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ABSTRACT. Let M be strongly minimal and constructed by a ‘Hrushovski
construction’ with a single ternary relation. If the Hrushovski algebraization
function p is in a certain class 7 (u triples) we show that for independent I
with |I| > 1, del*(I) = @ (* means not in dcl of a proper subset). This implies
the only definable truly n-ary functions f (f ‘depends’ on each argument),
occur when n = 1. We prove for Hrushovski’s original construction and for the
strongly minimal k-Steiner systems of Baldwin and Paolini that the symmetric
definable closure, sdcl*(I) = @ (Definition 2.7). Thus, no such theory admits
elimination of imaginaries. As, we show that in an arbitrary strongly minimal
theory, elimination of imaginaries implies sdcl*(I) # 0. In particular, such
strongly minimal Steiner systems with line-length at least 4 do not interpret
a quasigroup, even though they admit a coordinatization if & = p™. The
case structure depends on properties of the Hrushovski u-function. The proofs
depend on our introduction, for appropriate G C aut(M) (setwise or pointwise
stablizers of finite independent sets), the notion of a G-normal substructure 2
of M and of a G-decomposition of any finite such 2. These results lead to a
finer classification of strongly minimal structures with flat geometry, according
to what sorts of definable functions they admit.

The original motives for this paper were to show i) (first author) (Pure) strongly
minimal Steiner systems with line length greater than 3 admit neither ()-definable
quasigroups nor more generally ‘non-trivial’ ()-definable binary functions (Theo-
rem 5.13, Theorem 5.18) and ii) (second author) the original Hrushovski construc-
tion does not admit elimination of imaginaries (Theorem 4.4.1).

We proved both of these conjectures. The failure of elimination may not be
surprising. Perhaps more surprising is that the proof requires a detailed analysis
of actions of two kinds of subgroups of the automorphism group of a model to
T, on the algebraic closure of a finite sets and depends on specific values of the
p-function. And given this result, the surprise is the possibility to construct a
function in 2 variables in a very specific circumstance (Section 4.2).

The principal innovations of this paper are i) a new characterization of elimina-
tion of imaginaries in terms symmetric definable closure (Section 2), ii) decomposing
models of flat strongly minimal theories with respect to newly defined subgroups
G1,Gqry (Section 3) and using these tools to iii) demonstrate imaginaries cannot be
eliminated in certain flat strong minimal sets (Section 4.1-5). Our solutions led us
to formulate a finer classification of strongly minimal sets and to explore methods
to vary the Hrushovski strongly minimal set construction to exhibit new classes,
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2 BALDWIN-VERBOVSKIY

make applications in combinatorics, and find automorphism groups that act more
transitively.

The question of elimination of imaginaries for ab initio stongly minimal sets
has largely lain fallow for 25 years since B. Baizhanov [Bai96] asked whether any
strongly minimal theory in a finite vocabulary that admits elimination of imaginar-
ies must be an algebraically closed field. [Hru93, p 160] observed that flat geometries
obeyed the weaker ‘geometric elimination of imaginaries’ and this was adequate for
studying the geometry. But, as for Zilber, our goal is not to classify the geometries
associated with strongly minimal theories but to classify the theories.

Notation 0.1. (1) T# denotes a strongly minimal theory constructed with the
same §, same vocabulary of one ternary relation R (required to be a hyper-
graph), the same Lg, and an appropriate p as in the main construction in
[Hru93].

(2) Tf denotes a strongly minimal theory of Steiner systems constructed with
the ¢ and vocabulary {R} as in [BP21]) (Definition 1.2.2).

(3) T, is used for a strongly minimal theory of either sort; in both cases the
geometry is flat but not disintegrated (trivial).

We say a theory T}, triples if for any good pair C'/B (Definition 1.1.5.(3)), §(B) >
2 and |C| > 1 imply u(C/B) > 3. This implies that every primitive extension of a
‘well-placed’ (Definition 3.5) base has at least 3 copies in the generic.

To analyze the elimination of imaginaries in arbitrary strongly minimal theories
we introduce the notion: a € (s)dcl*(X) (Section 2). The * in a € (s)dcl*(X)
means every element of X is used to witness that a is in the (symmetric) definable
closure of X. It is known ([Pil99], [CF04, 1.6]) that for any strongly minimal set
with acl(()) infinite, elimination of imaginaries is equivalent to the finite set property.
It follows (Lemma 2.12) that if sdcl*(I) = @ for some independent set I, T fails
to eliminate imaginaries. More strongly, dcl* () = (), implies there is no definable
truly |/|-ary function. Below, (-definable abbreviates parameter-free definable.

Theorem 0.2 (Main Results). Let T, be a strongly minimal theory as in Nota-
tion 0.1. Let I ={a1,...,a,} be a tuple of independent points with v > 2.
(1) If T, triples then dcl*(I) = 0 and every definable function is essentially
unary (Definition 2.9).
(2) Without the tripling assumption, sdcl*(I) = 0 and there are no 0-definable
symmetric (value does not depend on order of the arguments) truly v-ary
function.

Consequently, in both cases T}, does not admit elimination of imaginaries.! Never-
theless the algebraic closure geometry is not disintegrated.

The crucial tool for this result is a close study of the action of two kinds of
subgroups of the automorphism group of a structure M: for a finite independent set
I, the subgroups G and Gy of aut(M) fixing I setwise and pointwise respectively.

Fix a subgroup G of the automorphism group of a generic structure of either
sort. The field-theoretic notion of normality in fields uses that the definable closure
dcl(X) is the field (with a vector space structure) generated by a set of parameters X

INote that each of the conditions del*(I) = @ and sdcl*(I) = @ is stronger than failure to
eliminate of imaginaries. For example, an affine space does not admit elimination of imaginaries;
however sdcl*(I) # 0 because of the addition.
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to study the solutions of algebraic equations. In our situation the definable closure
may contain infinitely many elements generated by definable unary functions over
which we have little control. So, we define the notion of a finite G-normal set
(Definition 3.1). Then we provide a G-invariant tree decomposition of such a set.
The pointwise stabilizer is sufficient (using triples) for an induction on the height of
decompositions of G-normal sets to show the absence of truly binary functions. But
stronger result showing (without assuming triples) that sdel*(I) = () and thus failure
of elimination of imaginaries (although possibly with non-trivial binary functions)
relies on G{7y and is more complex.

Our results indicate a profound distinction at the level of definable functions
rather than geometry between the ‘field-like’ strongly minimal sets and the known
counterexamples to Zilber’s conjecture, indeed, within the counterexamples. We
refine the classification of strongly minimal theories (with flat geometry) by the
existence of definable truly n-ary functions.

Cases 1) and 2) have distinct theories of the acl-geometry (of saturated mod-
els). By [EF12] and? [Mer20] the geometries of the countable saturated models of
theories in each of 2a) and 2b) are elementarily equivalent (indeed have isomorphic
localizations). Within 2) we find for dcl an essentially unary nature similar to that
which distinguishes ‘trivial acl’ in the Zilber classification. The distinction concerns
properties of dcl in M, not an associated acl-geometry.

We find the following:

Remark 0.3 (Classes of Theories with flat acl-geometries).

(1) disintegrated geometry For any A, acl(A) = UaEI acl(a);
(2) strictly flat geometry (Definition 1.1.3. 2) M is not acl-disintegrated
but:
(a) M is dcl-disintegrated: dcl(I) = U,¢;dcl(a) for independent I (no
(0-definable truly n-ary functions);
(b) M is not dcl-disintegrated: For some n there are truly n-ary functions:
(i) M is sdcl-disintegrated: sdcl(1) = J,¢;sdcl(a) for independent
I (no commutative B-definable truly n-ary functions);
(ii) O-definable binary functions with domain M? exist; e.g. quasi-
groups [Bal23]? and non-commutative counterezamples found here.
(8) Further examples: the strongly minimal set is a relativised reduct
of an almost strongly minimal structure*
(a) ternary rings [Bal95] that coordinatize a non-desarguesian plane®. There
are parameter definable binary functions; but the ternary ring is not a
composition of the ‘addition’ and ‘multiplication’ functions.
(b) 2-transitive strongly minimal sets [Hru93, Proposition 18], [Bal22].
(c) [IMT19] construct a strongly minimal set which is not flat® within a
geometry of dimension 3. The §-function is no longer submodular.

’In a private communication Mermelstein showed the infinite rank case [Pao20] of Steiner has
the same geometry as the original strongly minimal example.

3The vocabulary in the construction has two ternary relations.

4The universe is the algebraic closure of a strongly minimal structure.

5Because of the ad hoc nature of this construction, the methods of the current paper do not
apply. The geometry has not been analyzed.

SMore precisely, the acl-geometry is 2-ample but not 3-ample.
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No theory in class 1) or 2) (and finite vocabulary) admits elimination of imagi-
naries. However, Verbovskiy [Ver06] has an example with elimination of imaginaries
in an infinite vocabulary. Unlike those with locally modular geometries, strongly
minimal theories with strictly flat (not disintegrated) geometries, like the field type,
have continuum many automorphism of each countable model (Lemma 3.12).

This diversity is obtained by realizing that the ‘Hrushovski construction’ actually
has 5 parameters: (o, Lg,¢€, Lo, U). L§ is a collection of finite structures in a
vocabulary o, not necessarily closed under substructure. € is a predimension as in
Hrushovski with the requirement that it be flat. L is a subset of L;, defined using e.
From such an €, one defines notions of <, primitive extension, and good (minimally
simply algebraic) pair. The function p counts the number of allowed realizations of
a good pair. Hrushovski gave a technical admissibility condition on p that ensured
the theory is strongly minimal rather than w-stable of rank w. Fixing a class U of
functions p satisfying variants of this condition provides examples satisfying a wide
range of combinatorial and algebraic conditions.

We show the elimination of imaginaries fails when L is the collection of finite
linear spaces. As noted above, B. Baizhanov asked whether any strongly minimal
theory in a finite vocabulary, that admits elimination of imaginaries defines a field.
We show the most evident counterexamples do not eliminate imaginaries. But,
the question of whether this can be extended when the class L; is expanded to
arbitrary V3 classes of finite structures seems wide open.

There are a number of applications of these various construction methods in
universal algebra and combinatorics. Early on, [Bal95] used the general method to
construct an Ny-categorical projective plane at the very bottom of the Lenz-Barlotti
hierarchy. We now describe some more recent work.

Work by Barbina and Casanovas in model theory [BC19] and by Horsley and
Webb in combinatorics [HW21] centers on the constructions of Steiner triple sys-
tems that arise from Fraissé constructions. [HW21] obtain countably homogeneous
Steiner systems that omit ‘good’ classes of finite Steiner systems. In contrast to the
model theoretically complex locally finite generics [BC19], the construction tech-
niques here give theories that are strongly minimal, the geometric building blocks
of model theoretically tame structures.

[Bal23], building on [Ste56, GWT75], shows two results. 1) if the line length k is a
prime power then a strongly minimal Steiner system admits a ‘coordinatization’ by
a quasigroup. We show here, as a by-product of our main construction, this coor-
dinatization is not definable in the vocabulary {R}. 2) Nevertheless, if k is a prime
power, there are strongly minimal quasigroups’ (Q, *) (created in the vocabulary
{H, R}) with L{ V3 axiomatizable) which induce Steiner systems.

[Bal22] generalizes the notion of cycle decomposition [CW12] from Steiner 3-
systems to that of path graph for Steiner k-systems and introduce a uniform method
of proof for the following results. For each of the following conditions, there are 2%
families of elementarily equivalent Steiner sytems, each with Xy countable models
and one model of each uncountable cardinal satisfying the following condition: i)
(extending [CGGW10]) each Steiner triple system is co-sparse and has a uniform
path graph; ii) (extending [CW12] each Steiner k-system (for k = p™) is 2-transitive
and has a uniform path graph (infinite cycles only) iii) extending [Fuj06] each is
anti-Pasch (anti-mitre); iv) Items ii) and iii) have definable quasi-group structure.

TAsin [BC19], H is the graph of the quasigroup operation and R is collinearity.
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Moreover, by varying L classes we can demand all models are 2-transitive. Unlike
most combinatorial constructions, each example presents a class of models with the
desired property.

Section 1 outline the general framework of ab initio Hrushovski strongly minimal
sets and then describes the variant for Steiner system. In Section 2, we introduce
subgroups G and Gy of aut(M) (fixing I setwise and pointwise respectively) and
explain the connections of definable closure and symmetric definable closure with
the elimination of imaginaries. The key tool of G-tree-decomposition appears in
Section 3 along with the basic properties. There are now two steps in the proof.
Section 4.1 proves the non-@-definability of truly n-ary functions for triplable theo-
ries, using dcl* and G7. Section 4.2 shows the necessity of the tripling hypothesis.
Section 4.3 describes the distinction between flowers and bouquets which is essen-
tial for Section 4.4, the proof that sdel*(I) = @ for finite independent sets in a
standard Hrushovki theory using Gy. In Section 5 we adapt that proof to Steiner
systems and prove that examples with line length at least 4 from [BP21] do not
define quasigroups. We raise some further questions in Section 6.

1. Two CONTEXTS

In Subsection 1.1 we give an axiomatic description of the properties of func-
tions § and p for Hrushovski constructions of w-stable and strongly minimal sets.
In Subsection 1.2 we describe the specific definitions of § for the two main cases
considered here: the original Hrushovski context and Steiner systems.

In Section 1.1 we denote our classes as (L,€) with various decorations; these
conditions provide a general framework for the study of the family of flat strongly
minimal sets announced in the previous paragraph. From Section 1.2 on, we write
(K, ¢) to emphasize the restriction to a single ternary relation, particular choices
of § and to prepare for the variations in [Bal22].

1.1. General Context

The notions in this section are well-known, under various names. We both fix the
notation used here and give some of the definitions in a greater generality needed
here but not in e.g., [Hru93]). Fix a countable relational vocabulary 7. We write
L* for the collection of all 7-structures and L for the finite 7-structures.

All constructions studied here satisfy the properties of 3.4-3.7 of [BS96] and
flatness, which follow from flatness of the underlying ‘predimension’ function e
[BP21, 3.8, 3.10].

Axiom 1.1.1. Let Ly be a countable subset of L that is closed under isomor-
phism®. Let Lo be the collection containing any union of members of Ly. Further
€ is a map from L§ into Z. We require that Ly, Lo, e satisfy the following require-
ments. Let N € Ly and A, B,C € Lg be substructures of N.

(1) @) =0

(2) If B € Ly and A C B then e(A) > 0.

(3) If A, B, and C are disjoint then ¢(C/A) > e¢(C/AB), where e(C/A) =

e(CUA) —e(A).

8In this paper Ly is closed under substructure. But this condition is relaxed to construct flat
strongly minimal quasigroups in [Bal23].
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(4) If A, B,C are disjoint subsets of N € Lo and e(A/B) — e(A/BC) = 0 then
r(A,ABC,C)=0.°

(5) € is flat (Definition 1.1.3)[Hru93, BP21]).

(6) Canonical Amalgamation If ANB=C,C < A and A, B,C € Ly there
is a direct sum G = A ¢ B such that G € Ly. Moreover, e(A &¢ B) =
€(A) + ¢(B) — ¢(C) and any D with C € D C A®¢ B is also free. Thus,
B <G

Disjoint union is the canonical amalgamation for the basic Hrushovski construc-
tion and Definition 3.14 of [BP21] gives the appropriate notion satisfying Ax-
iom 1.1.1.5 for linear spaces. Axiom 1.1.1.2 can be rephrased as: B C C and
ANC = () implies e(A/B) > e(A/C); so we can make the following definition.

Definition 1.1.2. Extend ¢ tod : Lo x Ly — N by for each N € Ly, d(N,A) =
inf{e(B) : A C B C,, N}, dny(A/B) = dy(AU B) — dy(B). We usually write
d(N,A) as dn(A) and omit the subscript N when clear.

Hrushovski defined a crucial property of the algebraic closure (pre) geometry of
his geometries'®: flat. [BP21] generalized the notion of flatness for a pregeometry
to a general predimension function.

Definition 1.1.3. (1) Consider a class (Lo, €), N € Lo and a sequence Fi, . .., F
of subsets of N. For 0 C T C {1,...,s} = I, we let Fr = ();ep Fi and
Fy = Ulgigs F;. We say that € is flat if for all such Fy,...,Fs we have:

() e | F)< S ()T Fp).
1<i<s 0AT
(2) Suppose (A,cl) is a pregeometry on a structure M with dimension function
d and Fy,...,Fy are finite-dimensional d-closed subsets of A. Then (A,cl)
is flat if d satisfies equation (x).
(3) (A,cl) is strictly flat if it is flat but not distintegrated (acl(ab) # acl(a) U
acl(b)).

What Hrushovski called self-sufficient closure is in the background.

Definition 1.1.4. (1) We say A C N is strong in N and write A < N if ¢(A) <
e(C) for any C with A C C C,, N, where C,, stands for ‘be a finite subset’.

(2) For any A C B € Ly, the intrinisic (self-sufficient) closure of A, denoted
iclg(A), is the smallest superset of A that is strong in B.

Note that A < N if and only if dy(A) = €(A). It is well-known that when € is
integer valued then icl(A) is finite if A is. The following definitions describe the
pairs B C A such that in the generic model M, A will be contained in the algebraic
closure of B.

Definition 1.1.5. (1) A is a primitive extension!! of B if B < AUB, ANB =
0, and there is no Ay with ) C Ag C A such that B < BU Ay < BU A.

9See Definition 1.2.1 for details concerning r. In the general case, we count each of a sequence
of predicates R; separately. We make appropriate modification for linear spaces when they are
considered.

10p pregeometry/matroid becomes a geometry by modding out cl(().

Uy [Hru93], O-primitive is called simply algebraic and good [Ziel3] is called minimally simply
algebraic.



FINER CLASSIFICATION 7

A is a k-primitive extension if, in addition, e(A/B) = k. We stress that in
this definition, while B may be empty, A cannot be.
Sometimes primitive is used with B C A and the primitive as A— B. In
that case we sometimes write A for A— B when the disjointness is essential.
(2) We say that the O-primitive pair A/B is good!? if every element of B is in
some relation with an element of A.
(3) If A is O-primitive over D and B C A is such that A/B is good, then we
say that B is a base for A over D if B is a minimal subset of D such that
A/B is 0-primitive.

Remark 1.1.6. In the Hrushovski case, the definition of § makes clear that the
base defined by minimality in Definition 1.1.5.3 is also the maximal subset of D
that is related to an element of A. This fails in the Steiner case; see Lemma 5.4.

Definition 1.1.7. Good pairs were defined in Definition 1.1.5.

(1) Adequacy condition: Fizx a function u assigning to every isomorphism type
B of a good pair C/B in Loy a number u(f8) = u(B,C) = u(C/B) > 4(B).

(2) For any good pair (A/B) with B C M and M € Lo, xm(A/B) denotes the
mazimal number of disjoint copies of A over B in M. A priori, xa(A/B) may
be 0.

(3) Let L, be the class of structures M in Lo such that if (B,C) is a good pair
then XJW(Ba C) < M(B’ C)

(4) L, is the universal class generated by L,,.

(5) [d-closed] For M € L, and X C M, X is d-closed in M if d(a/X) = 0 implies
a € X (equivalently, for allY C, M — X, d(Y/X) > 0).

(6) Let LY, consist of those M € L,, such that M < N and N € L, imply M is
d-closed in N.

The restriction on g in Definition 1.1.7.1 comes from [Hru93]. It appeared as a
useful condition to guarantee the amalgamation. Surprisingly, we find the following
slight strengthening plays a central role in preventing the definability of any truly
binary functions.

Definition 1.1.8. We say T}, triples if 6(B) > 2 implies u(C/B) = 3 for any good
pair C'/B with |C| > 1.

We can show that any element of i’u (not just L) can be amalgamated (possibly
with identifications) over a (necessarily finite) strong substructure D of F' with a
strong extension of D to a member E of L,. This yields the following conclusions;
they are largely the same as [Hru93]; in order to treat line length 3, [BP21] make
the adequacy requirement Definition 1.1.7.1 apply only when |B| > 3 and add
w(B) = 1, if 8 = a (Definition 1.2.6).

Recall that a generic model for a class (Lo, <) is an M such that if A< M, A €
Ly and if A, A’ < M are isomorphic, the isomorphism extends to an automorphism
of M.

Conclusion 1.1.9. Suppose L, satisfies the properties described in Aziom 1.1.1
and Definition 1.1.7:

121n the Hrushovski case, it is equivalent to say if there is no B’ C B such that (A/B’) is
O-primitive. But for linear spaces these conditions are no longer equivalent.
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If DL F e ﬁﬂ and D < E € L, then there is QQ € fju that embeds (possibly
with identifications) both F and E over D. Moreover, if F € L), then F = Q. In
particular, (L,,<) has the amalgamation property, and there is a generic structure

G, €L, for (L,,<).
The more refined conclusion of model completeness is shown in [Hol99] and for
the linear space case in [BP21].

Conclusion 1.1.10. Under the hypotheses of Conclusion 1.1.9 there is a collection
X, of ma sentences which

(1) aziomatize the complete theory T), of the class L'}, d-closed models in L.
(2) T, is model complete and strongly minimal.
(8) The acl-geometry of T, is flat (e.g. 1.1.3. 2)

1.2. 3-hypergraphs and Linear Spaces

We now describe the main examples for this paper of the context axiomatized
in Subsection 1.1. We replace L and € by K and § to indicate that properties here
may depend on the specific definition of the class.

Definition 1.2.1 (Context). (1) The vocabulary T contains a single ternary
relation R. We require that R is a predicate of 3-elements sets (distinct in
any order).

(2) Let A,B,C each be a subset of D € K*. We write R(A,B,C) for the
collection of tuples x such that D = R(x) and x intersects each of A, B, C.
(The letters may be repeated to indicate only two sets are represented.) We
write R(A, B) for R(A,AU B, B). We write (A, B,C) for the number'3
of tuples (up to permutation) in R(A, B,C). Finally for A € Kg, r(A) =
r(A, A, A).

