
[KT83, EHS85, EHR&6].

The second exception is that we will be working on the homotopy
groupoids (also called the monodromy groupoids) of our foliations, but
our results extend to the holonomy groupoid, as well as any groupoids
between these two extremes. Recall that the homotopy groupoid G of
F consists of equivalence classes of paths v : [0,1] — M such that the
image of v is contained in a leaf of F. Two such paths v; and v, are
equivalent if they are in the same leaf and homotopy equivalent (with
endpoints fixed) in that leaf.

For Riemannian foliations, G is a Hausdorff dimension 2p-+¢q manifold,
in fact a fibration, and we have the usual basic open sets defining its
manifold structure denoted (U, ~, V'), where U,V € U and 7 is a leafwise
path starting in U and ending in V.

As the bundle T'F is oriented, just as in the original case [Ha80],
there is a continuous open surjective linear map, called integration over
the leaves,

/ L APPE(M) —s AF(M/F)
F
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which commutes with the exterior derivatives dj; and dg, and so induces
the map / cHPTYF(M;R) — HY(M/F).

We also have the source and range maps s, r : G — M and the two
Iiatural transverseNfoliations F, and F, whose leaves are respgctively
L, = s7(z), and L* = r~!(x), for each = € M. Note that r : L, — L
is the simply connected covering of L. We will work with the foliation
F,. Note that the intersection of any leaf L, and any basic open set
(U,~,V) consists of at most one plaque of the foliation Fy in (U,~,V),
i.e. each L, passes through any (U,~,V) at most once.

There is a canonical lift of the normal bundle v of F' to a bundle
vg C TG so that TG =TF, & TF, ® vg, and r,vg = v and s.vg = v.
The metric gy on M induces a canonical metric gg on G as follows. The
bundles T'Fy, TF,., and vg and are mutually orthogonal. So the normal
bundle vg of TFs is vy = TF, & vg. On TF,, gy is s*(go|TF), on TF;
it is r* (go\TF ), and on vg it is r* (gg]y), which, since F' is Riemannian
and the metric on v is bundle-like, is the same as s* (gg]y).

We denote by F a leafwise flat complex bundle over M. This means
that there is a connection Vg on E over M which, when restricted
to any leaf L of F, is a flat connection, i.e. its curvature (Vg)?|L =
(Vg|L)? = 0. This is equivalent to the condition that the parallel
translation defined by Vg | L, when restricted to contractible loops in
L, is the identity. We assume that E admits a (possibly indefinite) non-
degenerate Hermitian metric, denoted {-,-}, which is preserved by the
leafwise flat structure. This means that if ¢ and ¢9 are local leafwise
flat sections of E, then their inner product {¢1, @2} is a locally constant
function on each leaf. More generally, it is characterized by the fact
that for general sections ¢ and ¢o, and for any vector field X tangent
to F,

X{¢1,02} = {VEx01,02} +{¢1,VExP2}.

We denote also by E its pull back by r to a leafwise (for the foliation
F,) flat bundle on G along with its invariant metric and leafwise flat
connection. The context should make it clear which bundle we are
using. A splitting of F is a decomposition £ = ET & E~ (of E on
M) into an orthogonal sum of two sub-bundles so that the metric is 4+
definite on E*. Splittings always exist and any two are homotopic. The
splitting defines an involution v of E. If ¢ is a local section of E with
¢ = ¢ + ¢~ where ¢T is a local section of ET, then v¢ = ¢t — ¢~ If
we change the sign of the metric on E~, we obtain a positive definite
Hermitian metric on £~ and so also on E over both M and G. In
general, this new metric on E, denoted (-, ), is not preserved by the flat
structure.

Example 2.1. Assume that the codimension of F'is even, say q = 2k.
Set E = AFu* @ C. The bundles v and v* have natural flat structures
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along the leaves given by the holonomy maps (which define flat local
sections). Since the metric on v is bundle-like, the induced volume form
on v* is invariant under the holonomy of F'. Denote by *, the Hodge *
operator on A*r*, and also its extension to FE. Given two elements ¢
and ¢o of F,, set

{p1.02} = N (61 Aw d2),

where A, : E® E — A2p* @ C. We leave it to the reader to check that
E and {-, -} satisfy the hypothesis of Theorem 9.1.

3. Chern-Connes character for transversely smooth
idempotents

We will need the “transverse differential” 0, and the graded trace Tr
used in [BHOS].

Consider the connection V on AT*Fs® F given by V = r*(Vp®@ VE)
where Vi is a connection on AT*F defined by a connection on T*F.
Then V is an operator of degree one on C®°(AT*G® ANT*F; @ E), where
on decomposable sections w® ¢, with w € C®(AFT*G), V(w®@¢) = dw®
¢+(—1) WAV ¢. The foliation Fy has dual normal bundle v = s*(T*M),
and V defines a quasi-connection V¥ acting on C®(Av} @ NT*Fs ® E)
by the composition

C®(A\vF @ AT*F, ® E) - C®(AT*G @ AT*F, ® E) —

C®(AT*G @ NT*Fy @ E) 2% C®(Avi @ ANT*F, @ E),

where ¢ is the inclusion and p, is induced by the projection p, : T*G —
v} determined by the decomposition T'G = T'F, @ vs.

Denote by 0, : End(C*(Avi @ NT*Fs ® E)) — End(C*®(Avi ®
AT*Fs ® E)) the linear operator given by the graded commutator

o0,(H) = [V, H].

Recall: that (9,)? is given by the commutator with the curvature §” =
(V)2 of V¥; that 6" is a leafwise differential operator which is at worst
order one; and that the derivatives of all orders of its coefficients are
uniformly bounded, with the bound possibly depending on the order of
the derivative. See [BHOS8].

Now, suppose that H is an A*(M)-equivariant bounded leafwise
smoothing operator on Avi @ ANT*Fy, ® E. If H is such an operator,
we can write it as

H = H[O] +H[1} + - —l—HM,
where Hi is homogeneous of degree k, that is, for all j,

Hyy : C®(Nv; @ N\T*F, ® E) — C*(Nt 0} @ AT*F, ® E).
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Recall that any X € C®(AFTM) defines a section, denoted X , of
Afyg. For such X, i Hjy is a bounded leafwise smoothing operator
on NT*Fs; ® E. For any vector field Y on M, set

OY (ixHyy) = ig(0u (i Hyy)),
which (if it exists) is an operator on AT*Fy ® E.

Definition 3.1. An A*(M) equivariant bounded leafwise smoothing
operator H on Avi @ NT*Fs @ E is transversely smooth provided that
for any X € C®(A*T'M) and any vector fields Y1, ...,Y;, on M, the
operator

a},/la},/m(le[k])

is a bounded leafwise smoothing operator on AT*Fs; ® E.

If the leafwise parallel translation along F is a bounded map, then the
projection onto the leafwise harmonic forms with coefficients in E (for
the foliation Fj) is transversely smooth. See Theorem 4.4 below. Since
0, is a derivation, it is immediate that the composition of transversely
smooth operators is transversely smooth. It is also easy to prove that
the Schwartz kernel of any transversely smooth operator is a smooth
section in all variables, see [BHOS8].

The trace of H is the Haefliger form Tr(H) given by

Tr(H) = /F tr(H (7)) da = /F i (te(H [i(M)))da,

where T is the class of the constant path at z, tr(H(T)) is the A*(M)-
equivariant trace of the Schwartz kernel of H at T and so belongs to
ANT*M,, and dx is the leafwise volume form associated with the fixed
orientation of the foliation F. Tr is a graded trace which satisfies
Trod, = dy o Tr. See [BHO04| and [BHOS|.

If K is a bounded leafwise smoothing operator on AT*F;® E, we may
extend it to an A*(M) equivariant bounded leafwise smoothing operator
on Avi @ NT*Fs ® E by using the natural A*(M) module structure of
Co(AVE@ NT*Fs ® E).

The proof of Lemma 4.5 of [BHO8] extends easily to give the follow-
ing.

Lemma 3.2. Suppose that A is an A*(M)-equivariant leafwise dif-
ferential operator of finite order on Avi @ NT*Fs @ E, and that the
derivatives of all orders of its coefficients are uniformly bounded, with
the bound possibly depending on the order of the derivative. Suppose
that K is a bounded leafwise smoothing operator on NT*Fy ® E, and
extend it to an A*(M)-equivariant bounded leafwise smoothing operator
on A\VEQAT*Fs@FE. Then AK and KA are A*(M)-equivariant bounded
leafwise smoothing operators on A\vi @ NT*Fy @ E. If K is transversely
smooth, so are AK and KA.
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Note that operators A which are the pull backs of operators on M,
such as 0¥ and 7, satisfy the hypothesis of Lemma 3.2. Using Lemma
3.2, it is easy to show that being transversely smooth is independent of
the choice of V”.

Finally, we need the concept of G invariant A*(M)-equivariant op-
erators. Suppose that H = Hy + Hyy + --- + Hp,) is an A*(M)-
equivariant bounded leafwise smoothing operator acting on the sections
of A\v; @ NT*Fy ® E. Then H is G invariant provided it satisfies two
requirements.

(1) For any X = X; A -+ A Xy € C®°(APT'M) with some X; €
C*(TF), igHyy = 0.

This means that Hy defines an operator H : C‘X’(/\jué QNT*Fs ®
E) — C"X’(/\j*kyé @ NT*"Fs @ E), and that for k > ¢, Hy = 0.

Fach v € LY =L, N Ey, defines an action W, : C’OO(E:E,/\*VE ®
NT*Fy @ E) — C=(Ly, v @ NT*F, @ E) given by

(WLE(Y) =€), + € Ly,
Let y' = r(7), and note that [W,£](v') € (N'vZRAT*Fs®E).,,, which we
identify with A*vy @ (AT*FRE),, while {('y) € (NVGRNT* Fs@E) 1,
which we identify with A*v) @ (AT*F ® E),. To effect this action,
we identify A*vy with A*vy using the holonomy along ~. The second
requirement of H is:
(2) For any v € LY,

(’Y'H)yEWVOHxOW«/_IZHyy

where H, is the action of H on A*vi @ AT*Fs @ E | L.

Essentially thell, H is G invariant means that it defines the same
operator on each L C s~!(L) for each leaf L of F'. Note that 0, preserves
G invariant A*(M )-equivariant transversely smooth operators.

In [BHO8], we defined a Chern-Connes character ch,(e) € H¥(M/F)
for any G invariant transversely smooth idempotent e. The essential
result needed was Lemma 4.13 of that paper, which we state for further
reference.

Lemma 3.3. Let H and K be G invariant A*(M)-equivariant trans-
versely smooth operators acting on the sections of A\vi @ NT*Fy @ E.
Then

Tr([H, K]) = 0.

Lemma 3.3 and the proof of Theorem 4.1 of [BHO04] immediately imply

Theorem 3.4. Let e be a G invariant transversely smooth idempo-
tent. Then chy(e) depends only on e. In addition, if e;, 0 <t <1, is a
smooth family of such idempotents, then

chy(eg) = chy(eq).
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Lemma 3.5. Two G invariant transversely smooth idempotents which
have the same image, have the same Chern-Connes character.

Proof. Suppose that ¢ and e! are two such idempotents. Then e o
el = el and el o€ = €Y, and the family e! = te! + (1 —t)e” is a smooth
family of G invariant transversely smooth idempotents connecting e° to
e'. Theorem 3.4 then gives the result. q.e.d.

4. The twisted higher harmonic signature

We now define the twisted higher harmonic signature o(F, E).

Denote by A*(Fs, E) the graded algebra of leafwise (for Fy) differ-
ential forms on G with coefficients in £ which have compact support
when restricted to any leaf of Fs. A Riemannian structure on F' induces
one on Fs. As usual there is the leafwise Riemannian Hodge operator
%, which gives an inner product on each A¥(F,, E). In particular, if a;
and o are leafwise R valued k forms and ¢ and ¢o are sections of F,
then

(1 ® 1,00 ® Po) () = /Z (1, P2)a1 A kg = /Z {61,702} a1 A xas.

We denote by Az‘z)(Fs, E) the field of Hilbert spaces over M which is
the leafwise L? completion of these differential forms under this inner
product, i.e.

i) (Fo, E)z = L*(Lo; AT*F, ® E).

This is a continuous field of Hilbert spaces, see [C79]. Because M is
compact, the spaces L? (Zw, A*T*F, ® E) do not depend on our choice
of metrics. However, the inner products on these spaces do depend on
the metrics, as do the Hilbert norms, denoted || - |o.

If F is the one dimensional trivial bundle with the trivial flat struc-
ture, then A’&) (Fy, E) is just the leafwise L? forms (now with coefficients
in C) for the foliation Fs and is denoted AE‘Q)(F s, C).

The leafwise de Rham differential on G extends to a closed operator
on A’(Q)(FS,C) which coincides with the lifted one from the foliation
(M, F) and it is denoted by ds. The leafwise formal adjoint of ds with
respect to the Hilbert structure is well defined and is denoted by d,, and
§s = — * dgx. Denote by A the Laplacian given by A = (ds + d5)? =
dsds + dsds, and denote by Ay its action on A’(B)(FS, C). The leafwise
x operator also gives the leafwise involution 7 on Az‘z)(F s, C), where as
usual,

o D
on AI(“Q) (Fs,C), and it is easy to check that s = —7ds7, so 7(ds + s) =
—(ds + d5)7, and AT = TA.
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These operators extend to Aa) (Fs, E) as follows. Since the operators
are all leafwise, local and linear, we need only define them for local
sections of the form a ® ¢, where « is a local k£ form on L and ¢ is a
local section of E | L. Then

dy(a® ¢) = dsa @ ¢ + (—1)Fa A V%gb, ¥(a® ¢) =*xa®yp, and
T(a®¢) = Ta® o,
where Vé is Vg restricted to E, SO Vé(b is a local section of T*L ® E.

We define the wedge product a/\V%qb (as a local section of /\k“T*z@E)
in the obvious way.

Lemma 4.1. We have
ds = —%ds% = —T ds 7.
Note that d? = 0, so also 62 = 0 since ¥2 = £1.

Proof. Consider two sections a; ® ¢1 and as ® ¢9, and set

Qo1 ® ¢1,00 @ P2)(x) = /Z {o1, P2} 01 A g,
(and extend to all of Az‘z)(F s, /) by linearity). Then
(0 @ 1,00 @ P2) = Qa1 ® d1, (a2 @ h2)).

Now suppose that a; is a local k —1 form on E, «o is a local k form on
L, and ¢, is flat. If ¢y is an arbitrary section of E, set {¢1, a0 ® ¢} =
az{¢1,¢2}. (Note that ag is C valued). As {-,-} is preserved by the flat

structure and ¢ is flat, it follows that on L, VE{¢1, p2} = {61, ngﬁg}.

Acting on functions on E, ds = Vé, SO

do{d1, 02} = {61, Vido}.
Then

(ds(o1 ® ¢1), 00 ® 2) = /Z {01, 72} dsay N xay =

(—1)]“/}; ar ANds({o1, 792} * ),

while
(1 ® @1, —* ds ¥(a @ o)) =
(—1)Q(e1 @ ¢1,#2ds F(aa @ ¢2)) = (~1)FQ(e1 @ ¢y, ds :*\(a2 Qp2)) =
(—1)kQ(a1 ® @1, (ds * ag) @ Yoo + (—1)’g * g A Vé"}/(ﬁg) =

(—1)* /L a1 A (ds % a2) {61,702} + (—1)Far A xas A {d1, Virgs) =

(—1)* / a1 Ady(ran{d1, 7)) = (~1)F / a1 A do({61, 762} * 02).

x

q.e.d.
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Denote by A¥ the Laplacian given by A¥ = (dy+0,)% = dg 0+ 0, ds,
and denote by AkE its action on A’(“2)(FS,E). Note that 7 is still an

involution even at the bundle level, and that 7(ds + ds) = —(ds + 05)7
and A7 = 7AF still hold.

As usual, the space of twisted harmonic forms Ker(AF) is related
to the leafwise cohomology of the twisted forms. The space of closed
L? forms in AE‘Q)(FS,E) is denoted by Z(*Q)(FS,E) and it is a Hilbert
subspace. The space of exact L? forms in AE‘2)(FS,E) is denoted by
Ba)(Fs,E), and we denote its closure by Ea) (Fs, E). We denote by

(2)(Fs, E) the leafwise reduced twisted L? cohomology of the foliation,

that is
H) (Fs, E) = Z(5)(Fs, E) /By (Fs, E).

Here is a well known Hodge result that we state for further use. See the
Appendix of [HL90]

Lemma 4.2. The field Ker(AP) is a subfield of Zé)(FS,E), and
Zé) (Fs,E) = Ker(AE)@Eé) (Fs, E). Thus the restriction of the natural
projection Zé) (Fs,E) — HI(“Q)(FS,E) induces an isomorphism

Ker(AF) ~ H'é) (Fs, E).
In addition

(2)(Fs, B) = Ker(ds + (ds)*) ® Im(ds) & Im(6s).
That is, for each x € M,
L*(Ly; NT* Ly ® (E | Ly)) = Ker(d® + 6%) @ Im(d?) & Im(82).

We assume the projection P onto Ker(AF) is transversely smooth. It
is a classical result that this projection is a bounded leafwise smoothing
operator, so what we are really assuming is a form of smoothness in
transverse directions. This condition holds in many important cases,
see the comments below after the statement of Theorem 4.4. Denote by
A% (Fs, E) the £1 eigenspaces of 7, and by Ker(AéE +) the intersections
A% (Fy, E)NKer(AF). Denote by my = 3(P,£70P,), and note that these
are the projections onto Ker(AéE +), respectively. Since the operator 7
satisfies the hypothesis of Lemma 3.2, both w4 are transversely smooth,
and their Chern-Connes characters ch,(my) are well defined Haefliger
cohomology classes.

Definition 4.3. Suppose that the projection P, onto Ker(AgE) is
transversely smooth. The higher twisted harmonic signature o(F, F) is
the difference

o(F,FE) = chy(m4) — chy(mo).
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To justify our claim that our assumption of transverse smoothness for
Py holds in important cases, we have the following which is an extension
of a result due to Gong and Rothenberg, [GR97].

Theorem 4.4. Suppose that the leafwise parallel translation along E
is a bounded map. Then the projection P onto Ker(AF) is transversely
smooth.

The conclusion of Gong-Rothenberg is that the Schwartz kernel of P
is smooth in all its variables.

For Riemannian foliations, P is always transversely smooth for the
classical signature operator (that is, with coefficients in the trivial one
dimensional bundle) for both the holonomy and the homotopy groupoid.
P is transversely smooth whenever the preserved metric on E is positive
definite. It is smooth in important examples, e.g. Lusztig [Lu72]. If
the leafwise parallel translation along E is a bounded map, P is also
transversely smooth using the holonomy groupoid, provided that the
flat structure on F over each holonomy covering has no holonomy (so
using the flat structure to translate a frame of a single fiber of E | L to
all of L trivializes E | L).

It is an open question whether the projection to the leafwise harmonic
forms has transversely smooth Schwartz kernel when F' is not Riemann-
ian. It is satisfied for all foliations with compact leaves and Hausdorff
groupoid [EMS76, Ep76].

Since the paper [GR97] has not been published, we give their proof
here that P depends smoothly on x € M, and then show how to get
transverse smoothness from it.

Proof. Let U C M be a foliation chart and choose zo € U. Then there
is a diffeomorphism ¢ : U X Ly, ~ s~HU), and a bundle isomorphism
Yy : U (E|Ly,) ~ E| s~ (U), covering oy and preserving the leafwise
flat structure. They are constructed as follows. The normal bundle
vs =TF, ®vg ~ s*(TM) defines a local transverse translation for the
leaves of the foliation Fs. See [Hu93, W83|. We may assume that U is

the diffeomorphic image under exp, of a neighborhood Uof0eT My, .
Then for all z € U, there is a unique X € U so that = = exp,, (X).
Define v, : [0,1] = M to be v,(t) = exp, (tX). Given x sufficiently
close to xg, for any z € Emo there is a unique path 7,(¢) in G so that
7:(0) = 2z, 7.(t) € E%(t), and 7_(t) € (vs)5,()- The transverse translate
®,(z) of z to Ly is just 7.(1). ®, is a smooth diffeomorphism from Emo
to Ly, and we set oy (z,z) = ®,(2), which is a smooth diffeomorphism
from U x Ly, to s~ 1(U).

