Abstract

Ac kno wledgemen t.

This p ap er is de dic ate d to the memory of F r anc ois Jae ger.

Com binatorics and T op ology - F rancois

Jaeger’s W ork in Knot Theory

1 In tro duction

Louis H. Kauffman

Departmen t of Mathematics, Statistics and Computer Science

Univ ersit y of Illinois at Chicago

851 South Morgan Street

Chicago, IL, 60607-7045

F rancois Jaeger found a numb er of b eautiful connections b etween combina-

torics and the top ology of knots and links, culminating in an intricate rela-

tionship b etween link inv ariants and the Bose-Mesner algebra of asso ciation

schemes. W e give an elementary intro duction to this connection.

W e b egin by first recalling the construction of the bracket p olynomial

(a state summation mo del for the Jones p olynomial). With this example of

a combinatorial state mo del in hand, we then devote a section to Jaeger’s

discovery of a combinatorial state mo del for the Homfly p olynomial. The

next section shows how the bracket p olynomial can b e translated into a (so-

called) spin mo del in terms of the checkerb oard graph of a knot or link. This

gives an intro duction to spin mo dels and the opp ortunity to explain Jaeger’s

discovery of the connection of spin mo dels with asso ciation schemes.

It gives the author pleasure to thank the National Sci-

ence foundation for supp ort of this research under NSF Grant DMS-980285 9

3

R .

2 Recalling the Brac k et P olynomial

c omp onents

ambient isotopic

knotte d

linke d and the National Security Agency for supp ort of the research under grant

MDA904-97-1-0 015 .

W e must first recall that the theory of knots and links is the study of smo oth

(infinitely differentiable) or piecewise linear emb eddings of circles and collec-

tions of circles into Euclidean three dimensional space Knots are emb ed-

dings of single circles and links are emb eddings of multiplicities of circles. The

numb er of circles is called the numb er of of the link. Two knots

or links are said to b e if there is a smo oth (or piecewise

linear) family of emb eddings parametrized on the unit interv al that starts

with one link and ends up with the other. The problem in knot theory is to

determine when two emb eddings are ambient isotopic.

A knot is said to b e if it is not ambient isotopic to a planar

emb edding of a circle. A link is said to b e if it is not ambient isotopic

to a disjoint emb edding of circles in the plane. Thus all knots are links, but

not conversely .

The plane is a key figure in this theory b ecause it is always p ossible to

pro ject a knot or link from three-space to the plane (or to the surface of

a two dimensional sphere ab out the origin) so that the curve(s) in space

b ecome curve(s) on the plane with finitely many transverse self-intersections

as shown in Figure 1.

A pro jection to the plane can b e arranged for any link so that the only

multiple p oints are double p oints corresp onding to transverse interesections

of the curves in the pro jection. The curve(s) formed by the pro jection of

the knot or link can b e then b e construed as a 4-regular (four lo cal edges

p er vertex) plane multigraph (a multigraph can have a multiplicity of edges

b etween two of its vertices). The vertices of this multigraph corresp ond to the

places where the pro jection of the link has double p oints in the plane. This

combinatorial structure can b e used to enco de all the information one needs

ab out the knot or link for top ological purp oses. In particular it is customary

as in Figure 1(a) to use a convention of lab elling the 4-regular graph at its

vertices to indicate how the corresp onding curves in space cross over one

T

G G e

@ e e C G

@ C

C C @ C

M ; C

M t @ C

C ;

M :

M : M t M ¯ t

¯

b oundary

(mo d-2) cycle thr ough cycle not

Figure 1 - Crossings and Diagrams another. This convention for a crossing is indicated in Figure 1(b). Thus we see that the overcrossing line is shown as continuous while the undercrossing line is shown with deletion just b efore it would meet the overcrossing line and continuing just afterwards. A knot or link diagram of this typ e can b e used as weaving instructions to make a corresp onding emb edding into three-space.

See Figure 1(b) for an illustration of the trefoil knot in this mo de and for its shadow graph.

An edge in a graph either joins two distinct vertices in or, if the edge is a lo op, it joins a vertex to itself. Let the of an edge b e the multi-set of those vertices, with the case of a lo op giving a set of multiplicit y two. Let denote the b oundary of . If is a set of edges in let denote the union (with multiplicities) of the b oundaries of the edges in . A set is said to b e a if every mem b er of has even multiplicit y .

In a 4-regular plane multigraph we say that a subset of the edges of is a (denoted -cycle) if every vertex in the set is shared by exactly two edges in and these edges are adjacent in the cyclic order of edges around the vertex defined by the planar emb edding of

In other words, a through cycle corresp onds to the pro jection of one of the comp onents of a link that pro jects to Thus a graph with only one

-cycle is the pro jection of a knot, while a graph with -cycles is the pro jection of a link with comp onents.

n

′

′

|| ||

|

|

F K F K

K K

F K F L

K L

K L

K K

A B

d A B d K

K K .

S K .

A B

n

S

K S

K S A B K ambient isotopic

invariant

state

smo othing

lab el

In the 1920s Reidemeister [1] discovered a set of moves on knot and link

diagrams that capture ambient isotopy in combinatorial form. His moves are

illustrated in Figure 2.

These moves indicate lo cal changes that can b e p erformed on the link

diagram. Thus in the first move one lo cates a region with one edge and one

vertex and eliminates it or creates it by p erforming the move in reverse. In

the second move one creates or destroys a two-sided region. In the the third

move one changes the configuration of a three-sided region. In each case the

crossings at the b oundary of the region are as indicated in Figure 2.

