A Noncomm utativ e Approac h to Discrete

Ph ysics

1 In tro duction

Louis H. Kauffman

Departmen t of Mathematics, Statistics and Computer Science

Univ ersit y of Illinois at Chicago

851 South Morgan Street

Chicago, IL, 60607-7045

This pap er is an expanded version of [18 ] where there is presented an intro-

duction to a p oint of view for discrete foundations of physics. In taking a

discrete stance, we find that the initial expression of physical observ ation nat-

urally o ccurs in a context of noncommutativ e algebra and noncommutativ e

vector analysis. In this way a formalism similar to quantum mec hanics o ccurs

first, but not necessarily with the usual interpretations. By following this line

carefully we can show how the outlines of the well-known comm utative forms

of physical theory arise first in noncomm utative form. The exact relation of

comm utativ e and noncommutativ e theories raises a host of problems.

In the first section of this pap er we discuss the prop erties of the non-

comm utativ e discrete calculus that underlies our work. The next section

examines the consequences for a particle whose p osition and momentum

comm utator is equated to a metric field. Here we see how the Levi-Civita

connection (and implicitly differential geometric structure) comes naturally

from the non-commutative calculus. In the next section we discuss how

our discrete stance leads to an inversion of the usual Dirac maxim ”replace

Poisson brackets with comm utators”. If we replace comm utators with Pois-

son brackets that ob ey a Leibniz rule satisfied by our comm utators, then

the dynamical v ariables will ob ey Hamilton’s equations. Thus we can take

−

+1 t

t t

′ ′′

Ac kno wledgemen t.

2 Discrete Ordered Calculus q

D O C

X

X , X , X , ....

X

t X

t

t

v t X X .

Hamilton’s equations as a classicization of our theory

. The next section dis-

cusses the relationship of the discrete ordered calculus with -deformations

and quantum groups. W e show that in a quantum group with a sp ecial grou-

plike element representing the square of the antip o de, there is a representa-

tion of the discrete ordered calculus. In this calculus on a quantum group

the square of the antip o de represents one tick of the clo ck. Then follows a

section on networks and discrete spacetime. This section is an exp osition of

ideas related to spin networks and top ological quantum field theory

. As an

early example we discuss the discretization of the Dirac equation in 1 + 1

dimensional spacetime. It is our sp eculation that the approaches to discrete

physics inherent in discrete calculus and in top ological field theory are deeply

interrelated. At the end of this section we outline this relationship in the case

of a recent mo del for quantum gravity due to Louis Crane.

It gives the author pleasure to thank Pierre Noyes,

Basil Hiley

, Keith Bowden and Arleta Giffor for helpful conversations, the

National Science foundation for supp ort of this research under NSF Grant

DMS-980285 9 and the National Security Agency for supp ort of the research

under grant MDA904-97-1-0 015 .

In this section we recall the construction of an ordered version of the calcu-

lus of finite differences [14 ], [18]. In this calculus the Leibniz rule is

satisfied, and so the calculus can b e used in a v ariety of applications.

In the abstract framework of this calculus, there are v ariables , each of

which connotes a time series

Discrete unit time steps are indicated by the primes app ended to the .

A general p oint in the time series at time will b e denoted by . By

convention let the time step b etween successive p oints in the series b e equal

to 1 :

Δ = 1

. Then we can define the velo city at time by the formula:

( ) =

−

−

−

′

′ ′

′

′ ′′ at that time

Definition.

X X X

X

X X X

X

X

dX X X

X

X , X , X , ....

dX

R

More generally

, if denotes p osition at a given time, then denotes

the velo city , where the phrase ”at that time” must involve the

next time as well. In a discrete context there is no notion of instantaneous

velo city .

Measure p osition, and you find . Then measure velo city

, and you get

. Now measure p osition, and you get b ecause the time has shifted

to the next time in order to allow the velo city measurement. In order to

measure velo city the p osition is necessarily shifted to its v alue at the next

time step. In this sense, p osition and velo city measurements cannot comm ute

in a discrete framework.

The simplest interpretation of the v ariable is that the time series v alues

are numerical v alues, comm uting with one another and with any op erators

that might b e present in the asso ciated mathematics or physics. In fact, we

will often deal with situations where the and the elements of the time

series are in fact op erators, not necessarily comm uting with one another. At

the very least we will construct an algebra that mirrors the discrete non-

comm utativity of the op erations of p osition and velo city measurement.

Our pro ject is to take this basic noncommutativity at face v alue and

follow out its consequences. T o this end we will formulate a calculus of

finite differences that takes the order of observ ations into account. This

formalization is explained b elow.

W e b egin by recalling the usual deriv ative in the calculus of finite differ-

ences, generalised to a (p ossibly) noncommutativ e context.

Let

=

define the finite difference deriv ative of a v ariable whose successive v alues

in discrete time are

This is a classical deriv ative in the calculus of finite differences. It is still

defined even if the quantities elements of the time series are in a noncommu-

tative algebra. W e shall assume that the v alues of the time series are in a

p ossibly noncomm utative ring with unit. (Thus the v alues could b e real

numb ers, complex numb ers, matrices, linear op erators on a Hilb ert space,

−

− −

− −

−

Lemma 1.

Pro of.