Since we are using the homotopy groupoid, each L is simply con-
nected, so F | L, is a trivial bundle for each z € M , and using the flat
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structure to translate a frame of a single fiber of F | Em to all of Zx triv-

ializes F | L,. Choose a local orthonormal framing ey, ..., e of E |U (on
M). This framing is also a local framing of E |i(U) (on G). Using the

leafwise flat structure of E to translate it along the L, we get a leafwise
flat framing €3, ...,ef of E'|s~1(U). For (x>, aje5(2)) € U x (E| Lg,),

set
Yy <:17, Z ajej-(z)> = Z aje;(pu(, 2)).

That is, the image of ¢ € E, (where z € L,,) under ¢y (z,-) is ob-
tained by first parallel translating ¢ along Zxo to Ej(zy), obtaining
>_j aje;(i(zo)), and then parallel translating }; aje;(i(z)) along L, to
E,y(2,2)- 1t is clear that 1y covers ¢y and preserves the leafwise flat
structure.

There is a naturally defined bundle map

Uy (x) : AT Loy @ (B | Lay) = AT* Ly @ (E | Ly)
for eiich x € U, which on a decomposable element a ® ¢ € (/\T*ZIO ®
(E| Lg,))- is given by
Vy(x)(a® ) = (2, 1) @) @ Yu(z,9).
We also denote by Wy the induced map
Wi (2) : C(Lgi AT Lag & (B | Lug)) = C(Lai AT Ly @ (E| L)),

Uy (x) is invertible, commutes with the extended de Rham operators,
and depends smoothly on z. Note that ®,! is a diffeomorphism of
uniformly bounded dilation (as is ®,,). If the leafwise parallel translation
along F is a bounded map, then the map vy is a bounded map, and
U extends to the following commutative diagram,

- . - dzo - - -
L2(on§ NT*Lyy ® (E ’ on)) L2(on§ NT*Lyy ® (E ’ on))
() | | ¥o()
4.5. 4z

s

L2(Ly; AT*Ly ® (E| Ly)) ——  L2(Ly; NT*Ly @ (E | Ly)).

So Wy (x)(Ker(d0)) c Ker(d¥) and Yy (z)(Im(ds®)) C Im(d?). By
Lemma 4.2, we have

L?(Lyy; ANT* Lyy @ (E | Ly, )) = Ker(d™ + 620) & Im(d2°) & Im(52°),
and

L*(Ly; AT*Ly ® (E| Ly)) = Ker(d® + 6%) & Im(d%) & Im(67).
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With respect to these decompositions, we may write

\1’11($) 0 \Iflg(:E)
\I/U(a:): \1’21($) \1’22(33) \If23($)

0 0 Ws3()

It follows immediately that Wos(z) : Im(ds®) — Im(df) is an invert-
ible map which depends smoothly on x. Let Ry, : L*(Lyg; AT*Lyy ®
(E| Lg,)) — Im(ds®) be the orthogonal projection. Define

Ry = Wa(2)Re, V' (), which equals Wy (2) Ry, V' (),

since Woy(2)Ryy = V() Ryy. Then R, is an idempotent which varies
smoothly in x, and has image Im(d%). However, it might not be an
orthogonal projection. Set

Q:c =1+ (Ex - E;)(E; - Ez)

Then @, is an invertible self adjoint operator ‘which depends smoothly
on z, and the orthogonal projection R, : L?(Ly; AT*L, ® (E|Ly)) —
Im(d?) is just

R, = Ew E; z 17
so R, depends smoothly on z.
Let 7, be the Hodge type operator such that 6% = +7.'d%7, , where

Eg is the differential associated with the antidual bundle E* of E. The

operator 7, ! maps Im(c?;‘/’) onto Im(6%). Set S, = 7,15,7,, where S,

is the operator for df corresponding to the operator R, for di. The
argument above, with E replaced by its antidual E~, shows that gw,
so also 3}, is an idempotent depending smoothly on x. Note that §m
has image Im(0?). As above, we get that the orthogonal projection
Sy : L2(Ly; AT*Ly @ (E | Ly)) — Im(6%) depends smoothly on x. Thus
the orthogonal projection P = I — (R, + S;) depends smoothly on .

We now show that P is transversely smooth. To do this, we view ev-
erything on U x Zwo, using oy, and ¢y. Thanks to Diagram 4.5, we are
reduced to considering the operator dZ° : LQ(EZO; /\T*Ew0 ®(F| Emo)) —
L2(Lyy: NT* Ly, @ (E| Ly,)) acting over each point 2 € U, that is the
twisted leafwise de Rham operator on the foliation U x Ewo. We use ¢y
and vy to pull back the structures on s~(U) and we use the same no-
tation to denote these pull backs. In particular, we have the connection
V and the normal bundle v5 used to define d,,. The leafwise projection
P, onto the twisted leafwise harmonics depends on the leafwise metrics
on Ly, and E|L,,, which vary with z € U.
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First we prove that we may assume that the normal bundle vy is the
bundle TU C T(U x Lg,). Denote the operator corresponding to 9,
constructed using TU by Jy. Given a (bounded) vector field Y on U,
we have two lifts, Y to vs and YO to TU. The difference ¥ — YO is
tangent to the fibers on, so the difference of the operators 9} — 8U =
[Vy =V, ] =[Vy_g,, ] is the commutator with a leafwise differential
operator of order one, whose coefficients and all their derivatives are
uniformly bounded, with the bound possibly depending on the order of
the derivative. For s € Z, we denote by W, = W*(on, E) the usual s-th
Sobolev space which is the completion of COO(LxO, /\T*LgcO ® (F] on))
under the usual s-th Sobolev norm. Then Y(Y') := Vy — Vo defines a
bounded leafwise operator from any W to W;_;, and both T( )P, and
P,Y(Y) are bounded leafwise smoothing operators since P, is leafwise
smoothing. As

813/Px = 8[)J/Px + [T(Y)7Px]7
9 P, is a bounded leafwise smoothing operator if and only 8?]/ Py is.

By a simple induction argument using the fact that 8(}]/2T(Y1) has
the same properties as Y(Y;), we have that 9)1P,, 0Y20)1P,,... are
bounded leafwise smoothing operators if and only if 6(}]/1 P, 852 6(}]/1 Py,...
are. Thus we may assume that vy = TU.

Next we show that we may use any connection we please, provided it
is in the same bounded geometry class as V. Suppose that 0y is another
derivation constructed from the connection V° in the same bounded
geometry class as V. Then 9} — 8} = [V% — Vg}y, /], and VY, — Vg}y is
a leafwise differential operator of order zero, whose coefficients and all
their derivatives are uniformly bounded, with the bound possibly de-
pending on the order of the derivative. So V¥, — Vg}u defines a bounded
operator from any Sobolev space W to itself. Proceeding just as we did
above, we have that 9} P, 0X20Y1 P, ... are bounded leafwise smooth-
ing operators if and only if 83/1Px, 83/2 3/ 'P,,... are. Thus, we are
reduced to showing that 83/ m...@é/ 1(P) is a bounded leafwise smoothing
operator.

The connection we choose is that pulled back from L,, under the
obvious map U x EIO — Lg,. We leave it to the reader to show that
this is in the same bounded geometry class as V. Now we can choose

coordinates on U so we may think of U = D" with coordinates, x1, ..., Ty,
and zo = (0, ...,0). When we do,

ag/amimmag/aml P, = 0" P, /0x;, .0, .

Thus we are reduced to considering a smooth family of smoothing op-
erators P, acting on the space of sections of AT*L,, ® (E'| Ly,). The
parameter x determines the metric g, we use on this space, and P, is
the associated projection onto the twisted harmonic sections. Note that
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the associated Sobolev spaces W/ are the same for all the g, since these
metrics are all in the same bounded geometry class. The norms on W
do depend on the parameter x. However they are all comparable, so
we may assume that we have a single norm || - ||s on each W, which is
independent of .

Denote 0™ /0z;,,...0x;, by O We need to prove that for all s

Tom.nn@1”

and k > 0, 9", P, defines a bounded map from W to W7 ;. Given

S

K W — W7, ., denote the s,s 4 k norm of K by ||K||s;,s. Then
[ s = (114 2) 2K (14 A) 2o 0,

where A is the Laplacian associated to the metric on AT* Ly, @ (E | Ly, ).
Since the norms associated to different metrics are comparable, we may

use any metric g, with associated Laplacian A, we like. Now P, =
(1+A)EHR2P (14 A,)~%/2, s0

0Py = Oi((1+A,)HHP (14 A,)77%) =
oi(1+ Aw)(s+k)/2pm(1 + Am)_sm +(1+ Am)(8+k)/28iPw(1 + Aw)_s/2+
(1+ Am)(s-i-k)/?ani(l + Ax)—s/2’

which gives
(14 An)TR20, P (1+ Ay) ™2 =
0P = 0i(1480) TP (14 Ag) 2 = (14 A0 T2 P01 (14 A0) ™2,
So,
10:Pel[sk,s = [1(1+ A)TH20P(1+ Ay) ™0 =
10: Py — 0;(1 + Ag)TR2 P (14 Ay) /2
(1+ Ag) 2P0, (1 + Ag) o0 <
10: Pelloo + [10i(1+ Ap)CTH2P (1 + AL) 72|00 +
11+ A2) 2 P0;(1 + Ay) ™o 0-

Now for any r, (1 + A,)"/? and 9;(1 + A,)"/? are leafwise differential
operators of order r, whose coefficients and all their derivatives are
uniformly bounded, with the bound possibly depending on the order of
the derivative, but independent of x. So they define bounded operators
from W to W;_, for any s, with bound independent of z. Since P, is
leafwise smoothing, it defines a bounded operator from any W} to any
W whose bound is also independent of x, since

HPxHS,r = H(l + A:c)_s/2px(1 + Ax)_r/ZHO,O = HPxHO,O < 1
Thus we have
10;(1 + Ag)STR2P (1 + AL) 7o <
10:(1 + Ag) T2 o e 1| Pal s —s 111+ A2) ™| 50
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is bounded independently of z. Similarly [[(1 + A,)®H)/2P.0;(1 +
A,)7%2||0,0 is bounded independently of z. Thus &; P, : W — Wi, is
bounded if and only if 0; P, : W — Wy is.

Now for any m and any r, 9;" ,; (1+ A,)"/? is also a leafwise differ-
ential operator of order r, whose coefficients and all their derivatives are
uniformly bounded, with the bound possibly depending on the order of
the derivative, but independent of x. Using this fact, a straightforward
induction argument shows that 9" , P, : W7 — W7, is bounded if
and only if Gﬂ...ilPx Wy — Wy is.

Now we have (working on W = L2(Lyy: ANT*Lyy ® (E| Ly,))) that
P, = I — (R, + S;), where R, is the orthogonal projection R, :
L2(Emo§ /\T*Ewo ® (£ Emo)) — Im(d5°) C L2(Emo§ /\T*Ewo ® (£ zﬂco))
obtained using the metric g,. At the point z, R,, also has image
Im(ds°), but R;, might not be an orthogonal projection using the metric
g:. As above R, is given by

R, = R, R Q'
where
Qz=1+ (Rfvo - R;ﬁ)(R;i - Rwo),
and R;7 is the adjoint of Ry, constructed using the metric g,. Since
I=Q.Q;' and 9;I = 0, we have that

00, = —Q;1(4i1Q.)Q; ",
and a boot-strapping argument shows that 97 . (Q;!) is bounded if

Qm...1 T

o Qq is. Tt follows that 9" , R is boundled it o ;. Ra, and
i Ite are bounded. As 0;R;, = 0 for all i, we are reduced to
considering R;".

We may write the metric g, as ¢z (u,v) = gz,(Gyu,v) where G, is
a nonnegative self-adjoint (invertible) operator with respect to gs,, as
is its inverse. Since g, is the pull back of a family of metrics defined
on the compact manifold M, G, is smooth in all its variables, and
it and all its derivatives are uniformly bounded, and the same is true

for the inverse G;'. Thus for all m, both 9" . G, and 9" . G,*
define bounded operators on L%(Ly,; AT*Ly, ® (E|Ly,)) (since they
are order zero differential operators). For any bounded operator A on
L?(Lyy; NT*Lyy @ (E| Ly,)), the adjoint of A with respect to g, is
AFT — G;lA*Gm,

where A* is the adjoint with respect to g,,. It follows immediately that
for all m, Né){fn“Rg = aﬂ...Q(GglR;OGI) is a bounded operator on
Wi = L?(Lao; NT*Lyy @ (E| Ly,)), since 9; R} = 0 for all i. Thus for
all m, 9" . R, is a bounded operator on Wj.

It remains to show that for all m, 9] . S, is a bounded operator on
Wy. To do this we may proceed as we did above, using the operators
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S, and Sy. We need only observe that the Hodge type operator 7,
has the same properties that G, does. Thus for all m, O . P, =
=0 i Re+0" ; S:)is a bounded operator on W, and we conclude
that P, is transversely smooth.

q.e.d.

Proposition 4.6. If P is transversely smooth, then the projections
onto A% (Fs, E) N (Ker(AZ) @ Ker(Af_k)), k # ¢, and Ker(AgEi) are
transversely smooth.

Proof. Denote by P, the projection onto Ker(AE). It is immedi-
ate that P is transversely smooth if and only if all the P, are trans-
versely smooth. For k # ¢, the projection onto A% (Fy, E) N (Ker(AF) &
Ker(Af_k)) is given by 7" = Py +7 0 Py, (since P, o7 o P, = 0 in those
cases), and the projection onto Ker(Afi) is given by 74 = %(Pg:l:TOPg).
As the operator T satisfies the hypothesis of Lemma 3.2, and each Py is
transversely smooth, so is each 7o Py, so all of the projections are also
transversely smooth. q.e.d.

5. Connections, curvature, and the Chern-Connes character

We now give an alternate construction of the Chern-Connes charac-
ters chy(m4) and ch,(7_) using “connections” and “curvatures” defined
on “smooth sub-bundles” of Aa) (Fs, E).

Definition 5.1. A smooth subbundle of A7, (Fs,E) over M/F is a
G invariant transversely smooth idempotent 7y acting on Aa) (Fg, E).

Example 5.2. 1) Any idempotent in the algebra of superexpo-
nentially decaying operators on AT*Fs;® E, defined in [BHO08], is a
smooth subbundle of A7, (Fs, E) over M/F. So any smooth com-
pactly supported idempotent is a smooth subbundle of A’(kz) (Fg, F)
over M/F.

2) The Wassermann idempotent of the leafwise signature operator,
as defined for instance in [BHO8]|, is a very important special case
of (1) above. In this case we take £ = M x C.

3) A paradigm for such a smooth subbundle is given by projection
onto the kernel of a leafwise elliptic operator acting on .A’(kz) (Fg, F)
(induced from a leafwise elliptic operator on F'). In particular,
the projections 7 and m_.

Definition 5.3. The space C5°(AT*Fs; ® E) consists of all elements
e C®(GNT*Fs@E)N Aa) (Fs, E) such that for any quasi-connection
V¥ and any vector fields Yi,...,Y,, on M,

VY (6) € O%(G AT Fy © E) N Aly (Fy, E),

vV _ TV
where VYZ- —zYiV .
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Note that if £ € C*(G; \T*Fs @ E), VY. ...Vy. (§) is automatically in
C®(G; NT*Fs®F), and that if § € C°(AT*Fs@E), then VY, .. VY, (§) €
CP(NT*Fs® E). Note also that C°(G; AN T*Fs®@ E) C C(ANT*Fs®QE).

Proposition 5.4. If H is a transversely smooth operator on ANT*Fs®
E, then H maps C°(NT*Fs ® E) to itself.

Proof. Let £ € C°(ANT*Fs; ® E). As H is transversely smooth, it
follows easily that H € C°(G; \T*F; ® E) N Al (Fs, E). Fix a quasi-
connection V¥ and let Y be a vector field on M. Then

VY (HE) = VY HE — HVYE + HVYE = (0Y H)E + H(VYE),
which is in C®(G;\T*F, @ E) N A’&)(FS,E), since H and Y H are

transversely smooth and £ and VY€ are in C5°(AT*F;® E). An obvious
induction argument now shows that H¢ € CS°(AT*Fs ® E). q.e.d.

Let m be a smooth subbundle of Af,, (Fs,E) over M/F.

Definition 5.5. A C* section of 7 is an element { € C°(AT*Fy ®
E) which satisfies o = £. The set of all smooth sections is denoted
C™(mo).

C*(mo) is a C°°(M) module, with (f-&)([7]) = f(s(v)&([7]). In
addition, C*(mg) = mo(CSP(ANT*Fs @ E)) D mo(CX(G; AN\T*Fs @ E)).

Definition 5.6. C°°(AT*M;m) is the set of all smooth sections of
AT* M with coefficients in C*°(m), and C°(AT*M; NT*F; @ E) is the
set of all smooth sections of AT*M with coefficients in C°(G; ANT*Fy ®

There are natural actions of A*(M) on both C*°(AT*M;m) and
CP(ANT*M; NT*Fs ® E), and under these actions

C®(ANT*M;mo) = A*(M)&cee (1) C™ (),
and
C(NT*M; NT*Fy @ E) =~ A*(M)@coo (a1)C (G AT Fy ® E),
with the right completions. Thus my : C°(G;A\T*Fs @ E) — C*(m)
extends to the A*(M) equivariant map
o : CO(NT*M;NT*Fs @ E) — C(ANT*M;mp).

A local invariant element is a local section & of A’{Q) (Fs, E) defined

on an open subset U C M so that for any leafwise path v in U,

&([v]) = &([ym)) for all v with s(y) = r(7y1). Local invariant elements
are common. In particular, any locally defined element £ € .A’(kz)(F s, F)
defines local invariant elements. Suppose that £ is defined on a foliation
chart U C M for F, and let P, be the plaque in U containing the point
x. Given y € Py, let 7, be a path in P, starting at x and ending at y.
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Define gy € L2(Ey; NT*Fy ® E) by gy([’y]) = & ([vy]). Then € is a local
invariant element of Az‘z)(F s, /) defined along P,. By restricting £ to a

transversal 1" in a foliation chart U and then extending invariantly to &
we obtain local invariant elements of Aa)(FS, E) defined over U. One
can of course extend this construction from chart to chart as far as one
likes, for example along any path v : [0,1] — L in a leaf L. If ~ is a
closed loop, the section at 1 will not agree in general with the section at
0, so one does not in general obtain global invariant sections this way.

Definition 5.7. A connection V on 7 is a linear map
V : C(ANT*M;mp) — C(ANT*M;mg)
of degree one, so that
1) for w € A*(M) and & € C™(m),

Vw®§) =dyw® €&+ (—1)*w A VE;

2) for local invariant £ € C*°(mp) and X € C®(TF), Vx& =0, i. e.
V is flat along F’;

3) V is invariant under the right action of G;

4) the leafwise operator Vg — moV¥mg : CO(ANT*M; NT*Fs @ E) —
C®(NT*M;mp) is transversely smooth.

The usual proof shows that since V satisfies (1), it is local in the
sense that V&(x) depends only on £ |U where U is any open set in M
with z € U.

For V to be invariant under the right action of G means the following.
Let v be a leafwise path in M from = = s() to y = r(y). Let £ be
a local invariant section of 7y defined on a neighborhood of the path
~v. For X € v,, we may use the natural flat structure on v to parallel
translate X to 7,(X) € v,. Then we require,

Vxé=(R)'V.,. (x)¢ =R,V (x)&,

where the isomorphism Ry : L?(Ly(); NT*Fs @ E) = L*(Ly.(,); A\T*Fy ®
E) is given by R (£)([v1]) = &£([117]). Note that this condition does not
depend on the choice of normal bundle v because the ambiguity involves
things of the form Vy £ where Y € T'F. But this is zero because V is
flat along F.