Two knots or links in three-space are if and only if

diagrams for them can b e obtained one from the other by a sequence of Rei-

demeister moves. Consequently

, it is a go o d strategy to find functions of the

diagrams and to attempt to adjust these functions so that they are inv ariant

under the moves. A function F defined on diagrams so that ( ) = ( )

whenever and differ by a Reidemeister move is called an of

knots and links. Certainly

, if ( ) is not equal to ( ) then it follows (by

Reidemeister’s theorem) that and are not related by a sequence of the

Reidemeister moves, and hence that and are not ambient isotopic.

W e now give an example of the construction of such a function. W e shall

first define a function [ ] on knot and link diagrams such that [ ] is well-

defined on diagrams and it is a p olynomial in the comm uting v ariables ,

and . Then we shall see how to sp ecialize , and so that [ ] is inv ariant

under the Reidemeister moves. See [22], [23].

T o define [ ] we need the concept of a of the link diagram A state

is obtained by each crossing of the diagram In smo othing, a

crossing is replaced by two parallel arcs and the new diagram loses this vertex,

but gains a of either or dep ending on the sense of the smo othing

relative to the crossing. Each crossing has p ossible two smo othings, as shown

in Figure 3. The conventions for smo othing are lab elling are illustrated in

this figure. Since there are two choices for smo othing each crossing, there

will b e 2 states for a diagram with crossings. Each state is a lab elled

configuration of disjoint lo ops in the plane. Let denote the numb er of

lo ops in the state and [ ] denote the pro duct of the lab els. Note that

[ ] is a pro duct of ’s and ’s, comm uting v ariables. Now define [ ] to

Figure 2 - Reidemeister Moves

X

|

|

S

S

S

Lemma 1.

|| ||

|| ||

′ ′′

′

′′ ′ ′′

′ ′′

K S d

K K S d .

K K K

K K . K

A K B . K K

A B .

K A K B K .

thr e e-variable br acket p olynomial.

b e the sum over all the states of the pro ducts [ ] :

[ ] = [ ]

This defines the

Figure 3- Smo othings and States

The following lemma shows how to recursively compute the bracket p olynomial.

Let b e a given link diagram and let and denote two smo othings of at a given crossing of Let b e the smo othing with lab el and b e the smo othing with lab el Interpret [ ] and [ ] to b e the bracket p olynomials of the links obtained from these smo othings by removing the lab els and Then

[ ] = [ ] + [ ]

Γ

Pro of.

Lemma 2.

oriente d sign curl

O

O K K

O K d K .

K

K

K

K Ad B K

(Figure 4 for an illustrates this relation.) Let denote the unknotted circle and let denote any link diagram obtained from by taking a disjoint union with a circle in the complement of the diagram. Then

[ ] = [ ]

These prop erties follow directly from the state summation definition of the bracket p olynomial. //

Figure 4 - Bracket Identity

A diagram K is said to b e if there is a chosen direction for each of its comp onents. W e assign a to each oriented crossing by the convention that a crossing is p ositive when a counterclo ckwise rotation of the overcrossing line makes it coincide with the undercrossing line. See Figure

5. In Figure 5 we also illustrate the two typ es of ”curls”. A is a lo cal app earance of a single-edge region in the diagram. Either assignment of orientation to the comp onent supp orting a curl yields the same sign at the curl’s crossing. Thus we can designate curls as p ositive or negative. Let (+) denote a diagram with a p ositive curl, and let denote the corresp onding diagram with the curl removed (by a Reidemeister move of typ e I). Similarly let ( ) denote a diagram with a negative curl.

[ (+)] = ( + )[ ]

Figure 5 - Crossing Signs and Curls

Γ Γ

−

∗

∗

−

2 2

1 2 2

Lemma 3.

Pro of.

K A B d K .

K I I

I I K

I I K

I I

K I I AB K AB d A B K .

B A d A A .

and

[ ( )] = ( + )[ ]

Pro of. See Figure 5.//

Let ( ) denote a diagram containing a two sided region that is capable of simplification under the typ e move. Let denote the result of doing the typ e simplification and let denote the opp osite smo othing to this typ e site, as shown in Figure 6. Then

[ ( )] = [ ] + ( + + )[ ]

See Figure 6.//

Figure 6 - Bracket Identity Relative to Move I I

It follows from this Lemma that the bracket p olynomial will b e inv ariant under the second Reidemeister move if = and = ( + ) In

Γ Γ

Γ

Γ

Γ Γ

− − −

−

−

− −

−

2 2 1 3

3

3

3

1 2 2

r e gular isotopy

K

Ad B A A A A A

A B d A .

K Ad B K A K

K A B d K A K .

K

B A d A A

< K > K /d

fact, with these conditions it then follows easily that [ ] is inv ariant under the third Reidemeister move as well. See Figure 7 for an illustration of this.

Note that with these assumptions

+ = ( ) + = and

+ =

Thus

[ (+)] = ( + )[ ] = [ ] and

[ ( )] = ( + )[ ] = [ ]

Let denote the equiv alence relation on diagrams generated by the second and third Reidemeister moves, plus planar isotopy of diagrams.

Then [ ] is an inv ariant of regular isotopy .

Figure 7 - Move I I I Inv ariance

With = and = ( + ) it is convenient to define

= [ ]

−

−

−

3 ( )

1 4 writhe

Conjecture 4.