′

′ ′ ′

′ ′ ′

′

′

′ ′

′ ′ ′ ′

′ ′ ′

′

′

′

′ ′

A R A

A B A B

AB A B .

c R constant c c.

d X Y X d Y d X Y .

d X Y X Y X Y

X Y X Y X Y X Y

X Y Y X X Y

X d Y d X Y .

X X

D

D X D Y

d Y X .

d Y X

X X D Y

X Y Y .

differ ent

new instruction

to shift the time to the left of the op er ator .

first find and then find the value of or elements of an appropriate abstract algebra.) This means that for every

element of the ring there is a well-defined successor element , the next

term in the time series. It is convenien t to assume that the ring itself has

this temp oral structure. In practice, one is concerned with a particular time

series and not the structure of the entire ring. Moreover, we shall assume

that the next-time op erator distributes over b oth addition and multiplication

in the sense that

( + ) = +

and

( ) =

An element of the ring is said to b e a if =

( ) = ( ) + ( )

( ) =

= +

= ( ) + ( )

= ( ) + ( )

This formula is from the usual formula in Newtonian calculus by

the time shift of to in the first term. W e now correct this discrepancy in

the calculus of finite differences by taking a deriv ative as an

That is, we take ( ) quite

literally as an instruction to

In order to find the clo ck must adv ance one notch. Therefore has

adv anced to and we have that the ev aluation of ( ) is

( )

−

−

− −

− −

− −

− −

Lemma 2.

Pro of.

′

′

′

′

′ ′

′ ′ ′ ′

′ ′ ′

′ ′ ′

′ ′

D X J X X

J

Z J J Z

Z R J

D O C J

J

J

R d

J AJ J A A

R R

J A B J A J B J AB J A B

A B J

J J

D O C

D X Y X D Y D Y X .

D X Y

J X Y X Y

J X Y X Y X Y X Y

J X Y Y X X Y

J X Y Y J X X Y

X J Y Y J X X Y

X D Y D X Y .

In order to keep track of this noncomm utative time-shifting, we will write

= ( )

where the element is a sp ecial time-shift op erator satisfying

=

for any in the ring . The time-shifter, , acts to automatically ev aluate

expressions in the resulting noncomm utative calculus of finite differences. W e

call this calculus (for discrete ordered calculus). Note that formalizes

the op erational ordering inherent in our initial discussion of velo city and

p osition measurements. An op erator containing causes a time shift in the

v ariables or op erators to the left of in the sequence order.

F ormally

, we extend the ring of v alues (see the definition of ab ove)

by adding a new symb ol with the prop erty that = for every

in . It is assumed that the extended ring is asso ciative and satisfies the

distributive law so that ( + ) = + and ( ) = ( ) for all

and in the ring. W e also assume that itself is a constant in the sense

that = .

The key result in is the following adjusted difference formula:

( ) = ( ) + ( )

( )

= ( )

= ( + )

= ( ( ) + ( )

= ( ) + ( )

= ( ) + ( )

= ( ) + ( )

1

+Δ 1

− − −

− − − − − −

− t t t

i j ij

ij

ij ij

′ ′

′ −

′

−

′ ′ ′ ′ ′

′ ′ ′

D O C

D O C

D X J X X J X J X X J J X X , J .

J

X J X J

J X X J J

X J X J.

D O C X D X

X , D X X J X X J X X X J X X X X X X

X , D X J X X X X X X .

X , D X g

g

g δ

The upshot is that b ehaves formally like infinitesimal calculus and

can b e used as a calculus in this version of discrete physics. In [14] Pierre

Noyes and the author use this foundation to build a deriv ation of a noncom-

mutative version of electromagnetism. Another version of this deriv ation can

b e found in [17 ]. In b oth cases the deriv ation is a translation to this context

of the well-known F eynman-Dyson deriv ation of electromagnetic formalism

from comm utation relations of p osition and velo city .

Note that the definition of the deriv ative in is actually a comm u-

tator:

= ( ) = = = [ ]

The op erator can b e regarded as a discretised time-ev olution op erator in

the Heisenb erg formulation of quantum mec hanics. In fact we can write

formally that

=

since = (assuming for this interpretation that the op erator is

invertible). Putting the time v ariable back into the equation, we get the

evolution

=

This asp ect can b e compared to the formalism of Alain Connes’ theory of

noncommutativ e geometry [5].

In , and have no reason to comm ute:

[ ] = ( ) ( ) = ( ( ) ( ) )

Hence

[ ] = ( 2 + )

This is non-zero even in the case where X and X’ comm ute with one another.

Consequently

, we can consider physical laws in the form

[ ] =

where is a function that is suitable to the given application. In [14]

we show how the formalism of electromagnetism arises when is , the

2 ij

ab out

′ ′ ′ ′ ′ ′

′ ′′

′

− − − − − − −

{ }

− g .

D O C

X , D X J k

X .

J k X , J X X X J X X J X X X J X X X X X X .

k X , X , X , ...

k X X .

Kronecker delta. In [16] we will show how the general case corresp onds to

a ”particle” moving in a noncommutativ e gauge field coupled with geo desic

motion relative to the Levi-Civita connection asso ciated with the This

result can b e used to place the work of T animura [21] in a discrete context.