To see that Vg — mo V¥ is a leafwise operator, let w € A¥(M) and

£ € CX(G;NT*Fs ® E). Then
(Vo — 10V m0) (WEE) = m0(V— V¥ )mo(w®E) = m0(V — V) (wdmo(€)) =

- (de®7ro(£)+(—1)kw/\V7ro(£)—de®7T0(£)—(—1)kw/\V”7r0(§)) _

(—1)*m (w AV — vy)w0(§)> = (—1)Fw A (Vg — m0V¥mo)E,

so Vmg — mo V¥ is a leafwise operator.
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Next we show that C°(AT*M;A\T*Fs; ® E) is in the domain of
moV¥mo. Identify C°(AT*M; NT*Fs ® E') with the subspace C2°(Av} @
ANT*Fs @ E)) of C®(Avi @ NT*Fs @ E)). Now 0,(mg) = [V, 7], and
(by assumption) it is transversely smooth. Thus we have

VVrg = mgVY + 8,/(71'0),
SO
mo Vo = mo VY + w0y, (o).
The domain of the operator on the right contains C2°(Av; QAT*F; @ F).

Lemma 5.8. moV” is a connection on m.

Proof. As my commutes with the action of A*(M) on C*°(AT*M; ),
to show that V" maps the space C°°(AT* M ;) to itself, we need only

show that for any local section { € C*°(my) and any local vector field X
on M,
(moVYE)(X) = mo(igVYE) = m0(VxE)

is in C*°(mg), where X is the lift of X to vs. As & € C™(m), it is in
CP(NT*Fs ® E) and mo(§) = &, so Vo€ = Vi€ € C(NT*Fs ® E).
As 7o is transversely smooth, i30,(m)(§) € C5°(AT*Fs ® E). Since
mo VY = VYmo+0,(mp), we have (moVVE)(X) € CS°(ANT*Fs®FE). Finally,
as 3 = mo, mo(mo(V%E)) = mo(V%E). Thus (mo V7€) (X) € C°°(m), and
moVY maps C°(AT*M;m) to itself.

The operator moV" satisfies (1) because my commutes with the action
of A*(M) on C™(AT*M;mp). In particular, for w € AF(M) and ¢ €
C(mp), we have

TV (s"w® &) = mopu(r'(VE @ VE)(sT'w®§)) =
mopy (dg(s"w) © € + (~1)Fs"w A1 (Vi @ VE)E) =

mopu (s dyw @ €) + (=1)*mopy (s*'w A 1T (VF @ V)E) =
s*dprw@mol+(—1) s wATp T (VERV E)E = dyw@E+(—1)FwAmyVVE.
To show that myV" satisfies (2), let X € T'F,, £ be a local invariant
section of 7y defined near z, and [y] € L,. The fact that ¢ is invariant
means that there is a section E of NT*" F® E defined in a neighborhood of
r(v) so that £ = 7*€ in a neighborhood of [7]- Recall that vy = T'F, ®vg.
Since X € TF,, X € TF, and r.(X) = 0. Now

moVx& = mo(r*(Vr @ Vi) (£)),
but at [v],
(T*(VF ® VE))?(S)) V= (VFr® VE)T*()?M)E: (VF ® VE)of = 0,

so MoV £ = 0.
We leave it to the reader to check that moV" satisfies (3) of Definition
5.7, which is a straight forward computation, using the fact that for
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X € vy and [4] € Ly, r*()A(M) = 74(X), the parallel translate of X
along 7 to v,(,).
mo V¥ obviously satisfies (4). q.e.d.

Remark 5.9. If V" is another partial connection, then the difference
V¥ — V¥ is a leafwise operator which satisfies the hypothesis of Lemma
3.2, so 7706”710 —moV¥img = 770(6” — V¥)mp is transversely smooth and
WQ%V is also a connection on 7. So, as in the classical case, the space
of connections is an affine space whose linear part is composed of trans-
versely smooth operators.

Now suppose that V is any connection on 7. Define the curvature 6
of V to be
0=V
The usual computation shows that 6 is a pointwise operator, that is
Lemma 5.10. For any w € A*(M) and any & € C*(m),
Viw®E&) =wA V().

Denote by C°(AT*M; .A’(kz)(F s @ F)) the space of all smooth sections
of AT*M with coefficients in .A’(kz)(F s ® E). Smoothness means that the
section is smooth when viewed as a section of Av; @ ANT*Fy; ® E over G.
Extend V to an operator on C*°(AT*M; Ap, (Fs ® E)) by composing
it with the obvious extension of mg to C"X’(/\T*M;.,é%)(FS ® E)). The

curvature of Vo is given by (Vomg)? = VorgoVomy = VoVormg = fo
g, since mgoV = V. We will also denote these new operators by V and
0. Note that although V is an operator which differentiates transversely
to the foliation Fy, the operator 0 is a purely leafwise operator thanks
to Lemma 5.10. Also note that

0= 7T09 == 971'0.
Lemma 5.11. 0 is transversely smooth.

Proof. Set A = ngVrg — moV¥7mg, a transversely smooth operator.
Then

0 = (mqVmg)? = mgV¥mo V¥ 7o + mo V¥ moAmg + moAmo Vo + A2
As A is transversely smooth, so is A%. Since mpA = Amy = A, the terms
moVVmgAmg + moAmgVV g = mgVY Ay + mgAV 19 =
mo[VY, Almg = 70, (A)mo,
which is transversely smooth. Now V¥my = moV" + 0, (mp), so
oV TV = mo(V¥) 21y + o8, (m0) V¥ 1o =

700" mo + T 0y (m0) T VY + m00y (70) 0y (o).
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The curvature §¥ = (V¥)? satisfies the hypothesis of Lemma 3.2. As
mo is transversely smooth, it follows from Lemma 3.2 that mp0"mq is
transversely smooth. Using the facts that 0, is a derivation and 7 is an
idempotent, it is a simple exercise to show that 7y, (mg)mo = 0. Finally,
00y (70)0, (mp) is the composition of transversely smooth operators, so

transversely smooth. Thus 6 is transversely smooth. q.e.d.
Set
[n/2] knk
—0/2im _ (_1) 0
o€ 0T 2 iR

and consider the Haefliger form Tr(moe™%/%™). (Note that 2im is the
complex number.)

Theorem 5.12. The Haefliger form Tr(moe~/%™) is closed and its
cohomology class does mot depend on the connection used to define it.

Proof. The zero-th order term of Tr(mpe=%/%7) is Tr(mp), and since
7o is a uniformly bounded leafwise smoothing operator, we have (see
[BHOS8))

dg Tr(mo) = Tr(9, (mo)) = Tr(9, (nf)) =
2TI‘(7T()8V(7T0)) = 2TI‘(7T08,,(7T0)7T0) == O,
since mp is a (G invariant transversely smooth) idempotent.

Lemma 5.13. For k>0, dg Tr(9*) = 0.

Proof. First note that for k > 0,

V.0 = [V,V*] = VoV* _V#oV = 0.

Also note that V. = 7wgV¥mg + A, where A satisfies the hypothesis of
Lemma 3.3, as does 6%, Thus

0 = Te([V,0%]) = Tr([mVim+ A,60%]) =
Tr([o V'm0, 0%]) = Tr(meV¥60* — 65VVny) =
Tr((mo — 1)VV0F + VV0* — 08V — 0FVY (19 — 1)) =
Tr((mo — 1)VV0F) — Tr(08VY (mg — 1)) + Te([VY, 6]).

Note that the three terms are well defined since the three operators are
A*(M)-equivariant. As § = 76 = Omg, OF = mo0% 1y, and we have

TI‘((?TQ — 1)VV9k) = TI‘((T('() — 1)VV7T09k7T0) =
TI"((ﬂ'o — 1)7T0vuekﬂ'0) + TI"((TFO — 1)8,/(71'0) Hkﬂ'o) = 0,
since both terms are zero. The first term is zero because (79 —1)mp = 0.

The second term is zero because both (my — 1)9,(m) 0¥ and 7o are G
invariant and transversely smooth, so by Lemma 3.3

Tr((mo — 1)d,(mo) 0¥ m9) = Tr(mo(mo — 1)8, (0) 6%) = 0.
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Similarly,
Tr(#*VY(m9 — 1)) = 0.
Thus
0 = Tr([V”,0%) = Tr(a,(6%)).
It follows easily from Lemma 6.3 of [BHOS] that dz Tr(6%) = Tr (0, (6%)),
so we have the Lemma. q.e.d.

To complete the proof of Theorem 5.12, we note that a standard
argument in the theory of characteristic classes shows that

Lemma 5.14. The Haefliger class of Tr(moe %*™) does not depend
on the choice of connection V on .

q.e.d.

Definition 5.15. The Chern-Connes character ch,(mg) of the trans-
versely smooth idempotent 7 is the cohomology class of the Haefliger
form Tr(moe %), that is

cha(mo) = [Tr(mpe /%)),

Remark 5.16. In [H95|, [BHO04], and [BHO8] we defined Chern-
Connes characters for various objects. It is clear from the results of those
papers that the definition given here is consistent with those definitions.
In particular, if V = V" is a connection on my constructed from a con-
nection Vp®@V g on AT* F®FE, then the material in Section 5 of [BHOS8]
(which shows that the definitions of [H95] and [BHO04]| coincide) along
with the comment after Definition 3.11 of [BHO8] shows that the Chern-
Connes character given here for 7y and the Chern-Connes character for
7o given in [BHO8| are the same. Thus all three constructions of ch, ()
yield the same Haefliger class.

Remark 5.17. Note that in Sections 3 and 5 we may replace the
bundle AT*Fy ® FE by any bundle on G induced by r from a bundle on
M, and the results are still valid.

Before leaving this section, we record some facts we will need later. In
particular, we show that any connection V is local in the sense that for
X transverse to F' and any local invariant section £ of my, Vx§& depends
only on ¢ restricted to any transversal T" with X tangent to 1. See
Corollary 5.21 below.

Lemma 5.18. Let U be a coordinate chart for F'. There is a count-
able collection of smooth local invariant sections of mg on U which spans
C>®(mp) |U as a module over C*°(U).

Proof. Let T be a transversal in U. The set s1(T) is covered by
a countable collection of coordinate charts of the form (U,~,V). In

each chart, choose a countable collection of smooth sections {ﬁlv 7} of
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ANT*Fy® E with support in (U,~, V)Ns~(T) so that for any section ¢ of
"42‘2) (Fy,E), €| (U,~,V)Ns~}(T) may be written as a linear combination

(over the functions on s(U,~,V)NT) of the {52‘/7} Now extend the
elements of this set to local invariant sections over U, also denoted
{§Z-V "7}, The collection of sections of C*(mg) | U

S=J mE&,

Vst

then spans C*°(m) |U as a module over C*>°(U), and the 770(52/’7), are
locally invariant sections over U.
q.e.d.

As a consequence, we deduce the following.

Corollary 5.19. If two connections V and vV on mo agree on local
mwvariant sections, then they are the same.

Note that the bundle E' = r*E is flat (in fact trivial) along the leaves
of the other foliation F} of G, since its leaves are just r~!(x) for z € M.
Denote by d,- the obvious differential associated to AT*F,. ® E. Given a
local section & € C°(AT*Fy ® E), we may view d,£ as a local element
of C®(AT*M; \T*F,® E). Note that d2¢ = 0, and ¢ is locally invariant
if and only if d,& = 0. Note that for £ € C*(m) and X € C>*(TF),
Vx¢& = d§(X). To see this, write £ = >, g;&;, where §; € A’(Cz)(FS,E)
are local invariant elements and the g; are smooth local functions on
M. Then Conditions (1) and (2) of Definition 5.7 give

Vx& =) dugi(X)& = drg;(X)§; =
j J

Z drg;(X)&; + 9idr&;(X) = dr&(X).

Let U be a foliation chart for F' with transversal T, and V a connec-
tion on my. Then on U, V is the pull back of V restricted to mg| 7.
More specifically, for X tangent to T and £ € C*(mg | T'), with local

invariant extension & to C°(mg | U), define
Ve = VxE

We may assume that U ~ RP x T with coordinates (z,t) and plaques
R? x t. Denote by p : U — T the projection. Let x € U and X € T M,
and set T, = x x T. Write X = Xp + p.(X) where Xr € TF, and
p«(X) is tangent to T,. Let & € C*°(m|U) and define the pull back
connection p*(V7) by

~——

P (V) x€ = deb(Xp) + V3 (€| T2) = deb(XF) + V() (€| T2),



TWISTED HIGHER SIGNATURES FOR FOLIATIONS 417

and extend to C°(AT*U;mg) by using (1) of Definition 5.7 and the fact
that C°(AT*U; m) ~ A*(U) X oo (1) C>®(mo | U).
Denote the curvature (V1)? of VT by 6r.

Proposition 5.20. V|U = p*(VT) and 0| U = p*(07).
Proof. Let £ € C®°(m |U) and suppose that X € TF, so Xp = X
and p«(X) = 0. Then
p*(VI)x¢ = d6(X) = Vx&.

Next suppose that £ is local invariant and X is tangent to 7)., so Xp = 0
and p,(X) = X. Then

P

p*(vT)Xg = Vp*(X)(g | Tm) = Vx¢,

since (¢ |T}) = € as € is local invariant. Thus V |U and p*(V7) agree
on local invariant sections, so they are equal.
For the second equation, writing p*(V') = d, + VT, we have
06 = di6 + V' d E + 4,V T+ (V)P = (V)%

since d?> = 0 and V' od, = —d, o VT. But, with the notation p*(V’) =
d, + VT, (V)2 = p*(0r)¢. q.e.d.

The following is immediate.

Corollary 5.21. V is local in the sense that for X transverse to F
and any local invariant section & of my, Vx& depends only on & |T where
T is any transversal with X tangent to it.

6. Leafwise maps

In this section we collect some results for leafwise homotopy equiva-
lences. Outlines of the proofs are in the Appendix.

Let M and M’ be compact Riemannian manifolds with oriented fo-
liations F' and F’. The results of this section do not require F' or F’
to be Riemannian. Let f : M — M’ be a smooth leafwise homotopy
equivalence which preserves the leafwise orientations. (We need only
assume transverse smoothness, and leafwise continuity. A standard ar-
gument then allows f to be approximated by a smooth map.) Suppose
that B/ — M’ is a leafwise flat complex bundle over M’ which satisfies
the hypothesis of Theorem 9.1, and set E = f*(E’). Let g : M/ — M
be a homotopy inverse of f.

Proposition 6.1. f induces an isomorphism f* : Hi(M'/F') —
H!(M/F) on Haefliger cohomology with inverse g*.

Define f : G — G’ by f([7]) = [f o]. Recall that f is leafwise
uniformly proper if for any Cp, there is C so that if the leafwise distance
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from f(z0) to f(z1) is less than Cp, then the leafwise distance from zg
to z1 is less than Cf.

Proposition 6.2. f is smooth and leafwise uniformly proper.

Thus f induces a well defined map on compactly supported leafwise
forms, but in general it does not induce a well defined map on leafwise
L? forms. To deal with this problem we adapt the construction of
Hilsum-Skandalis, [HiS92], to our setting.

Let i : M’ — RF be an imbedding of the compact manifold M’ in
some Euclidean space R¥, and identify M’ with its image. For 2’ € M’
and t € R*, define p(a/, ) to be the projection of the tangent vector X' =
% | s=o0(2’ + st) at o’ determined by ¢, to the leaf L, in (M’, F") C R.
In particular, first project X* to T'F!, and then exponentiate it to L’,,
thinking of L/, as a Riemannian manifold in its own right. Since M’ is
compact, we may choose a ball B¥ ¢ R¥ so small that the restriction of
the smooth map py = po (f,id) : M x BF - M’ to any pr: Ly X BF -
L/f(:c) is a submersion. Lifting this map to the groupoids, we get

pr:Gx BF g,
which is a leafwi~se map if G >f<ka is endowed with the foliation F§ X BF.
Note that py : L, X BF — L}(x) is the map induced on the coverings
by py i Ly x B¥ — L}(x). In particular, ps([y],t) is the composition
of leafwise paths ps([7],t) = [Pr(v,t) - (f o )], where Pr(v,t)(s) =
pr(r(7y),st). It is easy to see that ps is a smooth map.

Denote by m : G x B¥ — B* the projection, and choose a smooth
compactly supported k-form w on B¥ whose integral is 1. We shall
refer to such a form as a Bott form on B¥. Denote by e, the exterior

multiplication by the differential k—form 75w on G x B¥. For ¢ €
AL(F! E"), we define f0«)(¢) € A%(Fs, E) as
FE(€) = (w1 0 e 0 P})(E).

The map py : G X BF — G’ is a leafwise (for Fy x Bk) submersion
extending f, so p}(&) is a leafwise form on G x B¥ with coefficients
in the bundle p}E’ . The map 7y, is integration over the fiber of the
projection 71 : G x B¥ — G of such forms. In general, the fiber of p}iE’
is not constant on fibers of the fibration 7, : G x B¥ — G. To correct for
this, we use the parallel translation given by the flat structure of p}iE’
to identify all the fibers of p}E' |2z x B¥ with (PFE") (z0) = (f'E), =
(f*E' )r(z)- This is well defined because the ball B¥ ¢ R¥ is contractible.

For s € Z, denote by W (Fs, E) the field of Hilbert spaces over M
given by W¥(Fs, E), = W (Em, E), the s-th Sobolev space of differential
forms on L, with coefficients in E | Ly. Just as it does for the leafwise
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L? forms, the compactness of M implies that these spaces do not depend
on our choice of Riemannian structure. Note that W C W¢ if s > sq,
and set

Wi (Fo, E) = () W (Fy, E) and W* (F,, E) = | | W} (F,, E).
SEZ SEZ

Equip WZ (Fs, E) with the induced locally convex topology.

Proposition 6.3. Forany s € Z, f(i’“) extends to a bounded operator
from WX(F. E") to Wi(Fs, E).

As w is closed, e, commutes with de Rham differentials. The image
of e, o p} is contained in the m-fiber compactly supported forms, so

f (tw) — T1x 0 €y O p} commutes with de Rham differentials. It follows

immediately that the extension of f(%) to the L? forms also commutes
with the closures of the de Rham differentials, so f(#*) induces a well

defined map f* : H{y) (F, E') — H{y)(Fs, E) on leafwise reduced L?

cohomology.

Proposition 6.4. f*: (o) (F, ') — H{y)(Fs, E) does not depend
on the choices of i and w. f* is an isomorphism with inverse g*, so if
f1 and fo are leafwise homotopy equivalent, then fi = f5.

Recall the definition of the pairing @) from the proof of Lemma 4.1.

Proposition 6.5. If & and & are closed L? sections of AL

/
fa@) ®F
then

Qx(f*(€1), (&) = Q) (€1, €5)-

7. Induced bundles

We assume again that F' and F' " are Riemannian foliations. The
restriction of f* gives isomorphisms from Ker(Af/), Ker(Af 1), and
Ker(AéE "7 to their images which we denote by

Im f* = f*(Ker(AF")), Tmfi = f*(Ker(AF*)),

and
Im f2 = f*(Ker(Af'7)),

respectively. We use similar notation for the map g* : W*__(F, E) —
W=* (F',E).

Note that for x € M, gf(z) # z in general, which creates technical
problems. To deal with this, choose a leafwise homotopy equivalence
h: M x I — M between the identity map on M and ¢gf. Recall the
smooth leafwise path 7, from z to gf(z) given by v,(t) = h(z,t). It
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determines the isometry R, : ng(m) — Ly given by Ro([7]) = [v - 7al-
For any Sobolev space W (Ew, E), R, determines the isometry
R; : W:(ny E) — W:(Lgf(x), E)
In particular for s = 0, it gives the isometry
R LX(Ly; AT*Fy @ E) — L*(Lyp(a); NT*Fy ® E).
We shall also consider the smooth leafwise paths +/, from 2/ € M’ to
fg(a") given by ~.,(t) = h'(2',t), where i/ is a fixed leafwise homotopy
between the identity of M "and fg. Given x € M, define the isometry
/. / /

Ry o Lyy = Ly to be

RYT=1 ()" Vi)
This induces the isometry

R L (Ui N\T*Fy @ B') = L (L} NT*Fy @ E).