K w K

K

K

K K

/

K

K K

K

3 Jaeger’s State Mo del for the Homfly P oly-

nomial

< O > .

w K K

f A A < K >

< K > K

f

V t

V t f t .

K V t K

K

P z , a H z , a

H z , a

z a.

so that = 1 This is the usual top ological bracket p olynomial.

Let the ( ) of an oriented link b e the sum of the signs of its

crossings. W e normalise the bracket to the p olynomial

( ) = ( )

where is computed by forgetting the orientation assigned to . The

p olynomial is an inv ariant of ambient isotopy

. It gives a mo del for the

original Jones p olynomial ( ) by the substitution

( ) = ( )

By now there are many other inv ariants of knots and links b eyond the

classical Alexander-Conway p olynomial, but the Jones p olynomial and the

bracket p olynomial are imp ortant for the initial relationship with purely

combinatorial state sums, graph p olynomials and statistical mechanics. F ur-

thermore the following conjecture remains outstanding:

F or a link of one comp onent, ( ) = 1 implies that

is unknotted.

This conjecture is closely related to the fact that the spanning tree expansion

of the bracket p olynomial has no cancellation among its terms for an

alternating diagram. See [26], [27 ].

The Homfly p olynomial [20] is a common generalization of the Jones p oly-

nomial and the classical Alexander-Conway p olynomial. F or the purp oses of

this section we take the following axiomatic definition of the Homfly p olyno-

mial ( ) in terms of the framing p olynomial ( ) :

0. ( ) assigns to each oriented link diagram a Laurent p olynomial in

the comm uting v ariables and If two diagrams are regularly isotopic (see

the previous section for the definition of regular isotopy) then they receive

the same H-p olynomial.

−

−

+ 0

+ 0

−

−

−

−

−

−

−

−

−

− −

+ 0

+

0

(+) ( )

1

( )

1 1

O

K K K

K K K K

K w K

K

K

K K K

K

O K K

H .

H H z H K K K

K K

K

H aH H a H .

K K K

P z , a a H z , a w K K

H z , a

H

H H z H

a

.

P

H δ H

δ a a z .

1. = 1

2. = whenever , , form a triple of diagrams that

differ only at one site, with having a p ositive crossing at that site, a

negative crossing and the oriented smo othing of that crossing.

3. = and = Recall from the previous section that

(+) and ( ) denote diagrams with a p ositive or negative curl, with

denoting the result of removing this curl by a typ e I Reidemeister move.

4. ( ) = ( ) where ( ) denotes the writhe of as defined

at the end of the last section, and ( ) is describ ed ab ove.

The -p olynomial is a framed version of the Alexander-Conway p olyno-

mial. It has the same ”skein identity”

=

as Alexander-Conway

, but the extra v ariable keeps track of the framings

of the diagrams via the curl identities in 3 ab ove. The Homfly p olynomial

is an inv ariant of ambient isotopy

. It is not hard to see that our axioms

imply that

=

where

= ( )

This is the ”lo op v alue” for the Homfly p olynomial.

After the discovery of the bracket state mo del there came a large numb er

of mo dels for new link inv ariants that were based on this idea of using the

diagram of the link as a basis for forming a state summation. The key to

this prolixity of mo dels is the use of ideas from statistical mec hanics where

more general vertex weights prev ail and one designates states by assigning

”colors” to the edges or to the faces of the link diagram in such a way that

a lo cal assignment of colors at vertex gives rise to a sp ecific vertex weight.

Nevertheless, even at this level of generality there did not seem to b e a state

0

0

K

S .

t t S .

K t t

state diagr am template

summation for the full two v ariable Homfly p olynomial. It was in this context that Jaeger found a state summation mo del for the whole Homfly p olynomial

[5]. W e will describ e that mo del.

In Jaeger’s state sum for the Homfly p olynomial the states of a diagram are defined by first replacing each crossing of the diagram by either a flat crossing or a smo othing (See Figure 8) to form the

Figure 8 - State Diagrams for Jaeger’s State Sum

W e then take a series of walks on the -cycles (See section 2 for the definition of a -cycle) of this 4-regular plane graph The initial lo cation for the walk is chosen by a where the template is a lab elling of the edges of from any subset of the p ositive integers. The edge with the least template lab el is the starting p oint for the first walk. One then takes the walk on the -cycle determined by this starting p oint. (Note that in an oriented diagram, the -cycle and direction of the walk is completely determined by

∑

K

S

S

0

0

0

1

1

1 1

−

|

|| ||

|

−

−

|| ||−

− − t S.

S .

S .

S S

S

S K

z .

S K

z .

S a.

S a .

< K S > .

S t S.

H

H z , a < K S > δ

δ a a z the choice of initial edge.) The next walk b egins on the edge with least

unused lab el. The pro cess continues in this way until walks have b een taken

on all the -cycles in the state diagram Each walk creates lab els on the

sites of the state diagram If a walk passes through a smo othing for the

first time, we mark the leg of the smo othing where the first passage o ccurs

with a dot as shown in Figure 9. If the walk passes through a flat crossing

for the first time, we draw this passage as an overpass on the state diagram

Once the walks have all b een p erformed, the state diagram has a lab elling

at each crossing that indicates the first passage in the walks made on it. At

this p oint the state diagram has b ecome a state for the state summation.