It should b e emphasized that all physics that we derive in this way is

formulated in a context of noncomm utative op erators and v ariables. W e do

not derive electromagnetism, but rather a noncommutativ e analog. It is not

yet clear just what these noncommutative physical theories really mean. Our

initial idealisation of measurement is not the only mo del for measurement

that corresp onds to actual observ ations. Certainly the idea that we can

measure time in a way that has ”steps b etween the steps of time” is an

idealisation. It happ ens to b e an idealisation that fits a mo del of the universe

as a cellular automaton. In a cellular automaton an observ ation is what an

op erator of the automaton might b e able to do. It is not necessarily what the

”inhabitants” of the automaton can p erform. Here is the crux of the matter.

The inhabitants can have only limited observ ations of the running of the

automaton, due to the fact that they themselves are pro cesses running on

the automaton. The theories we build on the basis of can b e theories

the structure of these automata. They will eventually lead to theories

of what can b e observed by the pro cesses that run on such automata. It

is p ossible that the well known phenomena of quantum mec hanics will arise

naturally in such a context. These p oints of view should b e compared with

[10].

T o return to basics, consider the comm utator equation

[ ] =

for a single v ariable W ritten out, this equation b ecomes

= [ ( )] = ( ) ( ) = ( ( ) ( ) )

If and the elements of the time series are all comm uting

scalars then this equation reduces to

= ( )

′

±

−

1 2/

i

i j

ij

i j ij

j j

i j

i j k

r s j k

3 Gauge Fields and Differen tial Geometry

X X k

X i , , ..., d

X , X

i j

g

X , X g .

X D X

A, B AB B A.

X , X ,

X , g

g , g .

Thus

=

, a Brownian random walk, is a solution to the simplest one-dimensional

comm utator equation. It is not so easy

, however to obtain similar solutions

in higher dimensions under the restrictions we imp ose in the the next sec-

tion. As a result, most of the rest of this pap er will b e rather abstract, a

mathematical schema in search of realization.

Letting ( = 1 2 ) denote a set of spatial v ariables (non-commutativ e

time series in the sense of our discrete ordered calculus), we will lo ok at

a collection of basic assumptions ab out the comm utation of these v ariables

and of their deriv atives. It is natural from the p oint of view of the discrete

ordered calculus to have

[ ] = 0

for all and . There are no other natural comm utations from the p oint of

view of this calculus.

W e shall define by the equation

[

˙

] =

Here

˙

is shorthand for and

[ ] =

Along with this comm utator equation, we will assume that

[ ] = 0

[ ] = 0

and

[ ] = 0

−

−

Lemma 3.

Pro of.

ij

ij

ij

j k i

k

ij j k k

i

i

j

ij

ij j i

ij j i

ij j i

i j j i

i j i j

i j

i

i ik

k

i

i

i

i j j

i

i g

g

g g δ

g g δ .

δ

i j

g .

g g .

g g .

g g

X , X X , X

X , X X , X

D X , X

.

X

X g X .

X X .

X .

X , X δ .

F X

Here it is assumed that is non-degenerate in the sense that there exists

so that

=

and that

=

Here we are using the Einstein summation convention that implicitly assumes

that we sum over rep eated indices in an expression. Symb ol is a Kronecker

delta, equal to 1 when equals and 0 otherwise.

The first result that is a direct consequence of these assumptions is the

symmetry of the ”metric” co efficients That is, we shall show that

=

=

= [

˙

] [

˙

]

= [

˙

] + [

˙

]

= [ ]

= 0

F or the purp ose of doing calculus in this situation we define

˙

by the

equation

˙

=

˙

The op erator

˙

is simply the index shift of the corresp onding

˙

W e do

not define a corresp onding It is easy to check the equation

[

˙

] =

Consequently

, we define the deriv ative of an op erator with resp ect to

by the equation

′

2

− i

i

i i

i j ij

k

k

ij

k k

i

ij i j

ij i j i j

∂ F F , X

∂ F F , X .

∂ X g .

F

F ∂ F X .

F g

F ∂ F X .

X

F D F J F F .

g X , X .

g X , X X , D X

D A, B D A.B A, D B .

A, B , C C , A, B B , C , A .

= [

˙

]

and the corresp onding lowered deriv ative by the formula

= [

˙

]

Note that we have

=

With these partial deriv atives in hand, we define

˙

by the formula

˙

=

˙

If comm utes with then it is easy to see that

˙

=

˙

These formulas extend (implicitly) the definition of the time series to entities

other than the op erators since

˙

= = ( )

A stream of consequences then follows by differentiating b oth sides of the

equation

= [

˙

]

Note that

˙ = [

˙ ˙

] + [ ]

by the Leibniz rule

[ ] = [ ] + [ ]

Note also that we can freely use the Jacobi identity

[ [ ]] + [ [ ]] + [ [ ]] = 0

2

2 2

2

−

∇

∇

∇

∇

−

−

−

−

Lemma 4.

Pro of.

/ ∂ g ∂ g ∂ g

g

F X , X , F .

D O C X .

/ D X

D X X , X , D X

X , g X , X

X , g X , X , X

X , g X , X , X X , X , X

X , ∂ g X X , g X , g

∂ g ∂ g ∂ g

.