Note that the composition

RyofoRyog: Ly = Ly
is homotopic to the identity map, since for [y/] € E/f(:c)’

RyofoRy0g([V]) = [f9(v)-F()- F(0e) ™ Apwy) = [F9(Y) Vi)
Set

A = (Vi o) - F9OY) Yy
Then A°(Y) = f9(v') - Yy and A(Y) = 77y - F9(Y) - Ay Now
s(AY(Y")) = s(y) and r(A'(y)) = r(v'), and K provides a leafwise
homotopy between A!(v’) and 7/, so they define the same element in

E’f( z)- Thus At induces a homotopy from R/, o f o R, o § to the identity
map. For z € M, consider the composition

(P RyPLF R P)) g0yt LDy A\T*FIQE') — L* (L0 AT FIQE).
Since R, o foR, 04 : E’f(m) — Z}(x) is homotopic to the identity and

P} is the identity on cohomology, it follows that (P;g* R:P,f*R' P)) (@)
induces the identity on cohomology, which is naturally isomorphic to
Ker(AgE/)f(x) = Im(P}) ¢(z)- So its restriction

(PG RyPof* RiEPY) oy - Ker(AF) py — Ker(AF) 0y
is the identity.

We now show that Im fj_ is a smooth sub-bundle of AfQ)(F s, B) over
M/F. Set

7Tf,_ = f*R*n' g*R* P,
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Then for each = € M,

(n1)s : L¥(Lo; AT*F, ® E) = L*(Ly; N\T*F, ® E)
is bounded and leafwise smoothing since 7/, and Py are, and R}, R},
f* and g* are bounded maps. We leave it to the reader to show that

ﬂﬂ: is G invariant using the equality

[9f (V) - Vel = [y 7]

for any v € G with s(v) = x and r(v) = y. As above, this equality holds
since the two paths start and end at the same points and a leafwise ho-
motopy between them can be constructed using the leafwise homotopy
equivalence h.

We extend 7T_]:_ to an A*(M) equivariant operator on Av} QANT*Fs@ F
in the usual way.

Proposition 7.1. 71_{ : Aé) (Fs, E) — Im f_’; 18 a transversely smooth
idempotent.

Proof. First we have,
(7_‘__]:_)2 _ f*R,*W;E*R*ng*RI*Fg_g*R*Pg _
f*R*n! Pjg*R*P,f*R* Pjn', §* R*" P, =
fPR(x, *q R Py = PR, g R Py = ],
since 7/, = 7/, P; = Pjx’_, and for each x € M,
(Pg"R* P f* R P)) g2 - Ker(A]) 0y = Ker(AF ) (o

is the identity map, and Ker(AgE/) D Im(7’,).

As P, is transversely smooth, we need only show that f*R’ “r' g*R*
is transversely smooth.

Let Vg and Vg be the leafwise flat connections on E and E’ and V g
and V be the Riemannian connections on T*F’ and T*F, respectively.
Denote by V¥ and V" the quasi-connections on C*®°(Avi @ A\T*F; @ F)
and C®(AVF@AT*F.® E') constructed from Vp @ Vg, and Vi @ Vi,
respectively.

Now suppose H is any G invariant operator of degree zero on ANT™ Fs®
E,eg H = f*R*r/ g*R*. If X € C°>°(TF), then since H and V" are
G invariant, 9,5 (H) = 0. A vector field Y on M is a I' vector field
provided that for any X € C*(TF), [X,Y] € C*(TF). If Y € C*(v)
is a I' vector field, it is invariant under the parallel translation defined
by F, so 0Y (H) is G invariant. Globally defined T' vector fields rarely
exist. The restriction of a global vector field to an open subset will be
called a local extendable vector field. Such local vector fields have all
their derivatives bounded. Any local I' vector field may, after a slight
reduction in its domain of definition, be extended to a global vector field.
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Finally, a bounded function (on M) times a bounded leafwise smoothing
operator yields a bounded leafwise smoothing operator. With this in
mind, the problem of showing that such an H is transversely smooth
may be recast as follows (with the proof left to the reader).

Lemma 7.2. Suppose H is a degree zero G invariant A*(M) equi-
variant (homogeneous of degree 0) bounded leafwise smoothing operator
on \vi @ NT*Fg @ E. Then H is transversely smooth if and only if
for all local extendable T' vector fields Y1, ..., Yy, € C®(v), the operator
OY1...0¥m(H) is a bounded leafwise smoothing operator on ANT*Fy ® E.

Note that f*R™*7’ g* R*V" makes sense as f*R™*7/_ g*R* is a well de-
fined A*(M) equivariant operator on Avi @ AT*Fy @ E. Note further
that the expression R*VY does not make sense in general. However,
restricted to any sufficiently small transverse submanifold, ¢gf is a dif-
feomorphism onto its image, so (gf)~! is well defined on this image.
This makes it possible to prove the following.

Lemma 7.3. Suppose Y € v,, and denote by h.(Y) € Vgf(z) the
parallel translate of Y along .. Then

f*R/*Wg_g*R*VV _ f*R/*w;g*V}VL*(Y)R*

IfY' € I/}(m), then f*R’*Vg’,’,ﬂﬁj*R* = f*V’,’L’, (Y,)R’*Wﬁj*R*, where

h.(Y') e V}(x) is the parallel translate of Y' along f(v.)™* -fy}(m).

g
[v] € L,, and vy 1] € L), respectively. To compute f*ﬂjj*R*V”,
we may restrict our attention to s~!(T'), where T is any submanifold of
M which has Y tangent to it. We may assume that T C U,, and gf
restricted to T is a diffeomorphism onto its image gf(T"), which is also a
transverse submanifold, with g f(T") C Uy f(,). Now sTHTYN(Uy, 7, V) =~
V and s~ gf(T)) N (Uyp@), 7' V) ~ V, and the diffeomorphisms
with V' are just given by the restriction of the target map r. In addition,

(VS// | s_l(T)) or* — 1% o ((VF ® VE)%)

Proof. Let (Ug,~,V) and (U, f(x)ﬁy;l, V') be local charts containing

and
(Vi |57 9 (@) or® = 1o (VP @ VE) v _,):

where (Vp ® VE)¥ is the quasi-connection on ANT*F @ E over M con-
structed using the normal bundle v of F', Y, is the parallel translation
of Y along v, and h.(Y), -1 is the parallel translation of h,(Y) along

Yzt So Y, = h«(Y).,-1. The restriction of R,

Ry : s~ (gf(T)) = s~H(T)
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is well defined, since (gf)~' is well defined on gf(T). In fact it is a
diffeomorphism which locally is just »~! o 7. Ry induces the map on
leafwise differential forms

Ry : C®(s Y T); A\T*Fs @ E) — C®(s Y(gf(T)); \T*F, @ E),
which extends to the operator

Ry : C°(s HT); AT*(s7H(T)) ® E) —

C® (s Haf(T)); AT* (s~ (9. (1)) © E).

It is clear that R} VY is a well defined map, and since locally Ry =
r~tor, we have R%VY = V‘,’L*(Y)R}. But R} is just the restriction of
R* to s71(T), so R*VY = V.o B

The second statement is proved in the same way. q.e.d.

Proposition 7.4. The operators f*V’” — V"f* and g*V¥ — V'"g*
are leafwise differential operators (By a leafwise differential operator
from L' to L, it is sometimes meant, here and in the sequel, operators
generated locally by p' — f*(%) where the x}s are leafwise coordinates
on L'.), whose composition with a bounded leafwise smoothing operator
s again a bounded leafwise smoothing operator.

Proof. We will only do the proof for f* as the proof for g* is the same.
Let w® a® ¢ € OX(AVF @ NT*F! ® E'), with w € s*A*(M'), a €
CX(G'; NT*F!), and ¢ € CX(G'; E'). Then
d(woa®d) =(-1)wed(a® ).

Now

V" weoawe) =
Fldpwoa®d+ (—1) oo Viao o+ (—1)fw®a® Vie) =
duf'w® ffa® ffo+ (-1 ffo® f*Via® ffo+
(—D)f ffw @ ffa® f*V% .
On the other hand, N
Vifflwea®e) =
dyffw® ffa® ffo+ (-1 f'ue Viffa® ffo+
(- ffw® fFfa® VEf*(b.
Thus
(FV =V weang) =
1 Fwe (FVh - ViF)a® Fot Fao (F7h - V5F)0),
which contains no differentiation of w, so f*V'V -V f* is indeed a
leafwise operator, as are its individual components f*V', — V. f* and

VY, — Vi f.
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Next consider the leafwise operator f* o — %f* on C°(AT*EY)).
Set
dy, =p,dg and d, =p,dg.
In local coordinates, we may write V%, and V% as p,/(dgr + Op) and
pu(dg + OF), respectively, where O and Op are leafwise differential
operators (of order zero) with coefficients in 7*G" and T*G. Then we
have

PV = Vi = Fpuldg +Op) —pu(dg + OF)[* =
frd, = d J* + f*psOr — p,OFf".
Lemma 7.5. f*d’u — dl,f* and g*d, — d,,g* are leafwise operators,
with
Fd, —dyf* = —f*d, +dsf*  and §d, —d,§" = —g"d, + d.g".

Proof Again we prove this only for f *d’ —d, f * As f * - Vi f *
and f Py Op —p,Op f are leafwise operators, so is f*d’ —d f*

On G x B* we have the foliation F, x BF with all its baggage. In
particular, we use the product metric on G x B¥, and we have the
transverse derivative dZ. Local charts on G x B* are given by subsets
of the form (U,~,V) x B*, where (U,~,V) is a local chart for G. It is
clear that in these local coordinates, d,, and d” have exactly the same
form. It is then obvious from the definitions of 7 , and e,, that

dy(Tis0ey) = (mio0e,)dl and  dy(mi.oe,) = (T4 0e,)d>,
where d? is the leafwise derivative associated to the foliation F, x BF,
As f* = 1,4 © €y 0 P}, to prove that frd, — dy f* = —f*d. + dgf*, we
need only prove that

pid, — dfp} = —pjd; + dfp;‘c.
This is purely a local question, and the usual proof shows that we need
only prove it for compactly supported functions on G’.

Denote by p) the projection p/, : TG' — TF. determined by the
splitting TG' = v, @ TF!, and by p2 : T(G x B¥) — T(F; x B*) and
pP? . T(G x B¥) — vp, the projections determined by the splitting
T(G x BY) = vp @ T(Fy x B¥). Let ¢ € C°(G"). If X € T(F; x B¥),
then pZ(X) =0 and p;, X € TF., so p,ps,(X) =0. Thus

(Phd, 0 — dJpio)(X) = pi((d,0)ps, (X)) — (dgy pepo)pL (X) =

p;((dg 9)p,ps (X)) = 0.
Next, suppose X € vp, the normal bundle to Fy x B, and note that
pr,X is not necessarily in v. Then

(P}d, ) (X) = p}((dy,0)(ps, X)) = p;((dgr &) (P,ps, X)) =
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P;((dg8)(pg+ X)) — p}((dg ¢)(Pps, X)) =
(dgx prp3d)(X) — p7((dsd) (P, X)) =
(dgy 5rP}30) 0y X) = 05 (d,0) (ps, X)) = (d) P} — Pdse)(X).
So
(p}d, — dJp})¢ = (—ppdid)py = (—pjdid)(I — pP) =
—ppdyd + (Pjdsd)pP = —pidso + dPp}o,
since, restricted to T'(Fy x BF), p}d;qﬁ = dfp}qﬁ.
Thus f*d, — dy f* = — f*d. + ds f*. q.e.d.
So
f*vy’ - V%f* = dsf* - f*d/s +f*pu’®F’ _pI/QFf*v
a leafwise differential operator (of order at most one).
Finally, consider f*VY, — V', f* acting on C°(E’). In local coordi-
nates, and with respect to local framings of E' and E, we may write
Vg =dg +Op and Vi = dg + Of, where Op and Of are leafwise

differential operators (of order zero) with coefficients in T*G" and T*G.
Then

V% = Vel = FpuVe —p,Vef =
F*pu(dgr +Op) ~ puldg + Op) f* =
f*d;/ —dy f*+ fpyOp —p,Opf* = _f*d/s+dsf* +f*PvOr —p.Opf",
since the pr(~)0f of Lemma 7.5 above extends to show that f*df, — d,,f* =
—f*d., + dsf*, with respect to the local framings. So
f*vy’ - v%f* = dsf* - f*d/s + f*pV’QE’ _pV@Ef*v
is also a leafwise differential operator (of order at most one).

Now observe that if we use coordinates on G’ and G and framings of
E’ and E coming from coordinates on M’ and M, and framings of E’
and E over M’ " and M, all of whose derivatives are uniformly bounded,
then d f* — s+ f*pyOp — p,Opf* and dsf* — f*d, + [*p,Op —
p,Opf* are (at worst) order one differential operators which have all
of their derivatives uniformly bounded. Thus f*V* — V* f* and all its
derivatives define bounded operators from WS (F’, E') to W7_,(F, E) for

each s, and so their compositions with a bounded leafwise smoothing
operator are again bounded leafwise smoothing operators. q.e.d.

Note that the proof above also proves that the composition of T; =
f*V’” — V”f* or T, = ¢g*V¥ — V”g* with a transversely smooth op-
erator is again a transversely smooth operator. By virtue of Lemma
7.2, we will be using only local extendable I' vector fields Y1, ..., s, in
proving that f*R"n/ g*R* is transversely smooth. Thus Lemma 7.3
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becomes f*R*7, g*R*V” = f*R*r/.g*V”R* and f*V"R*r §*R* =
[*R*V" 7' g* R*. Then
8y(f*R/*7Tg_§*R*) _ [vu, f*R,*Wg_g*R*] _
V"f*R/*ﬂ;ﬁ*R* - f*R'*wﬁj*R*V” _
f*R/*V”’WQ_?R* - f*R/*Wg_v/yfg*R* _ TfR/*ﬂ-g-a* N f*R/*W;TgR*.
So

7~.6. 8,3/1(f*R’*7rﬁr§*R*) = B
iy, [*R*0, (7' )g*R* — (if,le)R’*ﬂﬁj*R* — f*R’*Wﬁr(if,l T,)R*.

By assumption, d,/(n,) is a bounded leafwise smoothing operator,
SO z'?lf*R’*&,/ (7!, )g*R* is also. The operators ig, Ty, and ig Ty are
leafwise operators which have all their derivatives bounded, so their
composition with a bounded leafwise smoothing operator (e.g. R™ ', g*)
is again a bounded leafwise smoothing operator. Thus for any local
extendable I' vector field Y; on M, 9 (f*R"*7/.g*R*) is a bounded

leafwise smoothing operator.
To continue the induction argument, we need the following.

Lemma 7.7. Let Y € C*®(v) be a local extendable T' vector field.
Then there is a bounded vector field Z' on G' so that for any ([v],t) €
G x BF,

(10T =PIz (s ()0)-
Given this, then at ([7],) € G x B* we have
ip, P R0y (7' ) (0, 1) = g, 1) Py B O () =
PR g1 (0 (11, 0 (7)) = D (R i1 00 (7 )y ([], 1))
That is, i p} R0, (7)) = p}R™iz 0y (7)), so
ig. f* R0, (7 )§* R = f*R"iz 0, (v, )7 R".
Lemma 7.8. If p is a transversely smooth operator on Aa) (FI, E)

and Z' is a bounded vector field on G', then iz:0,/(p) is a transversely
smooth operator.

Proof. Since iz9,(p) = iy (20w (p), we may assume that Z' =
> gj)? 7, where X7 is a finite local basis for the vector fields on M’
and the g; are smooth functions which are globally bounded along with

. . . . X’
all their derivatives. Then iz 0,/ (p) = 3, gﬂgﬁu'(/)) = 22,90, (p),

which is clearly transversely smooth since the g; and all their derivatives
are globally bounded. q.e.d.
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Using Equation 7.6, we have
aYz 8Y1 (f R/* g*R*) _
Y (J"»**R’*z'zi By (x',)J*R* — (ig, T )R*n', 5" R* — J*R'*, (g, Tg)R*>.
Repeating the argument above we get
8Y2( Rl* Zla (7‘( )N*R*)

ig, [* R0y (i 0 (7 ))F" R* — (i, X f)R™i 1 0, (2, )§" R~

(ig, T1)R
F R ig0,(x ) ig, T R* =
R0, (i 00 (%)F R* — (ig, T )R iz 0,0 (', ) R~

2
f R zZic‘),/ (71'_1_)(2)72 Tg)R*,
which is bounded and leafwise smoothing since iz 9,/ (m,) is transversely

smooth.
As 0)2 is a derivation, we have

aY2((z> T, R*7' G R*) =
8Y2( Tf)(R/*w g R*) + (iy. Tf)dy2 (R*7! " R").
The operators 8Y2( . Ty) and iy Ty composed with bounded leafwise
smoothing operators produce bounded leafwise smoothing operators.
As R*7', g*R* and 0}2(R*n/_g*R*) are bounded leafwise smoothing
operators, this term is a bounded leafwise smoothing operator. Similarly
for the third term.

Now a straight forward induction argument finishes the proof, modulo
the proof of Lemma 7.7.

N)

Proof. To prove Lemma 7.7, we “factor through the graph”. In par-
ticular, consider the map pyg : G X B* — G x B*¥ x G’ given by
pra(v.t) = (7.t,pf(7,t)) which is a diffeomorphism onto its image.
Denote by I,  the foliation of G x B* x G’ whose leaves are of the form
L x B¥ x L', and denote by EYf, the pull back of E” under the projection
G x B¥ x G" = G'. We want to construct a transversely smooth idem-
potent 7', o which will play the role of 7/,. However, 7, , will not be
acting on A’&) (FG.o» EG) over M x M', but rather on the space denoted
Aly) (FG s NT*Fy @ Eg) over M x M, which associates to each (z,2')
the Hilbert space LQ(E;,; AT*F! ® E'). Then

(7 Vo) 1= (1 )ar + L(ELys AT"FL @ ') — L3(EL; AT F )
is well defined, and it is obvious that ﬂjﬁG is a transversely smooth
idempotent and has image Ker(Af/Jr).

To define the action p} ; of py on A’&) (FG o ANT*Fy @ Eg), we may

consider this space as a subspace of all the forms on G x B¥ x G’ by using
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the pull back of the projection G x B¥ x G’ — G’. When we do so, Pia
is just the usual induced map, and on each fiber L? (Z}(I); NT*F! ® E')
it equals p3.

Next define

9 Al (Fs, E) — A?z)(Fé;7sa NT*Fy ® Eg)
to be
(T&)g(e) = (T ) gy : L*(Ly(y; N\T*Fs @ E) — L*(LL; N\T*FL @ E'),

for each ' € M'.

Finally, the action of R™ on Al (F, " E') extends easily to an action
on A’&)(F&,s, NT*F} @ Ep,).

Then p} R*7', g6 R* = pR™w g" R, and we may work with G x
BF x @, FG o P} 96 and 7', ¢ in place of G', I, P}, g°, and .,
respectively. As py is a diffeomorphism onto its image, we may push

forward vector fields such as the Y; on G (which are bounded because F'
is Riemannian) to bounded vector fields Z/ on G x B¥ x G'. Note that
these vector fields are only defined along the image of ps g, but this is
sufficient for our purposes, since things of the form

F Rz, (i 00 (7 ))T R* = (ig, X )Rz 0 (7, )G" R*

F*Riz0, (7', )i, Yo R,
are still well defined. q.e.d.

This completes the proof that 7T_J:_ : Aé) (Fs, E) — Im ﬁ*r is a trans-
versely smooth idempotent. q.e.d.

The same argument shows that Im ff, and Im f* determine smooth

bundles over M/F, denoted 7 and 7/ respectively. In fact, we may
use the proof above to prove.

Proposition 7.9. If p is a transversely smooth operator on AV ®

F!® F', then f*R’*p g*R* is a transversely smooth operator on A\vi ®
F,® FE.