The vertex weights for the state summation are then obtained from the lab els

on by the following prescription:

1. At a smo othing in , if the crossing in is p ositive and the first passage

is along the b ottom of the smo othing (See Figure 9) then the weight is

2. At a smo othing in , if the crossing in is negative and the first passage

is along the top of the smo othing (See Figure 9) then the weight is

3. At a crossing in , if the crossing is p ositive then the weight is

4. At a crossing in , if the crossing is negative then the weight is

The pro duct of these weights is denoted by

Let denote the numb er of -cycles in

Then Jaeger’s state sum formula for the -p olynomial is simply

( ) =

where = ( ) is the lo op v alue as discussed ab ove. After the nor-

malization this gives a mo del for the Homfly p olynomial. The same metho d

applies to the Kauffman p olynomial [27].

Jaeger’s pro of of the v alidity of this state sum can b e simplified by recog-

nising its relationship with the recursive pro cess inherent in the skein identity

for the H-p olynomial. In [25 ] I show that the states in this mo del are in one

to one corresp ondence with the diagrams that o ccur at the b ottom of the

tree generated in a skein calculation. Thus the mo del follows directly from

Figure 9 - States Arise F rom W alks on State Diagrams

−

G K .

G K

G K

K . G K

G K .

signe d gr aph

che ckerb o ar d c oloring

4 Medial Graphs and Graphical Reidemeis-

ter Mo v es this form of calculation. Nevertheless it is quite interesting to have a di-

rect formula of this kind for the Homfly p olynomial. I b elieve that there is

much more that can b e done with Jaeger’s state mo del and that the corre-

sp onding p olynomials defined for 4-regular plane graphs will b e of interest

to combinatorialists.

Recall that a is a graph with lab els of +1 or 1 on each edge.

T o each knot or link diagram K there is an asso ciated signed graph ( )

W e recall the construction of ( ) b elow and also how the Reidemeister

moves on the knot and link diagrams translate to moves on the graphs.

First of all, it is always p ossible to color the regions of a knot or link

diagram with two colors so that adjacent regions receive opp osite colors.

This two-color theorem for link diagrams follows directly from the Jordan

curve theorem in the plane. (Smo oth the crossings of the link diagram in

such a way so that there is only one curve in the resulting state. Color the

the inside of this curve black and the outside white. T ake the corresp onding

coloring that is induced on the regions of the original link diagram. This is

the desired coloring.) I shall refer to the two coloring of the regions of link

diagram with the outer region colored white as the of

the diagram.

The graph ( ) is directly asso ciated with the checkerb oard coloring of

The vertices of ( ) are in one to one corresp ondence with the black

regions of the coloring. There is an edge b etween two vertices whenever a

crossing is shared by the corresp onding regions. The sign of this edge is

+1 when the overcrossing line can b e rotated counterclo ckwise through the

shaded region to coincide with the undercrossing line. See Figure 10.

The translation of the Reidemeister moves to graphical moves is shown

in Figure 11. These graphical Reidemeister moves allow the generalization

of knot theory to arbitrary graphs. (Planar graphs corresp ond to classical

knots and links by inverting the construction of ( ) F or non-planar graphs

Figure 10 - The Checkerb oard Graph G(K) of a Link Diagram K

Prop osition 5.

−

|| ||

| |

| |

{ }

|| || | | − internal (i)

external (e)

S K

S K

S

K G K

S

K . I S

S E S S.

S S.

S

S. S

G K .

N N K G K .

S

K S S I S N K .

5 Graphical Reform ulation of the Brac k et

P olynomial as a Spin Mo del this theory needs further exploration.)

Note the analogy of the graphical moves with series-parallel and star-

triangle moves on electrical circuits. In fact [28] we can interpret the +1 or

1 on an edge of the graph G(K) as a conductance (negative conductance

can b e treated in an algebraically consistent way for circuits containing only

conductors). Then the two versions of the second Reidemeister move and

the third Reidemeister move are correct replacements for conductance in a

circuit. W e obtain inv ariants of knots and links by measuring the conduc-

tances of their corresp onding graphs b etween two chosen p oints on the graph.

The resulting conductance is an inv ariant of motions of the link that do not

pass strands across the regions corresp onding to the chosen p oints on the

graph. Many knots and links (for example alternating links) exhibit non-

zero conductance simply b ecause all the conductances have the same sign.

W e b egin by considering states of a link diagram where these states are

the states describ ed in Section 2. Thus is obtained from by cho osing a

smo othing for each crossing of K. It is then clear that a state of the link

diagram corresp onds to lab elling edges of the graph ( ) or

as shown in Figure 12. An edge is internal if the lo cal smo othing

in corresp onding to that edge joins shaded regions in the checkerb oard

coloring of the diagram W e let ( ) denote the numb er of internal edges

for the state , and ( ) the numb er of external edges for the state

As b efore, we let denote the numb er of comp onents in the state W e

now define to b e the numb er of shaded comp onents in the checkerb oard

coloring of It is a direct consequence of the remarks ab ove that is

the numb er of comp onents of ( ) - interiors of external edges W e let

= ( )denote the numb er of vertices of ( )

Using the terminology established ab ove, if is a state of

the link diagram , then = 2 + ( ) ( )

Figure 11 - Graphical Reidemeister Moves

Figure 12 - Internal and External Edges

X

+ + − − ( ) 2

−

−

±

±

± ±

± ±

− | | N K

S

I I E E S

Pro of.

Prop osition 6.

K S

A

S

B A. I I S

S . E E S

S .