D X G g g F X X X ij k i j k j ik k ij

ij

ij i j

ij k

ij k ij k

ij k i j k

i j k j k

i j k i j k

i j k k i j j k i

i s j k s

k ij j ik

i j k k ij j ik

ij k

i i ir j s r s

j

ij k j k

In particular, the Levi-Civita connection

Γ = (1 2)( + )

asso ciated with the comes up almost at once from the differentiation pro-

cess describ ed ab ove. T o see how this happ ens, view the following calculation

where

= [ [ ]]

W e apply the op erator to the second deriv ative of

Γ = (1 2)

= [ [ ]]

= [ ˙ [

˙ ˙

]]

= [ ˙ ] [ [

˙ ˙

]]

= [ ˙ ] + [

˙

[

˙

]] + [

˙

[

˙

]

= [

˙

] + [

˙

] + [

˙

]

= +

= 2Γ

It is remark able that the form of the Levi-Civita connection comes up directly

from this non-commutativ e calculus without any apriori geometric interpre-

tation.

One finds that

= +

˙

+ Γ

˙ ˙

{ }

{ } − r s

r s

ij ir j s r s

i j k j k i k ij

ij i

4 P oisson Brac k ets and Comm utator Brac k-

ets

r eplac e Poisson

br ackets by c ommutator br ackets.

F X , X .

F g g F

∂ F ∂ F ∂ F ,

F G

A, B

A, B ∂ A/∂ q ∂ B /∂ p ∂ A/∂ p ∂ B /∂ q ,

q p where

= [

˙ ˙

]

It follows from the Jacobi identity that

=

satisfies the equation

+ + = 0

identifying as a noncommutativ e analog of a gauge field. is a non-

comm utativ e analog of a scalar field. The details of these calculations will

b e found in [16].

This description of the equations for a noncommutativ e particle in a met-

ric field illustrates the role of the background discrete time in this theory .

In terms of the background time the metric co efficients are not constant.

It is through this v ariation that the spacetime deriv atives of the theory are

articulated. The background is a pro cess with its own form of discrete time,

but no spacetime structure as we know and observe it. Our observ ation of

spacetime structure app ears as a rough (comm utative) approximation to the

pro cesses describ ed as consequences of the basic noncommutativ e equations

of the discrete ordered calculus.

Dirac [8] intro duced a fundamental relationship b etween quantum mechanics

and classical mechanics that is summarized by the maxim

Recall that the Poisson bracket is

defined by the formula

= ( )( ) ( )( )

where and denote classical p osition and momentum v ariables resp ectively .

fact

motivate d

−

{ } { } { }

{ } { } { } − { }

−

D O C D

D X X J J X X , J

D A, B D A, B A, D B

A B R

d/dt A, B dA/dt, B A, dB /dt .

d/dt A, B dA/dt, B A, dB /dt A, B ∂ q/∂ q ∂ p/∂ p .

∂ q /∂ q ∂ p/∂ p .

p q

q ∂ H /∂ p,

p ∂ H /∂ q .

q p

H

D A, B D A, B A, D B

In our version of discrete physics the noncomm uting v ariables are func-

tions of discrete time, with a deriv ative as describ ed in the first

section. Since = = [ ] is itself a comm utator, it follows

that

([ ]) = [ ] + [ ]

for any expressions , in our ring . A corresp onding Leibniz rule for

Poisson brackets would read

( ) = +

However, here there is an easily verified exact formula:

( ) = + ( ˙ + ˙ )

This means that the Leibniz formula will hold for the Poisson bracket exactly

when

( ˙ + ˙ ) = 0

This is an integrability condition that will b e satisfied if and satisfy

Hamilton’s equations

˙ =

˙ =

This, of course, means that and are following a principle of least ac-

tion with resp ect to the Hamiltonian . Thus we can interpret the

([ ]) = [ ] + [ ] in the discrete context as an analog of the

principle of least action. T aking the discrete context as fundamental, we say

that Hamilton’s equations are by the presence of the Leibniz rule

for the discrete deriv ative of a comm utator. The classical laws are obtained

by following Dirac’s maxim in the opp osite direction! Classical physics is pro-

duced by following the corresp ondence principle upwards from the discrete.

q

2

{ }

{ }

{ } i j

i j

i j ij

i i

j

j

ij

i j

i i ij k j k

5 Discussion on -Deformation q , q

p , p

q , p δ .

X q

dotX p .

F X , X .

D X G X X ,

D O C

T aking the last paragraph seriously

, we must reev aluate the meaning of

Dirac’s maxim. The meaning of quantization has long b een a basic mystery

of quantum mechanics. By traversing this territory in reverse, starting from

the noncommutativ e world, we b egin these questions anew.

In making this backwards journey to classical physics we see that it is nec-

essary to make at least one further restriction on the comm utation relations.

F or in Poisson brackets it is the case that

= 0

= 0

=

In our formalism, we would identify as the corresp ondent with and

as the corresp ondent of Thus to match the Poisson algebra we

would need to demand that

= [

˙ ˙

] = 0

Under these circumstances we would have

= + Γ

˙ ˙

the usual form of the description of geo desic motion with resp ect to the Levi-

Connection. (See the previous section for the discussion of these equations.)

The non-commutative calculus structure that lies b elow this has a non-triv al

gauge field that arises from the extra comm utation relation. This raises

further questions ab out the nature of the generalization that we have made.

Originally Hermann W eyl [22] generalized classical differential geometry and

discovered gauge theory by allowing changes of length as well as changes of

angle to app ear in the holonomy

. Here we arrive at a very similar situation

via the prop erties of a non-commutativ e discrete calculus of observ ations. A

closer comparison with the geometry of gauge theories is called for.

The direct relation b etween the content of lo cal physical descriptions based on

the calculus and more global considerations are a matter of sp eculation.