8. Induced connections

Let V' = 7/, V'”7/_ be the connection on 7/, = Ker(AgEq'), deter-
mined by the quasi-connection V’* on A‘T*F. "® E'. We now prove that

V'’ induces a connection V on 77{_.

Lemma 8.1. If ¢ is a local invariant section of ', then f*(ﬁ’) is a
local invariant section of 7T_{_.
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Proof. Recall that for ([4],t) € G x B¥, ps([7],t) = [Ps(7,t) - (f o),
the composition of the leafwise paths P¢(v,t) and fo~y, where P¢(v,t) :
[0,1] — L}(S(V)) is the leafwise path given by

Pr(v,t)(s) = ps(r(7), st).
Then

FHEY () = 71 0 e (3 (v, 1))

T 0 (P} (' (Pr(yy1,t) - (f 0 9m1)))
7100 (D} (' (Pr(7,1)-(for)-(fon)))) = mis0ew (P} (€ (Pr (v, 1)-(fo)))),

since ¢’ is local invariant. But this last equals

1, 0 ew(3€ (17, 1) = F*(€)(1))-

)
)

q.e.d.

Lemma 8.2. Any local invariant section £ of 7I'_]:_ induces a local
invariant section f~*& of 7.

Proof. Let T be a transversal in M on which £ is defined. We may
assume that 7' is so small that f |7 is a diffeomorphism onto its image
T'. Then (f*)~' : Im fi — Ker(Af/Jr) is well defined over T, and in
fact is given by the map R™*Pjg*R*|T. To see this, note that over
T’ the map R’*Pg’ﬁ*R*f* : Ker(Af/) — Ker(AgE/) is the identity map,
since it induces the identity map on cohomology, and that Ker(AéE /+) C
Ker(AéE/). For simplicity, we shall denote R"P;g*R*|T by f~*. For
2’ € T, define

(fO@E) = F e @),
This gives a well defined smooth section on T”. Extend it to a local
invariant section on a neighborhood of T". We leave it to the reader to
show that this construction is well defined, that is it does not depend
on the choice of T. q.e.d.

In order to define the induced connection V, we need only define it
on local invariant sections, and then extend it using (1) of Definition
5.7.

Definition 8.3. Let & be a local invariant section of 77_{_. Given
X € TM, set X" = f.(X). Define

Vx(©) = F(Vx(f9).
Extend to £ € COO(/\T*M;Wﬂ:) by using (1) of Definition 5.7.

Proposition 8.4. V is a connection on 7r_{.
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Proof. We need to check that the four conditions of Definition 5.7 are
satisfied.

5.7(1): For differential forms this is satisfied by definition, so we need
to check it for functions. Specifically, we need that for any local function
w on M which is constant on plaques of F' (i.e. local invariant functions),

and for any X € T'M and any local invariant section & of 71_{,
Vx(wf) = dyw(X)E + wVxE.

If X € TF, this is trivially true since both sides are zero. Now suppose
that X is transverse to F', with X’ = f,(X), and let T be a transversal
of F with X tangent to 1. We may assume that 7" is so small that f
restricted to T is a diffeomorphism onto its image 7", a transversal of
F', with inverse f~!' : T' — T. The vector X’ is tangent to 7", and
thanks to Corollary 5.21, we have

Vx(w) = F(Vx(f(we) = F(Vxrl(wo f) 7€) =
F[X o s )"+ wo )V Fre] =
(X'wo f ™o NFT e +wf(Vxf e =
(Xw)é +wVx€ =dyw(X)E +wVxE.
5.7(2): If X € TF then X' € TF', and as f*¢ is local invariant,
V/X’(f_*f) =0,80 Vx(§) = f*(V'X/(f_*Q) =0 and V is flat along F.

5.7(3): The fact that V is G—invariant is a simple exercise which is left
to the reader.

5.7(4): We need to show that

A= Vﬂ'_{ - W{_V”W{_ C(NT* M NTYFs @ E) — C°(ANT* M; 7'('_]:_)
is transversely smooth. Now 7T_]:_ = f*R ' " R*Pyand V = AV =
[*V'R*P)g*R* = f*n/ . V'""xn!, R*P/g*R*. Using the proof of Proposi-
tion 7.4, we have that, modulo transversely smooth operators,

A— f*ﬂg_ WTFQ_R/* é?R*f*Rl*Trg_?R*PZ_
f*R/*Wg_gf*R*Pevyf*R/*w;g*R*Pé _
~*7T3,_V,VTS’_R/*Pég*R*f*R,*PéTF;E*R*PZ_
f*R,*ng_g*R*ng*V,VRl*ﬂ'g_g*R*Pg —

f N R n G R*P — f*R*n g R* P, f*V" R 7', " R* P,
since Pyg*R* f*R™* P, is the identity on Im(P}) = Ker(AF") D Tm(x’,).
Now R"*n!, =7 R* and V7! = (V"7 )n! =/ N7/ +[V" =/ ],
and [V, 7'] is transversely smooth since 7/, is. So using Proposi-

tion 7.9, we have that modulo transversely smooth operators,

f*R/*W;fj*R*ng*V/VR/*WQ_Ej*R*Pg _
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PR P[§* R* Py f*n V"7 R*G*R* P, =
f*W;R,*P[gv* R*ng*PéﬂﬁrV'”ﬂﬁrR'*? R*P[ _ f*ﬂ;vluﬂ;R/*fgv* R*P[,
since R’*Péﬁ*R*ng*Pé is also the identity on Im(F;). As 7/ R™* =
' n' R* = n/ R"*n! , A = 0 modulo transversely smooth operators,
that is, A is transversely smooth. q.e.d.

9. Leafwise homotopy invariance of the twisted higher
harmonic signature

In this section we prove our main theorem that the twisted higher
harmonic signature is a leafwise homotopy invariant.

Theorem 9.1. Suppose that M is a compact Riemannian manifold,
with an oriented Riemannian foliation F of dimension 2¢, and that E
is a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection onto Ker(AgE) for the associated
foliation Fy of the homotopy groupoid of F' is transversely smooth. Then
o(F, E) is a leafwise homotopy invariant.

Recall that the projection onto Ker(AgE ) is transversely smooth: for
the (untwisted) leafwise signature operator; whenever E is a bundle
associated to the normal bundle of the foliation; and whenever the leaf-
wise parallel translation on F defined by the flat structure is a bounded
map, in particular whenever the preserved metric on E is positive def-
inite. Note also that these conditions are preserved under pull-back by
a leafwise homotopy equivalence.

Suppose that M’, F’, and E’ satisfy the hypothesis of Theorem 9.1,
and that f : M — M’ is a leafwise homotopy equivalence, which pre-
serves the leafwise orientations. Set E = f*(E’) with the induced leaf-
wise flat structure and preserved metric. Assume that the projections
to Ker(AF) and Ker(AF') are transversely smooth. Then we need to
show that

chy (1) = f*(cha(rh)).
We do this in two stages. The first is to prove

Theorem 9.2. ch,(7) = chy(m]).
Proof. Recall that Wi = f*R’ *n! g* R* Py, and set
7t =t + (1 - t) Pl

A simple computation, using the fact that W:];Pg = Fi, shows that the
%i’t are idempotents, and as Py and the 71':]:: are transversely smooth, the
%i’t are smooth families of transversely smooth idempotents. It follows
from Theorem 3.4 that ch,(74%) = chy(711Y). Since 7' = 7L, we need
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to show that cha(ir\i’o) = chg(m+). We will do only the + case as the
other case is the same. Set %i = %i’o.

Consider the pairings (, ), and @ defined in Section 4. Note that
Q(dsar,az) = (=1)1Q(ay, dsaz). Using a partition of unity and lin-
earity, proving this reduces to considering sections of compact support

of the form oo = w ® ¢, where w € C°(L; ANT*L) and ¢ is a flat section

of E, where it is immediate. So Ffz) (Fs, E) is totally isotropic under

the pairing @, and it is orthogonal to Ker(AZE) under the pairing (, ).

In addition, this equation implies that ) induces a well defined pairing
Q : Hiy) (Fy, E) @ H{y) (Fy, E) = B(M),

where B(M) denotes the Borel C valued functions on M. It further
implies that P, restricted to the cocycles Zé) (Fs, E) preserves (). The
subspaces Ker(AéEJr) and Ker(AéE ~) are orthogonal under both of the
pairings, since Q(Tay,a2) = Q(a1,7ag). As Ker(AF) = Ker(AF™) @

_ A
Ker(A7™), so also Z{, (Fy, E) = Ker(A7") @ Ker(A7™) @ By (Fy, E).
The kernels of both %f_ and 74 contain Ker(Fy), so we may restrict

our attention to Im(P) = Ker(AF). The image of %_{ is Pg(Im(fj_)).

Lemma 9.3. 7 : Pg(Im(fj_)) — Ker(AF™) is an isomorphism with
bounded inverse.

Proof. By Proposition 6.5, f* restricted to Ker(Af/) takes the pairing
@’ to the pairing Q). (Note that @ is + definite on the Im(wy) if £ is
even, while it is /—1Q, which is + definite on Im(7) is £ is odd. We
will finesse this point.) Since Py (restricted to the cocycles) preserves

the pairing @, @ is positive definite on Pp(Im(f7)). Given 0 # a €
Py(Im(f7)), write it (uniquely) as & = ay +a—, where . € Ker(A[™).
Then

0 < Qla,0) = (ay,ay) —(a—,a) < (ay,aq),

so my(a) = ag #0 and 74 : Pg(Im(fj_)) — Ker(AéEJr) is one-to-one.
The above inequality also implies that 7T_|__1 is bounded, with bound

V2. The element a = 7 (ay) and |[o|> = (a,a) = (as,aq) +
la—an) = 2||Oé+||2 + |2|Oé—||2- Since 0 < Qa,a), fla—|? < flagl?,
so [|[my(a)llF = lell* < 2oy %

Next we show that 7, is onto. Choose a € Ker(Aer) which is

orthogonal to 74 (P(Im fj_)) The subspaces Py(Im fjﬁ) and P;(Im f*)
are orthogonal under (). Their direct sum is the space Ker(A,) of all
harmonic forms, since 7'('_{_ + 7 induces the identity on cohomology.

Write o = B4 + B, with B+ € Py(Im f%). Then
||OZH2 = Q(OZ,OZ) = Q(Oé,5+) + Q(avﬁ—) =
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Q(av 7T+5+) + Q(OZ, W—ﬁ-ﬁ-) + Q(Oé, 5—) = Q(Oé, 5—)
The last equality is a consequence of the facts that a is @ orthogonal

to 74 (Py(Tm f%)) and that Ker(AZT) and Ker(AZ ™) are Q orthogonal.
Hence we have,

0 < [laf* = Q(B+, B-) + Q(B-, B-) = Q(B-,B-) < 0.

So, & =0, and 74 is onto. q.e.d.

Consider the map 1! : Ker(AF") — 7, (Py(Im fi)), and define p
to be

pr=my' oyt Aly (Fu, E) — Py(Im(f7)).

Then p4 is an idempotent and has image Py(Im fi), which equals Im %_{_.
We claim that py is transversely smooth. If so, then ch,(p4) is defined
and chy(p4) = ch, (%_{), since they have the same image. Note that p, is
the projection to P;(Im(f7})) along Ker(r,.). With this description, it is
immediate that pyomy = py and m4o0py = 74 since 74 is the projection
to Ker(AZEJF) along Ker(m). As above, we may form the smooth family
of transversely smooth idempotents tp; + (1 — ¢)m4 which connects p
to m4. Again, it follows from Theorem 3.4 that chy(ps+) = chy(7y), and
we have ch,(7m4) = cha(wi). So to finish the proof we need only show
that py is transversely smooth.
Now
7L = Pl = Pf*R*n 7 R* Py,

and recalling that Péﬁ*R*ng*R’ *P, = P; and 7y = 7, P] = P;n/, we
have

@2 =71 and #[7L =0
These idempotents are transversely smooth since P, and the 7'(':{ are
transversely smooth. They also satisfy %_{ +7 = Py, and their kernels
both contain Ker(Fy). Finally, note that the Im(ir\i) = P(Im(f1)).
Next set

A:7T++%f

Lemma 9.4. The operator A and its adjoint At are transversely
smooth, and A is an isomorphism when restricted to Ker(AéE ).

Proof. A is transversely smooth because both 7, and 7 are. As
At = (np + 70 =7y + (71)?, we need only show that

(%i)t _ PZR*tg*tW/_R/*tf*tPg

is transversely smooth. Now P, and 7’ are transversely smooth, and
R = (R*)~! and R" = (R"*)~! since they are both isometries. Now
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consider f*t and g*' restricted to the harmonic forms. Let o/ € Im(P})
and a € Im(m4). Then

(o, ffa) = (f*d/,a) = Q(f*d/,%a) = Q(f*a/,Fa) =
Q(f*a’,a) = Q(f*a!, fR'G'R'0) = Q(o/,R"§"R'a) =
Q' (o, 7 R*¢R*a+n_R*§*R*a) =
Q' (o, 7 R*¢*R*a — 7n’_R"§*R*a) =
Q'(d, QW;R/*ﬁ*R*a — %1 R"§*R*a) =
(o, (7', R*g*R* — "_R"g*R*)a).
So on Im(my), = ' R*g*R* — ' R"g*R*. Similarly, on Im(7r_),
frt = -7 R*¢*R* + n'_R"g*R*. Thus on Im(F),
J’F*t _ (7T+R/* *R* R/*N*R*)W_i_—(ﬂ'g_R/*g*R*—7T/_R/*§*R*)7T_ _
(n!, =7 )R*§*R*(my — 7).

Similarly, g* = (14 — 7 )R*f*R™*(n, — 7). As (7!, — 7 )7 (7!, —
7' ) =7, R* commutes with 71, R™* commutes with 7/, , and Pyry =
T4+, we have

@) = (7 )R 5 G R (my — 7o),
which is transversely smooth.

Next, note that @ is positive definite on Im(74) and Im(%_{), and
is negative definite on Im(7_) and Im(7L). So Im(ms) N Im(%{c) =
{0}. Let a € Ker(A¥) with A(a) = 0. Then 74 (a) = —7/ () and
7 (), 7 (@) € Im(r ) NIm(7L) = {0}. Thus a € Ker(ry)NKer(7% )N
Ker(AF) =Tm(r_) N Im(%_{) = {0}, so @ = 0 and A is one-to-one.

Now A(Im(%i)) = 7T+(Pg(1m(fj_))) =Im(mr4), so Im(my) C Im(A).
Just as w1 maps Im(%{) isomorphically to Im(m.), 7— maps Im(77)
isomorphically to Im(w_). Given o € Im(w_), let 8 € Im(?r\f) with
7 (8) = @, 50 B = m_(8) + m4(8) = a+ 7+ (5), that is o = § — 7 (5).
Now A(8) = m(8) + 71 (8) = 74(8) + B, since 8 € Im(7'). So B €
Im(A), since 74+ (5) € Im(my) C Im(A). Thus o = 8 — 74(5) € Im(A),
and we have Im(w_) C Im(A). As A is linear and contains Im(m), it
also contains Im(r) & Im(7_) = Ker(AF), and A is onto. q.e.d.

Lemma 9.5. A~!, the inverse of A restricted to Ker(Af); s a
bounded isomorphism of Ker(AF).

Proof. A~!is bounded if and only if there is a constant C' > 0 so that
||A(e)|| > C for all z € M and all o € Ker(AF), with ||a|| = 1. If not,

there are sequences z; € M and o; € Ker(A[ ), with [|aj|| =1, and

Him [1A(a)l| = Jim I+ () + 7L ()| = 0,
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that is,

0= lim 7 (ag) + 7 (o) = lim 7y () + 74 (7 () + 7 (7 () =
J—00 Jj—00

im . (e + 7L () + 7 (7 (a7).

J
This implies that lim; o m— (%f(aj)) = 0. Now
0 > QR (a;),7(ay)) = |lms GLla))II® = llm- G (a))I,
so limj_;o 7r+(%{(ozj)) = 0, which gives that lim;_, %f(aj) =0, so
also lim;j_,o 74 (o) = 0. Since oj = 74 (o) + m—(cr5), we have
Jim (_(a) ~ a) =,

in particular,

Jim flm— (o)l = lim log} = 1.
Now Q(m—(a;), m—(a;)) = —[|m— ()], solim 0 Q(m—(aj), m_(0)) =

—1. Since @ is continuous,

jli}nolo Q(aj,aj) = jli}nolo Q(ﬂ'—(aj)ﬂr—(aj)) = -1

The fact that lim;_, %f(aj) =0and a; = %ﬂ:(aj) + %f(aj) implies
that
jlig}o(%i(aj) —aj) =0,
and as above, the fact that Q(%\f_ (0y), 7?_{(@]')) > 0 implies that
limjinf@(aj,ozj) >0,

which contradicts that fact that lim; o Q(ay, ;) = —1. q.e.d.

Now consider the map B = A'A, which is transversely smooth and
is an isomorphism when restricted to Ker(AZ). Denote by B~! the
composition of maps:

—1

B~ Afz)(FS,E) RN Ker(AF) Be, Ker(AF),

where B, ! is the inverse of B restricted to Ker(AF). Since p, takes
values in Pg(Im(fj_)) = Im(%_{), Apy =7y, 80 Bpy = Almry, and py =
B7'A'r,. Thus we are reduced to showing that B! is transversely
smooth.

Restricting once again to Ker(Af ), we have that the operator B is
positive, and A and A~! are bounded operators, so the spectrum of B
on Ker(AF) is contained in a bounded positive set [Cp, C1], and since
B = PyBP,, its total spectrum is contained in [Cy, C1] U 0. Thus, for
sufficiently large A\, 0 < ||P, — %H < 1—Cp/A < 1, and this estimate
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also holds for all Sobolev norms associated to Aé) (Fs, E). So for large

A,
o= 3 5)

0
where (Pg — %) =PF,. For N € Z,, set

N
o = 32 (m-3)"

0
where again (Pg — %) = Py. Then Dy is a uniformly bounded (over all

N) transversely smooth operator, and it converges to B~! in all Sobolev
norms. Thus B~! is a bounded leafwise smoothing operator.

Consider 9} Dy = % Zf:o oy ((Pg — %)n>, where Y is a vector field
on M. For any integers ki, ko, and for N > 1,

1B~ = Dnlley e, < %i HaX«Pz—?)n)Hkl,kQ <

n=N-+1
S0 (o= s 3 mllPe= 20 <
n=N-+1
1 B > Cpo\n—1
S (= 3l 30 n(1=72)

This converges to 0 as N — oo as ||0) (Pg—%) |11 ks is finite since Py— %

is transversely smooth. Thus the transverse derivative 9} Dy converges
in all Sobolev norms, so limy_s 83/ Dy exists, and it is bounded and
leafwise smoothing.

Proposition 9.6. OZB_l exists, in particular, 83/DN converges in
all Sobolev norms to 0Y B™', so 0¥ B~! is a bounded leafwise smoothing
operator.

Proof. As 9 Dy converges in all Sobolev norms, we only need prove
that 0Y B~! exists and that it equals limy_,o0 9) Dy.

Recall the situation in the proof of Theorem 4.4. For y close to
x in M, we have the smooth diffeomorphism &, : L, — L,. Given
Y € TM,, set v(t) = exp,(tY). For z € L, and ¢ sufficiently small, say
|t| < e (which we assume from now on), we have the path ¢t — 7,(¢),
which covers «(t) and has tangent vector in vs. So for [t| < e, the
diffeomorphism @, : L, — Z,Y(t) exists. The vector Y defines the

transverse vector field Y along Ex, i. e. a smooth section of v ]Zx, by
requiring s,(Y) = Y. Then the operator 9} (-) = [V%, -] can be realized
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as 8/0t(-) as follows. We may parallel translate all objects on Ly, to E,Y(t)
(and vice-versa) along the paths 7, () using the connection V. We will
denote this parallel translation by ®; (and the reverse by &, D). Thus
any section of £ € C’go(im; NT*F, @ E) defines a section ®;(¢) = & of
Cgo(iw(t); NT*F, ® E) given by

&i(2) = q)t(f(q);é) (2))),

and & is smooth in ¢. Note that for such a local section, V& = V”?&

(as Y € vs) is defined and equals 0, since & is parallel translation along
integral curves of ¥ for the connection V. In fact, if we set Y(t) =+(t),
then V?(t) & = V% (t)& = 0. Further note that ®,;) is a diffeomorphism
of bounded dilation and the induced action on E is also bounded, so
the local operators ®; and ®; ' are bounded when acting on sections of
C(Ly; N'T*F, @ E), (respectively C° (E»y(tﬁ ANT*F, ® E). We denote
these bounds, which are uniform in t, by ||®|| and ||®; || respectively.