K d Ad B d B A d .

See [23]. W e omit the pro of here. //

See Figure 13 for an example illustrating this prop osition.

Figure 13 - Illustrating Boundary and Region Count

Let b e a link diagram. An internal edge in a state will b e said to b e of typ e + if the vertex weight is (see section 2) and typ e if the vertex weight is B. An external edge in a state will b e said to b e of typ e + if the vertex weight is and typ e if the vertex weight is Let = ( ) denote the numb er of internal edges in a state of typ e Let = ( ) denote the numb er of external edges in a state of typ e

With the terminology of the previous paragraph the (three v ariable) bracket p olynomial of a link diagram K can b e expressed by the formula

[ ] = ( ) ( ) ( )

X

X

X

Pro of.

− −

− −

− −

+ +

+ +

+ +

|

|−

⊔

|± ±

+ +

+ + 2 + ( ) ( )

( )

+

2

|| ||

| | −

−

−

′ ′′

′ ′′

′

′′

S

I E I E S

S

I E I E S I S N K

N K

S

I I E E

K A B d

A B d d Ad B d B A .

I S I I .

G Ad G B G

G B d G A G p G d G

G G G

G G

G

[ ] =

=

= ( ) ( ) since ( ) = + This completes the pro of. //

A little thought now shows that this reformulation of the bracket state sum in terms of the signed graph can b e expressed by the formulas

[ +] = [ ] + [ ]

[ ] = [ ] + [ ]

[ ] = [ ] where [ ] denotes with a selected signed edge with sign , denotes the signed graph obtained from by contracting the sp ecial edge and denotes the signed graph obtained from by deleting the sp ecial edge. See

Figure 14 for a diagrammatic notation for this recursion.

Figure 14 - Graphical Recursion

X Y

( )

+

±

−

±

±

{ }

{ }

√

√

G

N σ edg es

G K

spin mo del p artition function

G K .

G K G

, , , ..., n

, , , ..., n G. w α, β

G α β

Z n w α, β .

σ G.

d n w α, β

Z K

K A, B , d .

w α, β Ad B , α β

W e now further translate this graphical bracket state sum into a

(a generalization of the Potts mo del in statistical mechanics) on ( )

In the course of this translation we shall see the full definition of the spin mo del emerge consistently with its description in [21]. W e shall henceforth refer to ( ) by the letter alone.

First cho ose a ”spin” set 1 2 3 for some p ositive integer n. Assign spins from the set 1 2 3 to the vertices of Assign weights ( ) to each edge of that is lab elled with the spins and at its ends. See

Figure 15. The weights are in an appropriate comm utative ring, often the complex numb ers.

Figure 15 - Edge Spins and V ertex W eights

Now form the

= ( ) ( )

Here denotes a spin assignment to the vertices of

It is then easy to see that with = and ( ) defined as shown b elow, that

= [ ] for the three v ariable bracket p olynomial [ ]( )

( ) = + =

G

√

− −

−

−

−

−

− −

−

−

−

−

± ±

−

+

1 2 2

+

3

+

1

3

+

+

1 w α, β B , α β .

w α, β A B d, α β

w α, β A, α β .

B A d n A A .

n A

w α, β A , α β

w α, β A , α β .

w α, β A , α β

w α, β A, α β .

Z

w α, β w β , α

a α.

w α, α a,

w α, α a .

( ) = =

( ) = + =

( ) = =

In the top ological case, we have = and = = Thus,

for a given choice of , the is a sp ecific complex numb er. The weights are

then given by the formulas:

( ) = =

( ) = =

( ) = =

( ) = =

Since the bracket p olynomial in the top ological case is inv ariant under

the second and third Reidemeister moves, it follows that will b e inv ariant

under the graphical counterparts to the second and third Reidemeister moves.

These inv ariances lead in turn to a set of conditions on the vertex weights

in the spin mo del. This is illustrated in Figure 16 and the corresp onding

equations are given in the text b elow. The b ehaviour under typ e I moves

is illustrated in Figure 16. These b ehaviours lead to equations 1.1 and 1.2.

Equation 0 just expresses the symmetry of this mo del (an assumption that

can b e dropp ed.)

0. ( ) = ( )

1.1 The v alue is indep endent of the choice of

( ) =

( ) =

F⟩}⊓∇⌉ ∞ ̸↖ V ⌉∇⊔⌉§ W ⌉⟩}⟨⊔∫ ⊣\⌈ R⌉⟩⌈⌉⇕⌉⟩∫⊔⌉∇ M≀⊑⌉∫

∈▽

∑

∑

∑

∑ √

∘

∘

∘

∘

+

1

+

+

+ + +

+

1

+

1

−

−

−

−

− − −

±

±

± ±

−

−

−

Hadamar d pr o duct x

x

x αβ

αβ

x

t

t

αβ

ij ij ij w α, x da ,

w α, x da.

w α, β w α, β

w α, x w x, β nδ ,

δ α β

w α, x w β , x w γ , x nw α, β w γ , α w β , γ .

W W

M M W w α, β .

I W aI

I W a I .

M N M N

M N M N .

J W da J

1.2

( ) =

( ) =

2.1.

( ) ( ) = 1

2.2.

( ) ( ) =

where denotes the Kronecker delta that is equal to one when and are

equal and is equal to zero when they are unequal.

3.

( ) ( ) ( ) = ( ) ( ) ( )

Each of these conditions can b e expressed more concisely in matrix alge-

bra as follows

0.