We restrict to integer valued ¢ which is essential (but not sufficient) to guarantee
w-stability. The crucial distinction between [Hru93] and linear spaces is restricting
the class of finite structures by more than the assertion that R is a ternary predicate
of sets (3-hypergraph).

Definition 1.2.2. The choices here for §
o (3-hypergraph) For a finite T-structure A, 6(A) = |A| — r(4).
e (linear space)

(1) A linear space is a T-structure such that 2-points determine a unique
line. We interpret R as collinearity. By convention two unrelated
elements constitute a trivial line.

(2) For B,{ subsets of A, we say £ € L(B) (is supported by B) if £ is a
mazimal R-clique contained in A and [£N B| > 2.

(3) Let

5(A) =14 = > (|t -2).
teL(A)

(4) Then Kq is the collection of finite linear spaces A such that for any
AT C A, 64 =0.

Note, that as opposed to Section 1.1, we have restricted Ko both by (a different)
6 and by the linear space axiom.

13For the Steiner system case count lines and compute J as in Section 5.
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Notation 1.2.3. Let §(B/A) denote (AU B) — §(A). Suppose AN B = C and
A, B, Ce Lo.'

(1) We say A and B are §-independent if §(AU B) = 6(A) + §(B) — 6(C).

(2) We say A and B are fully independent over C if there are no relations

involving elements from each of A — C and B — C and possibly C, i.e.
R(A-C,AUB,B—-C)=1.

Just rewriting the definition, we have 6(AU B/C) = §(A/BUC) + §(B/C).

Remark 1.2.4. Note that when § just counts relations as in [Hru93], d-independence
implies full independence. The situation is more complicated for linear spaces; see
Definition 5.6 and Remark 5.12.

The following useful tool is easy from the definition ([BP21, 4.7]).

Lemma 1.2.5. If C is 0-primitive over ® with base B C ®© and |C' — B| > 2, then
every point b € B satisfies R(c1,c2,b) for some ¢1,co € C and every point in C
satisfies at least two instances of R.

We single out an isomorphism type of a good pair (a l-element extension, )
that plays a special role in the general proof that elimination of imaginaries fails.
T, is a Steiner k-system if u(a) = k — 2 [BP21].

Notation 1.2.6 (Line length). We write o for the isomorphism type of the good
pair ({b1,b2},a) with R(by,ba,a).

By Lemma 5.18 of [BP21], lines in models of the theory T, of a Steiner system
have length k if and only if p(a) = k — 2.

2. ELIMINATION OF IMAGINARIES AND (SYMMETRIC) DEFINABLE CLOSURE

In this section we study arbitrary strongly minimal sets and lay out the connec-
tions among elimination of imaginaries, definable closure and a new notion symmet-
ric definable closure. Recall that [She78, IIL.6] introduced extensions of structures
by imaginary elements and [Poi83] discovered the importance of a theory not need-
ing to add them.

Definition 2.1. Elimination of Imaginaries:

(1) [Poi83] A theory T admits elimination of imaginaries if for every model M
of T, for every formula ¢(x,y) and for every a € M™ there exists b € M™
such that

{f € aut(M) | flb =idp} = {f € aut(M) | f(¢(M,a)) = ¢(M,a)}

(2) [Poi85, Theorem 16.15] A theory T admits weak elimination of imaginaries
if and only if for every formula ¢(x; a) there exists a formula v¥a(x;y) such
that there are only finitely many parameters by, ..., b, such that each of
Ya(x;b1), ..., %a(x;by) is equivalent to ¢(x;a).

Weak elimination arose in [Poi85]; we use the precise version of [Tsu93, Def. 2.3].

Definition 2.2. A finite set F' = {ay,...,a} of tuples from M is said to be coded
by S ={s1,...,8,} C M over A if

o(F)=F < o|S=idg for any o € aut(M/A).

We say T = Th(M) has the finite set property if every finite set of tuples F is
coded by some set S over §).
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Part 1) of the next result appears in [Pil99]. Part 2) is [CF04, 1.6]. [Yon22,
Yon23| clarifies the relation among variants of elimination of imaginaries and shows
Pillay’s assumption of infinite algebraic closure is essential.

Fact 2.3. (1) Every strongly minimal theory such that acl(Q) is infinite has
weak elimination of imaginaries.
(2) If T admits weak elimination of imaginaries then T satisfies the finite set
property if and only if T admits elimination of imaginaries.

Immediately from Fact 2.3, since in almost all'* in the examples studied here
acl(f)) is infinite [BP21, Fact 5.26], if T admits elimination of imaginaries there is
an (-definable truly binary function (given by the coding of a pair of independent
points).

Note that elimination of imaginaries immediately yields finite coding, so in prov-
ing that elimination of imaginaries fails it suffices to prove finite coding fails. Sec-
tion 4.2 exhibits a strongly minimal theory with a truly binary function that still
fails to (by Section 4.1) eliminate imaginaries, as it is not commutative.

Below X denotes an arbitrary subset of a structure M and I denotes an v-ele-
ment independent set {ay,...,a,} with I < M.

We work with two groups of automorphisms; Section 3 treats properties that
hold of both of them so the group is denoted G. Section 4.1 uses G and Gy is
needed in Section 4.4.

Notation 2.4. Let Gy be the set of automorphisms of M that fix I setwise and
Gy be the set of automorphisms of M that fix I pointwise.

Definition 2.5. For G either Gt or Gy, D is said to be G-invariant if D contains
the G orbits of each of its elements, equivalently, g(D) = D whenever g € G.

We introduce the (minimal) definable closure dcl* of a set X to distinguish
points which depend on all elements of X. Recall that for any first order theory T,
it X C M T, then ¢ € dcl(X) means c is the unique solution of a formula with
parameters in X. This implies the orbit of ¢ under autx (M) consists of just ¢ and
the converse holds in any w-homogenous model. All the models considered here are
w-homogeneous (since N;-categorical [BL71]).

Notation 2.6. By b € dcl"(X) we mean b € dcl(X), but b & dcl(U) for any proper
subset U of X (and analogously for acl*). Note that dcl*(X) consists of the subset
of dcl(X) of elements not fized by G for any T C X.

The notion of symmetric definable closure, sdcl(I), captures one direction of
finite coding.

Notation 2.7. The symmetric definable closure of X, sdcl(X), is those a that are
fized"® by every g € Gyxy. b € sdcl*(X) means b € sdcl(X) but b & sdcl(U) for any
proper subset U of X.

Note sdel*(X) C del*(X) C del(X). However, sdel(X) may not be contained in
del*(X).16

14[Ba122] gives general conditions that imply acl(() is infinite or empty.

15This suffices in our context since all models are homogenous; more generally, it is easy to
give a ‘there exists a formula’ definition.

16For a simple example, consider the theory of (Z, S,0). Then dcl*(a,b) = 0 for a,b in distinct
Z-chains but 0 € sdcl(P) C sdcl(X), for any X with at least two elements.
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Remark 2.8. We will give in Example 4.2.1 a theory Tu where for some B with
§(B) = 2, there is a good pair A/B with (A/B) = 2, and T}, admits an independent
set I = {a,b} C M |= T, with dcl*(I) # 0. Given a v-element independent set I
with v > 2, we will show in Section 4.1 assuming u(A/B) > 3 (whenever 6(B) = 2),
that dcl*(I) = @ and show in Section 4.4 that, even if some u(A/B) might be 2,
sdcl*(I) is empty.

Definition 2.9 (non-trivial functions). Let T be a strongly minimal theory.

1 (Essentially unary) An 0-definable function f(xo...Tn_1) 4s called essentially
unary if there is an 0-definable function g(u) such that for some i, for all but a
finite number of c € M, and all but a set of Morley rank < n of tuples b € M™,
f(b() N bi—la C, bz N bn—l) = g(C)

2 (truly n-ary)

(a) Let x = (x0...2n—1): a function f(x) truly depends on z; if for any inde-
pendent sequence a and some (hence any) independent'™ a’ which disagrees
with @’ only in the ith place f(a) # f(a’).

(b) f is truly n-ary if f truly depends on all its arguments and f(a) is not a
component of a for all but a set of Morley rank < n of tuples a € M™ .

Lemma 2.10. For a strongly minimal T with acl(Q) infinite, the following condi-
tions are equivalent:
(1) for anyn > 1 and any independent set I = {a1,aq,...a,}, dcl*(I) = 0;
(2) every O-definable n-ary function (n > 0) is essentially unary;
(8) for each n > 1 there is no O-definable truly n-ary function in any M =T.

Proof. 1) implies 2). Fix I as in the statement and let f be an (-definable n-ary
function. Then 1) implies that for some i, say, 1, there is an (-definable function
g(u), with g(a;) = f(a) = d. Let p' denote the generic type over ) realized by each
a; and p" the type of the n-tuple. There are parameter-free formulas ¢ (u,y) and
x(u,v,w) (Ig(v) = n — 1) such that p!(u) entails ¥ (u,y) defines g (i.e. y = g(u))
and p" implies x defines f (i.e. w = f(u,Vv)).

Now we have ¢(a1,d) A x(a,d). But since a; is independent from (as, ..., a,),
for cofinitely many ¢ € M, we have Jy(é(c,y) A x(¢,az ... an,y)). For each k with
1<k<nlet

Apy =z (3%21...3%2p) g(x) = f(21,22. .. Tk, T, Qpyo .. an)}
By induction, since aj41 € A7, and is independent from the parameters defining
AL, each Af_, is cofinite, so, its complement Ay is finite. Thus, the subset on
which f(x) # g(x1) is contained in J;¢;¢,, 4i ¥ M"™=1 which has Morley rank at
most n — 1. Thus, f is essentially unary witnessed by g¢.

2) implies 3): Suppose f is such a definable truly n-ary function, let @ enumerate
an independent set I. By 2) there are ¢, g with g(a;) = f(a) and this holds on any
independent sequence. For some j # i, let @’ be obtained from a by replacing a;
by an a; such that a’ is independent. Then f(a) = g(a;) = f(a’) so f is not truly
n-ary since it doesn’t depend on x;.

3) implies 1): Suppose 1) fails. Fix the least n > 2 such that decl*(I) # () for
some independent set I = {ay,as,...a,}. Let d € dcl*(I). By the definition of

17This definition is more restrictive than the standard (e.g. [Gria79, p. 35]) as for our definition,
in a ring the polynomial zy + z does not depend on y while usually one is allowed to substitute 0
to witness dependence.
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dcl, there exists ¢(z,y) such that = Jzp(z, a) A p(d, a), so ¢ defines some n-ary
function f. We now show f is truly n-ary. If f(a) is a component of a, then d = q;
for some i and d € dcl(a;), contradicting d € dcl*(I). If f is not truly n-ary, there
exists 7 such that for any independent sequences b and b’ which disagree in the ith
place it holds that f(b) = f(b’). We choose a} so that aa is independent, then
a; = (a1,...,a;-1,a,,a;41,...,a,) is independent, too. Then f(a) = f(al). Let
P(2',a) denote f(a) = f(ai,...,ai—1,2',aiy1,...,ay). Since aa) is independent
and a) satisfies (2, a), this formula has cofinitely many solutions. Then the
formula

Az (32 (f(at, .. @i 1,2, 04541, - an) = flar, ... a; 1,7, @ix1,- .., an)A
ANy = flar,...,q;—1,2,04i11,...,0p))
defines d, so d € decl*(I — {a;}), for a contradiction. |

The strongly minimal affine space (@, R*) with R(z,y,2,t) =z +y = z + fails
weak elimination of imaginaries; weak elimination is obtained if a point is named.

Remark 2.11. We cannot isolate ‘non-triviality’ by simply saying there is no
definable m-ary function, nor even none which depends on all its variables. The
insight is that if a € acl(B) by a formula ¢ (v, b) which has k solutions, any solution
is in the definable closure of B and the other £ —1. Steiner systems with line length
k give a stark example. Consider the function of £ — 1 variables which projects on
the first entry unless the k — 1 arguments are a clique (partial line) and gives the
last element of the line in that case. This function satisfies the ‘depends’ hypothesis
but not the projection hypothesis (Definition 2.9.2). So, although (-definable, it is
not a truly (k — 1)-variable function.

The main aim of this paper is to study the definable closure in Hrushovski’s
example in order to get to know which algebraic operations can be defined in those
examples. As a by-product, we obtain the application in Lemma 2.12 of our results
to elimination of imaginaries.

Lemma 2.12. Let I = {ag,a1,...,a,-1} be an independent set with I < M and
M be a model of a strongly minimal theory constructed as in Section 1.1.

(1) For any finite X, if sdcl(X) = 0 then X is not finitely coded.

(2) If sdcl*(I) = 0 then I is not finitely coded.

(8) If dcI*(I) = O then I is not finitely coded and there is no parameter-free
definable truly n-ary function for n = |I|.

Proof. 1) is immediate from Definition 2.2 and 3) follows immediately from 2) since
sdel*(I) C del*(I). 2) requires some effort. Suppose t € T where T is a finite code
for I. If ¢ € sdcl(I) — sdel™(I), then either ¢t € del(f) or ¢ € dcl(J) for some
) € J C I. In the first alternative, if T' is a finite code for I so is T'—{t}. And since
I is independent, it cannot be coded by the empty set. So we must consider the
second case. But if ¢ € dcl(1) — dcl*(7) is in, say, dcl*(J), a permutation switching
a; and a; for some a; € J, a; € I —J and fixing the other a;, takes ¢ to some ¢’ # t.
Thus ¢ ¢ sdel(I). ]

We use Gt to prove hypotheses (1) and Gy for (2) of Theorem 2.13. The ‘proof’
below just indicates the organization of the argument that follows.
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Theorem 2.13. Let T}, be a Hrushovski construction as in Theorem 4.1.2 or a
strongly minimal Steiner system as in Theorem 5.2.
(1) If T, triples (6(B) =2 and |C| > 1 imply u(C/B) > 3), then dcl*(I) = 0.
(2) In any case sdel*(I) = 0.
Consequently, T, does not admit elimination of imaginaries.

Proof. 1) By Lemma 2.12 and Theorem 4.1.2, I is not finitely coded. So by Fact 2.3,
T does not admit elimination of imaginaries. And by Lemma 2.10, dcl*(I) = 0
implies there is no P-definable truly n-ary function. 2) Theorem 4.4.1 (Theorem 5.19
for the Steiner case) provides sdcl*(I) = () without the extra (triplable) hypothesis.

]

Importantly, if the A in a good pair A/B is fixed setwise by G then so is B.

Observation 2.14. Assume Lg consists of all structures A in L§ such § < A. Let
A,B,C,1 € M, M =T, and G = Gy or G1. Suppose C is 0-primitive over
A and based on B C . If the automorphism [ € G fizes A setwise, and fixes C
setwise, then it fires B setwise.

Note that the first assumption on Ly in Observation 2.14 fails for the Steiner
system case (and also for Proposition 18 of [Hru93]). We find a suitable substitute
in Lemmas 5.4 and 5.11.

Proof. By Definition 1.1.5.3, B is uniquely determined by C and 2. Thus, if f € G
satisfies B # f(B), we have a contradiction since f(C) = C and so some element
of C'is R-related to an element not in B. ]

3. G-DECOMPOSITION

We continue with the hypotheses of Sections 1.2. Our original goal was to show
del*(I) =0 for I = {ay,...,a,} with d(I) = v > 2. For this we introduced the no-
tion of a GG-decomposition to analyze the algebraic closure of a finite set. However
we needed an additional hypothesis on g to show dcl*(I) = §. In order to elim-
inate that hypothesis, we consider decompositions with respect to two subgroups
of aut(M): G = Gr or G = Gyyy that fix I pointwise or setwise, respectively.
Using the decomposition associated to group we inductively show the appropriate
definable closure is empty. We give a joint account of the decomposition but by
changing the group prove Theorem 0.2 1) (for dcl*) or 2) (for sdcl®).

Definition 3.1. Let M be the generic model of T),, I = {a,...,a,} be independent
with I < M, and let G € {G1,Gry}. A subset 2 is G-normal if it is finite, contains
I, G-invariant (G fizes 2 setwise), and is strong in M.

We need the following easy observation to prove Lemma 3.3; finite G-normal
sets exist. The forward implication in Observation 3.2 holds for any first order
theory. As in Notation 2.6 the conditions are equivalent here since all models are
w-homogeneous.

Observation 3.2. Let A C M. 1) implies 2) and 3); all are equivalent in an
w-homogenous model.

(1) ¢ € acl(A)

(2) The orbit of ¢ under auta(M) (A fized pointwise) is finite.

(3) If A is finite then the orbit of ¢ under autyay (M) (A fized setwise) is finite.
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Lemma 3.3. Each finite U C acl(I) C M is contained in a finite G-normal set. If
U is a finite G-normal set, then U C acl(I).

Proof. Given any finite set U, let G(U) = {g(u) : u € U,g € G}, and A§ =
icl(IUG(U)). Then A§ is G-normal. For this, note G(U) is finite by Lemma 3.2.
The intrinsic closure of a set is unique, so %Ay is fixed setwise for either G. The
second part of the lemma is immediate since icl(X) C acl(X). |

Note that for given I and U in M, both the set 25 and the height (Definition 3.8)
of the G-decomposition depend on the choice of G.
We need the following result from [Ver06, 4.2] to carry out the decomposition.

Lemma 3.4. Suppose A1 C As C Asz are such that C; = A1 \ A; is O0-primitive
over A;, fori = 1,2. If Cy is O-primitive over Ay, then Cy is O-primitive over
A1 UCs.

Proof. Let D C C;. Then

§(D/A, UCy) = 6(DUCy/Ay) — 6(Ca/Ar) = 8(D U Ca/Ay)
= §(D/Ay) + 6(Cy /A, U D) = §(D/A,)

The first three equalities follow easily from the definition of §(X/Y") and the condi-
tions of the lemma. The last equality follows from: 0 = §(C2/A3) < §(C2/A1UD) <
§(Cq/A1) = 0. So Cf is O-primitive over Ay U Cs. [

The next definitions and theorems provide the tools for the decompositions.
Roughly speaking, capital Roman letters (A, B, C) denote specific components of
the decomposition; Gothic letters 2, ® range over initial segments of the decom-
position. In particular, this means that each of 2, © contains I and is closed in
M.

Definition 3.5. (1) We call a good pair A/B well-placed by ©, if BC D < M
and A is 0-primitive over ®, and
(2) A/B is well-realized in Y if xy(A/B) = p(A/B). If Y = M we omit it
and write simply A/B is well-realized.

Lemma 3.7 is crucial for the general decomposition Construction 3.8.

Definition 3.6. Let A be a subset of ©. We say A splits over ® if both AND and
A —® are non-empty.

Lemma 3.7. Let M be the countable generic model for T,,. Suppose A/Bis well-
placed by © and © is G-invariant.

(1) Then xar(A/B) = u(A/B).

(2) For each i < u(A/B) there is a partial isomorphism h; fixing B pointwise
with domain BU A and satisfying either i) h;(A)ND =0 or i) h;(A) T D.
Moreover, by Definition 1.1.7.3 the h;(A) are disjoint over B. In case i)
there is g € G that fizes IB (and indeed D ) pointwise and takes A to h;(A).
That is, G acts transitively on the copies of A that are disjoint from ®.

While the proof uses that M is generic, the conclusion passes to any model of
T,., because models are algebraically closed.
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Proof. 1) Part 1 is the translation to this notation of a result proved for the
Hrushovski case in [Ver02, 2.25]; for the Steiner case, it is [BP21, 5.14]. Since
the article [Ver02] is difficult to access, we repeat the proof here.

Let ® < M and A be a O-primitive extension of ® with the base B. If
Xo(A/B) = u(A/B) we are done, so we assume that xo(A/B) < u(A/B). Let Ay
be an isomorphic copy of A over ® and let F be the canonical amalgam of DUA and
DUA; over ®. By [Hru93, Lemma 3], E € L,, and there is an embedding g : E — M
such that g|® U A = idoua and g(E) < M. Then xp(A/B) = xo(A/B) + 1 and
we proceed by induction.

2) By 1) there are partial isomorphisms h; for i < u(A/B), fixing B, but not
necessarily I, giving structures A; = h;(A) isomorphic to A over B. Note that A;
cannot split over © and I < M (the last holds because I is independent). Moreover,
we have BA =~ BA;, ® < M, and there are no relations between A and ® — B. So, if
A;ND = () there must be no relations between A; and ® — B. Else, (D A4;) < §(D).
As DA ~ DA;, there is an automorphism of M taking A to A; and fixing © and
in particular 1. ]

The following definition and description of the decomposition of a G-normal set
is intended to be evident (modulo the references). The next diagram gives an overall
view; Example 3.13 gives a closer view.

Construction 3.8. Let 2 be G-normal. We can linearly decompose 2 as the
union of X,,, n <r, where Xg = I and X,,; is O-primitive over X,, and good over
Y41 € X, for n < r. This is a cumulative decomposition: X,, C X, 11.

Since we aim to prove that dcl*(I) N X, = 0 (sdel*(I) N X, = 0) by induction
on n, it would be convenient to assume that X,, is G-invariant for each n < r. But
it is not true. In order to reach an induction on G-invariant sets, we create, by
grouping the images of various partial isomorphisms of the Xn+1 = (Xnt1 — Xn)
over Y, 1, G-invariant strata 2A™*! of components that are independent over 2.
The new tree decomposition creates strata (A™ : m < mg); myg is called the height
of the decomposition.

We define the new decomposition of 2 into strata 2A™ by inductively assigning
to each Xn+1 an integer S(XnH,YnH), the strata of X’nﬂ, the least m+1 < n
such that Y11 C 2™ and renaming X, 11 = (Xn41 — X,) as an A7 HL for an
appropriate x,y (more detail below). The Y,,+; may be omitted when clear from
context. By fiat, S(Xo, ) = 0.

i) A0

(a) Let Dy = A Nacl(f).