Similarly, we may parallel translate operators such as Dy from nearby
leaves to L as follows. Given £1,& € COO(L:C7 ANT*F, ® E), define the
operator Dy on L by

(Dn (). &) = (@7 (Dvaw(1n)):&2).

O(Dn¢)

B ot t=0
well defined as a map from C°(L,; AT* Fy;@ E) to C®(Ly; NT* Fy®F).
Likewise, Vo (D (§t)) is well defined for all € € C°(L,; A'T* Fy@ E),
and takes values in C‘X’( 5 NT*Fy ® E). The fundamental relation-
ship between parallel translation and the connection V translates to
the equation

is

This is well defined and smooth in ¢. Thus the operator

0.7. (2252| Ne) = VoDn (&)

In fact, for all ¢y € [—e, €],

(3(1;?,0 ‘t:to)(f) = o <v?(to)(DN’7(t)(§t)))7

since ®;! <I>t01 od, tlo, where @ tlo is parallel translation from Ey(t) to

Liy(to)-
For & € C®°(Ly; N'T*F, ® E) we have

0, Dn¢ = [V%,DnJ¢ = [V, DyJE =

VoDnqyw) (&) — DNVe(&) = VoD )&,
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since V(&) = 0. So by Equation 9.7 we have

O(Dn )

9y Dy = ot ‘tzo'

As above, this extends to

J(Dnt)
ot

Set B! = ®;(B™Y), Dy, = ®; (aY“)DN) — 9(Dy,)/0t, and
D, = (IDt_ (th_mO(‘) ()DN> Note carefully that the following com-

putation takes place on the leaf Ex For &1,&5 € C;X’(Zx; NT*F, @ E),
and h € (0,¢€), we have that

h
(B 0. €)= (B 6. ) = [ (Dl ] <

9.8.

= 9, <53/ ® DN,»,(t)) :

‘<B;:1(§1)7§2> — (Dnn(&1)s §2>‘ +
‘<DN,h(fl)752> —(Dno(&1),&2) — / (D (&), &2) dt‘

‘<DN,0(£1)752> —(By! ‘/ (Dl — D) (1), & dt‘
The first term equals

‘@ (BV_(h) DNw(h))‘Ph(él),éﬁ( <

195, 1By = Dy @€ ] 1211,
which goes to 0 as N — oo, since Dy — B~! in norm and ||®; || and
||| are bounded. The second term is zero since Dy, = 9(Dn ) /0t

The third term is bounded by ||Dy.o — By || [|€1]]|€2]], which goes to
0 as N — oo, since Dy — B~! in norm. The last term is bounded by

h
| 10Y O Dy — tim Y ODg 1@ il ezl
0 Nooo &

which goes to 0 as N — oo, since ||®;'|| and ||®¢|| are uniformly
bounded for ¢ € [0, h], and 9 Dy converges in norm.
Thus

h
lim <Bﬁl(§1)7§2>—<361(§1)=§2>—/0 (D(&1),&)dt| = 0,

N—oo

and as the expression inside the limit is independent of N, it actually
equals 0. This implies that

(tim 5 (B~ By~ /0 hD;dt)<sl>,sz> ~ 0,
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for all &1,& € C°(Ly; A'T*F, @ E), so
1 1 1 h /
lim (B! - B; —/0 Djdt) = 0

as a map from C°(Ly; A'T*F, ® E) to C®(Ly; N'T*F, @ E).
Next we have

|lim Dj(€1), &2) — (Dh(&1), &2)| < |{Hm(D} — Div, (&), &) +
(i Div, = Divo) (€0):)] + [{(Divo = Dh)(), )] <
fin [0 11] Tim 0D ) = 0O Do 12l Nl el +
1 Tim (D (61), §2) = (Dlvo(61), &) +

1079 Doy = Jim 30D o Il 1l Il

The first and last terms can be made arbitrarily small (for ¢ € [0, h])
by choosing N sufficiently large. The middle term equals zero since
(DY 4(&1),&2) is continuous in ¢, which follows immediately from Equa-
tion 9.8 and the fact that Dy is transversely smooth. Thus,

0 = (lim Dy(&), &) — (Dp(&1), &2) = ((lim Dy — D) (&), &2),
—0 t—0
which holds for all £1,& € C’é’o(zx; NT*F,®E), so limy_,o D,— D} = 0,
h—0

well defined as a map from C°(Ly; A'T* Fy@ E) to C®(Ly; N'T*Fy® E),
and as D] is continuous at zero, we have

hml(/hp’dt) Y
h—0 h 0 t 0

Again by the fundamental relationship between parallel translation and
V, we have

1
that is Dj is continuous at zero. The operator lim 7 ( / ngt) is also
0

B! - B!
lim = 0

Y n—1
= B
h—0 h (9,/ ’

SO

oy B — i P By 1( hD’dt)—D’ — lim 9! D
v T R T\, ) TR0 T I PN

and 0¥ B~! is a bounded leafwise smoothing operator. q.e.d.

A boot strapping argument now finishes the proof of Theorem 9.2.
Let Y;,Ys be vector fields on M. As B~'B = P, and the 83/1' are
derivations, we have as usual

OB~ = (92P)B~' - B Y(0¥*B)B~,
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which is in the domain of 3X'. Applying it, we find that 9)19)2B~!
equals
(01 0)2Pe) B~ + (9,2 P0) (9, B~

(@B~ @2B)B™ — B (8}10}:B)B~ — B~\(9)*B)(3)' B™),

which is a bounded leafwise smoothing map, since B and P are trans-
versely smooth and 9)' B~! is bounded and leafwise smoothing. Pro-
ceeding by induction, we have that for all vector fields Y7, ..., Y, on M,
the operator 9} - - - 9Ym B~1 is bounded and leafwise smoothing, so B~!
is transversely smooth.

This completes the proof Theorem 9.2. q.e.d.

Finally, we prove Theorem 9.1, that is we prove
Theorem 9.9. ch,(7L) = f*(chy (7).

Proof. We will only prove that Cha(ﬂ'_]:_) = f*(chq(7',)), as the other
proof is the same. We begin by constructing special covers of M and
M’. Let {U’} be a finite open cover of M’ by foliation charts with
transversals 7". Choose the U’ so small that g|7” is a diffeomorphism.
Denote by p’ﬁ, : U’ — T’ the projection. Let {U} be a finite open cover
of M by foliation charts with transversals T'. Since the collection of
open sets f _1([7 ") cover M, we may choose the U small enough so that
for each U, there is a (7{] with f(U) C ﬁ[’] We may further assume that
the U are so small that f |7 is a diffecomorphism. Set

U' = (0, )™ gy (FU)):

Then the set {U’} is a finite open cover of M’ by foliation charts,
f(U)c U, and T = f(T) is a transversal of U’. Denote the projection
’ﬁ, |U"— T by p'.
U
Set V = f~1(U’), and note that V is not necessarily connected. How-
ever, V D U whose transversal T is taken diffeomorphically onto 7" by f.
There is a well defined projection p : V' — T given by p = (f | T) top/of.

Recall the connection V on 71'_]:_ (induced from the connection V' on 7/, )

which we will use to construct Cha(ﬂ'_{_), and set VI = V| T with curva-
ture f7. Then just as in Proposition 5.20, we have

Lemma 9.10. V|V = p*(VT) and 0|V = p*(0r).

Proof. The proof is essentially the same. To effect it, we need to
be able to define local invariant sections over V, and to do this we
need families of leafwise paths such that moving along them gives the
projection p. Given y € V, choose a leafwise path 7; c[L,2] - U
from p'(f(y)) to f(y). Let h : M x I — M be a leafwise homotopy



TWISTED HIGHER SIGNATURES FOR FOLIATIONS 441

between the identity map and g o f. In particular, h(z,0) = x and
h(z,1) = gf(x). Define the leafwise path ~, from p(y) to y as follows:

Yy(t) = h(p(y),t) for 0 <t <1; 7, (t) = gl (1)) for 1 <t <2
and
Yy(t) = h(y,3 —t) for 2 <t < 3.

Since f(p(y)) = ¢/ (f(y)), this does give a path from p(y) to y. Using
the 7, we may extend any local section defined on 1" to a local invariant
section on all of V', and then proceed just as in the proof of Proposition
5.20. q.e.d.

The connection V7' (which is V’ restricted to 7/ | T") and its curva-
ture O satisfy V' |U" = p/*(VT') and 0/ | U’ = p/*(87+). Set f = f|T
and define f*(VZ') and f*(67) as follows. Let £ € COO(T('_]:_ |T) and
suppose that X and Y are tangent to T. Set X’ = f,(X) = f.(X) and
Y' = f,(Y) = f.(Y), both of which are tangent to 7". Define

FVT)xe = FVR(FelT)
and B B
(For) (X, V)¢ = F(0r (X', Y)(F €| T)).
Lemma 9.11. f*(VZ') = V7 and f*(61/) = 7.

Proof. The element ¢ € Coo(ﬂ_]:_ | T) determines the local invariant
sections & of 71_{ and f~*¢ of 7/_. Then

PV x6= PRI T)) = F1(Vx0 7€) = Vx€ = V&

Next, using local spanning sets of 7T_]|C_ |V and #/_ | U, it is not difficult
to show that

Or(X,Y) = ViVy = ViV = Vi),
and similarly for 67+(X’,Y"). Then
VAVEE= PV PR e = PVRVLF e

and V{/V§£ = f*V;*CI, V%f‘*{ . As fis a diffeomorphism, f*([X JY]) =
X, Y7, so

V[@(,Y]f = f*v[g/(/,y']f_*ﬁ-
It follows immediately that
(70X, 7)€ = For (X', Y]~ = 0r(X, V)&,

q.e.d.
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Now consider the curvature operator 6’ of V' over U’. We may assume
that U’ ~ RP x R? with coordinates z/, ...,z , and that 77 = {0} x R
Choose a local invariant spanning set {¢/} of 7/ |U’. Recall that for

sections o, @ ¢, oy @ ¢y of AT*L' @ E,
Qerodhabesy) = [ (o lainag = [ (iod)neses).

ik OD T’ (thanks to Proposition 5.20) so that
the action of 6" on a section & of 7/, is given by

There are functions a’

9/(5/) = Z Zaé,j,k,le(fé',g/)fz{d%/\dl’; =

! / 1ot 30 ’
Z @i j,k,l [/N §NE ]52- dx). A dx).
i7j7k7l L

The reason that we can represent 9’/\ this way is because for any £ €
Ker(7’_) and any & € Im(7’,), Q"(¢',¢") = 0. This follows from the facts

that (€,€) = 0, Q(¢,28) = (¢,€), and & =78 = v=1"%¢.

Let 2/ € U’ and ', 2’ € L,.. With respect to the spanning set {&}
and the local coordinates on U’, the Schwartz kernel ©,(y', ") of ¢’ | U’
is given by

Z Z a; ka0 (@)EY) @ (2 )day, A day.

kl=p+1 i,
We write this more succinctly as
o'\U = Z a; k1 & © & dxy, A daj.
i,g ksl
Recall that T € L, is the class of the constant path at 2/, that we
identify M’ with its image under 2’ — 7', and that / , is integration

over the fibration U’ — T". Let {4}, } be a partition of unity subordinate
to the special cover {U’} of M’. Then

Te(0") | T = . Y (x Z a; w2 (P (2)ENT) N E(T) da), A day.

1,7,k,1

Note that we do not multiply the integrand by the leafwise volume form
dz', since this is already incorporated in it by our use of the leafwise
differential forms £ in the Schwartz kernel ©' of ¢. In particular, being
very precise,

@év’ (y/7 Z/) = Z a;,j,k,l(p/(:pl))gg(y/) ® ivol(z’)[&}(zl) A ()] d$§€ A dﬂj‘;,

i7j7k7l
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where vol(z') is the oriented unit length vector in (AT Fj).,. Then
tr(0.,(z', 7)) dx’ =

> a0/ (@) ot [€6(F) A &)o' daf, A daj =
irjokeyl
> Guap @)EE) A &) daf, A dai.
,7,k,1
To avoid notational overload, we will not be this precise.

The G’ invariance of 6 allows us to compute Tr(0") as follows. Denote
the plaque of 2/ in U’ by Py. Let j' : Py — Ly be the map given by:
j'(w') is the class of any leafwise path in P, from 2’ to w’. Then the
value of Tr(0') at p'(2') € T" is given by

Tr(0")(p'(2)) =

-1 ‘

/ (3 W)) Dl aa (P @)EW) AW | (Par) dai A day.
7'(Far) .kl

Abusing notation once again by identifying P, with its image under j’,

we have that at p/(2') € T”,

W) @) = | v ) D i ralf @NEW) A day A dap =
z! 1,7,k,1

> sl @) | U W)EW) AGW)] da A dai.
gkl By
Similar remarks apply to all powers of ¢'.

We now return to our analysis on V = f~}(U’), where we have the
normal coordinates 1, ..., T, given by z; = x}o fop, so dx; = f*(dz}).
If we set & = f*(g;), then the &; are a spanning set of 77_]; |V. Set
Qi j kel = a;’j7k7l o fop, where p:V — T. Using Lemma 9.11 along with
Proposition 6.5, the Schwartz kernel ©,(y, z) of 6|V is given by

O:(y,2) = Z @ikt (P(2))&i(y) ® &;(2) day A day,
irjoke,]
and the action 0|V is

0E) = D > ik Q& 8) & da Aday =

k,l=p+1 i,j

Z @i j kel [/Efj A 5} & dxy N dag.

Z"j7k7l
That is

o= fo.
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We are interested in the Schwartz kernels ©’F and ©F of the operators
0'% and 6%. These are given by

0% (y,2) =

/~ /~ ) O (Y, wh) A O (W, wh) A AL (w)_q,2")
and

@§<y,z>=[ / | Bulriwn) A ) A A B, 2),

where the integration is done over repeated variables. Using Proposition
6.5 again, we have immediately that

oF = fr(e™).

For each 17, in the partition of unity subordinate to {U’}, set 1y =
U
%J, o f, which gives a partition of unity subordinate to the open cover

{V} of M. Denote by / integration over the fibration p : V. — T.

1%
Recall the map i : M — G given by i(x) = T, the class of the constant
path at x.

Lemma 9.12. Tr(6%) = Z/ Yy it tr(0F).
V V

Proof. 1t suffices to show that for any differential form w on M,
/ Yyw and / Yyw define the same Haefliger form. Let Wy, ..., W,,
F

be an open cover of M by foliation charts, with transversals Sy, ..., .S,.
We may assume that Wy, ..., Wy are the only elements which intersect
the support of ¢y non-trivially, and that these sets are subsets of V.
Let QZO, - @m be a partition of unity subordinate to the W;. We require
that Wy = U and Sy = T. Recall that p' : U’ — T’ is the projection.
For j =1, ..., k, choose a point y; € Sj. Then p'(f(y;)) = f(p(y;)), and,
as in the proof of Lemma 9.10, we define the leafwise path v; from p(y;)
to y;. By construction, the holonomy map h; induced by the leafwise
path -, (which has domain possibly a proper subset of Sp) has range
all of S;. In addition, for each S;, the map hj_1 :8; = 8o =T is just
the restriction to S; of the projection p : V' — T'. Then the Haefliger
classes

) k
k
/WO bovw + > on; ( /Wj TZJ'T/’VW)-

=1
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k
The Haefliger form / Jg?/}vw + Z h; ( / T,/Z)\jT,Z)Vw) is supported on

So =T, and it follows immediately from the fact that hj_1 055 — S is
just p: §; — T, that it equals / Pyw. q.e.d.
1%

; [n/2 ] 1)kgk
Now chy(m)) = [Tr(m_ + Z i) kk'ﬂ’ and by Theorem 9.2 this

equals chg(74), which is mdependent of the Bott form w used to con-
struct f* Let ¢ be a smooth even function on R, decreasing on [0, 1]
with ¢(0) = 1 and ¢(x) = 0 for |z| > 1, and let w be the Bott form
which is a multiple of ¢(x1)...¢(x1)dxy...dxy. Fort > 0, let ¢ : RF — RF
be the diffeomorphism ¢;(x) = x/t. Denote by w; the smooth family of
Bott forms given by w; = ¢fw, and denote by ﬁ* the map constructed
using wy. Then for all ¢ > 0 and k > 1, we have

[Tr(@k)] - [ZV:/VW i*tr(@k)] -
Z/ foby i tr( ft @'k th/ [ (by) i ft tr@'k)]

We may use the w; to construct the family of maps f;° (analogous to
the family f;), defined on the original foliation F. As both f; and f;
are locally constructed and tr ©’ ks G’ invariant, it is clear that

F ety = i e,
Thus
hm/ W) i ft (tr@/k)] = hm/ ) tr@'k)]

t—0 t—0

It is a classical result that on each plaque in V, the compactly supported
forms f*(¢y,) f (7" tr ©'%) are bounded independently of ¢ € [0,1], and
converge pointwise to f*(vf,) f* (I’ tr &%) = f*(,i"* tr &"). By the
Dominated Convergence Theorem, we have

[Tr Hk Z/ lim f* () f7 (7" r@'k)] =

t—0

(32 P " 0] =
r ) | vt w©)] = o).
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[n/2]
As ch, () = [ (—1Dko™ :
s chy(m) = | Tr(#, + E @R to finish the proof that

Cha(ﬂ'_{_) = [*(chq(.)), we must show that |:TI‘(7T_{_)] = f*[Tr(ﬂﬁr)].

Just as we did with #’, we may write the Schwartz kernel of 7/, |U’ as
(), Z b (" (W) ® &),

where the b - are functions on 7", and the action of 7/, on a section ¢’

is given by
=L K6

Set b; j = f* OfOp and & = f* (&}), and consider the operator
7T+ on A(2 (FS,E) Where 7r+ |V =23, bi& ®§;, which acts by

) = Z bi,j Q(£j7 g)éz
]

Then %ﬂ: is a G invariant idempotent, has image equal to Im(ﬂﬂ:), and
has a smooth Schwartz kernel. In general %_{ # 71_{ because forms of
the type d;8, which are in the kernel of 7/ *, are not necessarily in the
kernel of %_{ However, since 7/ % has smooth Schwartz kernel, Tr(7 +) is
well defined, and its Schwartz kernel is just f* of the Schwartz kernel
of 7. Arguing as we did for 0%, we get [Tr(%i)} = f* [Tr(ﬂﬁr)].

Lemma 9.13. {TI‘(?T_]:_)} = [Tr(%i)].

Proof. Since Im(ﬂi) Im(7 7 %) and both are idempotents, we need

only show that %_{ is transversely smooth, and then apply Lemma 3.5.

We will use the notation of Section 6. Let K’ be Schwartz kernel
of a G’ invariant bounded leafwise smoothing operator on .Afz)(F TE),

which is given locally, with respect to a local invariant spanning set {£/}
of A€2)(Fs’,E’), by K’ = Z” b, ;61 @ &, with the action given by

Zb '(&,¢)

Now consider the operators f*K’ on Aé) (Fs, E) and p; K’ on Aé)(Fs X
BF, p}E’ ), with local Schwartz kernels

PR =3 FU, 60, and FiK =3 pibi (6w (pi€iAw),

7]
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where w is a Bott form on B*. Recall that 14 is integration over the
fiber of the projection 71 : G x B¥ — G, and p .+ is integration over the
fiber of the submersion py : G x BF - G Straight forward computations
show that for & € Afz)(Fs, E) and € € Afz)(Fs X Bk,p}E’),

FE'©) = mu (57K (716)) and 7K€) = v (K (ppe(w 1)) A
The maps 71, 77, p}, Pt and Aw are all bounded maps, and K’

is bounded and leafwise smoothing. Thus f*K "is a bounded leafwise
smoothing operator. Applying this to K’ = 7/, we have that 7~Tf|c_ is a
bounded leafwise smoothing operator.