−

−

− −

−

2 ( 1)

1

Δ q

q

n

q

q n

q

q n

q n

q

D f x f q x f x / q x x .

q

q D

x y

y x q xy q x y

q q q

q n

n q q ... q .

D q

D x n x .

d f x f x f x / .

q x q x

q x /x.

D O C q

q x

J q

q

D .

One strong hint is contained in the prop erties of the discrete deriv ative that

has the form

( ) = ( ( ) ( )) ( )

The classical deriv ative o ccurs in the limit as approaches one.

In the setting of not equal to one, the deriv ative is directly related

to fundamental noncommutativity

. Consider v ariables and such that

= where is a comm uting scalar. Then the expansion of ( + )

generates a -binomial theorem with -choice co efficients comp osed in -

factorials of -integers [ ] where

[ ] = 1 + + + +

The deriv ative is directly related to the -integers via the formula

( ) = [ ]

In the context of this pap er, we have considered discrete deriv atives in

the form

( ) = ( ( + Δ) ( )) Δ

This will convert to the -deriv ative if + Δ = . Thus we need

= ( + Δ)

This means that a direct translation from to -deriv ations could b e

effected if we allowed to v ary as a function of and intro duced the temp oral

op erator into the calculus of -deriv atives.

In general, many -deformed structures such as the quantum groups as-

so ciated with the classical Lie algebras app ear to b e entwined with the dis-

cretization inherent in The quantum groups have turned out to b e deeply

connected with top ological amplitudes for networks describing knots and

three dimensional spaces. (See the next section of this pap er.) The ana-

log for the quantum groups in dimension four is b eing sought. If there is

a connection b etween the lo cal and the global parts of our essay it may lie

in hidden connections b etween discretization and quantum groups. Clearly

there is muc h work to b e done in this field.

q

q

q

−

−

−

1 2 1 2 1 2

1

2 1

1 2

− →

− → ⊗

− →

⊗

⊗

− − − gr ouplike element

J D F F , J

G U S U

k

S G G

G G G

ϵ G k

S xy S y S x ,

S x x ϵ x x S x ϵ x x x x .

g G

g g g S g g . G

U S U

J

S x J xJ

x G.

G J

D X X , J X J J X J J X J X J S X X .

D O C

q

U S U

q

There is a clue ab out the meaning of the op erator ( = [ ] in

the discrete ordered calculus) in the context of quantum groups. Quantum

groups are Hopf algebras. A quantum group such as = ( (2)) is

actually an algebra over a field with an antip o de

:

and a copro duct

Δ :

, a unit 1 and a couinit

:

The copro duct is a map of algebras. The antip o de is an antimorphism,

( ) = ( ) ( ) and generalizes the inverse in a group in the sense that

Σ ( ) = ( )1 and Σ ( ) = ( )1 where Δ( ) = Σ

An element in a quantum group is said to b e a

if Δ( ) = and ( ) = In many quantum groups (such as =

( (2))) the square of the antip o de is represented via conjugation by a

sp ecial grouplike element that we shall denote by . Thus

( ) =

for all in This means that it is p ossible to define the discrete ordered

calculus in the context of a quantum group (as ab ove) by taking to b e

the sp ecial grouplike element. Then we have

= [ ] = = ( ) = ( ( ) )

Conjugation by the sp ecial grouplike element in the quantum group consti-

tutes the time evolution op erator in this algebra.

There are a numb er of curious asp ects to this use of the discrete ordered

calculus in a quantum group. First of all, it is the case that in some quantum

groups (for example with undeformed classical Lie algebras) the square of the

antip o de is equal to the identity mapping. F rom the p oint of view of ,

time do es not exist in these algebras. But in the -deformations such as

( (2)), the square of the antip o de is quite non-trivial and can serve well

as the tick of the clo ck. In this way

, -deformations do provide a context for

− q

V E F

V E F

G

6 Net w orks, Discrete Spacetime and the Dirac

Equation time. In particular, this suggests that the -deformations of classical spin

networks [19] should b e able to accommo date time. A suggestion directly

related to this remark o ccurs in [7], and we shall take this up at the end of

the next section of this pap er.

One can consider replacing continuous space (such as Euclidean space with

the usual top ology) by a discrete structure of relationships. The geometry of

the Greeks held a discrete web of relationships in the context of continuous

space. That space was not co ordinatized in our way

, nor was it held as an

infinite aggregate of p oints. In general top ology there is a wide choice for

p ossible spatial structures (where we mean by a space a top ology on some

set).

Discretization of space and time implicates the replacement of spacetime

by a network, graph or complex that has no des for the p oints and edges to

indicate significant relationships among the p oints.

Euler’s work in the eighteenth century brought forth the use of abstract

graphs as holders of spatial structure. After Euler it was p ossible to find the

classification of the Greek regular solids in the the (wider) classification of

the regular graphs on the surface of the sphere. Metric can disapp ear into

relationship under the top ological constraint of Euler’s formula + = 2,

where denotes the numb er of vertices, the numb er of edges and the

numb er of faces for the connected graph on the sphere.

A network itself can represent an abstract space. Emb eddings of that

network into a given space (such as graphs on the two dimensional sphere)

corresp ond to global constraints on the structure of the abstract graph.

Now a new theme arises, motiv ated by a conjunction of combinatorics and

physics. Imagine lab elling the edges of the network from some set of ”colors”.