(b) Fori=1,2,...,v, let D; = AN acl(a;) and let A° = D; U Dy U ---U D,.
Note that D; N D; = Dy for any 1 <i < j < v, ° is finite, A° < M, and
so §(2AY) = v. Moreover, since d(a;) = 1 the D; are fully independent over
Dy.

As we continue the construction we will rearrange the components X, into a
quasi-order by introducing sets 2" such that each component in 2™ is based on

a subset of A™~!. At the nth stage of construction, considering (Xn+1, Yot1),

XnH is added to ASXn+1:Ynt1) and given an appropriate name as described

below. Each 2A™ is divided into g, subsets 2", where 2" consists of ¢}",

disjoint off A™~1, sets A7"; which are O-primitive over A™~1 and pairwise

isomorphic over 2!, and each A} is based on the same set B/* C A"
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B is the base of both X} and X,

XyUB=p X,,UB

Xk' Xm

Since B C AL,

X, and X,,, were placed into A% and

/ / renamed: Ail = X, Ai? =X,

20 B 4

)

Qll
¥
NI

FIGURE 1. From a linear to a tree-decomposition: One Step

We call the A]"; petals. Lemma 3.7.(2) ensures that G acts 1-transitively on
{A7 1 < f <"}, We describe further petals of AT /B in the next few
paragraphs.

We now give a precise definition of A *!. We set A~! = () to allow uniform
treatment for all m > 0. Note that new petals may be added to A™*! at later
stages in the construction.

ii) A™*L: Suppose S(X,,) = m > 1. We consider the good pair Xn+1/Yn+1 with
Y1 € Xp. U Y, =Y, for some n/ < n with S(X,,/) = m then Y, has
already been denoted B;”H for some ¢t < j. If Xn+1 ~y,, Xn, set Xn+1 as
AZL,CH € AT where k is the least index not previously used with ¢.

If X, %y, Xn and Yy, 11 # Y, for any n' < n with S(X,/) = m, set Xn+1
as A7'T" and set Y, 41 as BI"*! for the next available u. Then Y, N (A™ —
Am=L) £, A™ < M, leXn+1 < M. It is possible that (Y,Hl,XnJrl) ~
(Ypr, Xpr) for some smaller n/.

By Lemma 3.7.2, there are partial isomorphisms'® h; for i < (X, 11/Yni1)

that fix Y,, and the h;(X,,+1) are independent (and so disjoint) over Y;,. Note

181t is essential here that each (X,/Y») is well-placed (Definition 3.5).
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that some of these h; may not extend to automorphisms of M and if so by
Lemma 3.7.2 they map X,,;; into A™. Suppose that E}T{l of these partial

isomorphisms extend to automorphisms h; of M that fix I and so h;(X,) N
le:@forlgiéfyfll.

We have relabeled the hi()A(nH) as A;-Tff, for 1 < f < K}"H and added
them to Q[}”* ! forming Q[;’frll =U, < A?ﬁ)lf, which is thus G-invariant.
Since 2 is G-normal, each of the h; (X,L+1) is an X, for some n’ > n + 1.

Let 174" denote pu( Xy 41/ Ynq1) = p(A7H /BIAY). The other p 4 — 073!
images are subsets of A™ and are labeled as Cﬁt}k for 1 < k < yg’fll =

J
m—+1 m

Kj+1 — Lt

Each of the A?’Tfrl for1 < f< E;’fll and the C]T.fl,jl for1 <k < u}iﬁl is a petal.

Note that X, 41 = Xn41 — X, is based on Y,,;1, which we have designated'® as
B;’fjll C 2™ by the minimality of m, B;T{l intersects A™ — A™~! non-trivially.
Thus as we construct A7, we are moving E}Til components down so they are
directly above their base. This is possible by Lemma 3.4. We sometimes call the
A}T‘l which have the same base B}"H a cluster QJ.TH.

At the conclusion of the construction for each m < my, for some t,,41 < r, there
will be tnp1 (tmi1 = Sicq, £) distinet X, 11, labeled as A7 with S(X,,) = m;
the A;"JT ! are independent over 2A™. Then 2™+ = A™UJ i<anm Ql;"“ and the union

is a partition of A™! —A™. While | J,., X; is a chain, the A™ form a tree with

gt
the petals A;."fﬂ partitioning each level. More locally B;”H ul fe1 A;"]f ! looks
like a flower with the base B;"H and two collections of petals. A+l —A™ is a

collection of petals |, <<, 1< pepm+t A}"fl on the stem 2A™. But for each j, the
=J=Ym>>-=J = ] k)

flower over Bj also contains the C;flkﬂ CA™ for k and j with 1 < k < V;-WH and
1 <j < @qpn. Further, 2 = Um<m0 A,

Note that any two petals on the same strata, say on A™*!, are §-independent
over A™ and in the case of Hrushovski’s construction are fully independent. For
Steiner systems we obtain that if these petals do not belong to the same linear
cluster (Definition 5.6) then they are fully independent.

Remark 3.9. Note that a G-decompostion depends on, and is determined by, the
original linear decomposition.

The following observation is key to the proof of the ensuing Lemma 3.11 and
Lemma 3.21.

Observation 3.10. [Ver02, Note 2.8] We say that a 3-hypergraph A is disconnected
over B if there is a partition of A into A;UA5 such that for every a € A; and b € A,
there is no d € AU B such that R(a,b,d). It is easy to see that if A is O-primitive
over B, then A is connected over B. As, §(A1/A3B) =0, if A is disconnected over
B; but then A, is O-primitive over B, contrary to the minimality of A.

e use a single subscript because, while we are considering several copies of the X n, there
is a fixed base.
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Here are the basic properties of 2 showing dcl*(I) N A = @; the situation is
simpler than the m > 1 case as there are no maps of X,, into A™ over Y,, when
m = 0.

Lemma 3.11 (A1), Let 2A be G-normal and decomposed as (A™ : n < mg). Then
for any i and f < £}, A}’f, and B} C A° the following hold: d(B}) > 2, A° < M,
0=l = u(Bz»l,Ail), and by G-decomposition, there is no copy of AZ{f over B}
in A°. So, no Azl,f is invariant under G.

Proof. Note that for each i, d(B}) > 2; otherwise there exists b € B} such that
d(b) = d(B}) = 1. Since b € 2° b € acl(ax) for some k € {1,2,...,v}; this
implies that B} C acl(ar) and thus Aj; C acl(ag); the last assertion contradicts
Aj ;NA” = 0. As noted in Construction 3.8.i), I C A% and 6(A%) = v so d(A°) = v
and A° < M.

We show there cannot be a copy, C!' = C’il,_,ﬂ for some i,z, of AZ{ f with base
B} embedded in AY. Since d(B}) > 2, B} intersects at least two Dy — Dy and
D; — Dy for some k # j. Note that C! C 2° is not a singleton ¢, because otherwise
M E R(c,dy,d;) for some dy, € B} N Dy, — Dy and d; € B} ND; — Dy, contradicting
full independence of the D;’s over Dy. By Lemma 1.2.5 C* should intersect both
Dy, — Dy and D; — Dy. If not, there would be an R(c1, ¢z, d) with ¢1,c2 € Dy and
de D;nN B}; this can’t happen as the D; for i > 0 are fully independent over Dy
(Construction 3.8 A°%.b). But then C! is disconnected, contrary to Observation 3.10.
Thus ¢} = p > 6(B}) > d(B}) > 2. [

We pause to note a distinction between the flat geometries and the locally mod-
ular ones. [Bal73] showed that the finite dimensional models of an N;-categorical
theory had either countably many or 2%° automorphisms, with vector space-like
strongly minimal sets on the first side and algebraically closed fields on the other.
We now note:

Corollary 3.12. If T, is constructed by a Hrushovski construction (including
Steiner systems) with a flat geometry, each finite dimensional model M, has 2%°
automorphisms.

Proof. Suppose M is prime over the algebraically independent set X with n ele-
ments. There are countably many distinct good pairs (4, /X) (Remark 4.1.11);
each has multiplicity at least 2, and we can define automorphisms of M that fix or
permute the realizations A,, at will to give 2%° automorphisms. [

The following example shows the situation gets much more complicated with the
second strata.

Example 3.13. This example illustrates i) the shift from a chain to a strata
decomposition, ii) acl*(2°) may properly extend dcl(2A°) and iii) that some A7,
may intersect 2°. Let M be any model of Tu with p(a) = 2. Suppose I = {a1,a2}
and let R hold of the triples ajasby, ajasbs, cicaby, cicabs and the entire six point
diagram be strong in M.
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by A%,Q
a2 s\s a2, “2
a E\ M a V c1
T T,
Xo X1 Xo X3 2A° ! 22
FIGURE 2. Chain FIGURE 3. Decomposition

Figure 2 shows a chain decomposition; Figure 3 illustrates the downward em-
bedding in a strata decomposition (as both Aj ; and Aj , are based in 2°).

Further sdel®(A°%) N A2 = dcl*(A°) N A% = (. Theorem 4.4.1 implies a stronger
result that sdel*(A°) = (. However, we will show in Section 4.2 that for an inde-
pendent pair I, there may be elements in del”(I) — sdel®(I). X; and X5 demon-
strate that there may be components X,, and X, , both in strata m, such that
(Yo, X)) =1 (Y, X0/ ); we provide the tool to study this situation in Definition 3.14.

Finally, in Figure 4 Ail N2A! = () while 012,1 =AY = B} although both are based
on and isomorphic over B?, as it shown in Figure 4.

Bi B}
kN \% 1
i ;A% 1 A% 1

mo’"‘: 9! 912

FIGURE 4. A3, =A°

Suppose further that u(A?,/B7;) = 2. Then this is a G-decomposition of
2A°U {c} for either G. This shows that (in the presence of certain good pairs with
uw(A/B) = 2) we cannot avoid G-invariant petals.

Definition 3.14 (JJ’-”H). Let A be G-normal and decomposed by (A™ : n < myg).
We let Jg;fl consist of all indices j' that g(B;-”H) = B;',’H for some g € G. Thus
we have an equivalence relation on the j’s with 1 < j < q,, enumerating the bases
B}”'H;j ~ 3 af B;?'H = g(BJmH) for some g € G.

If G is fixed we omit it in Jgf;l and write simply ij“. Note that j ~ j' implies
J;:’L-‘rl _ ij—’_l} A;n-i—l ~ A;};H—l’ and ’UJ;VL+1 _ ,UJ;CH_l.

Immediately,
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Observation 3.15. Let everything be as in Definition 3.14. Then B;”‘H is G-
imwvariant if and only if |ngjl| =1.
Thus, A™ will consist of 3;|J& ;| - 07" petals.

We summarise in Notation 3.16, which also depends on the choice of G. In
Section 4.1 we are using G7. In Section 4.4, we employ Gy;.

Notation 3.16. The height of A is the mazimal index, mo < 7 of a non-empty
strata.
Gm denotes the number of bases B;”H that support elements of strata A™T1.

And, for fized G, (Definition 3.14), \J;"+1| s the number of those B;’,”l (' €

J}”H) that are isomorphic to B;-”H over I by some g € G.

Vi A;”H over T U under

m—+1
Aj}l

s the number of conjugates of
m—+1 m—+1
gj Bj

For each m, j, B;”H

G. Since A™ is G-invariant, is the number of -copies of that are
not embedded in A™.

We denote by V}”H the number of Bm+ -copies of A7'| ML labeled as C’mJrl that
are embedded in A™.

Finally, A™ = U, ¢,, A"
Lemma 3.17. Let A be G-normal and decomposed by (A™ : n < myg). For any

positive m < mg and j it holds that £ +vi* = u(A7Y /BT").
Proof. Fact 3.7.(2) implies that xar (AT /B7") = p(A7y/BJ"). Let C be a copy

over B}” of A;’fl. Since B}” cAml < M the deﬁmtlon of a 0-primitive extension
implies that either C C A™ ! or C'N le_l = 0. ™

The following notion is central for analyzing the position of a G-invariant petal
in 2A. As, a Gy-invariant singleton is in del*(I); our goal is to show there are no
such singletons.

Definition 3.18. We say AmH determines A"y if A"y is the unique petal based
in A1 that intersects Berl /UL

AmJr1 is G-invariant and determines A", then A", is G-invariant, so we normally
denote the determined petal by A];. We now see that a G-invariant singleton
determines a petal that contains Bm+1. The following lemmas show that when
\Am+1| > 1, under appropriate mductlve hypotheses, Bm+1 is ‘almost’ contained

in ATl (Lemma 3.23.1).
Lemma 3.19. Let m > 1 and B = Bm+1 be the base of AmJrl over A™. If

\A%’H| =1 and Am+1 1s G-invariant then

; etermines some Al ;
1) AT det AT

ana t 0€es not contarn a (r-tnvariant singleton, = A
2) and if B d t contain a G-invariant singleton, B C AT

Proof. (1) By Observation 2.14 B is G-invariant. Assume the contrary, that 7
{c}, but B intersects at least two petals A}, and A ;. Observe that if the singleton
¢ is primitive over 2™, then for some by, by € A™, ((bl, b2), ¢) realizes the good pair
a. So, B = {b1,by} and M |= R(b1,ba,c). By construction BN (A™ — Am~1) £ (),
so at least one of by, by is in Am for some f and i, say b;.

Let C! = {c1} be an isomorphlc over B copy of A;’f“ with C1 C A™. As
there is no relation R(b1, b2, c1) with the b; in A]"; and AJ}' ;, (since they are fully

m—+1 __
AT =
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independent over 2™~1), B — A1 C A Since B is G-invariant, A7 is G-
invariant.

(2) Suppose for contradiction by € A™~1. Then since B and 2A™~! are each
G-invariant both b; and by are fixed by G violating the additional assumption for
case (2). |

Now we investigate the various images contained in A" of A;”f' L To simplify
notation we continue the special notations in Lemma 3.19 and add some more

Notation 3.20. We write (A/B) for the good pair (A;T‘l/B;"H) and ,u;"'H for
;L(Agjfl/B;”H). Let C% for 1 < d < v = V}”H = ,u}"“ — 1 (since Z}”H =1)
enumerate the isomorphic images over B = B;nH of A;"l+ Y that lie in A™. Let
ci=cinum=t C? =Cc?—Am!, By =BNA™ ! and B_ = B —A""L.

The next diagram illustrates Notation 3.20, where the petal A = A;nf' lis a
G-invariant subset of A™*! —A™, its base is B = B}"H, which is a subset of A™;
A has two copies C'' and C? over B, which is a subset of A™. In the diagram the
m-th strata is A™ — A™~!. So as not to overlap the images of the sets B, C'', and

C?, we drew only two petals ATy and A7Y from A™ and separated them with a
dotted line.

ATy
crleri o2
B=pmt{ B B
j + J

ctlcli ¢t Py
Js
Ay
Q[mfl Qm Q[m+1

Ficure 5. Illustrating Notation 3.20

With this notation we continue to set the stage; now, we assume both |A;nl+1| >1
and [A]"| > 1 for i, f with A" N B # (. The second assumption follows from the
first, when u’f"'l > 3, by Lemma 3.22 but will be an issue in Section 4.4. Recall

Definition 1.2.1 of R(X,Y) and R(X,Y, Z).

1
each i, f such that A", N B # 0. Then, for any d with1 < d < v = V;nﬂ:
(1) For any i, f such that A7%; N B # 0, cin ATy #0, dee., Cce 4.
(2) Using Notations 5.20 and 1.2.1, R(B_,C%) = 0 and R(B_,C%,B;) = 0.
Thus, §(B- /By UU, <4<, C1) = 0(B-/By).
(3) If CEN AL = (), that is Ci = (), then there is a unique petal Al that
contains both C* and B_. So, Azlf is G-invariant.

Lemma 3.21. Assume that A}'ffl is G-invariant, |A’]ﬁ+1| > 1, and |A]%| > 1 for
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Proof. (1) Lemma 1.2.5 implies for any b € B_, and any d < v there must be
c1,c2 € C% with R(cy,ca,b). Since b € B_ and by construction, b € B_ N A" ', for
some i and f. If both ¢; and ¢y € A™~F, then [A}" =1{b} =1, a contradlctlon

So at least one of ¢y, o, say ¢, must be in A™ — le L. Since the petals on the
same strata m are freely joined over A™ ™!, ¢; must be in Am

(2) Since [A]"| > 1, for any b € B_ there do not exist x1,z2 € A™~ ! such that
M E R(b,xl,xg). Hence r(B_,By UJ;_,C%) = r(B_,By) + > 4_, r(B_,C%).
The conditions |A;”1+1| > 1 and C? =g AZ’{H imply for any ¢ € C¢ there are no
bi,bs € B such that M |= R(b1,bs, ¢). Consequently, r(B_,C%) =

(3) Assume that C4NA™~! = . Assume also that C? N AT, # () for some s
and ¢, but C% € AT,. Since petals A7, are free over ™! we obtain that C¢ is
disconnected over B , contradicting Observation 3.10. So, there is a unique petal
A"y that contains C?. Obviously, then B_ C A7";. The assumption A;”fr Lis G-
invariant implies (Observation 2.14) that B is G-invariant. So, B_, and thus, A
are G-invariant. [

We prove a consequence of: u(Am+1 / B;-”Jrl) >3 and A;"fr ! is G-invariant.

Lemma 3.22. If u(A7™ /B > 3 and A7\ is G-invariant, then €] +1 <
MTH and |A;’ff‘1\ > 1 together imply |A]";| > 1 for any i, f such that A", N B # 0.

Proof. Let b € BN A";. For A["; there is a unique base?’ B™ by Lemma 2.14.

Since p"tt = ¢t 4oyt EmH =1 and ,um+1 3 imply Emﬂ +1< ,u}"“.
By the same observation as in Lemma 3.19.2, 1f AT =1, then A"y = {b} and
B is a pair (c1,c2) € A™~! that satisfy R(cy, c2,b). On the other hand b satisfies
R(aq, g, b) for some oy, an € AmJrl by Lemma 1.2.5. But, |A" | = 1 implies there

is no pair x,y from A™ — A™~ ’ satlsfylng R(x,y,b). Since €m+1 +1< umH nd
p;”H > 3 there must be at least two disjoint embeddings of A;':‘H in A™ this

implies that some d € A™~! — B™ is in relation with b; this contradicts that A;’ff
is related only to elements of the doubleton B;". u

The hypothesis le_ # 0 of the next lemma is verified, using the inductive hy-
potheses, in the proof of Lemma 4.1.7 before Lemma 3.23 is applied.

Lemma 3.23. Let m > 1. Assume that 6(B) > 2, Agffl is G-invariant, |Am+1| >

1, and |A]"| > 1 for each i, f such that A"y N\ B # (). Further, assume that Cd £

for each d Then

A) If ,umH > 3, then Aerl determines an Aj"y and 6(B+) < 1.

B) If u§”“ =2, then2 >3, 07"+ 6(By), where T = {i: (3t)A7,N B # 0}, and
thus §(B4) < 1.

Proof. Most of the proof is the same for both A) and B); we split near the end.
Let T = {i : A}, N B # () for some t}. By Observation 2.14 B is G-invariant, so
for each i € Zif ATy N B # () for some ¢, then it holds for any ¢, because G acts
transitively on the set of petals {A7% : 1 <t < {7}, as, by construction, they have
the same base B]" and they are on the same strata.

20We will indicate a slight modification of the proof for the Steiner case in Lemma 5.14.
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Let v = p(B)"*!, A7) — 1. The conditions [A74'| > 1 and |A7"| > 1 for cach

i and f such that Am N Berl # () imply that we may apply Lemma 3.21.2 below.
First, we show 5(B /B+) > v 4" For this, using notation 3.20, by
Lemma 3.21.1 and the last hypothesis, both C? and C’jl_ are nonempty. Since,
we noted that for each ¢ € Z and each ¢ with 1 < t < £, Afft N B # 0, by
Lemma 3.21.1 again, C% N Al # (). So, invoking the definition of good pair

we have §(C* N A" /B U C{) < 0. Indeed, 0 > 6(C N A" Y/BU(C = ATY) =
§(CinA™ /B U C’d) because all petals on the m-strata are J-independent over
D/UCE Consequently7 by submodularity of ¢ for any ¢ € Z and f = 1,...,¢",
taking into account for the first equality that any two petals on the same strata,
namely on 2™, are é-independent over A™~!, we can conclude:

(1) S(CL/BUCY)=>" > sCENAT/BUCT) < =) 4

i€T 1< f<em =

Since A™~! < M and by monotonicity

(2) o<o(|ectuBjamhy<s(|JeruB /] cfuBy).

1<d<y 1<d<y 1<d<y

But by the definition of §(A/C), we can rewrite the last term to obtain

Q o<a |JetpulJeh+am/moul] o)

1<d<v 1<d<v 1<d<y
The last term of the right hand side of equation 3 equals §(B_ /B4) by Lemma 3.21.2.
And, the first term satisfies

s Jed/pulJehH <> Y s(ctnAry)/Buc)) < —v> on
1<d<z/ 1<d<y 1€T 1 f<L” €L
1<d<v

since each C? contributes at most — Y, 7 €" for each d = 1,...,v by equation (1).
Substituting our evaluations of the two terms on the right hand side of equation (3)

(one from Lemma 3.21.2) and transposing, we have

(5) §(B-/By)=vy &
i€
Now, B = B, U B_ implies 6(B) = §(B_/B+) + 6(B4). So
(6) 0(B)=v )y £+6(By).
i€

A) Assume that ,u;-”ﬂ > 3; then v > 2. If 6(B) = 2, then v = 2, T = {3} for
some i, £;" =1, and A7 is G-invariant.