Using Proposition 7.4, it is easy to show that E?},/%ﬂ: = [A(Y),?NTﬂ:] +
f*(z‘zlaﬂ;), where Y and Z’ are as in Lemma 7.8, and A(Y) is a
leafwise operator whose composition with a bounded leafwise smoothing
operator is again a bounded leafwise smoothing operator. Applying the
argument above to iz 0,7, we have that oy %_{ is also a bounded
leafwise smoothing operator. An obvious induction argument finishes

the proof. q.e.d.

Thus [Tl‘(ﬂ'_]:_)] = [Tr(%{)} = f*|:TI"(7Tg_):|, and we are done. q.e.d.

10. The twisted leafwise signature operator and the twisted
higher Betti classes

In this section we give some immediate consequences of our results. In
particular, we show that the twisted higher harmonic signature equals
the (graded) Chern-Connes character in Haefliger cohomology of the
“index bundle” of the twisted leafwise signature operator, that is the
(graded) Chern-Connes character ch,(P) of the projection P onto all
the twisted leafwise harmonic forms. We conjecture a cohomological
formula for this Chern-Connes character, which has already been proven
in some cases. We also indicate how our methods prove that the twisted
higher Betti numbers are leafwise homotopy invariants.

Consider the first order leafwise operator D¥ = dg + ¢4, which is
formally self adjoint and satisfies (D¥)2 = AP. Because of this, the
kernel of DF is the same as the kernel of A¥. Recall the +1 eigenspaces
A% (Fs, E) of the involution 7 of Al (Fs, E), and that

DF7 = —7DF,

so we have the operators DF* : AL (F,, E) — A%(F,, E), and D¥¥ is
designated the twisted leafwise signature operator.

Denote by Py the projections onto the Ker(D¥*). We assume that
the projection P to Ker(A¥) is transversely smooth, so the Py are also.
Then the (graded) Chern-Connes character of the index bundle of the
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twisted leafwise signature operator, ch,(P), is defined and is given by
chy(P) = chy(Py) — chg(P-) =

b, <§ P; +7P;) +chy <%(Pg +7P))]-
=0

v (S8 1) + b (- )|
j=0

As in the case of compact manifolds, we have

Theorem 10.1. Suppose that M is a compact Riemannian manifold,
with an oriented Riemannian foliation F of dimension 2¢, and that E
is a leafwise flat complex bundle over M with a (possibly indefinite)
non-degenerate Hermitian metric which is preserved by the leafwise flat
structure. Assume that the projection P onto Ker(AF) for the associated
foliation Fy of the homotopy groupoid of F' is transversely smooth. Then,
the (graded) Chern-Connes character chy(P) of the index bundle of the
twisted leafwise signature operator equals the twisted higher harmonic
signature of I, that is

chy(P) =o(F, E).
Proof. As ch, is linear and %(Pg +7P;) = 7y, we need only show that
chy(Pj + 7P;) = chy(P; — 1P)),

for j =0,...,0 —1. Set P, = P; +t7P; where —1 <t < 1. Then P is
a smooth family of G invariant transversely smooth idempotents (since
PjtP; =0 for j =0,...,¢ — 1) which connects P; + 7P to P; — 7P;. It
follows from Theorem 3.4 that ch,(P; + 7P;) = cho(P; — 7P;). q.e.d.

Corollary 10.2. Under the hypothesis of Theorem 10.1, the (graded)
Chern-Connes character chy(P) of the index bundle of the leafwise sig-
nature operator with coefficients in E is a leafwise homotopy invariant.

The operator DF* is elliptic along the leaves of Fj, and so produces,
via a now classical construction due to Connes [C81], a K —theory in-
variant Ind, (DF7), the index of the operator D¥* which has a Chern-
Connes character ch,(Ind,(DF1)) € H:(M/F), [BHO4].

Conjecture 10.3. Under the hypothesis of Theorem 10.1,
chy(Indg(DET)) = chy(P) € HI(M/F).

This conjecture has been proven when the spectrum of D™ is reason-
ably well behaved, see [H95, HL99, BHOS8], where it is proven for the
holonomy groupoid. The proofs extend immediately to the homotopy
groupoid. It also holds for both groupoids, without any extra assump-
tions, whenever the projection P belongs to Connes’ C*-algebra of the
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foliation for the groupoid in question. In particular, it holds for the
holonomy groupoid case for any foliation whose leaves are the fibers of
a fibration between closed manifolds, provided that P is transversely
smooth.

Recently, Azzali, Goette and Schick have announced, [AGS], that
they have proven it for smooth proper submersions V' — B with the
fiberwise action (freely and properly discontinuous) of a discrete group
I’ such that the quotient V/T' — B is a fibration with compact fiber,
but only for bundles E which are globally flat. Conjecture 10.3 should
follow immediately for the homotopy groupoid provided that their result
extends to bundles which are only leafwise flat.

Recall, [BHO04, GL03], that in Haefliger cohomology,

chy(Ind, (DEF)) = / L(TF) chy(E),
F

where L(T'F) is the characteristic class of T'F' associated with the mul-
tiplicative sequence [, z;j/tanh(z;), and cho(E) =3, 2F chy.(E).

Corollary 10.4. Under the hypothesis of Theorem 10.1, and assum-
ing Congecture 10.3, / L(TF)chy(E) is a leafwise homotopy invariant.
F

Finally we have the following.

Definition 10.5. Assume the hypothesis of Theorem 10.1, but now
F may have arbitrary dimension. For 0 < j < p = dim(F'), define the
J-th twisted higher Betti class §;(F, E) by

Bi(F, E) = cha(P;) € Hi(M/F).

It is an interesting exercise to show that, just as in the case of com-
pact fibrations, the bundle defined by the projection onto the leafwise
harmonics (in the case E = M x C) is a flat bundle. That is, it admits
a connection whose curvature is zero, so there are no higher terms in
the §;(F, M x C). This is not the case in general.

Theorem 10.6. (Compare [HL91|) Under the hypothesis of Theo-
rem 10.1 with F' allowed to have arbitrary dimension, the twisted higher
Betti classes 5;(F, E), are leafwise homotopy invariants.

Proof. We only give a sketch here of the proof of the second state-
ment. Let f : (M,F) — (M’,F’") be a smooth leafwise homotopy
equivalence with smooth homotopy inverse g. The pull-back bundle
f *(P]’ ) is a smooth bundle since it can be realized by the transversely
smooth idempotent ij = f*R"Plg*R*P;. It can be endowed with the
pull-back connection under f of the connection P/V'" P/, and hence the
Chern-Connes character of f *(P]’ ) is given by

cha(f*(P))) = f* cha(P;) = f*B;(F', E').
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As in the proof of our main theorem, show that Pj : f*(Ker(AJE’)) —
Ker(AJE ) is an isomorphism and that Q; = Pijf is a smooth idempo-
tent with image Ker(AJE ), hence its Chern-Connes character coincides
with the Betti class §;(F, E). As Q;ij = Q; and ijQ;-c = ij, the
family Q; = th + (1 - t)ij is a smooth homotopy by transversely

smooth idempotents from Qf to ij . Therefore ij and Qf have same
Chern-Connes character. q.e.d.

11. Consequences of the Main Theorem

In this section, we derive some important consequences of Theorem
9.1. In particular, we re-derive some classic results for the Novikov
conjecture, and then give some general results for the Novikov conjecture
for groups and for foliations.

Example 11.1 (Lusztig, [Lu72]).

Let N be a compact connected even dimensional Riemannian mani-
fold. Set W = H(N;R/Z), and recall the natural (onto) map hy : W —
Hom(H;(N;Z);R/Z). Choose a base point z, € N. Then there is the
natural (onto) homomorphism h : W — Hom(m (N, z,); R/Z) given by
composing hy with the natural map m (N,z,) — Hi(N,Z). Thus for
each element w € W, we have the homomorphism h(w) : 71 (N, z,) —
R/Z, which we may compose with the map = — exp(2miz) to obtain the
homomorphism hy, : (N, z,) — S* C C. Denote by N the universal
covering of N. (N, z,) acts on N in the usual way, and on N x W x C

as follows. Let 5 € m(N,x,), and (z,w,z2) € N x W x C, and define

5 : (x,w,z) = (ﬁ:n,w,hw(ﬁ)z).
Set
E=(NxW xC)/m(N,z,),

a complex bundle over (N x W)/m1(N,z,) = N x W, which is leafwise
flat for the foliation F' given by the fibration M = N x W — W. It is
obvious that the usual metric on C defines a positive definite metric on
E which is preserved by the leafwise flat structure. As H;(N;R/Z) is
the abelianization of 71 (N, z,), h is onto, and it is natural to call E the
universal flat C bundle for N. Then M, F', and F satisfy the hypothesis
of Theorem 9.1, since the preserved metric is positive definite.

Note that if f : N — N’ is a homotopy equivalence, then there is
a natural extension of f to f : (M, F) — (M’, F") which is a leafwise
homotopy equivalence, and f*E’ = E. Thus o(F,E) is a homotopy
invariant of the manifold V.
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By [BHO04] (and assuming Conjecture 10.3 if necessary), we have
that

o(F,E) = /N L(TF)che(E) € HI(M/F)=H(H"(N;R/Z);R).

To relate this to Lusztig’s theorem on Novikov conjecture, suppose that
m1(N,z9) = Z". Denote by g : N — BZ" = T" the map classifying
the universal cover N — N (as a Z" bundle), and let g, ..., a;, be the
natural basis of H!(T™; R).
n
Proposition 11.2. chy(E) = H(l + 20" () ® o).
i=1
Theorem 11.3 (Lusztig, [Lu72]). The Novikov conjecture is true
for any compact manifold with fundamental group Z".

Proof.
o(F\E) = /NIL(TF)chg(E):

Z ok [/]\T]L(TN)g*(ai1 /\"'/\041-,6)]%1 A Aoy,

i1 <o <

is a homotopy invariant, so each of the / L(TN)g* (e, A+ ANay,) is
N
a homotopy invariant. q.e.d.

Proof. (of Proposition 11.2) As 71 (N,z¢) = Z", W = HY(N;R/Z) ~
T". The bundle £ — N x T™ is the pull back by ¢ xid : N x T" —
T™ x T™ of the bundle En — T™ x T™ which is given as follows. Let
EeZ” =m(T"), and (z,w,z) € R" x T" x C, and define

§- (‘va7z) - (‘T + &, w, (Sw) ) 2)7
where
(Ew) - z = (exp(2mi& w )21, - - ., exP(2WiEn Wy ) 21 ).
Then

~

E,=[R"xT" x C)/Z".
Note that E,, = B, ®- - ‘®@Ey, where Ej is the pull back by the projection
T" x T" — T x T onto the j-th coordinates of the bundle Fq. As

chy(E,) = H chy(Ej), we need only show that
j=1

n

cho(Ey) = H(l +2a ® a),
i=1
where « is the natural generator of H'(T;R). That is, cl(El) is the

natural generator of H*(T2;R). This is a classical direct computation
in the theory of characteristic classes. q.e.d.
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We can extend the previous example to the fundamental group I' of
the closed oriented surface S, of genus g > 2. This is a well known the-
orem which follows from the results of many people, the first probably
being Lusztig.

Theorem 11.4. The Nowikov conjecture is true for any compact
manifold with fundamental group I'.

Proof. The space of equivalence classes of representations of I" in U (1)
is easily seen to be a torus T?9 of dimension 2g. Form the fiberwise flat

line bundle F over the total space of the trivial fibration 715 70 8yx T?9 —
T?9 given by

(z,0;u) ~ (27,0;hg(7)(v), z€H? 0 €T¥ ueC, yeT,
where hg : I' — U(1) is the corresponding homomorphism as in 11.1.
Denote by 7T1Sg : Sy x T — S, the other projection. Then for any

cohomology class y € H*(T?9;R), the cohomology class in H*(Sy;R) =
H*(BT;R) given by
T = ﬂii [(ng)*y A ch(E)]

satisfies the Novikov conjecture. This can be seen as follows. Let N
be a smooth closed manifold with fundamental group I' and denote by
¢: N — Sy, = BI' a smooth classifying map. Notice that the harmonic
signature of the foliated manifold M = N x T?9 (with foliation given
by the fibers of the projection 7 : N x T29 — T29) twisted by the
fiberwise flat bundle (o x id)*E, is given in H*(T?9;R) by the formula

o(M,F; (¢ x id)*E) = m', [(x")*L(TN) U (¢ x id)* ch(E)] .

Clearly, for any cohomology class y € H*(T?9;R), we get the homotopy
invariance of

/ng yUm, [(m) L(TN) U (¢ x id)* ch(E)] =

/NIL(TN)W{Y* [(ﬂév)*y A (¢ x id)* ch(E)] .
But (7)*y = (¢ x id)*(wgg)*y and therefore
w1 (7)Ao x i) b(B)] = (xi. o (o x id)") [(m5)"y A ch(E) |

The conclusion follows using that W{\j* o(pxid)*=¢*o Wii.
Thus we need only show that every class x € H*(S,;R) has the given
form. We may write S, = £,T? as the union

Sg = H1UH2U"-UH9,
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where H; and H, are T? with a disc removed, and the other H j are T2
with two discs removed. There are natural inclusions g; : H; — T? C

T29. On T?9 x T?9 we have the bundle Egg. Consider the natural map
hj=g; x1:H;xT? — T5 x T% C T x T%.

Then E|Hj x T% = h;(ﬁgg). Note also that on a neighborhood of
the boundary of Hj;, the bundle E is trivial, and the trivialization is
independent of j. Thus we may construct a connection on F by using
a partition of unity and the local connections given on the H; x T?9 by

the pull back under h; of the connection used on Egg and the local flat
connections on the neighborhoods of the boundaries of the H;. Thus on
the complement of a collar neighborhood of the boundary of H; x T,

ch(E) = h;(ch(ﬁgg)), and on a neighborhood of the boundary, ch(E) =

0. Now on T?9 x T?9 we have the one dimensional cohomology classes
[da:}], [dm?], [dwjl»] and [dw]z] which are dual to the natural generators of
H; (T?; R). The [dm?] live on the first factor of T?9 x T?9, and the [dwé‘?]
on the second. In addition,

29

ch(Eag) = [ (1 + [darf] A [dwf])(1 + [daf] A [dw?)).

i=1
Set y; = Hi#[dw}] A [dw?]. Denote by ’yjl- and 7]2 the elements of
H;(S4;R) corresponding to the natural generators of Hl(T?; R). Then

(710 [ a5 A ldwd) A cb(B)] | Hj x T20) (3") = B3 (daf]) (") = o
while for i # j,
(710 305 A ldwf) A cb(B)] | Hy x T2) (377) = i ([dak]) (™) = 0,

as h:([d:ﬂ?]) =0.

Thus each element of H'(S,;R) has the required form. It is not
difficult to see that 7y . [73y; A ch(E)] gives a non-zero two dimensional
class of the required form, so we have the theorem.

q.e.d.

Here is another version of Lusztig’s construction, see [Lu72]| and
[G96]. Let E be a flat U(p,q) bundle over N (that is a flat bundle
given by a map p : m(N) — U(p,q)). Then E is a leafwise flat com-
plex bundle over N with an indefinite non-degenerate Hermitian metric
which is preserved by the leafwise flat structure. Write £ = ET @ E—,
where the indefinite metric is positive + on E*.

Theorem 11.5.
/N L(TN)(chy(ET) — cho(E7))
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18 a homotopy invariant of N.

Proof. If N is odd dimensional, this is zero, so assume that IV is even
dimensional. Let F' be the foliation of N with one leaf, namely N. The
holonomy groupoid of F'is just G = N x N, and the projection onto the
leafwise harmonic forms is the same on each N. Thus the hypothesis of
Theorem 9.1 are satisfied and Conjecture 10.3 holds, giving the result.

q.e.d.

This may be recast as follows. Let p : I' — U(p,q) be a homo-
morphism of a finitely presented group. Given any manifold N and
homomorphism ¢ : 7 (N) — I', we may construct the bundle F =
ET® E~ — N. This construction is natural under pull-back maps, i.e.
given any map f : N’ — N we can form the bundle £’ = E'*@oE'~ — N’
using the homomorphism p o ¢ o f, where f, : 7 (N') — 71(N) is the
induced map. Then E'* = f*(E¥), and so this construction determines
two universal bundles E;r and E, over BT

Theorem 11.6. Let p: T' — U(p,q) be a homomorphism of a finitely
presented group. Then
ch(E;) —ch(E;) € H'(BIR)
satisfies the Novikov conjecture.

Note that the universal C?*¢ bundle EU (p, q) X () CP™9 = BU (p, q)
splits as EU(p, q) Xy@,q CP7? = Ef, ® E,,, and for any map f :
N — BU(p,q) classifying a bundle F with splitting £ = E+ & E~,
f*(E;,%q) = E*. The map p: ' — U(p,q) induces Bp : BI' — BU(p, q),
and ch(E[jf) = Bp*(ch(E7,)). Now U(p) x U(q) is a maximal compact
subgroup of U(p,q), so the inclusion i : BU(p) x BU(q) — BU(p,q)
induces an isomorphism in cohomology. That is

H*(BU(p,q);R) = H*(BU(p);R) @ H*(BU(q); R).
It is not difficult to see that under this isomorphism
ch(E/,) = ch(E,) and ch(E,,) = ch(E,),

where £, — BU(p) and E; — BU(q) are the universal bundles. Thus
we have

Theorem 11.7. Let p: T' — U(p,q) be a homomorphism of a finitely
presented group. Then

(Bp)*(i*)‘1<ch(Ep) - ch(Eq)> e H*(BI;R)
satisfies the Novikov conjecture.

Of course, this follows immediately from the well known fact that the
Novikov conjecture is true for subgroups of Lie groups. The main input
here is the possibility to use (complementary) families of representations
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giving rise to interesting foliations. To this end, we have the following
generalization of the Lusztig construction. It would be a very interesting
application to use this construction to shed more light on the series of
some discrete groups sitting in U(p, q). Note that, for a given Lie group
H, the space Hom(T", H) is well understood for abelian groups I' and
has been intensively studied when I' is a higher genus surface group and
H is PSL(2,R) or PU(1,2), see [Go85]. Other examples of I' and H
have also been studied by other authors and they all fit into the case of
H =U(p,q), see [G96] for a survey.

Example 11.8 (Foliation Lusztig Example).

Let K be a compact Riemannian manifold without boundary, and
g : m(N) — Iso(K) a homomorphism to the isometries of K. Denote by
Hom,(m1(N),U(p, q)) the set of homomorphisms from 71 (N) to U(p, q)
which have image contained in a compact subgroup. Let

h: K — Hom.(m1(N),U(p,q))

be a weakly uniformly continuous smooth g-cocycle. Smoothness of h
means that for any v € m1(N), w — hy(y) is a smooth function from K
to U(p, q). Weak uniform continuity of h means the following. Denote
the norm on U(p, q) by || - ||. Given w;,ws € K, define

dw (w1, w2) = max|min|[A; — Asf[],
Ar - Ao

where A; € hy, (71 (N)), the closure of the image of 71 (N) under hy,,.
Then, h is weakly uniformly continuous if dyy (w1, ws) — 0 as wy — ws.
That h is a g-cocycle means that for v1,v2 € m (V) and w € K,

Ry, w) (V)P (12) = huw(7172)-
Then we may form
E = N x K x CP*/m(N),
where the action of v € 71 (N) on (z,w,z) € N x K x CP*4 is given by
/7($7 w, Z) = (/7($)7 g«/(lU), hw(’}/)Z)

Then E is a CP*7 bundle over N X () K.