These colors can represent the basic states of a physical system, or they can

b e an abstract set of distinct markers for purely mathematical purp oses.

Once the network is lab elled, each vertex is an entity with a collection of abc

√

−

−

C N

N

Z N

Z N

G

ϵ

a b c vertex

weight

amplitude

p artition function lab els incident to it. Let there b e given a function that asso ciates a numb er

(or algebra element) to each such lab elled vertex. Call this numb er the

at that vertex. Let denote a sp ecific coloring of the network and

consider the pro duct, over all the vertices of of the v alues of the vertex

weights. Finally let ( ) , the of the network, b e defined as the

summation of the pro duct of the vertex weights over all colorings of the net.

( ) is also called the of the network.

Amplitudes of this sort are exactly what one computes in finding the par-

tition function of a physical system or the quantum mec hanical amplitude

for a discrete pro cess. In all these cases the network is interwoven with the

algebraic structure of the vertex weights. It is only recently that top ological

prop erties of networks in three dimensional space have come to b e under-

sto o d in this way [13], [1],[23]. This has led to new information ab out the

top ology of low dimensional spaces, and new relationships b etween physics

and top ology .

A classical example of such an amplitude was discovered by Roger Penrose

[3] in elucidating sp ecial colorings of 3-regular graphs in the plane. A 3-

regular graph has three edges incident to each vertex. When emb edded in

the plane, these edges acquire a sp ecific cyclic order. Three colors are used.

One asso ciates to each vertex the weight

1

where , , denote the edges meeting the vertex in this cyclic order, and

the epsilon is equal to 1, 1 according as the edges have distinct lab els in

the given or reverse cyclic order, or 0 if there is a rep etition of lab els. The

resulting amplitude counts the numb er of ways to color the network with

three colors so that three distinct colors are incident to each vertex. This

result is a p erspicuous generalization of the classical four color problem of

coloring maps in the plane with four colors so that adjacent regions receive

different colors.

The Penrose example generalizes to networks whose amplitudes emb o dy

geometrical prop erties of Euclidean three dimensional space (angles and their

dep endence). Geometry b egins to emerge in terms of the averages of prop-

erties of an abstract and discrete network of relationships. T op ological prop-

erties emerge in the same way

. The idea of space may change to the idea of m

m

1

1 2 3

≤ ≤ ≤ ≤

1 2

=1

1 2

1

1 2 3 n

n

i i i

m

i ... i n

i i i m

i

6.1 Rem arks on Quan tum Mec hanics

A B

A B A B

C , C , ...C

A B A C C B .

A C B

A B

A C C B C

A C C ... C B

< A B > < A C >< C C > ... < C B >

A

B .

⟨ | ⟩

⟨ | ⟩ ⟨ | ⟩⟨ | ⟩

− − − ∗ − − − − − − ∗ − − −

∗ ⟨ | ⟩ ⟨ | ⟩

− − − ∗ − − − − − − ∗ − − − − − − ∗ − − − − − − ∗ − − − − − −

| | | | a network with global states and a functor that asso ciates this network and

its states to the more familiar prop erties that a classical observer might see.

W e should remark on the basic formalism for amplitudes in quantum me-

chanics. The Dirac notation [8] denotes the probability amplitude

for a transition from to . Here and could b e p oints in space (for

the path of a particle), fields (for quantum field theory), or geometries on

spacetime (for quantum gravity). The probability amplitude is a complex

numb er. The actual probability of an event is the absolute square of the

amplitude. If a complete set of intermediate states is known,

then the amplitude can b e expanded to a summation

= Σ

This formula follows the formalism of the usual rules for probability

, and it

allows for the constructive and destructive interference of the amplitudes. It

is the simplest case of a quantum network of the form

where the colors at and are fixed and we run through all choices of

colors for for the middle edge. The vertex weights at the vertices lab elled

are and resp ectively

. A measurement at the edge reduces

the big summation to a single v alue.

Consider the generalization of the previous example to the graph

With A and B fixed the amplitude for the net is

= Σ

One can think of this as the sum over all the p ossible paths from to

In fact in the case of a ”particle” travelling b etween two p oints in space,

( k

L

R

c P

| |

√

−

| | n .

C

L R. < L R > < R L >

< L L > < R R > .

L R

a, b

a

b

ψ a, b a, b

ψ a, b a, b

P i c P this is exactly what must b e done to compute an amplitude - integrate over

all the paths b etween the two p oints with appropriate weightings. In the

discrete case this sort of summation makes p erfect sense. In the case of

a continuum there is no known way to make rigorous mathematical sense

out of all cases of such integrals. Nevertheless, the principles of quantum

mechanics must b e held foremost for physical purp oses and so such ”path

integrals” and their generalizations to quantum fields are in constant use by

theoretical physicists [12] who take the p oint of view that the pro of of a

technique is in the consistency of the results with the exp eriments. When

the observ ations themselves are mathematical (such as finding inv ariants of

knots and links), the issue acquires a new texture.