If §(B) > 3, divide equation (6) by 6(B). Then, since v > §(B) — 1, substituting
in equation 6, we obtain

5(B) _ (0(B) =) Tier & 8(By)

@) L= 7 5B) 5(B)
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Since §(B) > 3, 3(B)—1 > = so

5(B)

win

2> e 6(By)
8 1> €L Vi +
® 3 5B

Equation (8) implies Z = {i} for some i, ¢]* = 1, and A} is G-invariant. Equa-
tion (6) implies

d(B)Z2v+46(By) > (6(B)—1)+6(By).
So, §(B4) < 1.
B) Now we assume that u;-nﬂ = 2. Then, invoking the first hypothesis, §(B) =
2. In this case, since v = 1, equation (6) implies 2 > > . " + d(B) and so
0(By) < 1. ]

4. dcl IN HRUSHOVSKI’'S FIRST EXAMPLE TH

In this section we describe dcl*(I) in the main example 7}, (Definition 0.1) in
[Hru93]. We find that the values of p for good pairs with §(B) = 2 distinguish
whether del*(I) may be empty. Subsection 4.1 deals with dcl® under a stronger
hypothesis on i to conclude del*(I) = ). Subsection 4.2 provides an example that
when p(B,C) = 2 for certain good pairs, there is a theory where dcl*(I) # 0.
However, Subsection 4.4 sdcl* shows that such examples still satisfy sdcl* (1) = 0
and fail elimination of imaginaries. That proof uses a deeper study of flowers and
bouquets from Subsection 4.3.

The very raw idea is that if some petal A on the (i 4+ 1)-th strata is G-invariant,
and p(A, B) > 3 then it determines a petal on the i-th strata, which is also G-
invariant, for each positive ¢; but Lemma 3.11 implies that no petal on the 1st
strata is G-invariant, for a contradiction. The hypothesis that p(B,C) > 3 for
any good pair (B, C) with §(B) = 2 implies that this idea works and dcl*(I) = 0.
However in the general case del*(I) may not be empty. We consider in Section 4.4
a more complicated construction in order to prove that sdel*(I) = 0.

Note, however that the family of theories described in Proposition 18 of [Hru93]
(Steiner quasigroups) as well as the Steiner ¢riple system of [BP21] have a truly
binary function defined by R. The definition of K from ¢ in Hrushovki’s Proposi-
tion 18 is non-standard; in the linear space case, () = 1, for a the good pair of
a line (Definition 1.2.6). Section 5 adapts our main results for Steiner systems.

4.1. Gr: No truly n-ary definable functions

We slightly vary Hrushovski’s original example by adding a further adequacy
requirement (Definition 1.1.7.1).

Definition 4.1.1. We say that a function p (or theory T,,) bounding good pairs
triples if for all good pairs (A/B) with |A| > 1, u(A/B) > §(B):

0(B)=2= u(A/B) > 3.
In this section, using this triples condition, we G-decompose a finite set using

G (fixing I pointwise) and show T}, is essentially unary and so fails to eliminate
imaginaries. We give a more refined argument using Gy} in Section 4.4 showing

that even with truly n-ary function (i.e. dropping the ‘triples’ hypothesis), Tu must
fail to eliminate imaginaries.
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Theorem 4.1.2. Assume that Tu triples. Let I be a finite independent set that
contains at least 2 elements. Fix a G-normal A < M |= Tu with height mqg. For
every m < mg, A™ Ndel* (1) = 0.

Thus, dcl*(I) N QA = (0; so there is no truly n-ary O-definable function (Defini-
tion 2.9) for each n > 2 and Tu does not admit elimination of imaginaries. As a
corollary, we obtain that dcl(J) = |J,c; dcl(a) for any independent set J C M.

By the definition of A%, A% N del*(I) = 0. Tt suffices to show by induction on
m > 1 that for each e € A™, d(G(e)) > 2. As, if Gr(e) = {e} then d(Gy(e)) = 1.
But we must begin with m = 1 since elements e € A" may have d(G;(e)) = 1. We
obtain the conclusion by proving Lemma 4.1.3 by double induction. Note that the
truth of dim,, and moves,, each depend on the choice of G as G;. Once we have
this decomposition, satisfying moves for Gy-normal 2l < M of any height, we can
conclude dely, (1) = 0.

Lemma 4.1.3. Assume that T# triples. For m > 1,
(1) dim,,: d(E) > 2 for any Gr-invariant set E C 0™, which is not a subset
of A°.
(2) moves,,: No A} is Gy-invariant.

The remainder of this section is devoted to the proof of Lemma 4.1.3. If mg is
the height of 2, then dim,,, gives Theorem 4.1.2.

For each m < myg, each A™*! and each j, k such that A;},jl C 2Am+1 Observa-
tion 2.14 implies that if A;",j 1is Gs-invariant, then B}"H is G r-invariant. However
the converse is false. The main part of the construction in Section 3 was to describe
the family of Gj-conjugates A;",j ! over B;-”‘H of A;nf' ! We now take into account
that the B;”H need not be Gy-invariant.

How do we use a joint induction? The A;’?;rl are disjoint. If either \J;."'H\ >1
(Definition 3.14) or £7* > 1, A}’f;rl moves and so no element of AZ‘;’l is definable over
1. But, in Section 4.2, we show that when some u}”“ = 2, it may be that \J;”+1| =
1. So, in this section we add an hypothesis implying each relevant ,u;-"H >3. In
order to prove by induction on m that no A7 is G-invariant (Conclusion 4.1.7),
we need the dual hypothesis dim,,. So, the simultaneous induction is organized as
follows:

dim,, A moves,,+1 = dim,,11 (Lemma 4.1.4)

dim,,, A moves,, = moves,,+1 (Conclusion 4.1.7)
In the following Corollary 4.1.5, we slightly modify the proof of Lemma 4.1.4 to
ground the induction by showing dim; and moves;.

We use without further notice the fact that for any A C B, d(A) < d(B), e.g.
d(X) < d(Gr(X)). Note that Construction 3.8 shows that any base B arising in
the construction of A™*? satisfies 1 < d(B) < v, where v = |I|.

Lemma 4.1.4 is formulated for G; it is applied for G; in Section 4.1 while in
Section 4.4 we use sdim,, instead of dimfn with G' = Gyry. The ‘moves hypothesis’
in Lemma 4.1.4 will follow from the inductive hypothesis in the main proof.
Lemma 4.1.4. Fiz m with 1 < m < mg. If*! dimi and G moves A;n,:'l then
dimgﬂ, That is, for each e € A;’},:l, d(G(e)) > 2.

21We do not use the adequacy hypothesis (Definition 4.1.1) in proving this lemma.
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Proof. Fix m < mg, j < gm, k and e with e € Aerl We show d(G(e)) > 2. Let
E = G(e). Clearly d(F) < v, since e € acl(]). By Lemma 3.7.2, EN Am+1 #0
for each k < ZmH And for each j' € JmJr1 the map taking B;”H to B;”H and
Construction 3 8, guarantee each E N A;"J,;,l # () for k' < E}'f“ = E;’”’l.

Note that icl(E) C A"+, because A™Tt < M. The proof now breaks into three
cases.

(1) If all the bases B;CLH are subsets of icl(E) (for j' € J}”H), the hypothesis
dim,, and the monotonicity of d implies

2 <d( | g(BIY) < d(icl(E)) < v
g€GT
and we finish.
(2) Suppose no B;.’/”rl (with j' € J]m‘H) is a subset of icl(F). For each j' €
JJWH there is a ¢ such that A;’?’J{,l Nicl(E) # (. And since B;-',”l ¢ icl(E
Definition 1.1.5.3 of base?? implies §(icl(E) N Am+1/1cl( )N2A™) > 1. Thus,

v = d(E) =06(icl(E)) = 0((icl(E) — A™)/icl(E) N2A™) + §(icl(E) n2A™) >
e'm+1
> 5((icl(B)—A™) icl(B)nA™) > Y Z S(icl(B)N AT ficl(B)nA™) > 2
j eJ7m+1 t=1
JmH\ 2 and there are 2
Aerl
_77 )

The double summation is at least 2 because either |
non-zero outer summands or ijﬂ = {j} and since G| moves

m+1
ej

> s(icl(B) N AT ficl(B) nA™) > 2

(3) Suppose one of the B;’,H'l (with j' € J;”'H) is a subset of icl(E) and another
one B}”,,H is not. Clearly,
d(E) = 6(icl(E)) = §(icl(E) NA™) + §(icl(E) — A™ /icl(E) N A™).
Say B;”f“ Cicl(E) and B;Z“ ¢ icl(E). The first summand is at least 1, because
B;?'H is a subset of icl(E) N A™, but is not a subset of acl(f); as, otherwise A;’Zﬁl

is a subset of acl(()). The second summand is also at least one, because

["L+1

S(icl(E) — A ficl(B) nA™) = > Z S(icl(E) N AT ficl(E) na™)

jGJm+1t 1

and for some ¢ < €771, 6(icl(E) N AT fiel(E) N A™) > 1, because B ¢

icl(E). |

We establish the m = 1 step of Lemma 4.1.3 by emulating the proof of Lemma 4.1.4;
we can’t really apply the result as dimy was not defined.

Corollary 4.1.5. Both dim; and moves; hold. More precisely, for any e € A —A°,
d(Gr(e)) = 2.

22That is, the base X of C/A is the least X such that §(4’/X) = 0 for every A’ C A.
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Proof. By Lemma 3.11, we have moves; and for each 7, d( ]1) 2. Now follow the
proof of Lemma 4.1.4, noting that it only uses that d(B ) > 2. ]

Lemma 4.1.6. If moves,,, dim,, and AmJr1 18 Gr-invariant, then
(1) For B=BJ"*!, d(B) >
(2) |A7 > 1.
(3) If in addition, ,um+1 3, then |A]"¢| > 1 for any i, f such that A7, B # 0.

Proof. By Lemma 4.1.5, we may assume m > 1. (1) By Observation 2.14, A?}fl
is G-invariant implies B;”'H is Gy-invariant. Then, since B g 2A°, dim,,, implies
that d(B) > 2

(2) By 1) we may apply Lemma 3.19.2 to conclude that if A;»’?frl = {c}, then
A;’fl is Gy-invariant for some ¢, contradicting moves,,.

(3) Directly follows from Lemma 3.22. |

With the next result we can complete the induction. The hypothesis that each
m—+1

w2 3 is essential for the induction.
Conclusion 4.1.7. Under the hypotheses of Theorem 4.1.2, move,, and dim,,
imply move,,41.

Proof. Assume for contradiction that A7\"" is G'i-invariant. The assumption dim,,
and Lemma 4.1.6 imply both d(B) > 2, so §(B) > 2, and that the hypotheses of
Lemma 3.21 hold. And Lemma 3.21 gives the remaining hypotheses of Lemma 3.23.
Indeed, if Ci = () for some d, we obtain that A7"; is Gr-invariant for some 4, f by
Lemma 3.21.3; that contradicts moves,,. Now, by Lemma 3.23 we obtain that A"}
is Gr-invariant for some 4; that contradicts moves,,. [ ]

m—+1
AT

Completing this induction gives Lemma 4.1.3 and so Theorem 4.1.2; asserting
there are no (-definable truly n-ary functions. Now we generalize the result by
allowing parameters (Corollary 4.1.10).

Lemma 4.1.8. Let I be a finite independent set and J C I. Let a tuple c € acl(J)
and d € acl(I). Let Ay be the Gr-normal closure of I U {d,c}, and Ay the G ;-
normal closure of JU {c}. Then there exists a tree decomposition T of Ar such
that the collection Ty of petals A?fj that are based in A are a downwardly closed
subset of Ty, whose union is ;. (By downwardly closed we mean that if A’}fj C Ay

then B} c2y.)

Proof. We note G j(c) = Gy(c) is the finite collection of automorphic images of c

over J, as for any automorphism p fixing J pointwise p [ 20y can be extended to one

fixing I. By this equality and by monotonicity of the intrinsic closure we obtain
A; =ic(JUG,(c)) =ic(JUG[(c)) Cicl(J UG;(d,c)) =2A;

Thus, Ay C Ay, Let Ly = (X; : i < ry), where Xg < X; <.-- < X, be a linear
decomposition of 2 ;; that is, X;y; is a O-primitive extension of X; for each ¢ < r;
and X,, =2;. Since I — J is independent over J, I — J is independent over 2,
moreover I — J and 2 ; are fully independent. Then

I=X<Xju(I-J)<---<X,,Uu(l-1)
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is a linear chain of O-primitive extensions and for each ¢ < r; the base of X; 1
is a subset of ;. Thus, it can be considered as an initial segment of a linear
decomposition L; of 2A; by Lemma 3.4. Let Tx be the tree decomposition of A
determined by Ly for K € {I,J}. We now show that if a petal in 2; intersects
2z, it is one of X;11 — X; and a subset of ;. Clearly, {acl(a;) NA; : a; € J} C
{acl(a;) NAs : a; € I'} and {acl(a;) NA; : a; € J} €AY by Construction 3.8. So we
only have to show the result for petals of 77 of the form A}’?fl. Note that any A}’?fl
that nontrivially intersects 2 is contained in 2z, since A7 UA; < M (We start
with closed subsets I and J and obtain 27" U2 ; by add a sequence of O-primitive
extensions) and A;Z?;fl is O-primitive over A7

We need to show A’}?;fl eT;.

Level: 1 If m = 0 and B}"H ¢ U,esacl(a), then A}’?‘l ¢ 2; by Construc-
tion 3.8. So, ATF C U} implies BY* C ;.

Level: m + 1 Since A?fj“ C 2 ; and is some XZ of the given initial segment of
the linear decomposition, B}n“ CAy; so A’}?;fl eT;.

By induction we have Lemma 4.1.8. Since 2(; is G j-normal, |J7; = 2. [ |

We have the following immediate corollary. Let r be the height (i.e. the largest
index k of an A’]i’i with A?i C2Ay) of Ay.

Lemma 4.1.9. For anym <7, and any A"5T1 C A ; —A7, and for any A}’f;“l -
AP =2, (At AT = 0.

Proof. If s = 0 the result is clear since the petals over 27" are fully independent.
If 0 < s < 7 — m, we have shown in Lemma 4.1.8 for any m < r, any p,q with
AmstL C 9y — A7, that Byrtsth C A+ So for any s > 1, (A7t APt —
A7) = 0. In particular, r(Ag}q,A}yfjl) = 0 for any A}’?l C 2y — 2y, and any
Azngﬂjwithm—l—lgngr. [}

Corollary 4.1.10. Assume that Tu triples. Then, for n > 1, no truly n-ary
function is definable in TM even with parameters.

Proof. Let M = Tu and suppose ¢(y,x,c) defines a truly n-ary function y = g(x)
on M"™. Taking M saturated, we can choose a1, as,...,a, independent over c. Fix
¢ maximal independent inside c¢. Then I = {aj,...a,} U {z € ¢’} is independent.
Let 2 = A; be the Gy-normal closure of I U {d, c}, where d = g(a).

For each g € {1,...,n} we define I, = {a,}U{x € ¢'}. Clearly, I, is independent
as a subset of the independent set . Let 2, be the G, -normal closure of {c}, that
is, icl(/, U G, (c)). We apply Lemma 4.1.8 with J = I,.

We now consider two cases. First, assume that d is not in (J_, 2. Let d €
A?f;'l, where A}':‘;’l is a petal in the Gj-decomposition of 2. Applying moves,, 1
to 2 we obtain that there exists A’}?;L,l with j # j'. By strata decomposition there
exists 7 € aut(M/A™) such that T(A}YT;H) = A?:”;.Cl.

Since g is arbitrary, Lemma 4.1.9 implies 22:1 r(A}'f;'I, A, —A™) = 0. But we
need more, namely, r(A?f;“l, UZ:1 A, —2A™) = 0. Assume the contrary, that there
exist a € A;’fj‘l, beA, —A", and ¢ € A, — (A™ UA,) with R(a,b,c). Not both
b and ¢ can be on the same strata, because they are in different petals but petals
on the same strata are fully independent. Then one of them, say b, is in a lower
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strata, say, in A" +* for some k > 1. Then {a,b} C A™** and ({a,b},c) is a good
pair. By G-decomposition we obtain that {c} = Aum,jkﬂ for some u and v. As
A7 FEFL C 2Ly, by Lemma 4.1.8 its base By ™1 = {a,b} is in 2,,. So, both b and
c are in 2y, but (AP 2, —A™) = 0 by Lemma 4.1.9, for a contradiction.
Now we finish the proof of the first case. Let p = 7 | (leUA;rf;rl)Uidngl A, —2Am -
Recall, that 7 | 2™ is the identity, so p moves only A}'fjﬂ to A’ij*,l and fixes

A™ U Uy Ag. By our last remark, r(A7 LA™ UUp_, Ay) = r(ATS BPH).

Taking into account A}’?‘l U B}"+1 %B}nﬂ A’}??l U B}”H, we obtain p is a partial
isomorphism and can be extended to an isomorphism p’ of M, as its domain is closed
in M. So, p’ fixes a and c, but, by choice of case, moves d, for a contradiction.
Theorem 4.1.10 by doing the second case: d € UZ:l Ay, say, d € 2Ay. Let a),
be independent over ac. Let p € aut(M/c) fix a4 for ¢ < n and move a, to al,.
Then p € Gy, so p(d) =d and d = g(a,...,an_1,a,), that contradicts f is truly
n-ary. ]

Remark 4.1.11. Note that depending on whether Tu triples, there may or may not

be a truly n-ary function. [EF12, Theorem 3.1] show that for any Tu the geometry
(i.e. of the countable saturated model M), with any finite set X with |aclys(X)]
infinite named, is isomorphic to that of the w-stable version of the construction??.
Since acl(()) is easily made infinite e.g. [BP21, Lemma 5.26], it is easy to construct
examples with the same geometry.

We show now that for our general situation aclys(X) is infinite for any finite X.
For this, it is sufficient to show that for any finite set B there are infinitely many
pairwise non-isomorphic good pairs A/B. Let B = {b1,...,b;}. Let n > max{3, k}
and A, = {a1,...,a,}. Let {c1,...,¢,) be a sequence over B, that contains each
element of B. We put R(a;,a;+1,¢;) for each i € {1,...,n — 1} and R(an,,a1,cy).

In contrast when B = () the Hrushovski adequacy condition can be satisfied when
1(A/0) = 0 for any A primitive over (). And it is not hard to show that amalga-
mation still holds [Bal23]. But, in such a case the geometries are not elementarily
equivalent as the formula (Vz)D;(z) holds in the pregeometry with acl()) = () where
D,, is a predicate that holds of n independent elements.

Thus the varied behavior of our examples show the coarseness of classifying only
by geometry.

4.2. Counterexample

Let M be any model of T# with p(a) = 2. The following example satisfies
del*I # 0 for I = {a1,a2}. This shows the assumption that u(A/B) > 3 for any
good pair (A/B), where §(B) = 2, is essential to show dcl*I = () (Theorem 4.1.2).

We sketch the motivation for the example. Recall, that in the decomposition of
into strata we have the O-strata 200, that is obtained as 2° = | J7_, (ANacl(a;)). We
have used the hypothesis, u(A/B) > 3 for any good pair (A/B) with 6(B) = 2, twice
in the proof of Lemma 3.23. Recall Example 3.13, which shows that it is possible
that A is G{y-invariant and A}, is Gjj-invariant. However, in that example
the elements ¢; and ¢y are indiscernible over {aj,a2}. This happens because the
elements a; and ap are indiscernible over {b1,by} and {a1, a2} U {b1,ba} =gy, 3,3

23Mermelstein (personal communication) has shown this result extends to Steiner systems.
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{c1, ca}U{b1, ba}. Below we modify Ah so that a; and as are no longer indiscernible
over A} ; UA],.

Let tp(a1/Af ;) # tp(az/Af ): for instance the number of relations of a; with
Aj ; and the number of relations of ay with Ail are different. Then A7 | contains
a copy of aj, or a copy of as, or both. But if a; and as are distinguishable over
B{ inside 2! (realize different types over Bj), then their copies oy, ay in A%l are
distinguishable, too. But then the a; can belong to del*(I).

The following construction describes an accessible case of the general strategy
described in Remark 4.2.3.

Example 4.2.1. We consider the following example with universe {a;, as }U{c1, ca,c3}
and then 9 more points with d, §, v replacing c. We define the following relations:
0) A° =T = {ay,as}.

1,1) Ah = {c1,ca,c3} with R(ay,c1,c3), R(as,c1,cq), and R(as,ca,c3).

17 2) A%’Q = {dl, d27 dg} with R(al, d17 dg), R(ag, dl, dg), and R(a27 dg, d3)

2,1) Ail = {oq,@2,71,01,73,03} with the following relations: R(a1,71,73),

R(ag,71,c2), R(ag,c2,73), and R(ay,01,03), R(az,61,dz), R(az,dz,d3).

Set (A1) = u(A?%) = 2. In the diagrams, we represent a triple satisfying R by a

triangle.

dy g Aj 5

o)
y 4

A ¢

as a2 75
AN N

AN Y

.Y R N
20 A 22 20 A
FIGURE 6. dcl*(I) # 0 FIGURE 7. 2!

Figure 7 shows by shaded triangles the R-triples in I U {d;,ds,ds}. The petals
Af ) and Ab are isomorphic over I.

Clearly, Gj(c2) = {c2,d2}, because there is no relation of either of these el-
ements with a; and there are two relations of each one with as. By mapping
the point with the Greek label to the corresponding Roman one, we show that
A%’l = {a1,a2,71,73,01, 03} is isomorphic to A — B? = {ay, as, c1, c3,dy,d3} over
B% = {CQ, dg}

It is routine to check that 2A' — B} is O-primitive over Bf. Obviously, A7 is
G -invariant. The element as is a unique element in A%l which is in 4 relations in
2%, 50 ap € del*(I).

Remark 4.2.2. (1) In Example 4.2.1 moves; and dim; one hold; but 4 ; = 2
so we cannot apply Lemma 3.23.A to conclude movesy. In fact, Ail is
G r-invariant.
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(2) Note that this example is not a linear space (Section 5); if it satisfied the
linear space axiom each of Aj; and A%,2 would be a clique.