=

where denotes the transp ose of the matrix and ( ) = ( )

1.1.

=

and

=

Here is the of the matrices and given by the

formula

( ) =

1.2.

= x

n

−

−

−

−

−

∘

{ | ∈ }

+

+

2

+

+

0 1

0 asso ciation scheme

6 Asso ciation Sc hem es and Bose-Mesner Al-

gebra

J W daJ

J n n J

W W J

W W d I

W V α, γ dw α, γ V α, γ .

V α, γ

V α, γ w α, x w x, γ .

X

R R R X

R X x, x x X .

and

=

where is an x matrix all of whose entries are equal to 1. Note that

is the identity matrix for the Hadamard pro duct.

2.1.

=

2.2.

=

3.

( ) = ( ) ( )

Here ( ) is the column vector with entries

( ) = ( ) ( )

This matrix reformulation of the necessary prop erties of the spin mo del

is very suggestive. It suggests that an appropriate context for studying spin

mo dels would b e in a matrix algebra that is closed under ordinary matrix

pro duct and under the Hadamard pro duct. In fact Jaeger discovered that

the right context is the Bose-Mesner algebra of an asso ciation scheme, as we

shall see in the next section.

An consists in a set and a collection of relations

, , ..., on with

1.

= Δ( ) = ( )

∑

∑

0 1

=0

=1

∪ ∪ ∪ ×

∩

∈ ∈

∈

∈

∘ tr ansp ose

indep endent

Bose-Mesner algebr a n

i j

t

i k t

t

k k

ij i

j k

ij

i i i xy

i

i j d

k k

ij k

i j ij i

n

i i

R R ... R X X .

R R ϕ

i j.

i, R R k . R

R xR y y Rx.

x, y R , p z x, z R

z , y R . p x y .

A R . A

x, y R

A A p A

A A δ A

A J

J

2.

=

3.

=

when =

4. F or all = for some Here denotes the of the relation

: if and only if

5. If ( ) let denote the numb er of such that ( ) and

( ) It is given that is of the choice of and

Asso ciation schemes arise in many combinatorial contexts [30 ]. There is

a natural matrix algebra that describ es any given asso ciation scheme. This

is called the and it is constructed as follows:

Let b e the adjacency matrix of the relation That is, ( ) equals 1 if

( ) and is 0 otherwise. Then

1.

=

2.

=

3.

=

where is the matrix all of whose entries of ones.

These statements in matrix algebra encapsulate the prop erties of an asso ci-

ation scheme.

Now note that the weight matrices for the spin mo del corresp onding to the

bracket p olynomial are given by the formulas

∑

∑

∑

−

− −

−

−

−

−

−

√

−

−

∘

∘

+

2 2 1

+

=0

=0

1

+

=1 n

k k k

n

k k k

i j ij i n

i i

W Ad B I B J I

W B d A I A J I .

I J n n d n.

d A A B A

I J I

W x A

W x A

W W J

A A δ A A J

= ( + ) + ( )

= ( + ) + ( )

Here and are x matrices for the spin mo dels with =

The sp ecialization = ( + ), = gives the top ological mo del

satisfying the corresp onding spin mo del equations for the second and third

Reidemeister moves. However the decomp osition of the general weight matrix

into combinations of and corresp onds directly to the bracket expansion

into two smo othings and to the contraction deletion formula that we gave

for the graphical version of this mo del.

This example shows that the weight matrices for the spin mo del of the

bracket p olynomial are expressed as linear combinations ot the basis ma-

trices for the simplest Bose-Mesner algebra. These matrices corresp ond di-

rectly to the relations ”same” and ”different” that underlie the combinatorics

of this mo del. In fact we have shown this result for the full bracket p oly-

nomial whence for a version of the T utte p olynomial for signed graphs [26 ].

State summations for more complex relations will b e captured by other Bose-

Mesner algebras.

It was with this idea in hand that Jaeger went searching for other link

inv ariants that could b e mo delled using the Bose-Mesner algebra of an asso-

ciation scheme. T o this end one can set

=

=

and it follows that

=

since the equations = and = hold in the Bose-Mesner

algebra.

The other relations for a top ological spin mo del are harder to come by

and this is the b eginning of a long and complex story

. Rather than tell it ij

−

− − −

2

+

1 1 1

−

− −

− −

− −

− − str ongly r e gular gr aph

I J I .

A I A

B J I A I A B J G

A G

i j

G A

A μ λ A μ k I μJ

G n, k , λ, μ

n G,

G k

G λ

G μ

G.

W r I sA t J I A ,

W r I s A t J I A .

n, k , λ, μ , , , here we refer the reader to Jaeger’s excellen t pap ers and to other pap ers that

grew out of his work. In particular, Jaeger eventually proved [18 ] that any

spin mo del naturally gives rise to a Bose-Mesner algebra for an asso ciation

scheme such that the weight matrices are elemen ts of this algebra. Another

pro of of this result was recently given by Nomura [32].

W e finish by indicating Jaeger’s most striking result on spin mo dels [10 ].