__Now we have the Riemannian foliation F' of the flat fiber bundle
N X vy K — N, whose leaves consist of the images of the N x {w}.
The bundle E is leafwise flat and the (indefinite) inner product is pre-
served by the flat structure. Again write £ = E+ @ E~, where the
indefinite metric is 4+ definite on E*. The parallel translation along
the leaves of I is bounded since the closure of the union of all the im-
ages, Uy hw(m1(N)) is a compact subset of U(p, ¢). This follows easily

from the facts that K is compact, each hy, (71 (IV)) is compact, and h is
weakly uniformly continuous. (We conjecture that continuity of h and
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compactness of K imply compactness of | J; hy(m1(N)).) As above, the
hypothesis of Theorem 9.1 are satisfied, and we have

Theorem 11.9. Assume Conjecture 10.3. Then for every g, h and
K as above,

[ L@F) eha(E") - cha(E)
F
is a homotopy invariant of N.

Note that we may view this Haefliger form as living on a single fiber
K of the bundle N x; vy K — N. This is because we may take
fundamental domains of NV in the various leaves to integrate over (when
we do integration over the fiber to get to Haefliger cohomology), and
these fundamental domains are indexed by any fiber K. Thus we may
integrate over K to obtain

Corollary 11.10. Assume Conjecture 10.3. Then for every g, h and
K as above, the real number

| [ e e - an@)
KJF
is a homotopy invariant of N.

As above, we may recast this result in terms of the Novikov conjec-
ture. Let I' = 71(NN) and let g, h and K be as in Example 11.8. The
construction of the bundle E — N xr K and its splitting £ = ET @ E~
are natural with respect to pull-back maps, so this construction defines

the universal bundle

Ep = ET x K x CPTT,
where the action of ¥ € T' on ET' x K x CP™ is given as above by
Y(z,w,z) = (y(z),9y(w),hy(v)z). Then Ep is a CPT7 bundle over
ET xr K, and it splits as Eg = Ef @ E5. If ¢ : N — BT classifies the
universal cover N — N, with induced map ¢ : N — ET', then ¢ x idk :

N x K — ET x K descends to the map @ xpidg : N xp K — ET xp K,
and ((,Z Xr ldK)*(EE) = Ei.
Proposition 11.11. Assume Conjecture 10.3, and denote by ﬂlr :
ET xp K — BT the projection. Then
. (ch([EF] — [B7))
satisfies the Novikov conjecture.

Proof. This follows immediately since a direct inspection shows that
in the cohomology of N
o (F xridk)” =" ol .

q.e.d.
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Remark 11.12. Example 11.8 can be easily generalized to the fol-
lowing situation. Let Ey be a complex vector bundle over K which is
endowed with a (possibly indefinite) non-degenerate metric {-,-}. As-
sume that the vector bundle Ej is a I'-equivariant vector bundle and
that the action of " preserves {-,-}. Then the vector bundle

E:=N xr Ey — N xr K,

is easily seen to be a complex bundle with a well defined (possibly in-
definite) non-degenerate metric, which admits a leafwise flat connection
preserving that metric. Hence (assuming Conjecture 10.3), we get in
this way more general cohomology classes which satisfy the Novikov
conjecture.

Applications to the BC Novikov conjecture. We now explain
how Theorem 9.1 can be used to investigate the Baum-Connes Novikov
conjecture, that is the Novikov conjecture for foliations. We do this
by generalizing the construction in Example 11.8. Choose a complete
smooth transversal T to the foliation (M, F) and denote by BGL the
classifying space of the groupoid g% which is the reduced (to T') ho-
motopy groupoid. g{f; consists of elements of G which start and end
on 1. It is well known that Bg% classifies free and proper actions of
g% , so that the principal g%” bundle Gp (which consists of elements of
G which start on T') over M is the pull-back, by a (up to homotopy
well defined) map ¢ : M — BQ% , of a universal Qg: bundle Eg%“ over
BQ% . More precisely, we have an action of g% on EQ% on the right
EGE x, GF — EGL, denoted zv for (z,7) € EGE X, GF, where

EGT Xsp, G1 = {(x,7) € EG} x GT., s5(x) = ()},
and sp : Eg% —T,rg: Eg::ﬁ — Bg::ﬁ satisfy

spop=s, splzy)=s(y) and rpop=por.
where s : Gr — T and r : Gp — M are the source and range maps, and
0:Gr — Eg%“ is the Q%—equivariant classifying map which covers ¢. So
we have

T &8 EGE 2 BGE.

The fibers of the submersion sp are contractible and this identifies the
universal principal bundle EGE, see [C94], pages 126-127.

Definition 11.13. A Gf-equivariant Hermitian bundle (Ep,{-, })
is a complex vector bundle my : Ey — T endowed with a (possibly
indefinite) non-degenerate metric {-,-} together with an action of G%
which preserves the metric.

So if we set

GF x7 Ey = {(o,u) € GF x Fy,s(a) = m(u)} = (s|G7)*Fo,
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then there is a smooth map h : g% X1 FEy — Ey such that mgoh(a,u) =
(), and for any o € G the map hy(u) := h(a, u) is a linear map from
Ej s(a) to Eg ;(q) Which preserves the metric {-,-}. It is understood that
h is an action in the sense that

hap = haohg, if r(8) = s(a).

Given a GF Hermitian bundle (Ey, {-,-}), we define a Hermitian bundle
over the classifying space ng: whose total space is

E = EG} gz Eq.

Here E is the quotient manifold where we have identified (z,u) with
(za, h(a™t,u)) for any a € GX such that

s(a) = mo(u) and r(a) = sp(x).

Note that Example 11.8 falls into this class where we take T' = K, a
single fiber of N X, vy K and where the Hermitian bundle Ej is trivial
and equivariant through the cocycle h. Finally, for general Riemannian
foliations, the holonomy action of g% on the transverse bundle to the
foliation, and on all functorially defined bundles obtained from it, gives
an example of a Qg:—equivariant Hermitian bundle.

Definition 11.14. If (Ep, {-,}) is a GL-equivariant Hermitian bun-
dle, the vector bundle E over the classifying space Bg% is called a
Hermitian leafwise flat bundle.

This terminology is explained by the following. Recall that ¢ : M —
ng: is a classifying map for the foliation F'.

Lemma 11.15. The complex vector bundle ¢*FE over M admits a
leafwise flat structure which preserves the induced (possibly indefinite)
metric.

Proof. We may assume that the vector bundle ¢* F is smooth and is
isomorphic to Gp XgrT FEjy. Since the action of Qg: preserves the metric

{-,-}, there is a well defined metric on £ — M which is induced from
{-,-}. The usual proof, using for instance properness of the action of g{ﬁ
on Gp, allows the construction of a connection on E which is leafwise
flat and which preserves the (possibly indefinite) non-degenerate metric
on F. q.e.d.

As usual, the complex bundle E splits into a direct sum of unitary
vector bundles E = E* @ E~ which are not leafwise flat in general. We
say that the leafwise flat bundle E is bounded if the leafwise parallel
translation along the leafwise flat connection of F is a bounded map.

Theorem 11.16. Assume that the foliation (M, F') is Riemannian,
oriented, and transversely oriented, and assume Conjecture 10.3. Then
for any Hermitian bounded leafwise flat bundle E over ngpp, the Chern
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character ch(ET) — ch(E™) € H*(BGE;R) satisfies the BC Novikov
conjecture.

Proof. The bundle ¢*E is a leafwise Hermitian flat bundle for the
smooth foliation (M, F'), and by our assumption of boundedness, the
parallel translation along the leaves is bounded, so the projection onto
the twisted leafwise harmonics is transversely smooth. Suppose f :
(M',F") — (M, F) is a leafwise oriented, leafwise homotopy equivalence
(which also preserves the transverse orientations). Then f*(p*E) =
(po f)*E is also a bounded leafwise Hermitian flat bundle, so projection
onto the twisted leafwise harmonics for (M’  F”) is also transversely
smooth. Applying Theorem 9.1, we get that in H}(M'/F’),

o(M' F's(po f)([ET] = [ET])) = ffo(M, F; " ([ET] — [E7])).

Since the foliation is transversely oriented, there is a well defined trans-
verse fundamental class, namely the holonomy invariant closed cur-
rent [M'/F’] which is given by integration over the transversals of
(M',F"). Applying [M'/F’] to the above equality and using the fact
that [M'/F'] o f* = [M/F] (since f preserves the transverse orienta-
tions) we get

([M'/F'),o(M', F'; (0o /)([ET] - [E7])) =
([M/F],0(M,F;"([ET] - [E7]))) -
But Conjecture 10.3 gives
o(M,F;¢*([ET] - [E7])) = /F]L(TF) A" ch([ET] - [E7])),
and

o(M' F's (oo f) ([ET]-[E7])) = /,L(TF')/\(sDOf)*Ch([Eﬂ—[E_])-

Since [M/F]o / = / and [M'/F']o / = / , the conclusion follows,
F M / !

namely
| L@ ng (BB = [ LTF)A (o) (B~ (B

q.e.d.

12. Appendix

We give brief outlines for the proofs of the results of Section 6.

Let f: M — M, g: M'"— M, E' — M’ and E be as in Section 6.
Then there are leafwise homotopies h : M xI — M and b/ : M'xI — M’
with I = [0, 1], so that for all z € M,2’ € M’

h($70) =, h(l‘, 1) =go f(x)v h/(l‘/,O) = l‘/, and h/(l‘/, 1) =f Og(:E/)'
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Proof of Proposition 6.1. If U C M and U’ C M’ are foliation charts
in good covers, with transversals T"and 7", and f(U) C U’, then it is not
difficult to show that f induces f: T — T’, which is a diffeomorphism
onto its image. Define f* on Haefliger forms in the obvious way, and
show that it is well defined. It follows easily that the induced map on
Haefliger cohomology f* : HX(M'/F') — H:(M/F) is an isomorphism
with inverse g*. q.e.d.

As f is a homotopy equivalence between M and M’, the dimensions
of M and M’ are the same. Since fis a local diffeomorphism, it follows
immediately that the codimensions of F' and F’ are the same, and so
the dimensions of F' and F’ are also the same.

Proof of Proposition 6.2. Smoothness is obvious. Let m(P) be bound
on the diameter of any plaque in a finite good cover U of M, so also
a bound for any plaque in the corresponding cover of G. Let U’ be a
finite good cover of M’, such that for each U’ € U’ there is U € U so
that g(U’) C U. Use the fact that the Lebesgue covering distance of U’
is positive (say € > 0), and the fact that §(L') N (U,~, V) consists of at
most one plaque of g(Z/ ), to show that if 2] is a path in L’ of length less
than C, then § o 2] is a path in §(L') of length less than m(P)C/e.

Let 20,21 € L, with f(z;) = 2/, whose leafwise distance dy, (2,21) <
C'. Use the result above and the fact that composition on the right by
any path is an isometry, to show that

dzz((g © Z(l)) e (g © Zi) : ’7%) < m(P)C/e,
where 7, (t) = h(z,t). Then show d; (2;,[(§0%) - 72]) < length(v,(z,)),
which by Lemma 3.16 of [HL91] is bounded, say by B. Conclude that
di (20,21) < 2B+ m(P)C/e,
so f is leafwise uniformly proper. q.e.d.

Proof of Proposition 6.3. For this proof only, for & = a; ® ¢; €
A% (Fs, E), set

§ A& = (1, 02)an Nag  and 1 A x€g = (1, P2)an A xaz,
and extend linearly, where (-,-) is the positive definite metric on E.
Similarly for A%(F., E').
Lemma 3.17 of [HL91]| implies that f is leafwise uniformly proper.
Because f is also leafwise uniformly proper and M x B¥ is compact, both
the maps denoted p; are also leafwise uniformly proper. Show that we

may assume that the metric on each L, x B¥ (respectively Ly x B¥) is
the product of a fiberwise metric for the submersion py and the pull-back

under py of the metric on L}( 2) (respectively Z}( x)). Denote by d volyert

the canonical k form on both L x B¥ and L x B¥ whose restriction to
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the oriented fibers of p; is the volume form. Simple computations show
that for any oy, a9 € ANT*F,

12.1. pjag A#piag = dvolyer /\p}(al A F ag),
and
12.2. dvolyert /\p}oq A *(d vOlyert /\p}ag) = dvolyert /\p}(al A ).

Since py is leafwise uniformly proper,

C = sup / dVOlyery < +00.
[v1€G’ Jp ([V'])

Use 12.1, to show that for £ € Aﬁ(L’f(m),E’) 155 < ClIElG, so p}

defines a bounded operator from W{(F., E') to W (Fy x Bk,pr’)
Choose a sub-bundle H C TF & TB* so that for each Lg, it is a

horizontal distribution for the submersion ps : L, X BF - L’ ) H de-

termines a sub-bundle H of TF, S@T Bk which is a horizontal distribution

for the submersion py : : L, x BF - L’ ) Choose a finite collection of

leafwise vector fields Yi,...,Yy on M’ which generate C°(TF’) over
C*(M’). Lift these to leafwise (for F!) vector fields Y,...,Yx on G,
and lift these latter to sections of H, denoted X1,..., Xy. If X vert i g
vertical vector field on L x B* with respect to p #, then 7 xvert o p;‘c =0.
Modulo such vector fields, the X; generate TL ® T B* over O (L x B¥).
In addition ix; o p} = pj} oiy,. Thus for any § € Aﬁ(L’f(m),E’), any
Yi =Yy, A--- AYy,, and any ji, ..., jm, with j; € {1,..., N},
lix; d--ix,, dpy(YK))lo = [pF(iv, d iy, dEYK))llo <
VClliy, d- iy, d(&(Yk))llo-

A classical argument then shows that for any s > 1, p} extends to a
uniformly bounded operator from WZ(L}(QE) E') to WYLy, x Bk,p}E’),
that is a bounded operator from WX(F!, E') to W!(F, x B* DE).

The operator e, maps WE(L, x Bk,pr’) to WEH{(L, x Bk,pr’)

and is uniformly bounded, since w and all its derivatives are bounded.
Thus for s > 0, e, o p} is a bounded operator from WEHF!, E') to
Wk—i—Z( « Bk pr/)

For s < 0, dualize the argument above. Denote by p; . integration of
fiber compactly supported forms along the fibers of the submersion py.
Show that for any o € A¥T¢(L, x B),

12.3. praaA*¥proa < Cppalaixa),

where oriented volume elements of E}(x) at a point are identified with
R% . Do this by first reducing to the case oo = dvolyert Az, With az €
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cee (p}(/\ZT*Z}( x))) Choose a finite collection of sections By, ..., B, of

AT*F', so that EZ A */Bj =0if i # j, and the BZ generate C(A\‘T*F')
over C®(M’). Lift these to sections f; of A‘T*F!. Write a =
Zi i dVOlyert /\p}ﬂi- Then Df s+ N\ */pf,*Oé = Zz [pf,*(gi dVOlvert)Pﬁi A
¥'3;, and thanks to 12.2,

pf,*(a A *Oé) = pr,*(gzz dVOlvert)ﬁi A */ﬁi >
)

[pf4(gi - 1dvolyet)]? . 1 ) ,
) i\ P 2 = * zd lVer i\ P =
Z pfv*(ldVOlVert) B * B C EZ:[pﬁ (g Vo t)] ﬁ * 5

i

1
G prac A ¥ ppa,

proving 12.3. Note that the second to last inequality is just Cauchy-
Schwartz. Conclude that for all @ € ASt(L, x B¥), |pr.af? <
C|lall3. Using the facts that ps. commutes with the de Rham dif-
ferentials, py . oiyvert =0 and iy, opy. = py . 0ix;, it is easy to deduce,
just as above, that for s > 0, py . o e, extends to a uniformly bounded
operator (say with bound Cy) from W(Ly x Bk,p}E’) to Wf(z}(x), E).

For ¢ € Wi(L),, B') with s <0,

(€', (prx 0 )
€]l —s -

I(ew 0 P7)(ED]ls = Sup

up W7 0 €)@ls

¢ 1€1l—s
where ¢ € W (L, x Bk,p}E’). Thus for any s < 0 (and so for all
s € Z), ey, o p} is a uniformly bounded operator from Wf(f]}( ) E’) to
WHEH (L, x Bk,p}E’), s0 €, 0p} is a bounded operator from WEHEF!, E
to W(Fs x B¥, piE').
For all s € Z, the image of ¢, o p}i consists of mi-fiber compactly

supported distributional forms. The argument above for py . applied to
71, shows that it is uniformly bounded as a map from Im(e, o p}) C

WHEH (L, x Bk,p}E’) to WY(Lg, E). Thus for all s € Z, %) extends
to a bounded operator from W!(F!, E') to Wi(Fy, E). q.e.d.

Proof of Proposition 6.4. To prove this, we switch our point of view
to that in [HL91], and give another construction of the map f*. Let
K = UKE be a bounded leafwise triangulation of Fy (see [HL91])

L
induced from a bounded leafwise triangulation to F. A simplicial k-
cochain ¢ on K; with coefficients in E assigns to each k-simplex o of

K7 an element (o) € Ej, the fiber of I/ over the barycenter of o.
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To define the co-boundary map 9, use the flat structure of E. The ¢?
cohomology of this is denoted H ,(L, E). The classical Whitney and
de Rham maps, [W57], extend to well defined isomorphisms

Wi, (L E) 5 Wy (L, E)  and WA (L, E) < 1 (L, ),

(which are inverses of each other), with bounds independent of Z, for
p=1,2. See [HL91] for p = 2, and [GKS88] for p =1

Any oriented leafwise simplicial approximation of f, [HL91], defines
a map on simplicial cohomology denoted fX. Set fj, = Wo fio [. It
suffices to show that f* = f3, : H’(kz)(FS/, E') — H{,) (Fs, E), since then,
for any choice of ¢ and w, f* = fp, so they are all the same. The other

properties of f* follow from these same properties for f;, which are easy
to prove using classical arguments. N N
Consider the following diagram, where we write Lp for L x B*. Clas-
sical results imply that it commutes.
¥ k
.~ Pin. ~ [BlU - N[B" -
Ap(L BN HA o(Lp, p3 B ——H (L, p} E')—H} »(L, E)
[ [ | |
[w]A

(D) Dy (L) S e (L) T 1y (T B
(2L, E) (2)(LB; PFE') @).c(LB:PFE) (2)(L: ).

The subscript ¢ means cohomology with fiber compact supports, and
A is the simplicial k cocycle [ w on B*. The bottom line of this diagram

is f*, and W1 = [, so it suffices to show that
NBMoBlUcpia = fh.

But, ([8JU) e pfn = ([BlU) o ] p 0ip 0pfa = ([BlU)o 7] 50 fA,
where 7{ 5 and i} are induced by the projection and zero section of the

bundle L x B¥ — L. By the Thom Isomorphism Theorem, ([5]U)o A
is an isomorphism whose inverse is precisely N[B¥]. q.e.d.

Proof of Proposition 6.5. Use the cup product
1
(p1Up2)(0) = @i+ ;{901(02‘)7902(0’]‘)}7

where o; and o; are certain faces of the 2¢ simplex o (see [LS03], Equa-
tion (3.30)), {-,-} is the (possibly indefinite) metric, and we identify
¢1(0i) € By, and p3(0;) € Ey; with their images in E,.
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Proposition 12.4 ([LS03)). For any ¢* simplicial cochains o1 and
po on L with coefficients in E,

QW (1), W(pn) = /Zwm Uea).

Their proof extends immediately to this case. Using the metric {-,-}
guarantees that for simplicial £? cohomology classes Z; and Zs,

QUV(E1), W(Z2) = /ZW@UEQ) N ERTERY

For any L? cohomology classes ¥} and W), on L’ with coefficients in F',

@ ([e)u(fw) = [ waw,

= =/

and for any classes Zf,=, € HZQ(E’,E’), we have fAE) U fAE, =
FA(EIUEY) in HY (L, E). Recall that if § = o) @ ¢ and & = o, @ ¢,
then & N &, = {&), dh}a) A ofy, and we extend to all £ by linearity.
Let ¥} and ¥, be the cohomology classes determined by &} and &).
Substituting f}, for f*, we have

Q). To) = [ (Wesso [wi)n(Worzo [w5) =

x

[ow((rze fw)u(sae [w)) = @@ sa( [ oo [w) -

(ol ([0 fw)y = [ winw = Qe
f(@)
q.e.d.
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