(3) a9 isin del*(I) but not in sdcl*(7), because an automorphism which swaps
a1 and ap cannot preserve Ail u A%,Q, since in A, a; is in two relations
and as is in four relations. Thus this structure is Gr-invariant but not
G(ry-invariant. In order to build A%t} we add new copies of Af; and
Aizz
2,1) Ay, ={c|,ch, 3} with R(as, ¢}, c5), R(ay,¢), cy), and R(ay, ¢, c3).
2,2) Aj o = {d},dh, d3} with R(ag,d},ds), R(ay,d;,dy), and R(ay,dy,ds).
Now there is an f € Gy with f(ao) = a1, f(a1) = ap that maps Aj;
to A%J. One can construct an A3 | containing o that is the image of o
under f.

(4) Note that {A];, A} ,} is called a flower of A}, over its base B} in Defi-
nition 4.3.1. Also note that {A} ;, A3 ,} is another flower of Aj ; over its
base Bi. The difference is that if we arrange Bj for the first considered
flower as (a1, az), then for the second flower the arrangement of B} must
be (as,a1).

(5) In Definition 4.3.3, we call the collection {{A%)l, Aiz}7 {A%J, A%’z}} of all
of these flowers a bouquet.

We now explain here the methodology and motivation for constructing a set with
non-empty dcl*(7). It may be useful for further examples.

Remark 4.2.3. Let E; be a subset of acl(a;), for i € {1,2} such that 6(F;) =
§(E2) = 1 (that is, E; < M). The most simple case is E; = {a;}. Let B} = E;UE,.
Then §(Bj) = 2. Let Aj | be any set that is good over Bf. We put p(Aj ;/B}) = 2.
So, A =icl(IUE1 UEy) U A} UA],.

We choose one element b; from A}, for i = 1,2. Let Bf = {b1,ba}. Then
§(B?) = §(A') = 2 and there is a chain B? = Xy < X; < -+ < X, = 2! such that
Xi4+1 is a O-primitive extension of X;. So, X is a O-primitive extension of B? and
is a subset of A'. We must choose A} ; and B} so that X, is good over B}. This
is not true in general®*, but Example 4.2.1 shows it can be done.

We are going to find AiQ inside 2! in order to make Ail G r-invariant. Suppose
there are m copies of X! over B? that are inside 2'; put u(X;/B?) = m + 1. Let
A? | be the (m+1)-th copy of X; over B}. Obviously, A7, is not in 2A'. We put
A? = A' U AT . If Bf is fixed pointwise by G (that is, by is definable in Af ; over
I and by its copy in Af ,), then £ =1 and [J?| = 1.

The following is not essential to achieving Remark 4.2.3 but is mandated by the
construction.

24Here is a counterexample. To begin with we find a O-primitive extension of a one ele-
ment set, {b}. We consider A’ as four points c1,c2,d1,ds satisfying R(c1,c2,b), R(d1,d2,b),
R(c1,d1,b), R(c2,d2,b). There are 5 points 4 edges and any subset has larger §.

‘We would like to make this structure O-primitive over ai,as. It needs one more trick.
Replace A’ by A by adding a point c3 to A’ and replacing the edge R(c1,c2,b) by two
edges R(c1,c2,c3), R(c2,c3,b). Then, A is O-primitive over {b}. Now consider two new el-
ements A9 = {ai1,a2}; we want A O-primitive over Ag. For this let the new relations be
R(e1,¢2,a1), R(d1,d2,a2).

So while the discussion here is fine for motivating the example it doesn’t suffice to show that
Al with pair Ail, Ail must contain an Ail good over one point from each.
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Claim 4.2.4. The intersection X1 N Bl1 18 not empty.

Proof. This follows from the fact that Aj; and Aj, are free over A°. Indeed,
assume that X; N B} = 0. Then

0= §(X1/B%) =46(X1N A?[,1/B%) +0(X1 N A%,z/B%) +0(X1 — (A%,l U A},2)/B%)

because there are no relations between Ail, A%Q and A° — Bf. Then each of these
predimensions is equal to 0; that contradicts the definition of a good pair. [

4.3. Bouquets and Flowers

In Remark 4.2.2.3, we noted that to make a G(rj-normal structure we required
not only an image of a 0-primitive A with base B but an image 7(A) for a 7 in G}
that fixes B setwise but not pointwise. The analysis of the case where there are
good pairs A/B with §(B) = 2 and u(A/B) = 2 requires a much finer analysis of
the second realization of A/B. We introduce here some further notation to describe
the situation and illustrate them in Example 4.3.6.

Definition 4.3.1 (flower). Let A/B be a good pair. A flower F of A/B in a set ®
is the set of all images of isomorphisms of A over B into ® which fix B pointwise.
The elements of the flower are called petals®.

Suppose a flower F of A/B is a subset of A. A certificate C of A/B (witnessing
2l € K, ) is a maximal disjoint set of xa(A/B) = u(A/B) images of isomorphisms
of A over B into 2 that fix B pointwise.

When A/B is well-placed, a flower F contains at least one certificate C for
xm(A/B) = u(A/B) and, since each intersection decreases ¢, | F| < u(A/B)+46(B).
Moreover any pair of petals from distinct certificates (or flowers) that intersect are
in icl(B) C 2™, for the least m such that B C A™.

Of course each petal C' € F is isomorphic to A over B. © will usually be fixed
in context as either the generic M or a G{ ry-decomposable 2 (e.g. an A™). There
are only finitely many certificates of A/B in M; an upper bound is (u(:/(g)/ftg(B))'

Note that in the description of the class L, one put the upper bound on the
cardinality of a certificate of a good pair A/B—it does not exceed p(A/B).

When we write two structures C' and D are equal we mean they have both
the same domain and each symbol in the vocabulary has the same interpretation in
each. For a substructure X of M, diagx (x) denotes the diagram of X, with respect
to a fized enumeration x of the domain of X.

Notation 4.3.2. Let b = (by,...,b,) enumerate B and vy € aut(B); write bY for
((b1)s - (b))

Any sequence c that satisfies diagaup(x,b?) determines an enumeration of a
petal of the flower of A/B. The set enumerated by this sequence is a petal F}'.
Each F may have multiple enumerations that satisfy the fized diagram. A flower
F7 of A/B is a mazimal set {F; :i <r7} of such petals.

Note that for fixed v there may be different certificates. Any two such certificates
must have at least one pair of intersecting petals (by maximality). But distinct
flowers F, F' generated by A/B and A’/B with A, A’ non-isomorphic over B cannot

25In Construction 3.8 there were p(A/B) petals, the AT and C77y.. We no longer assume that
A/B is well-placed and we allow the petals to intersect so we have less control over the number
of petals; in particular it will vary with ©.
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have a common petal. If f and g map A and A’ to some A” while fixing B pointwise,
then ¢~ ! o f is an isomorphism from A to A’ fixing B.

However, a different problem appears when we allow automorphisms that fix the
base setwise but not pointwise. We must do this when considering Gy since [
itself can be the base.

For simplicity of reading we denote Gy;y by G* and G{p, (G%) denotes the
elements of G* that fix B setwise (pointwise).

We now have a subclass of the 0-primitive extensions A where A/B is well-placed
by 2A™: the orbit of the flower of A/B under G?B}.

Definition 4.3.3 (bouquet). Let A/B be a good pair. The bouquet B of A/B is
the collection of all images {m(F;) : F; € F} of each flower F as 7 ranges through
elements of G?B}.

Can two flowers in a bouquet contain a common petal? When does a bouquet
contain more than one flower? Lemma 4.3.4 and 4.3.5 answer these questions.
Lemma 4.3.4. Let A/B be a good pair and {{F, :i <r,}:7v € Gipy} list its
bouquet B. If i # j then F, # F]‘-S for each ,6 € Gipy unless F, = {F) -t <ry}
and Fs = {F? : t < rs} are the same flower.

Proof. Assume that F} = F! for some v, 6 € aut(G7py). We will show Fs = 7.
Let (f1,..., fx) be an enumeration of F}', such that

M ':diagAUB(flw"7f1€77(b1)7"'77(b7l))
Since |F)| = |FJ§| there is € € S, such that (fi,..., fr) = (fe1), -+, fer)) and

M |= diagaoB(ferys -+ -5 fery> 0(01), -, 0(bn))
Let s < r, and let (di,...,d) enumerate the petal C7 of the flower F, of A
over B. That is,

M ': diagAUB(dlv s 7dkarY(b1)? s 77(1)”))

By the property of € noted above and the definition of diagram, we have

M ): diagAUB(d€(1)7 ey ds(k), (5(1)1), e ,(5(1)”))
but D = {d.q1),...,dem)} is a petal of the flower F5. Obviously, F} = D. So, each

petal of the flower {F} : ¢t < r,} is also a petal of {F? : t < rs}.
The inverse inclusion is similar. Hence, the flowers are equal. [ ]

We can now conclude:

Lemma 4.3.5. Assume that A/B is well-placed by some ® 2 B and A is Gy-
invariant. Then

(1) the bouquet of A/B consists of a single flower;
(2) the bouquet of A/B is Gpy-invariant.

Proof. 1) Assume to the contrary that the bouquet of A;”f“ L over B! consists
of at least two flowers. Let m € G(;; be an automorphism which moves one flower
of the bouquet of A;”f ! over B;”“ to another one. Since A;”f ! is Gyy-invariant,
W(Agffl) = A?:‘frl; so, these two flowers have a common petal. By Lemma 4.3.4
these flowers are equal, for a contradiction.
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2) By Lemma 3.19.1, B is G{y-invariant, so each g € Gy fixes B setwise. But
then the C'/ B-bouquet is just the G ¢-orbit of the unique flower F of A/B, namely
F. u

We now give several examples to clarify the relationship among these concepts.

Example 4.3.6. 1) Two certificates in the same flower: Let A/B be O-primitive
and C for i < 3,7 < 2 be isomorphic with A over B. For each i, |Cj N Ci| = 1;
these are the only intersections. Let ® = BU; 3 ;o C’; A/B is well-placed by
D. {AU{C] i < 3,5 <2} is the flower of A/B. But each of {A}U{C} :i <3}
for j =0 and j = 1 is a certificate (Actually, there are 8 certificates.)

2) Two flowers in the same bouquet: Let B = {b1,b2} and C; = {c}, ¢}, ¢} } with
R(by, ¢, ch), R(ba, ch,cy), R(ba,cl,cl), for i = 1,2, and let u(C;/B) = 2.

Let D; = {di,d}, d}} with R(ba,di,d5), R(by,db, dy), R(by,ds,dt), for i =1,2.
There is a ™ € G?I} that swaps by and by and takes {Cy,Cs} to {D1, Da}. Recall
that flowers are given by maps that fix B pointwise. Note C; and D; are in the
same orbit under Gy, but not G.

There are two flowers: {C1,Ca} over (by,bs) and {D;, D3} over (ba,b1). (They
are distinct because by occurs in two relations in the D; and one in the C;.)

4.4. Gpy: elimination of imaginaries fails

Context We showed that dcl*(I) = 0 and so sdcl*(I) = (), provided that p
triples:  p(C/B) = 3 for 6(B) = 2 with |C| > 1. So T,L does not admit elimination
of imaginaries. Now we are going to show that the symmetric sdcl*(I) is empty for
any p satisfying Hrushovski’s original conditions and so elimination of imaginaries
fails. That is, we now omit the adequacy hypothesis that governed Section 4.1.
There may now be definable truly binary functions but elimination of imaginaries
still fails. The innovation is to consider the action of Gy, rather than Gy, sdcl
rather than dcl.

Recall that in Example 4.2.1 d(Gr(a1)) = 1, since Gyr(a1) = {a1}. The sit-
uation differs when we consider Gyy. In this case, working in a Gyj;-normal
set, Gyny(a1) = {a1,a2}, so, d(Gyry(a1)) = 2. Similarly, while az is in dcl(1),
sdel(I) = (0. In general, the Gj-invariant set generated by a set U is contained in
the Gy)-invariant set U generates.

While in the proof of Theorem 4.1.2 we showed dim,,, for m > 1, here we shall
prove sdim,, for m > 0. Allowing m = 0 has a crucial role for application of
Claim 4.4.13 in the proof of Theorem 4.4.1, showing any G|j-invariant subset
of A2 is safe. In Example 4.2.1 one can see the difference between a flower and
a bouquet and how the notion of bouquet works for the proof of Theorem 4.4.1
(Remark 4.2.2(3)—(5)).

Theorem 4.4.1. If Tu is as in Definition 0.1, then there is no symmetric -
definable truly n-ary function for v > 2, i.e., sdel*(I) = 0 for any v-element inde-
pendent set I. That is, there is no O-definable truly n-ary function whose value does
not depend on the order of the arguments. Thus, Tu does not admit elimination of
imaginaries. (See Theorem 2.13.)

As a corollary, we obtain that sdcl(J) = |, ;sdcl(a) for any independent set J.
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In contrast to Section 4.1, we work now with a global induction on the height
mgo of Gry-decompositions of finite, G(rj-invariant subsets 2l of acl(l) with I C
2A < M. We show for each mg, for all such decompositions of height mg, for all
m < my, sdim,, holds. While we analyze a specific G{j3-normal 2 containing [
and a Gry-decomposition of 2 into strata 2A™ as in Section 3, the contradiction will
result in most involved case a second normal subset of M. The analysis takes into
account that the resulting 2(" are now G y-invariant. For this we need to introduce
the induction hypothesis in Lemma 4.4.3 on the dimension of G'jj-invariant sets.

Definition 4.4.2 (Safe). Let X be contained in a finite G¢ry-invariant set 2. We
say X is safe if d(E) > 2 for any Gpy-invariant set E C X that is not a subset of
acl(().

The G 1y-decomposition A™ of & satisfies sdimy, if every Gy -invariant subset
of A™ is safe.

In addition to changing the group, the requirement E ¢ 2A° has been replaced
by E ¢ acl(0). So, the main differences between Theorem 4.1.2 and Theorem 4.4.1
are the following:

e There may be cases where A??,jl is Gyry-invariant, because there is no
longer the restriction that x(C/B) > 3 (In Example 3.13, Figure 4, A7 | is
G ry-invariant);

e Different A??fl may be shown safe for different reasons. (Lemma 4.4.10)

e For any e € 2 — acl(P), d(G(e)) may be 1, but we show d(Gs}(e)) > 2.

Note that X is Gjj-invariant implies X is Gr-invariant. Analogously to Nota-
tion 3.16 we write sﬁ}"“ for the number of images under Gy of A;-”H that do not
intersect A™. Since G5, 2 Gy, SK;-"‘H > €?+1. Results from Section 4.1 for Gy
decompositions do not automatically extend. We will now prove sdim,,, holds not
by a dual induction but by distinct arguments depending on whether move,,, holds
at a given stage, which requires an even more global induction on all G-normal
decompositions rather that the length of a fixed decomposition. The main lemma
becomes:

Lemma 4.4.3. Let T be as in Theorem 4.4.1. Then for every finite G-normal
A Cacl() and every G{I} -decomposition (A : i < m3') of A:

for every m < mg sdim,,, holds of 2.

Theorem 4.4.1 follows from Lemma 4.4.3, because if there were a u € sdcl(1),
then Gy (u) = {u} and so d(G)(u)) < 6(Gypy(u)) = 1.

We cannot prove that every A;n,:r !is moved by Gyry (Remark 4.2.2). Rather, we
show that if A;”,jl is G{ry-invariant then each s € A;’f,jl satisfies dim(Gpy(s)) > 2.
If umﬂ = 2 (recall that ,um+1 = M(AmH/BmH)) the argument turns out to be
a short argument (Lemma 4.4.8). So we assume below that um+1 3. The
global induction for Theorem 4.4.1 obtains from a failure of Sdlmm+1 another G-
invariant set A* = Am~! UAmj The height of A* is m, but Am1 contains an element
¢’ such that d(G{ ry(e)) < 1, which violates the inductive hypothesis, sdim,,, for
2*. However, 21* need not be contained in 2.

The proof is a lengthy induction. We start with the following claim which is
blatantly false for G.
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Claim 4.4.4. The statement sdimg holds: every G r-invariant subset of 2A° has
dimension at least 2 provided that this set is not a subset of acl(().

Proof. Without loss, since e € acl(0) implies d(Gyp(e)) = 0, let e € A° \ acl(0).
Then, since d(e) < 1, e € acl(ay) Uacl(ag) U--- U acl(a,), say, e € acl(ay). Since
e € acl(aq) \ acl(@), we obtain a; € acl(e).

Let g; € G{I} be such that g;(a1) = a;. Such a g; exists because the a; are
independent and strong minimality implies there is a unique non-algebraic type
over the empty set. Then a; € acl(g;(e)). Thus {a1,as,...,a,} C acl({gi(e) : ¢ =
1,...,v}) Cacl(Gyry(e)). So, d(Gyn(e)) =v > 2. |

By Lemma 4.1.4 (the inductive step, ‘moves,, implies dim,,, from Section 4.1)
applied to a G{ry-decomposition, when A;’:‘fl moves, we have:

Clai;n 4.4.5. Ifm > 1 and A;’ffl is not G ry-invariant, sdim,, implies G{I}(A;{li+1)
18 safe.

This is the first divide; it tells us two things. 1) We can prove sdim,, 1 by
showing individual G (;;-invariant petals are safe (Definition 4.4.2) and 2) sdim; is
true as in Corollary 4.1.5.

For the remainder of Section 4.4 we assume sdim,, holds for each G 1y-normal

2. We show that for any such 2L, any G -invariant A;"H'l is safe.

K3

We now establish some tools used below as well as show in Claim 4.4.8 that for
each m > 1 and for Gyy-invariant A7, sdim,, and /"' = 2 imply A7, is safe.
In order to explain the main idea of the rest of the proof we review Example 3.13,
Figure 4, where Ail is Gyry-invariant. Clearly, there is an isomorphism pg of
A% to Oy = {a1,a2} = I over Bf = {by,by}. Since we put I < M, we have
B? < M, so pg can be extended to an automorphism p of M. Thus, we have found
an automorphism which takes the Gr}-invariant petal Ail into 2A'. Moreover,
p(A?)) = C}, = I is obviously Gypj-invariant. Thus, A%, has a Gjj-invariant
copy inside 2A' and by the inductive hypothesis, sdim;, this copy is safe. Now
the key points are Observation 4.4.7 and Lemma 4.4.8, which allow the transfer of
safeness of p(A} ) to A?,. In general, given a G{j-invariant petal A7, we find
an automorphism p and prove that p takes A;”f' L into A™ or possibly into another
G-normal set A™ of height m. We show that p(A;'ff' Y is G(1y-invariant and then by
the induction hypothesis is safe. Finally, we apply Lemma 4.4.8 to show that A;”fr !
is safe. Finding p is easy, showing that p(A;-’ffrl) is in a G-normal set of height m
is quite simple in Lemmas 4.4.12 and 4.4.20, but is more difficult in Lemma 4.4.24.
Much of the argument, including Subsection 4.3, is aimed at proving that p(A;’:‘f H
is G{yy-invariant.

Notation 4.4.6. FEatending Notation 3.20 we write A and B for A;’fiﬂ,B;nH,

C represents a Cﬁ;l for arbitrary q, where C’Z‘qﬂ forqg=1,...,v = ,u}"“ -1
list the isomorphic over B copies of A??frl in A that are subsets of A™. We may
write C1, ..., C¥, when the stratum m and j are fized. Recall that i abbreviates
(A5 ,/Bj).

We state the next observation for G as G or Gy to emphasize it holds for
either group. Our application will be to Gy;.
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Observation 4.4.7. Consider the action of G on M. Suppose A and C are G-
invariant subsets of A < M with AN™A™ =0 and C C A™, and p is an automor-
phism of M that takes A onto C. If for an arbitrary o € G,

(¥) GMA™UA) =aA" U (p 1 CoalC o plA).

extends to an element (also denoted &) of G then p~! injects each orbit of G on C

into an orbit of G on A as follows. For any e € A and «; if a(p(e)) =€ € C then
ale) = p~L(a(p(e))) = p~L(e') defines an injection from the G-orbit of p(e) to that
of e. Consequently, the image p(X) of any G-invariant subset X of A is a union
of G-orbits and hence G-invariant.

Part 1) of Lemma 4.4.8 tells us that the special case where §(B) = 2 we can
extend an isomorphism p from A to C to an automorphism of M and then deduce
the safety of A from the safety of C. Part 2) asserts that the deduction of safety is
fine provided p extends to an automorphism. A major task in this section will be
establishing that p has such an extension.

Lemma 4.4.8. Let A = A;’ff‘l be Gry-invariant and

(1) p an isomorphism fizing B = B;”H pointwise and taking A}’Tfl toC CA™.
(a) If C is Gpy-invariant and there is an automorphism o/ € Gy moving
p(e) to €' for some e € A;-’?fl, e/ € C, then there exists & € Gp
moving e to p~1(e'). So, if C is safe so is A;'ffl.
(b) In particular, if A;’ffl is G{ry-invariant, sdim,, holds, and M?”‘l =2,
then d(G11(s)) = 2 for each s € A;”‘fl.
(2) More generally, let A = A;’f{"l be Gry-invariant and p is an automorphism
of M moving B = B]m“ inside A™ and taking A;'ffrl to a Gyry-invariant
D= p(A;-’?frl) with D CA™. Then if D is safe so is A;’:‘fl.

Proof. 1a) We must show that the & on A™ U A defined at (*) in Observation 4.4.7
extends to an element of G;}. Note & is well-defined on 2™ U A, since p fixes B
pointwise and C is fixed setwise by a. Since R(A,2A™) = R(A, B) (Definition 1.2.1)
and p is a B-isomorphism from A to C, &[21" U A is an automorphism of 2A™ U A.
And, since A™ U A < M, & extends to the required map in Gyy.