He b egan his study by going to the first step b eyond the Bose-Mesner algebra

generated by and In this step one takes a new matrix with entries

zero or one, , such that the generators of the Bose-Mesner algebra are ,

and = (so that + + = ). Letting b e the graph whose

adjacency matrix is (i.e. the vertices of are in one-to-one corresp ondence

with the spin set for the mo del and two vertices and are connected by

an edge in exactly when the matrix entry is equal to one). Then it

follows from the axioms of the Bose-Mesner algebra that

+ ( ) + ( ) =

and is a of typ e ( ) where

1. is the numb er of vertices in

2. each vertex in has exactly neighb ors,

3. two vertices joined by an edge in have exactly neighb ors,

4. two distinct vertices not joined by an edge in have exactly neighb ors.

(These prop erties constitute the definition of strong regularity of )

One wants to build a spin mo del with such a Bose-Mesner algebra using

weight matrices of the form

= + + ( )

= + + ( )

Jaeger discovered [10 ] that such a spin mo del exists for

( ) = (100 22 0 6)

G

I

J

Higman-Sims gr aph

quantum

network

amplitude

7 A Graphical Approac h to Bose-Mesner Al-

gebra with the , a strongly regular graph of 100 vertices whose

group (the Higman-Sims group) of automorphisms is one of the imp ortant

simple finite groups. Jaeger’s mo del gives a sp ecialization of the Kauffman

p olynomial at a ro ot of unity [24 ]. This remark able example remains a puzzle

to this day

. One susp ects that Jaeger’s Higman-Sims example is the tip of an

iceb erg of yet to b e discovered new mathematics interrelating combinatorics,

statistical mec hanics, group theory and top ology .

This last section is really a remark to the effect that a ”quantum network”

generalization of the electrical circuit analogy for series and parallel graphs

leads naturally to a combination of ordinary and Hadamard matrix multipli-

cation and to most of the prop erties of a Bose-Mesner algebra. By a

I mean a graph that has b een equipp ed with generalized matrices

(tensors) at its no des so that a coloring of the edges from an appropriate

index set yields vertex weights for each no de and a partition function that

is the sum of the pro ducts of these vertex weights as the edges receive all

p ossible colors. Such a partition function generalizes the spin mo del and will

b e referred to as the of the network.

In the electrical case and in the graphical version of the bracket p olyno-

mial we have the analogs of the op en and closed switches in the form of edges

that corresp ond to contraction (closed switch) and deletion (op en switch).

The identity matrix corresp onds to the closed switch. I shall give an inter-

pretation where the matrix (a square matrix all of whose entries are equal

to one) corresp onds to the op en switch.

First note the symb olism in Figure 17. W orking first with the electrical

analogy

, we see that a series connection of an input-output circuit A with the

closed switch yields A, so that the closed switch is the identity for a series

connection. On the other hand a parallel connection with the op en switch

shows that the op en switch is the identity for parallel connection.

Figure 17 - Op en and Closed Switches

∘

∘ define

8 Notes Ab out the References

A

δ

A B A B

E E

A B E A A E

A B .

E δ δ

E δ δ

A B

J i

j

i

j

i

j i

j

i

pq r s

j

i

j i

pq p

r q

s r s

j

i

pq i

p i

q

r s

j r

j s

j

Going to the quantum network, we replace the input-output network with

a matrix or tensor where i and j denote the p ossible states or colorings

on the input and output lines. Each choice of such colors yields a sp ecific

amplitude for A. The identity for series connection is obviously the identity

matrix in the form of the Kronecker delta. W e need to a parallel

connection of tensors and ( and ). View Figure 18. In this figure

we have assigned sp ecial triv alent vertices and so that

( ) =

represents the parallel connection of and W e define

=

and

=

so that the triple vertices demand that all their legs have identical lab els.

It is then easy to see that as defined ab ove is exactly the Hadamard

pro duct of matrices and so the quantum analog of a parallel connection is

Hadamard multiplication, with as the identity

. At this p oint it is clear that

an algebra of matrices closed under b oth ordinary and Hadamard pro duct

would b e appropriate for studying quantum networks with b oth series and

parallel connections. The Bose-Mesner algebra with its particularly simple

closure under the Hadamard pro duct is one example of such an algebra.

In the bibliography to this pap er the following references are a list of F rancois

Jaeger’s pap ers that related directly to knot theory: [2], [3], [4], [5], [6], [7],

[8], [9], [10], [11 ], [12], [13], [14 ], [15], [16], [17 ], [18], [19].

The pap ers [29], [30 ], [31 ], [32 ], [33 ] are survey or research pap ers related

to spin mo dels and asso ciation schemes. This bibliography is by no means

complete in terms of literature of authors other than F rancois Jaeger. The

sub ject is an area of active research.

Figure 18 - Parallel and Series Connections in a Quantum Network

i

References

Knotentheorie

Pr o c e e d-

ings AMS

Pitman R ese ar ch

Notes in Mathematics

L’Enseignement Math́ ematique

Eu-

r op. J. Combinatorics

Pr o c e e dings of the Cam-

bridge Philosophic al So ciety

A ctes des Jourń ees du PRC Math́ ematiques et Informatique

A ctes de la

Deuxì eme R enc ontr e F r anc o Alǵ erienne de R e cher che Oṕ er ationnel le

T r ansactions AMS

Ge om. De dic ata

Pr o-

c e e dings of the F ourth Cze choslovakian Symp osium on Combinatorics,

Gr aphs and Complexity

[1] K. Reidemeister, , (1932) Julius Springer, Berlin. (1948)

Chelsea Pub. Co., New Y ork.

[2] F rancois Jaeger, On T utte p olynomials and link p olynomials ,

103, n 2 (1988), 647 - 654.