Now consider the summation discussed ab ove in the case where = 2

That is, we shall assume that each can take two v alues, call these v alues

and F urthermore let us supp ose that = = 1 while

= = 1 The amplitudes that one computes in this case

corresp ond to solutions to the Dirac equation [8] in one space v ariable and one

time v ariable. This example is related to an observ ation of Richard F eynman

[12]. In [15] we give a very elemen tary deriv ation of this result and we show

how these amplitudes give solutions to the discretized Dirac equation, so

everything is really quite exact and one can understand just what happ ens

in taking the limit to the continuum. In this example a state of the network

consists in a sequence of choices of or . These can b e interpreted as

choices to move left or right along the light-cone in a Minkowski plane. It

is in summing over such paths in spacetime that the solution to the Dirac

equation app ears. In this case, time has b een intro duced into the net by

interpreting the sequence of no des in the network as a temp oral direction.

More sp ecifically

, let ( ) denote a p oint in discrete Minkowski spacetime

in lightcone co ordinates. This means that denotes the numb er of steps

taken to the left and denotes the numb er of steps taken to the right. W e

let ( ) denote the sum over the paths that enter the p oint ( ) from

the left and ( ) the sum over the paths that enter ( ) from the right.

Each path contributes where ( ) denotes the numb er of corners in

the path. View the diagram b elow.

L L R

L R

R L

b efor e after

(a,b+1)

(a,b)

ψ a, b ψ a, b iψ a, b .

∂ ψ /∂ R iψ

∂ ψ /∂ L iψ .

It is clear from the diagram that

( + 1) = ( ) + ( )

Thus we have that

=

and similarly

=

This pair of equations is the Dirac equation in light cone co ordinates.

This discrete deriv ation of the Dirac equation is simpler than the metho d

used in [15 ]. I am indebted to Charles Blo om [2] for p ointing this out to

me. In fact, this form of the discretization is essentially F eynman’s original

metho d as is evident from the repro duction of F eynman’s handwritten notes

in Figure 8 of the review pap er [20 ] by Schweb er. It is still an op en problem

to generalize this exercise of F eynman to four dimensional discrete spacetime.

As in the Dirac equation example, one way to incorp orate spacetime is

to intro duce a temp oral direction into the net. At a vertex, one must sp ecify

lab els of and to each edge of the net that is incident to that

vertex. If there is a sufficiently coherent assignment of such lo cal times, then

a global time direction can emerge for the entire network. Networks endowed

with temp oral directions have the structure of morphisms in a category where

each morphism p oints from past to future. A category of quantum networks

emerges equipp ed with a functor (via the algebra of the vertex weights)

to morphisms of vector spaces and representations of generalized symmetry

groups. Appropriate traces of these morphisms pro duce the amplitudes.

Quantum non-lo cality is built into the network picture. Any observer

taking a measurement in the net has an effect on the global set of states

− −

|

−

|

4 4

4 1

4

4

4

Remark.

M

q

q

v e

λ σ q τ

q ζ q

M

6.2 T em p oralit y and the Crane Mo del for Quan tum

Gra vit y

Z M , A, B < A B > M

A B

M

U S U q

J

J

A B

Z M N dim λ σ dim λ τ J λ ζ .

λ

M v e

M . σ τ

ζ .

Z M , A, B < A B >

A B

A av ailable for summation and hence affects the p ossibilities of observ ations at

all other no des in the network. By replacing space with a network we obtain

a precursor to spacetime in which quantum mec hanics is built into the initial

structure.

A striking parallel to the views expressed in this section can b e

found in [9]. Concepts of time and category are discussed by Louis Crane

[6], [7] in relation to top ological quantum field theory

. In the case of Crane’s

work there is a deep er connection with the metho ds of this pap er, as I shall

explain b elow.

Crane uses a partition function defined for a triangulated four-manifold. Let

us denote the partition function by ( ) = where

is a four-manifold and and are (colored - see the next sentence) three

dimensional submanifolds in the b oundary of . The partition function is

constructed by summing over all colorings of the edges of a dual complex

to this triangulation from a finite set of colors that corresp ond to certain

representations of the the quantum group ( (2)) where is a ro ot of

unity

. The sum is over pro ducts of 15 symb ols (natural generalizations of

the 6 symb ols in angular momentum theory) ev aluated with resp ect to the

colorings. The sp ecific form of the partition function (here written in the

case where and are empty) is

( ) = Σ Π ( ( ))Π ( ( ))Π 15 ( ( ))

Here denotes the lab elling function, assigning colors to the faces and

tetrahedra of and is the difference of the numb er of vertices and

the numb er of edges in F aces are denoted by , tetrahedra by and

4-simplices by W e refer the reader to [4] for further details.

In computing ( ) = one fixes the choice of coloration

on the b oundary parts and . The analog with quantum gravity is that a

colored three manifold can b e regarded as a three manifold with a choice

−

M

M

M

M

M

q

q

|

|

|

|

|

− →

−

4

4

4

4

4

4

4

4

4

4

2 1

2

< A B >

M A B < A B >

A M

B

Z M , A, B < A B >

M A B

Z M

Z M , A, B <

A B >

M A B

M

M

< A B > M

U S U

G U S U

J.

S G G

S x J xJ. D O C

D X X , J J S X X .

of (combinatorial) metric. The coloring is the combinatorial substitute for

the metric. In the three manifold case this is quite sp ecifically so, since the

colors can b e regarded as affixed to the edges of the simplices. The color on

a given edge is interpreted as the generalized distance b etween the endp oints

of the edge. Thus is a summation over ”all p ossible metrics”

on that can extend the given metrics on and . is an

amplitude for the metric (coloring) on to evolve in the spacetime to

the metric (coloring) on .