1b) Since B C acl() but B € acl(@), sdim,,, and the conditions on p (in
Definition 1.1.7) imply 2 < d(B) < §(B) < 2. Thus, B < M and p extends to an
automorphism of M. Note that all petals over B are disjoint, because B < M, so

the total number of petals that are isomorphic to A over B is equal to u;’”’l =2,

namely, they are A and C. Since A = A;':‘f'l is G (y)-invariant, B;”H is Gyp)-
invariant. Now we prove that C' is G{y-invariant. By Lemma 4.3.5 the bouquet
on A;”fr 1/ B;”H is equal to the flower on A;”fr t B;-”H and has only two elements.
The global Gy;-isomorphism p guarantees the same holds for C'. Consequently,
Gy fixes each of A, B, C setwise. By la) p~1IC induces a G'{1y-isomorphism
from G¢p(e) into Gyry(p(e)). The induction hypothesis gives d(Gy(c)) = 2 for
any c € C, e.g., p(e); so d(Gyp(e)) = 2.
2) Let a € Gyyy fix D setwise. Now consider

Ql(A™UA) = 2™ U (p ' [DoalDoplA).

& is well-defined and fixes I as in case la). Since R(A,A™) = R(A, B) and p is
an isomorphism of BA to p(B)D, p(A) is good over p(B). But since A™ < M,
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this implies R(p(A),A™) = R(p(A), p(B)). So, &A™ U A is an automorphism of
2™ U A. And, since A™ U A < M, & extends to the required map in Gyry. By
Observation 4.4.7 and since p is an automorphism, if D is safe, so is A. [

The following notation will be used to study the relationship between a G}-
invariant set and the set it determines (Definition 3.18). If pu(A/B) > 3 we will
have the following situation.

Notation 4.4.9. We extend Notation 4.4.6 to consider two levels. We will let ®
range over subsets of the G-decomposable ; in applications they will usually be
initial segments of the decomposition. Let A, B denote a good pair well-placed by
D < M such that A is Gyry-invariant. C denotes an arbitrary petal of the flower
of A/B. We write A, B,® for a similar triple determined (Definition 3.18) by the
first.

Here is the way in which this situation arises. Suppose a G{jj-invariant Am"’1
with base BJerl determines A7%. Then each of the C’m'"1 intersects A7. When
Al is also Gjj-invariant, then we get a new 1terat10n We call the first level
A, B,C and the second A, B, C. Similarly © and D refer to (are instantiated as)
2A™ and A™~!. We introduce this notation to avoid the distraction of the multiple
super/sub scripts and focus on certain relationships which will appear several times
in the sequel. In the crucial case where ju(A/B) = 2, we will be able to extend the
partial isomorphism p over B taking A to its unique copy p(A) C C D to an
automorphism of M also called p.

At this stage we must invoke our induction hypothesis.

Lemma 4.4.10. Suppose A satisfies sdim,,.
(1) A}’ffl is safe if either
(a) A}T‘l is not G ¢ry-invariant or
(b) A;"f' is Gy -invariant and ,um+1 =2.
(2) If A"H'1 is G(ry-invariant, |Am+1| > 1 and um"'l > 3 then Am'"1 deter-
mines Aj"y for somei. Moreover, B} HOA . # 0 and By = Berl Al C
acl(().

Proof. Case 1) follows from Lemmas 4.4.5 and 4.4.8.1a. For Case 2), since |A;"1+1| >
1 the hypotheses of Lemma 3.22 hold, we may apply Lemma 3.21 and then Lemma 3.23.
Thus, §(By) < 1. Since A™ witnesses 2 satisfies sdim,,, and By — acl(f) is
G(n-invariant, if B, — acl(()) were nonempty it would have dimension 2. Thus,
By C acl(D). [

Claim 4.4.12.1 shows a stronger form of case 2) (B; = ()) when |Am1+1\ =1

=2
be a partzal zsomorphzsm over B from A to its unique copy p(A ) C CD. Then
p(B) is Gry-invariant.

Proof. By Lemma 4.4.8.1b, p extends to an automorphism of M. Suppose m € Gy
fixes B setwise. By Lemma 4.4.10.2, B C A U (acl(#) N2A°)) and so

p(B) C p(AU (acl(®) NA°)) = C U (acl(B) N A°).
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Obviously, p(B Macl(@)) = B N acl(p) is Gy j-invariant, because B is G-
invariant. By Lemma 4.4.10.2, B — acl(§) = BN A7} is G j-invariant. We know
that both A and C are Gry-invariant, and that p(B N A) € C. Assume for
contradiction that p(BN A) is not Gyry-invariant, witnessed by 7 € Gy such that

(p(BNA)) # p(BN A).

Then we put
=A™ U (p omop)lA

Obviously, 7 can be extended to an automorphism of M and 7(B N fl) £ BNA,
contradicting G j-invariance of B. [

We continue to rely on our induction hypothesis, sdim,,; we show a G-
invariant A;”fr ! with only one element determines an ATy with at least two elements
and 'um

i

> 3. Parts 2) and 3) foreshadow the main argument below.

Claim 4.4.12. Assume sdim,,. If |A’]”1+1| =1 and is G{y-invariant then
(1) B = B;"‘+1 < M, and each C* = C™ K s contained in A7 U B* and
A?}f’l determines Al for some i.
(2) Moreover, ,u;”H > 3;
(3) and pj* > 3.

Proof. 1) Lemma 3.19.1 asserts A;”f” ! = {e} determines some A7 for some 4 and
by sdim,,, Lemma 3.19.2 yields B C AT%. By sdim,, again, d(B) = 6(B) = 2; so
B < M. Since B C A7 has relations in A™ only with elements of A" and its base
B! and each C* is a singleton, each C* C Al U BT

2) Assume to the contrary that u}"“ = 2. By Lemma 4.3.5.2, A??fl, B}"H,
and C}f‘lﬂ are G(yy-invariant. Since C’Zﬁ“ C A™ and is Gyy-invariant, C;ﬁ“ is
safe by induction. But \C’}tLl+1| =1, so C’J’f’f{|r1 = {c}. Then d(G{p(c)) = d({c}) <
d({c}) =1, for a contradiction.

3) Assume to the contrary that p!® = 2. Using the notation and result of
Lemma 4.4.11, we are given a partial isomorphism p taking A% to C7} C -t
Moreover, Am,BZ”,Cﬁ,p(Affrl) are all Gypy-invariant. By sdim,,, d(Bj") > 2
and so 2 < 6(B") < pi* =2 and AT is a O-primitive extension of B}"; thus, B]" U
A, < M. So p can be extended to an automorphism p of M. The automorphism
0 is not in Gy as it doesn’t respect strata. Indeed, it may not fix A setwise.

Clearly, p(B), p(C"), ..., p(C¥) C p(A7, UB™) = Cf U B €A™~ Since
B < M, p(B) < M so by Lemma 3.7 u(p(B), p(C")) = u(B, AJ5™) = v+ 1, so
[’)(AT{H) ={e¢'} isa (v + 1)th copy of p(C') over p(B). Note that ﬁ(ATl'H) is the
unique such copy which is not in C77j.

As CT" is Gypy-invariant, by the ‘consequently’ of Observation 4.4.7, p(B) is
a Gyry-invariant set and so is {p(C"),...,p(C”)}. By Lemma 4.3.5 the bouquet
of A}’ff t B;”“ consists of one flower. Again by Observation 4.4.7, the bouquet
of ﬁ(A;f‘rl)/[)(B;”H) consists of one flower {ﬁ(Cl),...,ﬁ(CV),ﬁ(Ag’?frl)}. Since
p(Ch), ..., p(C¥) are in the Gypy-invariant set CJ, ﬁ(A;"lﬂ) is a G(py-invariant
set, because it is disjoint from C77j. Thus, €’ as a unique element of ﬁ(A;'}f ), is
fixed by G{I}.
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If [)(Ag'ff’ 1) C 2, by the definition of decomposition it is contained in A™ < M.
But this means e’ € sdcl*(I) contradicting the induction assumption that A satisfies
sdim,,,, since G{71(e') = {€'}, implies that

d(Gny(e) =d({e'}) <o({e'}) = 1.
The final possibility is that [)(Ag'ff’ 1y € M—2. Now we use our ‘global induction’.
Let 2 = A1 U {e'}. Then A < M (since 5({e'}/p(B)) = 0) and 2 is G{s}-
invariant. Thus 2 admits a decomposition of height m and {e'} = 12171’}1. But

Gin(e¢') = {€'} contradicting the inductive hypothesis that sdim,, hold for all
decompositions. [

The argument for Lemma 4.4.12.3 shows the main idea of the proof of (Lem-
mas 4.4.20, 4.4.24) for m > 2. We cut an intermediate strata out, preserving the
top, in order to obtain a counterexample with smaller height. There are three pos-
sibilities for AZL;FI: item 1) of Lemma 4.4.10 details that we have finished the proof
for two of them and item 2) specifies the conditions for further analysis.

So we need only study case 2 of Lemma 4.4.10. We describe the case m + 1 = 2
to illuminate a major issue in the remainder of the proof.

Claim 4.4.13. Assume that A?)l is G(1y-invariant, then u? =2 and Ail 15 safe.

Proof. If some A3, is Gp-invariant and p3 > 3, Claim 4.4.10.2 gives that Aj;
is Gyy-invariant for some 4; this contradicts Lemma 3.11 (moves;). So, ,u? < 2.
Since 6(B) > d(B) > 2 by sdim;, we obtain that p = 2 and sdimy follows from
Lemma 4.4.8. [

The difficulty is that this argument depended on every Ajlﬂ- being moved; not
merely being safe. In order to deal with this, we introduce a new system of indexing
which is expounded more fully in Notation 4.4.21. Note that a G r-invariant

(_ .
A engenders by Lemma 3.23 a decreasing sequence of G(y-invariant petals A°

such that A% determines A**! which continues as long as ¢ = MCZ%/WZ) > 3.
However, we know that no petal A}, is Gyp-invariant. So this sequence must
terminate with an s < m — 1 such that <ﬁs = 2. We begin the study of such
sequences with the case <E1 = 2, where the chain has only two levels: The nezt five
Lemmas, 4.4.14 through 4.4.20, complete the proof when p;* = 2. We apply the

technical Lemma 4.4.14 in the proof of Lemmas 4.4.15 and 4.4.16.

Lemma 4.4.14. Let D,E C, M satisfy 6(D) = 0; then 6(D/E) < 0. Thus, if
E < M then §(D/E) = 0.

Proof. Monotonicity of § implies the first inequality
5(D/E)<4é6(D/END)=6(D)—6(END)=—-6(END) <0
and the second equality holds since any subset of M has non-negative dimension. =

Lemma 4.4.20, Claim 4.4.17, Lemma 4.4.23 and Lemma 4.4.24 rely indirectly
on the following ostensibly technical claim about the location of A, with A in
Claim 4.4.15 getting different interpretations. It is the crucial point that allows us
to anchor (Definition 4.4.21.4) our inductive analysis in acl(f) U B where B is the
base of good pair rather than the 2., where the sequence in Definition 4.4.21 stops.
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Claim 4.4.15. Let A and B be disjoint finite subsets of M, with A good over B
and §(B) = d(B) > 1. Then ANacl(0) = 0.

Proof. Let d € Anacl() and D = icl(d). Then (D) = 0. Suppose for contradiction
that D C A. Since B < M, Lemma 4.4.14 implies 0 < 6(D/B) < 6(D/0) = 0;
this contradicts the definition of a good pair, as D must equal A and then, since
0(A) —6(D) =0, A is O-primitive over (} C B.

Let Dg = DN B and D; = DN (BUA). Since, D, B and BU A are all strong in
M, so are Dy and D;. So, (D) = 0 implies §(Dy) = §(D1) = 0. By Lemma 4.4.14
0 = §(D1/B). Repeating the reasoning of the first paragraph with D; playing the
role of D, we obtain the same contradiction; so, A is O-primitive over 0. [

Lemma 4.4.16. Suppose u}”“ >3, A;’ffl is Gy -invariant and determines A7 .

Then C™th4 C ATy Uic(B]") for each q with 1 < q < vyt e C’_T+1’q C
icl(BI™).
Proof. Let B denote B;”H, B denote B, A denote ATy We write C, for a fixed
but arbitrary ¢, C = C™*t14, and C_ = ™17 = (C™+ha — Qm=1). First we
show C_ = C™+ha (U™ — ™™= 1) is contained in A.

Assume that C_ intersects some other petal A’ on strata m. By monotonicity
and since C' is O-primitive over B, taking into account BUC C A™,

(x) s((CNAY/A™ —A) <s(CnA)/(BU(C—A"))) <.
But, also
(x%) S((CNAY/A™ - A =6(CnA)/A™ ) > 0.

(**) holds because R(A’,A™ — A’) = R(A’,2A™~1) as all petals in A™ — A1
are fully independent over A™~! and because A™~! < M. But (*) and (**) are
contradictory, so C_ C A’»’fl = A.

7

Our goal is to show C’_Tﬂ’q C icl(B), where B = B™. So, suppose for contra-
diction that for some ¢ with 1 < ¢ < v™*! where v™+! = p™*! — 1, and with
Cy = O7Hh = omHha N =1 we have Cy — icl(B) # 0. Since C/B is a good
pair and C' = (Cy. —icl(B)) U (Cy Nicl(B)) U C_:

9) 0>46((Cy —icl(B))/BUC_U (Cy Nicl(B))).
Claim 4.4.17. Let By = icl(B). Inequality (9) simplifies to:

(10) 6((Cy —icl(B))/BUC_U(Cy Nicl(B))) = §(Cy —icl(B)/B U(Cy Nicl(B)))

and

(11) 0> §(Cy —icl(B)/By U (Cy Nicl(B)))

Proof. Since B_UC_ C A;’fl, each relation between B_UC_ and 2A™~1! is a relation

on B_UC_ as a subset of A and the base, B, of A. So we can delete B_UC_ from

the base of Equation (9) and obtain Equation (10). By Lemma 3.23 §(B) < 1.

Then Lemma 4.4.10.2 implies that B C acl(()), so §(B+) = d(icl(B+)) = 0. By

Claim 4.4.15, C' Nacl(()) = 0, then Cy N By = 0. Monotonicity of § implies that
§(C4 —icl(B)/By U (C4 Nicl(B))) > 6(Cy —icl(B) /B, U (Cy Nicl(B)))

The last inequality and inequality (9) yield inequality (11). ]
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Remark 4.4.18. In the special case that By = 0, the Lemma 4.4.16 is easy. By
monotonicity of 6 and by icl(B) < M we obtain

§(Cy —icl(B)/Cy Nicl(B)) > 6(Cy — icl(B)/icl(B)) > 0
The last contradicts (9).

Verification of Equation (9) in the general situation of Claim 4.4.17 requires a
further technical calculation.

More generally, we only know from the proof of Claim 4.4.17 that §(B.) = 0 so
we must consider more carefully the connections of C'; and B .

We apply the identity (6(X/Y U Z) = §(X UY/Z) — 6(Y/Z)) by putting X =
Cy —icl(B), Y = (By —icl(B)), and Z = (B4 Nicl(B)) U (C4 Nicl(B)) = (B4 U
Cy)Nicl(B). Thinking of B as (B4 —icl(B))U (B, Nicl(B)), we rewrite the right
hand side of (10) as follows:

(12) §(Cy —icl(B)/B U (Cy Nicl(B))) =
(13) =6((Cy —icl(B) U (B4 —icl(B ))/ (Cy UBy) Nicl(B)) —
(14) —0(B; —icl(B)/(Cy UBy) Nicl(B)).

Now we show the subtracted term, §(Y/Z) (Line (14)) is 0. We apply mono-
tonicity of ¢ in Line (15) and Lemma 4.4.14 in Line (16).

(15) 6(By —icl(B)/(Cy UBL)Nicl(B)) < §(B; —icl(B) /B+ Nicl(B)) =
(16) — 6(B4/By Nicl(B)) < 0
On the other hand, applying monotonicity of § and icl(B) < M we obtain
§(B4 —icl(B)/(Cy UBL) Nicl(B)) > §(B, —icl(B)/icl(B)) > 0

So, Line (14) is 0. By Line (10) and Claim 4.4.17, Line (12) is negative, so Line (13)
is negative, too. Below we sequentially apply the distributive law, monotonicity of
§ and icl(B) < M to Line (13).

5((Cy —icl(B)) U (B4 —icl(B))/(Cy UBL) Nicl(B)) =
=6((CL UBy) —icl(B)/(Cy UBL) Nicl(B)) >
> 6((Cy UBy) —icl(B) /icl(B)) > 0

The contradiction obtained with Equation (9) completes the proof of Lemma 4.4.16.
]

We avoid the subscripts and isolate in Lemma 4.4.19 the connections imposed
by determination, which drive the proof, and to emphasize that these results do
not require any inductive hypotheses.

In combination with Lemma 4.4.15 (which is used in Lemma 4.4.20), Claim 4.4.17,
Lemma 4.4.23 and Lemma 4.4.24, we now extend Lemma 4.4.11 from petals to flow-
ers. While this larger set being G-invariant is a priori weaker, we recover the result
for petals by a substantial induction.

Lemma 4.4.19. Let A be well-placed over ® by B and A be well-placed over® <D

by B. Further suppose that A is G{1y-invariant, A determines A, and u(A/B) = 2.
Further, let A,C*,...C" list the (by Lemma 4.3.5) flower associated with A/B. Let

p be a partial zsomorphzsm from A over B to its unique copy C CD. Then
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(1) p extends to an automorphism of M.
(2) there is a unique Gyp-invariant flower over p(C)/p(B) and p(A) is G-
tnvariant.

Proof. i) In fact, we will make the extension of p fix acl(@) N A°. Let Wy = (A°N
acl(§))UBU A) and W = (2° Nacl(0)) UBUC) C ©. Then, by Claim 4.4.15, with
C = p(A) playing the role of A, C'Nacl(f) = 0. Now, since u(A/B) =2, A and C
are isomorphic by p not only over B but over Wy = (A° Nacl(§)) U B. (We know
R(A,®) = R(A, B). So if the isomorphism is not over (A° Nacl(f)) U B, there is a
relation between €' and (A° N acl(§)) — B. But then §((A° Nacl(9))/C U B) < 0,
contradicting CUB < M.) Note that Wy < M because

2=d(B) <d(BU®°nacl(0))) < §(BURA° Nacl()))
< 3(B) = 8(BNA° Nacl(0)) + 6(A° Nacl(P) =2 —0+0 =2

We obtain the first zero because B N2A° Nacl(h) < M.
As Wy, < M, p extends to an automorphism of M fixing W, also denoted p.
ii) By Lemma 4.4.11, p(B) is Gy-invariant. Suppose m € Gy, and so fixes B

setwise. By Lemma 3.23.A, B C A U (acl(0) NA°)) and so
p(B) C p(AU (acl(®) N2A°)) = C U (acl(0) N A°).
Put R R . R
= 2IDU (71 1C) o (r16) o (ol A).

Since ® U A < M, we can extend # to n/ € G(ny- By Lemma 4.3.5, there is a
unique flower F over A/B. 7' maps it to a flower p(F) over p(C)/p(B), which
must also be unique. As, 7'~1 of a second flower over p(C)/p(B) would contradict
the uniqueness of F.

Since A,Ct,...C" enumerate the G(n-invariant flower F, its Grj-invariant-
image (by Lemma 4.3.5.2) under p is {p(A), p(C1),...p(C¥)}. Since B < M,
Lemma 4.4.16 implies all the C'7 C C UB. But then, since 7 fixes both B= B
and C (since u(A/B) = 2), each p(C?) is contained in C'UB which is G ry-invariant
and p(A) N (CUB) = 0. So p(A) is Gry-invariant as the complement within the
G y-invariant flower p(F) of the set of the p(C?) that are contained in CUB. =

We continue the inductive proof of sdim,, for all m < mg. The idea is similar
to Claim 4.1.6.2, where with |A”"!| = 1 we have constructed 2, a counterexample

3,1
with smaller decomposition height, but the situation is more complicated. We have
reduced to the case where u;”H > 3 and some for m’ < m, p?* = 2. Building

on Lemma 4.4.11, we first consider the special case when u* = 2. Note that by
Lemma 4.4.12.3 the hypothesis |A;n1+1| > 1 is essential.

Claim 4.4.20. Suppose A;?l"'l is G(py-invariant, determines Ay, and in addition
that \A;"f'l| > 1 and p* = 2. Then, A;-rffrl is safe.

Proof. Recall that we are doing a global induction to show 2l satisfies sdim. The
next constructions will allow us to show A;”l"’ ! is safe by finding an isomorphic copy
of it with lower height.

Lemma 3.23 and Lemma 4.4.10 imply that since A;nfr ! is not a singleton and is

G ry-invariant, ,u}"“ > 3 implies B;”'H C A7 U (acl(P) N 2A°). By Lemma 4.4.11
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the bouquet of A7, over B]" is G(jy-invariant. Since both A;”f“ L and ATy are Gpy-
invariant, Lemma 4.3.5 implies the bouquets of A;”l'*' L over B;"'H and of A7 over
B are each Gpj-invariant. The second of these consists of two petals: A7 and
C™1. Since the bouquet and A" are G(y-invariant so is cml,

We now apply Lemma 4.4.19, taking A as A;’ffl, A as A, B as B;”Jrl, B as
B™, C* as C’J’»ZH, C as C™! D as A™ ! and p as constructed in Lemma 4.4.19
to conclude: p(B;"H) is G (ry-invariant, the flower over p(C)/B is G (1y-invariant,
and p(A) is Gy invariant.

Using the notation of Lemma 4.4.19 and Claim 4.4.20, we illustrate the location
of p(B}"'H) = p(B) and p(C’}?jl) = p(C%), for x = 1,2, in Diagram 8. So,
p(B) = B, Up(B_). We denote p(B_) by B_ in Figure 8. As in Figure 5 we draw
only two petals A]"y and A7 from A™ and A;”f' ! from A+, While, for simplicity,
B™ C 2A™~1 is omitted from the diagram, we clarify its properties. Since B!" is
G1y-invariant and is safe by sdim,,, general properties of the construction yield

2 < d(B") < 8(BJ") < (AT /BI) = 2.
This implies Bj* < M and B]" = icl(B}"). Lemma 4.4.16 implies, writing C7 for
CJT-’”I+1 NA™1, that C* C A7y Uicl(Bj™); more precisely, CY C icl(Bj*) = Bj" and
C2 C ATy, Since p fixes B]" pointwise, p(C*) = p(CT U CZ) = CF U p(CZ). We
denote p(C*) by ce. By construction, p moves A to C™!. So, any subset of
A7 is moved to C™1 in particular C*.