[3] F rancois Jaeger, Graph colourings and link inv ariants, in : Graph

Colourings, R. Nelson and R.J. Wilson (Editors),

Series 218, Longman Scientific and T echnical,

1990, 97-114.

[4] F rancois Jaeger, Comp osition pro ducts and mo dels for the Homfly p oly-

momial, 35 (1989), 323-361.

[5] F rancois Jaeger, A combinatorial mo del for the Homfly p olynomial,

11 (1990), 549-558 .

[6] F rancois Jaeger, Dominic W elsh, Derek V ertigan, On the Computational

Complexity of the Jones and T utte p olynomials,

108 (1990), 5-53.

[7] F rancois Jaeger, Inv ariants de graphes, matro

¨

des, no euds : mo d̀ eles et

complexit ´ e, ,

Paris, 6 - 7 Mars 1989, M. Las V ergnas diteur, 86-105.

[8] F rancois Jaeger, Th́ eorie des No euds et Combinatoire,

,

USTHB, Mai 1992.

[9] F rancois Jaeger, Circuit partitions and the Homfly p olynomial of closed

braids, 323 (1991) n1, 449-463.

[10] F rancois Jaeger, Strongly regular graphs and spin mo dels for the Kauff-

man p olynomial, 44 (1992), 23 -52.

[11] F rancois Jaeger, On the Kauffman p olynomial of planar matroids,

, Elsevier (1992), 117-127 .

3

R

Discr ete Math.

A ctes du Ś eminair e L otharingien de Combinatoir e

Kyushu J. Math.

Journal

of Combinatorial The ory (B)

J. of Algebr aic Combinatorics

Surveys in Combina-

torics 1995

Pr o gr ess in Algebr aic Combinatorics

Pacific

J. Math.

T op olo gy

Pacific J. Math.

T op olo gy

Br aids

[12] F rancois Jaeger, Plane graphs and link inv ariants, 114

(1993), 253-264.

[13] F rancois Jaeger, Mo d̀ eles ` a spins, inv ariants d’entrelacs, et sch́ emas

d’asso ciation, , 30ì eme

session, R. Konig et V. Strehl ed., IRMA, Strasb ourg (1993), 43-60.

[14] F rancois Jaeger, E. Bannai, A. Sali. Classification of small spin mo dels,

48 (1994), 185-200 .

[15] F rancois Jaeger, L.H. Kauffman, H. Saleur. The Conway p olynomial in

and in thickened surfaces : a new determinant formulation,

61 (1994), n2, 237-25 9.

[16] F rancois Jaeger, On spin mo dels, triply regular asso ciation schemes, and

duality

, 4 (1995) n2, 103-144.

[17] F rancois Jaeger, Spin mo dels for link inv ariants, in:

, Peter Rowlinson ed., London Mathematical So ciety Lecture

Notes Series 218, Cambridge Universit y Press 1995, 71-101.

[18] F rancois Jaeger, T owards a classification of spin mo dels in terms of as-

so ciation schemes, in : , Adv anced

Studies in Pure Mathematics 24, Mathematical So ciety of Japan, 1996,

197-225 .

[19] F rancois Jaeger, New constructions of mo dels for link inv ariants,

, V ol 176, no1,1996

[20] W.B.R. Lickorish and K.C. Millett, A p olynomial inv ariant for oriented

links, , 26 (1987), 107-141.

[21] V. F. R. Jones, On knot inv ariants related to some statistical mechanics

mo dels, , V ol. 137, No. 2 (1989), 311-334.

[22] L. H. Kauffman, State Mo dels and the Jones Polynomial, 26

(1987), pp. 395-407.

[23] L. H. Kauffman, Statistical Mechanics and the Jones Polynomial, In

, Contemp. Math. Pub. 78, American Mathematical So ciety

(1988), 263-297.

T r ans. AMS

l’Enseignmen t

Math́ ematique

Discr ete Appl.

Math.

Knots and Physics

A dvanc es in Applie d Mathematics

Pacific J. Math.

le ctur e notes - Pur e Math. Symp osium

Pacific J. Math.

Jb er. d.

Dr. Math.-V er ein.

[24] L. H. Kauffman, An inv ariant of regular isotopy

, , 318, No.

2 (1990), 417-471 .

[25] L. H. Kauffman, State mo dels for link p olynomials,

, 36 (1990), 1-37.

[26] L. H. Kauffman, A T utte p olynomial for signed graphs,

, 25 (1989), 105-127 .

[27] L. H. Kauffman , W orld Scientific Publishers (1991),

Second Edition (1993), (723 pages).

[28] J. Goldman and L. H. Kauffman, Knots tangles and electrical networks,

14 (1993), 267-306.

[29] Pierre de la Harp e, Spin mo dels for link p olynomials, strongly regular

graphs and Jaeger’s Higman-Sims mo del, , V ol. 162, No.

1, (1994), 57-96.

[30] Eiichi Bannai and Etsuko Bannai, Asso ciation schemes and spin mo dels

(a survey), , Postech, Pohang,

Korea (1993), 16 pages.

[31] Eiichi Bannai and Etsuko Bannai, Generalized generalized spin mo dels

(four weight spin mo dels), , V ol. 170 No. 1 (1995), 1-16.

[32] K. Nomura, An algebra asso ciated with a spin mo del, J. Algebraic Com-

binatorics, 6 (1997), 53-58.

[33] M. Aigner and J. J. Seidel, Knoten, spin mo delle und graphen,

97 (1995), 75-96.