The partition function ( ) = is a top ological in-

v ariant of the four manifold . In particular, if and are empty (a

v acuum-v acuum amplitude), then the Crane-Y etter inv ariant, ( ), is a

function of the signature and Euler characteristic of the four-manifold [4].

On the mathematical side of the picture this is already significant since it

provides a new way to express the signature of a four-manifold in terms of

lo cal combinatorial data.

F rom the p oint of view of a theory of quantum gravity

, ( ) =

, as we have describ ed it so far, is lacking in a notion of time and

dynamical evolution on the four manifold . One can think of and

as manifolds at the initial and final times, but we have not yet describ ed a

notion of time within itself.

Crane prop oses to intro duce time into and into the partition function

by lab elling certain three dimensional submanifolds of with

sp ecial grouplike elements from the quantum group ( (2)) and extending

the partition function to include this lab elling. Movement across such a la-

b elled hyp ersurface is regarded as one tick of the clo ck. The sp ecial grouplike

elements act on the representations in such a way that the partition func-

tion can b e extended to include the extra lab els. Then one has the pro ject

to understand the new partition function and its relationship with discrete

dynamics for this mo del of quantum gravity .

Lets denote the sp ecial grouplike element in the Hopf algebra = ( (2))

by the symb ol Then, as discussed at the end of the previous section, one

has that the square of the antip o de : is given by the formula

( ) = This is the tick of the clo ck. The deriv ative in the

quantum group is given by the formula = [ ] = ( ( ) ) I pro-

M

4

References

36

Gen-

eral systems and the Emergence of Ph ysical Structure from

Information Theory

45

The Ge ometry and Physics of Knots,

Com-

binatorial Mathematics and Its Applic ations

Journal of Knot The ory and Its R amific ations

Nonc ommutative Ge ometry

J. Math. Phys.

Principles of Quantum Me chanics,

Interna-

tional Journal of Gener al Systems

Physic a D p ose to generalize the discrete ordered calculus on the quantum group to a

discrete ordered calculus on the four manifold with its hyp erthreespaces

lab elled with sp ecial grouplikes. This generalised calculus will b e a useful

to ol in elucidating the dynamics of the Crane mo del. Much more work needs

to b e done in this domain.

[1] M.F. Atiyah [1990], Cambridge

University Press.

[2] Blo om, Charles [1998], (priv ate comm unication)

[3] R. Penrose [1971], Applications of negative dimensional tensors, In

, edited by D. J. A. W elsh,

Academic Press.

[4] Crane, Louis , Kauffman, Louis H., Y etter, David N. [1997], State sum

inv ariants of 4-manifolds,

[5] Connes,Alain [1990], Academic Press.

[6] Crane,Louis [1996], Clo ck and category: Is quantum gravity algebraic?,

(11), Novem b er (1996), pp. 6180-6 193 .

[7] Crane, Louis [1997], A prop osal for the quantum theory of gravity ,

(preprint).

[8] Dirac, P

.A.M. [1968], Oxford Uni-

versity Press.

[9] T. Etter, Pro cess, System, Causality and Quantum Mechanics’,

, issue edited by K. Bowden on

, (in press).

[10] E. F redkin [1990], Digital Mechanics, , pp. 254-270 .

452

Phys. R ev. L ett.

Quantum Me chanics and Path

Inte gr als,

Knots and Physics,

Pr o c. of the R oyal So c. L ond. A

Physics L etters A

Twistor

Newslette r Numb er 41

Physic a D

Quantum The ory and Beyond

R ev. Mo d. Phys.

Annals of Physics, vol. 220

Sp ac e–Time–Matter

Commun. Math. Phys.

[11] Ashtek ar,Abhay

, Rovelli, Carlo and Smolin,Lee [1992], ”W eaving a Clas-

sical Geometry with Quantum Threads”, , vol. 69, p.

237.

[12] R.P . F eynman and A.R. Hibbs [1965],

McGraw Hill Bo ok Company .

[13] Kauffman,Louis H.[1991,1994], W orld Scientific Pub.

[14] Kauffman,Louis H. and Noyes,H. Pierre [1996], Discrete Physics and

the Deriv ation of Electromagnetism from the formalism of Quantum

Mechanics, , , pp. 81-95.

[15] Kauffman,Louis H. and Noyes,H. Pierre [1996], Discrete Physics and the

Dirac Equation, , 218 ,pp. 139-146 .

[16] Kauffman,Louis H. and Noyes,H.Pierre (In preparation)

[17] Kauffman, Louis H.[1996], Quantum electro dynamic birdtracks,

[18] Kauffman, Louis H. [1998], Noncomm utativity and discrete physics,

120 (1998), 125-138 .

[19] Penrose,Roger [1971], Angular Momentum - An Approach to Combina-

torial Spacetime, In ,Edited by T ed Bastin

Cambridge University Press, pp. 151-180 .

[20] Schweb er, Silv an S. [1986], F eynman and the visualization of space-time

pro cesses, V ol. 58, No. 2, April 1986, 449 - 508.

[21] T animura,Shogo [1992], Relativistic generalization and extension to the

non-Ab elian gauge theory of F eynman’s pro of of the Maxwell equations,

, pp. 229-247.

[22] W eyl, Hermann [1922], , Methuen, London (1922).

[23] Witten,Edward [1989], Quantum field Theory and the Jones Polynomial,

,vol. 121,pp. 351-399.