Obviously, p(B), p(C1), and p(C?) are subsets of A™~1, so the third petal over
p(B) will be on at most m-th strata of some G;;-normal set, as we show it below.

Cm,l AT2_1
e oz e
LT —
I I
I I
PR —
b~
L CL 1 1 1
I t C ct C m
LTI + A= AT
app? Apy
Q[O Q[m72 Q[mfl Qm Q[m+1

F1GURE 8. Illustrating Claim 4.4.20

In Figure 8 we abbreviate as follows: A = A;{’fl, B = B}"H, cr = gmthe
C* = p(C™™") and B_ = p(B_).

Clearly xar(p(ATS1)/p(BI+) < pi+! = p(AT /BT, The p(Cm+ia)
gives us u}”“ — 1 witnesses. Since p(B™th4) C Am~t < M, p(AZlfrl) cannot
split over A"~ (Definition 3.6). Similarly 20 < M implies p(A;nfr 1) cannot split
over 21~ 1. We now have three cases depending on the exact location of p(A}Tff' b.
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Case 1. p(A75) € A~ Immediately, the induction hypothesis sdim, (in
fact, sdim,,_1) implies p(A;f’ff'l) is safe.

To complete the proof, we show an extension of Lemma 4.4.8.

Case 2: p(A;»’,Lf'l) C 2 and p(Afrl) NA™=L = @: Since A1 < M, we must
have 6(,0(14;7?1)/2[”1*1) = 0. But (p(A;f‘f'l)/p(BJmH)) is a good pair. We know
(B;”HL C A7Y so (p(B;-”H)), ccmt CAm~t And (p(BTH))+ C A% So
p(BI"*1) € &A™~ Since 2 is Gyyy-normal and p(A74™) is well-placed by p(B)
over A™~! the construction places p(A;',Lfrl) in A™. So by sdim,,, p(AZ‘f‘l) is safe.

Case 3. p(ATf’l) C M —2: Then we put A™ = "1 Up(A}T'l). Note that 2A™
is a G{ry-normal with height m. Applying the global induction hypothesis sdim,,
to A™, we see p(A;-'ffl) is safe.

Thus, in each case p(A??frl) is safe. So, by Lemma 4.4.8.3, A;’ffl is safe. ]

We have finished if the descending sequence described before Lemma 4.4.14 stops
immediately; we now consider the alternative. Because ‘A;’ff ! determines Al pro-
duces a decreasing chain of complicated sub/superscripts, we introduce a notation
for a descending sequence, which is relative to a given Gy-invariant petal Ag’ff‘ L
and describes the ‘root’ below A;"f' ! that controls its intersection with sdcl*(I). Re-
call that capital Roman letters (A4, B) denote petals, while script letters 2 denote

initial segments of a tree-decomposition.

Definition 4.4.21. [Determined Sequences] We write T(A) for the petal deter-
mined (Definition 3.18) by A. Then Y*(A) denotes the kth iteration of this opera-
tion.

(1) As usual, A™ =, <, DL
o & — —
(2) Fiz A°, At such that A° = A??fl determines T(A°) =
%
nition 3.18). For fized q, C%4 = C™+14, Bo — B;”Jrl.

The crucial inductive definition is

—_— {T(Z’m if u(A*, B*) > 3

(_
Al = A7 (Defi-

A
%
stop, if u(A%, BY) =2
%
So, AF = A;Z"[l_k for some ty for each k < s. Increment indices
’ e

for B,C,u in the same way. E.g. C®9 is Cjﬁzqﬂfk in the notation for

decompositions.

(8) The order of A0 = A’-’ffrl is the least index s such that u(zs, ES) =2.

(4) Suppose the 07367" of A® is s. We work from the bottom to define the root
that supports A°.

Wit = (20 N acl(0)) U B*.
For k < s, we define Wy, by downward induction.
Wi = Wi U A5 U U AF = Wiy U AR C Ok,

Recall that increasing the superscript of an H moveg to lower strata. Since we
are analyzing A;-'ff'l, for any k < m 41, A0 = A7+ AF+1 g the initial segment
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%
preceding A* in the original decomposition. In particular,
%
le-&-l — mm+1—(s+1) — QM= — U Q[k
k<m—s
Also, the Ok — C’m+1 ka Sk are isomorphic over B coples of A*.
Since M(AS,ES) =2 and § is safe, 2 < d(§ ) < 5(§ ) < ,U,(AS ES) =2. So

the next lemma is easy.

Lemma 4.4.22. Suppose the sequence (Zk :0 < k < s) stops with M(Zs/%s) =
then 6(Wy) = 2 for each k < s+ 1.

Proof. Since Wyy1 = (2A° N acl(0)) U B < M and 5(%5) =2, i(Wsq1) = 2.
Then we can finish by induction, because at each step we consider a 0-primitive
extension. -

Lemma 4.4.23. Suppose the sequence <<Zk :0 < k < s) stops with M(Zs/ﬁs) =2
then
(1) each Wi, < M and is G-invariant;
Yol 20 /50
(2) C*1 C Wiy for everyqe {1,...,u(A°/B") —1}.

%
Proof. 1) To start the induction, note %5 < M since p( AS/§S = 2. Gp-
invariance follows from the deﬁnltlon of determined, noting that AF is G(n-

invariant by Lemma 3.23 as M(Ak Lu( %k 1Y > 3. But each Wy1 < W since all
have dimension 2.

2) By Lemma 4.4.16, for each k < Z"/%k Cha C Ak Uicl(§k+1).
Since each %k“ C W, < M, this 1mphes Ck’q C Wii1- [ |

Having dealt with the case pi* = 2, we consider the general case of Lemma 4.4.20.

The key difficulty is that we cannot deduce p(B) is G{}-invariant in one step as in
%

Lemma 4.4.11. We have a sequence that stops W(Eh an A(S_such that (A S/E =2

so that there is an automorphism p mapping A® into C*. With this p fixed we

argue inductively that each A* for s > k > 0 is safe.
But, we must perform a dual induction with the proof that p(A) is G¢7}-invariant.

— —
Lemma 4.4.24. Suppose the sequence (A* : 0 < k < s) stops with M(As/gs) =2.

Am+1

%
Then AF is safe for each k < s. In particular, when k =0, we see is safe.

Proof. We use Definition 4.4.21 of Wy.. By Lemma 4.4.15, as used in Lemma 4.4.20,
fix an automorphism p of M, that sends A® to its unique copy C’ 5 and which
ﬁxes WS+1 = (A% N acl(P)) U E pointwise. Recall Wy, = W1 U ZS and that
T C QLo — s Tet W, = W, U T = (A9 N acl(p)) U B U C*. Then
p(Ws) = W;. For k < s+ 1, we build on Definition 4.4.21.4 of Wj,. We define

~ — —
Wi =W, Up(A*" 1 U---Up(A").
Note that Wk need not be contained in 2. In particular, W, C 52[“ while W —

Q[H—l — p(Aé 1)
Finally, to obtain a Grj-normal structure with a well-defined height, we define:

Ry = A+ p(ZS) U---u p(Z’“).
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Note that the height of R, = — Sty p(A ) is m — s because p(% ) C s+ and
2[5“ Ym—s, Movmg from Rk+1 to Rk 1ncreases the height at most by 1; that
is why the height of R is at most m. Since Ak determines A**! Lemma 4.4.10.2
implies that B C (A2 N acl()) U Ak, obviously, then,

() p(BF) € Wip1 = Wy Up(A%) U+ U p(AF 1) C Ry,

By Claim 4.4.23 C”“’ C Wit1. Thus, p(<5’C ) C Wit Obv10usly,<_(<zk)

Wk+1 = () because VLIS Wii1 = . By Lemma 4.3.5 the bouquet of p(A*) over

p(B*) consists just of one flower.
We conclude Lemma 4.4.24 from the following, which we show below for each
k <s:
(1) p(%k) is G{[} -invariant;
(2) A1y Wi, W, and p(Ak) are G (j-invariant.

We prove these two assertions by simultaneous induction on k. The induc-
tion is downward from s and the base step is the third paragraph of the proof of
Lemma 4.4.20. So, we assume that (1)—(2) hold for k¥ + 1 and show that they hold
for k.

%

(1) Recall that by Lemma 3.23.1 and Lemma 4.4.10.2, B* C AFLYANacl(0)).

So,

p(BEY C p(AF1 U (20 M acl(0))) = p(AFH1) U (20 1 acl(0)).
We consider p( %k (A°N acl([Z))) and p( %k N p(j’”‘l) separately. Since p fixes
A%Nacl()) pointwise and B* is G {;-invariant, p( kﬂﬂoﬂad(@)) is Gy y-invariant.

We show an arbltrary 7 € Gyry fixes p( )ﬂp(AkH) setwise. By the induction

hypothesis, p(Ak‘H) is G{y-invariant, so w(p(% )N p(A’“‘l)) - p(Ak‘H). Now
we put

= (@A) U (0 o mo p) [ 4K,
Obviously, this isomorphism extends to an automorphism from Gyy. Since %
G ry-invariant, TE’“ )=p tomop( %k %’“ so(p %k —pmr %k —p%k
(2) By the induction hypotheses 205 U Wit1, Wiy, and p(Ak'H) are Gyp)-
invariant. Whence, by (1) p(% ) is Gyry-invariant. Since Wi = Wiy U p(A ), it
is sufficient to prove that ,0(F A¥)is Gy 1 -invariant to deduce that ﬁ UWj, and W,
are G{yy-invariant. So, we consider p(Ak) In fact, we repeat some reasoning from
Lemma 4.4.20. We put Tk = p(A’“/E )—1.
Case 2a) (Ak) C A% Y Wk+1 Since p( Ek is G{y-invariant, so is
?k
() [ p(CE1) U p(A")
q=1

<_
because it is the flower of p( A*) over p E’Z_ ). Clearly, each C Tha mtersects A’C+1
otherwise, there must be cy,cy € C:q C A° U Wygyo and b € Ek N Ak‘Irl with
R(b,c1,c2). The last implies that |A**!| = 1, for a contradiction. Thus, each

p(C*7) intersects p( A1), which is G{;y-invariant by the induction hypothesis.
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Let 7 € G{py be arbitrary. Since p(%k) is Gry-invariant T(p(%k)) = p(%k) and

S0
(%) € (p(C10) g =1, M U o).
By constructlon Ak AkJrl = (); so p(Ak) ﬂp(AkH) =0 and 7(p (Zk)) does not
intersect 7(p (Ak“)) (Ak“) But, we showed in the last paragraph p(C*9) N
p(Zk‘H) £ 0, s (p(Z ) cannot be equal to any of the p(C*). Hence, using
(**), T (<— ) = (Zk) and p(Ak) is G {ry-invariant.
Slnce p(Z’“ ) C ﬁ U Wk+1, by the global induction hypothesis p(Ak) is safe.
Case 2b) p(A k) Z A UWpiq: As p(Ak) is a O-primitive extension of aSUWkH,
(Ak) (ﬁs UWiy1) = 0. By (%), p(%k) - s U Wis1; moreover p(B*) N
(Ak+1) 75 0.

Claim 4.4.25. In case 2b, for each k < s, p(Zk) C QR QA2 o p(zk)ﬂﬂ ={.
k+1

/I\

In either case U Wk+2 18 G{I}—normal.

Proof. We have p( %k C p( Ak“) <5k+1 C Qrk+2 Wi_1, p(zk) is O-primitive
over p(% ) and RAF+L < M. Thus, p(Ak) is 0- prlmltlve over k+1 and based on
p(% ) C C Sk I p(Ak) C 2 by, construction, p(Ak) C Sk &’”2 If not,
since p( A¥) cannot split (Definition 3.6) over 2, ANp( A*) = ) and so QlkHU{Wk}
is G{7y-normal. [

Since &% copies of p(Z’“) over its base are inside Wy1, p(zk) is Gyj-invariant.
This completes the proof of Case 2b.

Since p(A;-’ffrl) = p(AO) C Wy € R and the height of Ro is at most m, by the
global induction p(A}’fl+ 1Y is safe; by Lemma 4.4.8.2, we conclude A;"f is safe. We
finish Lemma 4.4.24. ]

This completes the proof of Lemma 4.4.3 showing sdim,, for m < mg; thus we
have the main conclusion, Theorem 4.4.1.

5. STEINER SYSTEMS

In this section we study the strongly minimal k-Steiner systems discovered in
[BP21]. A k-Steiner system is a collections of points and lines so that two points
determine a line and all lines have the same finite length k. A quasigroup (binary
operation with unique solutions of ax = b and xa = b) such that every 2-generated
sub-quasigroup has k elements determines a k-Steiner system where the lines are the
two generated subalgebras. Our interest in the existence of definable truly binary
functions arose from the discovery that while a Steiner system with line length three
admits a quasigroup operation definable in the vocabulary of the ternary collinarity
predicate and Steiner systems with prime power length admit the imposition of
quasigroups that preserve lines (e.g. [GW80]), it seemed very unlikely in the second
case that those quasigroups were definable from R ([Bal23]).

There are two examples of strongly minimal 3-Steiner systems in [BP21] and
[Hru93, Section 5]. By explicitly adding multiplication to the vocabulary, [Bal23]
constructs strongly minimal quasigroups which determine k-Steiner systems for
each prime power k. We show below that this separate operation is essential. The
following problem /example inspired this research and is solved here.
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Problem 5.1. We can impose a quasigroup structure on any 4-Steiner system.
There are two obvious ways: one commutative, one not [Bal23]. In fact, [GWT75]
a quasi-group can be imposed in any Steiner k-system when k& = p™ for a prime
p. 1) Prove the operations of these quasi-groups are not R-definable in a strongly
minimal 4-Steiner system (M, R). 2) More generally, is there an (-definable truly
binary function?

We now use K rather than L to emphasize the distinctions from Section 4.
Having said that, K* = L* and K = L; while Ky # Ly . We work in a
vocabulary 7 with one ternary relation R, and assume always that R can hold
only of three distinct elements and then in any order (a 3-hypergraph). The basic
definitions are in Section 1.2. In the language of *-petals, u triples if for every
non-linear (Definition 5.6) x-petal (C'/B) with 6(B) =2 and |C| > 1, u(C/B) > 3.

Theorem 5.2. Let M = Tf be a strongly minimal Steiner system described in
Notation 0.1. Then

(1) The naturally imposed quasigroups ((GW75]) on M are not O-definable in
M.
(2) If u(a) > 2 and p triples, then there is no (-definable truly binary function
in TS,
m
(8) There is mno symmetric 0-definable truly v-ary function for v > 2, i.e.,
sdel*(I) = 0 for any v-element independent set I.

After a short introduction establishing 1), we prove 2) and 3). The major ob-
stacles to adapting the earlier proofs of these results in the Hrushovski case are a)
the need to modify the notion of base (Lemma 5.4) and b) the analysis of distinct
occurrences of R (e.g. Lemma 3.21).

The following example (Figure 9) shows that as in the Hrushovski case, we must
pass to Gy and strengthen the hypothesis to get sdel*(I) = (). Definable truly
binary functions may appear when u(A/B) = 2 and d(B) = 2 is allowed. We
put the following lines: {a1,ds,d1}, {a1,ds,ds}, {az,ds,ds,d1}, and {da,ds,ds}.
The elements ¢; is the isomorphic copy of d; over {aj,as}, for each i. In order to
construct A%}l we make «; a copy of a;, &; a copy of d; and each ; a copy of ¢;
for each appropriate i, where the isomorphism under consideration is over {ds, c3}.
Then oy € del* (a1, az).

We defined linear spaces and the appropriate § for studying them in Defini-
tion 1.2.2. In [BP21, Lemma 3.7] we showed that this ¢ is flat, submodular, and
computes exactly on free products defined as in Definition 5.7. Thus, the no-
tion of decomposition and the arguments for the basic properties of the standard
Hrushovski construction in earlier sections go through below with minor changes.
However, Lemma 5.11 shows some significant differences in the resulting decompo-
sition. This finer analysis of the decomposition, which is the chief novelty of this
section, powers the understanding of definable closure in these Steiner systems.

Recall from Conclusion 1.1.10: for each 3 < k < w, there are continuum-many
strongly minimal infinite linear spaces in the vocabulary 7 that are Steiner k-
systems. A crucial invariant for these systems is ‘line length’. The length of each
line in a model of the Steiner system is u(a) + 2 where « is from Notation 1.2.6.
However, there may be maximal cliques in a substructure A with smaller cardinality.
We refer to such configurations as partial lines; a line of length p(a) + 2 may be
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FIGURE 9. Example of dcl*({a1,as2}) # 0

called full for emphasis. Following a convention established in [BP21], we think of
two independent points as a trivial (and therefore partial) line.

The Hrushovski restraint in defining the p-function: an integer u(8) = u(A/B) >
d(B) was relaxed in [BP21] to hold only when |A — B| > 2. To allow lines of length
three, we required only u(3) > 1, if 3 = a. Thus for the case when p(a) = 1 we
got a strongly minimal Steiner system with lines of length three. Obviously, there is
a definable symmetric truly binary function H on pairs of distinct elements; H(x, y)
is the third point on the line determined by x and y and H(x,x) = z. So we restrict
here to lines of length at least four.

Assumption 5.3. p(a) > 2.

With longer line length k one can always introduce a k-ary partial function saying
its value on k — 1 distinct elements is the remaining point on the line. But, now
there is no clear way to give a uniform definition of a k-ary function on sequences
with repetition. With the following variant on the results in Section 4, we show
there is no such truly binary function in the vocabulary: {R}.

As noted in Remark 1.1.6 the original Hrushovski construction supports a happy
coincidence. The minimal subset B of D (the base: Definition 1.2.5) such that A
is O-primitive over B is also the maximal subset such that every element of B is
R related to some element of A. But for linear spaces, the two notions diverge.
Allowing for and exploiting this difference is one of the two major changes from the
proof for the Hrushovski construction in Section 4. We recast [BP21, Lemma 4.8]
(Lemma 1.2.5) in case 2) of the next lemma.

Lemma 5.4. Let D < DU A € K be a 0-primitive extension with D N A = ().
Then there are two cases:

(1) If A = {a} there is a unique line £ with £ N D > 2. In that case, any
B C (¢n D) with |B'| = 2 yields a good pair (B, a). Furthermore, d € D is
in the relation R with the element a if and only if d is on L.
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(2) If |A| > 2 then there is a unique mazimal subset B of D with every point b
in B incident with a line ¢, with |€, N A| > 2 containing b.

On the basis of Lemma 5.4 we add the new notion of extended base.

Definition 5.5. Let A be a 0-primitive extension of D (in M ), where we assume
that DN A = 0. If A = {a}, then the extended base for A is the mazimal set
B = (N D where { is the line through by,by for any elements by,by € D such
that R(by,ba,a). Note that if A = A}’fﬁl and D = A™ the extended base for A is

B;"'H ={deA™ — AL : R(by,ba,d)} for any by, by € A™ with R(b1,be,a).

If A;’fiﬂ = {a} is O-primitive over 2 with extended base B = B;n+17 any two
element subset By of B can act as a base. If £,,1; < p(a), the C™T14 must be
mapped into B — By.

Definition 5.6 will be clarified by Lemma 5.11 showing that all types of *-petals
have been described.

Definition 5.6. Let G € {G,Gpy}, and let 2A be a G-normal set. Fiz a decom-
position of A into strata A™ constructed inductively as in Construction 3.8.
(1) We say A = A?ffl ={a} € A—-A™ is an a-point if there exist by, by € A™
with R(bl, bQ, (1) .
(2) A set A is alinear cluster if A= {a € A1 —A™ : R(by, by, a)} for some
b1,bo € A™. We denote the linear cluster with extended base B= B}" cA™m
as A;“H = UA;{,L;H where the A;’?;rl are the a-petals over B.
(3) A x-petal is either an A?fjl with cardinality greater than 1 (called a non-
linear petal) or a linear cluster.
(4) We write Steiner-moves,, if every non-linear petal A?fk is moved by some
g € Gy.
(5) Recall that we say X is safe if d(E) > 2 for any Gry-invariant set £ C X
which is not a subset of acl(0). The G y-decomposition A™ of A satisfies
Steiner-sdim,, if every Gpy-invariant subset of 2™ is safe.

Now any v € G that fixes A setwise fixes an extended base set-wise but it does
not need to fix a base of an a-point even setwise.

Definition 5.7. [BP21, Lemma 3.14] Let ANC = B with A,B,C € K,. We
define D := A@p C as follows:

(1) the domain of D is AU C;

(2) a pair of points a € A— B and b € C — B are on a non-trivial line ¢’ in D if
and only if there is line £ based in B such that a € ¢ (in A) and b € £ (in C).
Thus ¢ = ¢ (in D).

Lemma 5.8. (1) If D 2 AU BUC where A and C are 0-primitive over B,
B < D, and there is a relation among elements a1 € A—B anday € C—B
then both |A — B| and |C — B| are 1.
(2) Each A™ is partitioned into x-petals and there is no non-trivial line (even
through A™~1) connecting distinct x-petals. That is, the *-petals are fully
independently joined

Proof. 1) If R(ay,a9,b) then 6(A/BC) < 6(A/C), unless there is a line £ C D
with [¢ N B| > 2 that contains both a;. But each a; is then the only element of a
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0-primitive extension of B. 2) Thus the collection of *-petals (i.e. non-linear petals
and the linear clusters A}”H of a-points) are fully freely joined as a partition of
gmtl —gm, [

Lemma 5.9. Fix a G-normal A and a decomposition of height at least 3, where
G € {G1,Giny}. Bvery non-trivial partial line £ in 2 is either contained (except
for at most one point) in a single petal of the topmost strata A™° or extends to a
full line that intersects at most three strata.

Proof. Let m be least so that ¢ is based in ™. If |¢| < u(a) + 2, adding a new
point in ™A™, that is related only to £ N A™ is a O-primitive extension giving
an a-petal A}'f;"l. By Corollary 3.7, [¢ N A™H| = p(a) + 2. Tt is possible that
one point of ¢, but, by choice of m, not two, is in 4™~!. That is, it may be
[N (AmFt —gm—1)| = u(AZT‘l/BgnH) + 1. This is the possibility that intersects
three strata. If m = myg, the line may remain partial but includes at most one point
of AM~1L, [

Definition 5.10. We say a petal Am+1 Steiner-determines a *x-petal, if there is a
non-linear petal Amf or a linear cluster AT which is the unique *-petal based in

AL that intersects Bjm‘Irl Am=L, (More precisely, (AZI+1,B;"+1,2[”L> deter-
mines (A}, B, 4™ 1).)

Lemma 5.11. Fiz a decomposition of a G-normal set A, where G € {G1,Gry}.
Suppose A = {a} is an a-point of A+ based on B = {b1,ba} C A™ and a subset
of the linear cluster A;-”H. Let B be the extended base of a in A™. Then,
(1) If m =0, {a} is in a linear cluster A} with |A}] = p(e) — |I]. Since I is
independent, this is possible only if |I| = 2.
(2) Let m > 0. If a linear cluster satisfies |A;-n+1| =1 then B—2A""!isa
subset of one x-petal, say, A?l, which is not a linear cluster. So, A;-”‘H
determines Ami in this case.
(8) Let G = Gy. Then Steiner-moves,, implies each a-point {a} over A™ i
moved by G.
(a) Gg acts as the symmetric group S|Awfn‘ on a linear petal AT based on
B = {b1,ba}. Thus, G; moves such a-points.
(b) Ais a line based on B C AT, for some f,i. By Steiner-moves,,, AT,
is moved and a fortiori so is A.
(4) Let A;”H be a linear cluster which contains at least two elements (that

is, at least two a-points) and which is G-invariant. If d(B) > 2 then
d(A?H) =2.

Proof. 1) Suppose m = 0. We have R(by, bs, a); by, by are algebraically independent;
else a € 2A°. Moreover the definition of A° decrees ~R(by, bz, b3) for any 3 distinct
b; € A°. By Corollary 3.7, xar({a}/{b1,b2}) = p(c) yielding a linear cluster of
cardinality p(o) — 2.

2) By Lemma 3.7 the line ¢ passing through a,b;, by is full and is equal to
B UA;”'H. Then |B| = p(a) +2 — |A;-"+1\ > 3, because p(a) > 2 and \A;-"‘H| =1.
By Lemma 5.9 |[BN2A™~!| < 1, so at least two elements of B are in 2™ — ™1,
If these two elements belong to different x-petals, then these x-petals are not free
over 21, for a contradiction. (If there is a point on the line and in A™~! or
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if there are three points in different petals, the petals are dependent over A™~1.)
Note that £N (2A™ —2A™~1) is not a linear cluster because |[BNA™ 1| < 1, while a
base for a linear cluster contains at least 2 elements.

3) Any a-point e is either on a linear petal with size > 2 or icl(Gy(e)) intersects
two distinct *-petals:

3a) |A;ﬁ+1| > 1 and is a linear cluster: Then for k < \A;-nHL all k-sequences
from A}”H realize the same quantifier-free type over B (and so over 2™ since

R(A;-nﬂ, AM) = R(A’]?TH, B), so they are automorphic over A in 2 since leA;-nH <

3b) \A;-"'H| = 1: Then B;”H - A;{fi which is a non-linear petal and so Steiner-moves,,,
implies A = A;"f !'is moved by G7.

4) Since B is a partial line, §(B) = 2. So, B < M because by the hypothesis
d(B) > 2. Then icl(A;.”H) - A;.”H U B, because A;-"H is a 0-primitive extension
of B and B < M. Since \icl(A;-”H)\ > |A}n+1| > 2 and icl(A;-”"H) is contained in
the line A7+ U B, (A7) = 6(icl(AT1)) = 2. ]

Remark 5.12. Note that there are R-relations within a linear cluster; it lies on
one line. And at least one linear cluster is G-invariant, the line through I = {a, b};
others are easy to find. But Lemma 5.11 shows no a-point is in del*(I). There are
partial lines of various lengths in the A — (™ that are not linear clusters. But
each is within a single non-linear petal (Lemma 5.11). (This depends essentially on
the decomposition of the ambient G-normal 2; every pair of points is contained in
a nontrivial line in M, but perhaps not in 21.)

Lemma 5.11.3a yields immediately the answer to the motivating Problem 5.1.1.
Recall a quasigroup satisfies for all  and y, there exist unique ! and r such that
lx = y and zr = y (the multiplication table is a Latin square). [GW75] show that
if Steiner system has line-length k, where k is a prime-power, then it is possible to
impose a binary function * on the universe such that:

(#) a,b, a x b is on the line through a,b and * is a quasigroup such that the
restriction of * to each line is generated by any two elements of the line.

However, this function cannot be definable (without parameters) in a strongly
minimal structure (M, R) studied here. It suffices to find one line on which the
function is not defined. This is straight forward since any finite configuration is
strongly embedded in M. In detail,

Theorem 5.13. No quasigroup * restricted to each line and satisfying (#) is de-
finable in a strongly minimal Steiner system from [BP21] with line length at least
four.

Proof. Take any independent pair I = {a;,as} contained in some 2A™ and suppose
they generate the line A = {ay,az,...ar}. Then A — 1 C A™FL —2A™ is a linear
cluster and by Lemma 5.11.3a, GG; induces the symmetric group on A — I.
Suppose a; * ag = a; and az * a; = a;. Choose an element aj of A distinct
from a;. There is a g € G with g(a;) = ax. The definition of a quasigroup is
contradicted unless a; = a; = ay; in that event replace aj, with an a;s distinct from
all a’s previously considered; this is easy since |A| > 4. [

While this solution to Motivating Problem 5.1.1 invokes the decomposition, a
more direct argument yields that result in [Bal23]. However, we now show the much
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stronger consequence of the decomposition asked for in Problem 5.1.2, no truly n-
ary function. For smoother reading, we mention results from Sections 3 and 4 that
go through without any changes and pay attention to those results which requires
some adaptations.

Lemmas 3.11 and 3.17 work for Steiner systems. Lemma 5.11.(2) and (3).(b)
yield a stronger version Lemma 3.19.(1): If \Azlj*l| =1 is Gr-invariant then A;’f,:rl
determines a G-invariant non-linear petal A%';. Multiple realizations of a in
A+l — A™ represent distinct petals but only one #-petal (linear cluster). We
incorporate the role of Lemma 3.19.(2) in proving Lemma 3.22 into the proof of
Lemma 5.14.

Comparing the argument for Lemma 3.19 with Figure 10 explains the main
differences between Lemma 3.19 for Hrushovski’s examples and Lemma 5.14 for
Steiner systems. In Hrushovski’s examples we obtain that by is in two relations
R(ba,c?,c3) and R(ba,ct,cl) with A™~1 which contradicts 2™~ < M. But, in
Steiner systems we have just one line ¢, which contains points from different copies
C° and C" of A7

Q(m+1
Qm
1
Q[mfl &
&
Cl

FIGURE 10. Example with one line and two C%’s

Lemma 5.14. Fiz a decomposition of a G-normal set 2, where G € {G1,Gry}.
Suppose B = B;nﬂ s the base of a non-linear petal A}'ffl which is G-invariant
and E?H'l +1< ,u;-n'H.

(1) Let G = Gy and Steiner-dim,, hold; or

(2) let G = G5y and Steiner-sdim,,, hold.
It is impossible that B has a non-empty intersection with a linear cluster A;c”.

Proof. Suppose for contradiction that (BN ¢) —A™~1 #£ (), witnessed by b for some
¢ such that A7 N¢# () and £NA™ = BP = B, the extended base of b/2A™~".
Step 1: We show B contains a single point b from 4™ —2A™~ 1. By Lemma 5.4.2,
there exist z1,7o0 € A;-rff'l with R(x1,z2,b). Since E?”'l +1< u;-”“, there are
(Figure 10) at least two disjoint embeddings C° and C! over B of A;’;H into A™;

the image C must contain copies ¢! and ¢} of 1 and xo, which satisfy R(ct, cb,b)
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for ¢ < 2 and are disjoint from B. Without relying on the inductive hypotheses, the
proof of Lemma 5.11.3.a shows that if the G-invariant B intersects a linear cluster
AT, BN (A™ — Am~1) contains A’ Since the x-petals are freely joined, all the cj-
are in A™~1. So they must be in ¢ since any element in 2A™~! related to b is in £.
And b is on a line with at least five elements?® based in 2™~ 1.

In fact, AT = (£NA™) — 20m~1 C B must be a singleton. As, if b’ is a second
point in A7, ({b,b'},¢}) realizes a with the base contained in B. But this is a
contradiction, because A;”fr i a non-linear petal based on B and C" is isomorphic
to A;”fr ! over B.

Step 2: Having shown B contains a single point b from 2A™ — A™~1 there are
two cases. In the first case suppose this b and so its extended base B’ are G-
invariant. Since {b} is G-invariant but not safe, this contradicts Steiner-dim,, or
Steiner-sdim,,, depending on G = G; or G = Gp3.

We are left with the case that A}” is a singleton but not G-invariant, i.e. there
exists g € G such that g(AT) # AT, but [AT| = 1. Let b = bo,b1,...bx—1
enumerate the orbit of b under G. Then, for u < k there is a g, € G satisfying
R(gu(xl)agu(x2)vgu(b)) and gu(xl)vgu(xQ) € A??frlv gu(b) € B because both A?:TJ
and B are G-invariant. Let (C*:4i < v = ,u}"“ — 1) enumerate the copies of A?:”frl
in A, Now, as in step 1, for each b, C?, there are elements di*, dy" € C* Y™~
satisfying R(dy", d5™, b,). Again as in step 1, all the C? C 2™~ and for each u all
the d%¥ for w < 2,7 < v are on the same line. Now we consider the substructure
C=BUl,.,C" If C* and C? are freely joined over B, 6(C* UC?/B) = 0. For
each fixed b, we have one new line ¢,, with at least five points on it and the nullity
of (N(CTUC?) is 4—2 = 2. As no points are added this reduces §(C1UC?/B) by 1.
(One line of length 3 in BC? in the computation of §(C*C?/B) has been replaced by
two points added to £,.) Each additional C* decrements another 1 so with respect
to b, € BN (A™ — A™~1) the line £, reduces §(C/B) by (v —1). But there are k
;mh by and v = 4 —1,50 6(C/B) < k(1—v) = k(1—(u]y" =1)) = k(2—u]"*).

ence,

§(CUB)—4(B)=6(C/B) <2k —2u""" < 2k — ké(B).
Consider the first and last terms and move 6(B) and 6(C U B) to the opposite sides
of the inequality; then divide by k£ — 1 to get
< 2k —0(CUB) < 2k —2 _o
- E—1 ~ k-1
Recall, that B is safe, so 2 < d(B) < §(B) < 6(C U B). This justifies the second
inequality. Thus, d(B) = §(B) =2 and B < M and all O-primitive extensions of B
must be independent; this contradicts the existence of the lines £,,. [

3(B)

Lemma 3.21 1) and 3) concern only non-linear petals and so goes through without
changes. However, a small new argument is needed for part 2).

Lemma 5.15. Assume that A;’ff'l is G-invariant, |A§”1+1| > 1, and |A]| > 1 for
each i, f such that A"y N B # (. Then, for any d with1 < d <v= V}”H:

A For any i, f such that A7 N B # 0, ct NAT #0, ie., Cd £1).

26Note that this situation is impossible unless p(a) > 3.
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B §(B-/B+U Ulgdgu Ci) =0(B-/By).
C IfCinA™=1 =0, that is C? =0, then there is a unique petal A" that contains
both C* and B_. So, A;’ff 18 G-invariant.

Proof. A) As in Lemma 3.21.1, for each f,i for each d, ATy N B # () implies
C*N A7 # 0. For B) note that if §(B_ /By UlJ,cqc, C1) = 6(B-/By) fails it
is because there is a line £ with |¢| > 3 intersecting B_ and By U ;¢ 4¢, C4 with
at most one point in By. If [¢ N B| = 2, then each C¢ is a linear petal. Since
A 2 04 AT s also linear; contradiction. Then [£N B[ = [N B_| =1 and
¢ is based in A™ 1. Let {b} =£N B_. Then b € A} for some 7 and f, and {b} is
a linear petal over 2™~ !, contradicting the hypothesis that |A;’ff| > 1 for each i, f
such that A7, N B # (. C) follows as in Lemma 3.21.3. [

From Lemma 5.14, we know that if B;"‘H is the base of a G-invariant A;’ff'l,

B}”H intersects only non-linear petals. Lemma 3.23 relies on ‘p-triples’ but involves

only calculations justified by the axiomatic properties of §, so we can apply it here

to conclude:

Corollary 5.16. Fiz a decomposition of a G-normal set A, where G € {G1, Gy}

: +1

Suppose a non-linear petal A;.'fl

3 when B is not a singleton).
(1) Let G = G and Steiner-dim,, hold; or
(2) let G = Gy and Steiner-sdim,,, hold.

Then, A;nl"' ! Steiner-determines a non-linear petal A

is G-invariant. Assume p triples, (so u;”'H(A/B) >

We restate and prove Theorem 5.2 using essentially the same induction as in
Section 4.1; the difference is that Lemma 5.11 makes the treatment of a-petals
easier while we apply Corollary 5.16 for determinacy of non-linear petals.

Theorem 5.17 (no definable truly n-ary function). Suppose Tf is a Steiner-system
as in Definition 0.1. Assume p triples. Let I be a finite independent set that
contains at least 2 elements. Fiz a G-normal A < M = Tu with height my.

Then for every m < mg, A™ Ndcl*(I) = 0.

Thus, del*(I) N A = 0; so there is no n-ary O-definable function for n > 2 and
Tu does not admit elimination of imaginaries.

As a corollary, we obtain that dcl(J) = U, ; dcl(a) for any independent set J.

As in Section 4.1, the decomposition for Theorem 5.17 is with respect to G.

Proof. We show Steiner-moves,,, and Steiner-dim,,, jointly imply Steiner-moves,,, ;1.
Suppose for contradiction that A;”f“ !is G-invariant. By Lemma 5.11.3, we can as-
sume A;nl"’ !is non-linear. Then Corollary 5.16 implies that A;”fr ! Steiner-determines
a non-linear petal A{’fl; but this contradicts Steiner-moves,,.

Fix m with 1 < m < my. Since Lemma 4.1.4 uses only the notions depending on
abstract properties of the J-function: Steiner-moves,,; and Steiner-dim,, imply
Steiner-dim,,,+1. Thus by induction as in Section 4.1, we have Steiner-moves,, for
all m < mg and finish. ]

Before attacking the symmetric function case in general, we prove the Steiner
version of Claim 4.4.12, describing the implications of the existence of a Gyr}-
invariant a-petal.
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Lemma 5.18. Let Tf be a strongly minimal Steiner-system as described in Defini-
tion 0.1 with p(a) > 1. Suppose sdim,,, \A;“f1| =1 and Am+1 is G(ry-invariant.
Then

(1) A"H'1 determines some non-linear A7y ; B = B;»"H < M, B and each
Ck C™HUF s contained in A

(2) Moreover um'H > 3;

(3) and

Proof. Lemma 5.11.2 shows A;”f ! determines some non-linear A7 The analog of
Lemma, 4.4.12.1, showing each C™+1:¢ C AT, UB™, has both a shorter proof and is

stronger. Let B = Ber1 be the extended base of A"""1 By Lemma 5.9 BNA™~1
contains at most one element but since this set is G{ ry-invariant and a one-element
set cannot be safe, Steiner-sdim,,, implies that B NA™ ! = ). Also Steiner-sdim,,
implies B < M. So, each C™*+1:4 C B C A7 2) and 3) now follow exactly by the
argument in Claim 4.4.12. [

As in Section 4.4, we now drop the p-triples requirement and still show there is
no symmetric definable function.

Theorem 5.19 (no definable symmetric function). If THS is a Steiner-system as
in Definition 0.1, then there is no symmetric ()-definable v-ary function for v > 2,
i.e., sdel*(I) = 0 for any v-element independent set I.
That is, there is no definable function of v variables whose value does not depend
on the order of the arguments. Thus, Tu does not admit elimination of imaginaries.
As a corollary, we obtain that sdcl(J) = |J,c s sdcl(a) for any independent set .J.

Proof. We break the proof from Section 4.4 into several sections and indicate
changes necessary for Steiner systems.

First, note Claim 4.4.4 obviously works for Steiner systems, i.e. Steiner-sdimg
holds. The inductive proof of safety of A;”f ! from sdim,,, Claim 4.4.5, follows
for non-Gyy-invariant non-linear petals (or a-petals) from d-calculations as in
Lemma 4.1.4.

We now fix on a Gy-invariant Am+1 that determines G (ry-invariant A7". Our
alm is to prove A;"Jr is safe. They respectively have umﬂ and p"* realizations
in M. Results 4.4.7 through 4.4.11 establish the result When w;* = 2. This can
only happen when AZ’H is non-linear by Lemma 5.18, which is the analog of
Lemma 4.4.12. These results are properties of automorphisms of finite structures
and hold for the same reasons as in Subsection 4.4.

As in Lemma 4.4.10 we have reduced to the case that umH 3. But with

Lemmas 5.16 and 5.18, while Aerl may be linear, every element of the sequence

it determines is non-linear. Moreover if A;”H is linear, Bm+1 C AT

The analogs of Lemmas 4.4.14 through 4.4.20 complete the proof when p]" = 2.
They go through in the Steiner case with little change. (Lemma 5.18 includes for
Steiner systems the more difficult conclusion in Lemma 4.4.16.)

This leaves us with the analog of Lemmas 4.4.21 to 4.4.25, which formulate and
carry out the complicated double induction. But again, one can check that the
arguments go through with minor modifications. [
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6. FURTHER WORK

We worked throughout in this paper in a vocabulary with a single ternary relation
symbol. We now explain a conjectured sufficient condition for the elimination of
imaginaries in arbitrary finite and infinite vocabularies, using Hrushovski’s § and
definition of K.

In [Ver02], the second author constructed a variant of Hrushovski’s example with
elimination of imaginaries. The idea is that for each n > 3 we add an n-ary relation
R, and put p({a1}/{az,...,an}) =1, where the tuple (a1, aq,...,a,) satisfies R,,.
This gives us an (n—1)-ary symmetric function. Thus we can construct in an infinite
vocabulary a Hrushovski strongly minimal set which has elimination of imaginaries.
The conjecture is that in some sense it is the only way to get a symmetric function
in Hrushovski’s examples. Recall that the constraint p(A/B) > §(B) has a crucial
role in proving the amalgamation property. However, as it was shown in [Ver06],
for good pairs (A/B) satisfying r({a}, AUB,{b}) > 0 for each a € A and b € B we
may put p(A/B) equal to any positive number while preserving the amalgamation
property. A slight modification should construct definable truly n-ary functions.
So, the exact formulation of the conjecture is the following:

Conjecture 6.1. We take the class Ly to be all finite T-structures that satisfy
the hereditarily positive € dimension defined in Axiom 1.1.1.2. Assume that there
is a natural number N, such that (A/B) > 6(B) for any good pair (A/B) with
6(B) > N; then sdel*(I) = 0 for any independent set I with |I| > max{N,5}.
Thus, no Hrushovski construction in a finite relational vocabulary T (that is, where
K contains all finite T-structures) has elimination of imaginaries.

More generally, one might ask

QUESTION 6.2. No strongly minimal set in a finite vocabulary with a strictly
flat acl-geometry admits elimination of imaginaries.

[Mer20] makes a step in this direction by representing each strictly flat geometry
by a Hrushovski construction. However, he deals only with the w-stable case and
takes Ly as all finite structures of a given relational vocabulary. So this question
has to be made more precise. The methods here must be extended as examples in
[Bal23, Bal22] show that with two ternary relations one can define global ternary
functions. Moreover, the binary function can be commutative®”. This contradiction
with the conclusion of Theorem 5.2.8 is explained because we have widened our

method of construction to include amalgamation classes of finite structures, which
are defined by Y3-formulas.

QUESTION 6.3 (Flat Geometries). We have provided several properties distin-
guishing among strongly minimal theories with flat geometries and provided some
examples. Three directions of inquiry are:

(1) Are there further useful distinction among the theories of flat acl-geometries?

(2) Are there further useful syntactic distinctions among the theories them-
selves?

(8) Are there further applications in combinatorics using the methods developed
here?

27g, g.,we built built the strongly minimal set from a commutative variety of block algebras over
Fs5 ([GWS80, p 7]) by the method of [Bal22, §3]. These examples fall into Remark 0.3.(2).(b).(ii).
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Linear spaces and quasi-groups are only a glimpse at the structures that can ob-
tained when we remove the restriction that we are imposing the dimension function
on all finite structures for a given vocabulary. Moreover as exemplified in [Bal22],
new phenomena are obtained by varying p. In a different direction, one can ask
whether these methods might be useful higher in the complexity classification.

QUESTION 6.4 (Model Theoretically Complex Classes). [Bal23, Bal22|, con-
structs strongly minimal quasigroups using the graph of the quasigroup operation
as in the study of model complete Steiner triple system of Barbina and Casanovas
[BC19]. As noted in Remark 5.27 of [BP21], their generic structure M differs
radically from ours: aclys(X) = delas (X).

Do the strongly minimal quasigroups in last paragraph satisfy elimination of
imaginaries? Is it possible to develop a theory of q-block algebras for arbitrary
prime powers similar to that for Steiner quasigroups in their paper? That is, to
find a model completion for each of the various varieties of quasigroups discussed
in [Bal23]. Where do the resulting theories lie in the stability classification? [HW21]
prove the existence of generics for classes of Steiner systems omitting certain finite
Steiner Systems. Are there strongly minimal theories for such classes?
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