1Knots and Graphs I - Arc Graphs and ColoringsFrank HararyDepartment of Computer ScienceNew Mexico State UniversityLas Cruces, New Mexico 88003 andLouis H. KauffmanDepartment of MathematicsUniversity of Illinois at Chicago851 South Morgan St.Chicago, Illinois 60607-7045I. IntroductionIt is well-known that combinatorial knot theory is a graph theoreticway to approach the theory of knots, links and their topology inthree-dimensional space. The usual formulation of this theory viaknot diagrams works with a formal system that is a mixture ofdiagrams and graphs. Our purpose is to introduce a specific, clearand simple graph theoretic (and hence set-theoretic) foundation forthe theory of knot and link diagrams.In the course of our work, we introduce a very natural arc-graphassociated with any knot or link diagram, and we show how thesearc-graphs can be put to use in studying the algebraic invariants ofknots such as the fundamental group, the quandle or the involutoryquandle. By specializing the quandle to the case of colorings withvalues in Z/nZ (the integers modulo n), we define a new invariant,the coloring number C(K), for knots and links. There are two mainvariations of this coloring number, that we denote by C(K) and CM(K).CM(K) is the least number of colors needed on a minimal diagram forK. We close with a discussion about this new invariant andconjectures related to it.Section 2 sets the background for knot and link diagrams, anddefines the arc-graph A(K) of a diagram K. We then defineadmissible labellings (G, L) for plane 4-regular graphs G and showthat such labelled graphs are in precise correspondence with linkdiagrams. We illustrate this theory with specific examples and witha new proof that every such G can be given the structure of analternating weave.

2In Section 3 we discuss the Reidemeister moves on link diagrams andtheir translation into the language of labelled 4-regular plane graphs.Section 4 discusses the basic theory of the involutory quandle, IQ(K),of a link K and shows how the arc-graph is central to the structure ofthis invariant. Section 5 specializes the IQ to the case of coloringswith values in a cyclic group. The new invariant C(K) is introducedand we discuss a number of conjectures in relation to this invariant.In particular, in Section 6 we discuss the conjecture that CM(K) isequal to v(K), the number of crossings of K, for K a reduced,connected, alternating knot diagram whose determinant is a primen u m b e r . Caveat. Throughout this paper the term graph will refer to a graphin which loops and multiple edges are allowed.Acknowledgment. Louis Kauffman thanks the NationalScience Foundation for support of this research undergrant number DMS-9205277 and the NSA for partial support undergrant number MSPF-96G-179. Frank Harary thanks the Departmentsof Computer Science and Mathematical Sciences and the ComputerResearch Laboratory at New Mexico State University for supportinginfrastructure.II. Knots, Links and 4-Regular GraphsWe first give a quick description of the diagrammatic approach to thetheory of knots and links. We then show how to use graph theory togive this diagrammatic formal system a simple and effective set-theoretic underpinning. This translation of knot diagrams to graphtheoretic concepts is significant in that it provides a direct connectionbetween combinatorial knot theory, graph theory and thefoundations of mathematics. We shall point out some of theimplications of the diagrams themselves, both for graph theory andfor foundations.The formal diagrammatic system for knots and links is based ondiagrams such as the ones shown in Figure 1.Definition 2.1. Each diagram is composed of a finite collection ofdisjoint arcs in the plane. Each arc has each of its endpoints pairedwith an endpoint of another arc (possibly the other endpoint of thesame arc) across an interior point of an arc in the collection of arcs.

3The arc containing the interior point is called the overcrossing arc.The configuration of overcrossing arc and paired endpoints is called acrossing. In the pairing of endpoints at a crossing it is possible todraw a straight line segment between the two paired endpoints insuch a way that this segment intersects the overcrossing arc inexactly one point. This point is the designated interior point of theovercrossing arc.

4

5

6It is natural to wonder to what extent one can reconstruct thediagram K from the labelled graph A(K). This is equivalent (See [1].)to the well-known (and solved) Gauss code reconstruction problem.We shall discuss this question elsewhere. For our purposes, the arc-graph of a knot or link diagram is useful because it gives acombinatorial formulation of many properties of the diagram, andbecause, from it, we can read certain significant topologicalinvariants of knots and links. These invariants will be taken up inSection 4.We now look directly at the link diagrams themselves.Definition 2.3. The shadow graph G of a diagram K is obtained bytaking each crossing in the diagram and adding to the diagram thesegment connecting the paired endpoints at that crossing. Let S(K)denote this new diagram. This new segment intersects theovercrossing line in a single interior point. The set of theseintersection points is defined to be the set of vertices of the shadowgraph G. An edge in G is a path from a vertex to a vertex thatconsists in first going along one of the new segments to an endpointof an arc in G, then along the arc, then along a new segment to avertex. This gives the subset S(K) the structure of a plane graph G,the shadow graph of K. It is a 4-regular plane graph, with loop andmultiple edges allowed.Certainly a link diagram can be regarded as a 4-regular plane graphG (the shadow graph of the diagram) with extra structure. The art oftranslating this structure (depicted diagrammatically by broken linesegments associated across other lines) is to make a perspicuouschoice of labelling for the graphical edges. Here we present a newmethod for accomplishing that labelling, illustrated in Figure 4.

7

8To be quite precise, if ¶e={a} then we replace ¶e by the multiset{a’,a’’} so that two function values are possible. A labelling of G is achoice of label for each edge in G.Now recall that G is given as a 4-regular plane graph. Hence eachvertex has a cyclic order of edges given from the planar embedding.Let <1234> denote the typical order of edges e1,e2,e3,e4 incident toa vertex v of G. Then in an admissible labelling, e1 and e2 receivethe same label at v. Furthermore, the label (U or O) received by e1and e3 at v are opposite (U if O and O if U) to that received by e2 ande4 at v. With this notion of admissible labelling for G, we havecaptured precisely the structure of knot or link diagram in purelygraph theoretic terms.Note that if e1 and e3 receive the O label at v, then the segment e1e3overcrosses at v, while the segment e3e4 undercrosses at v. If thereader will look back at Figure 4, she will see two diagrams and theiradmissible labellings. The trefoil diagram T is alternating. A diagramis alternating if every edge in its shadow graph G has two labels (UOor OU), hence exactly one parenthesis. That is, a weave is alternatingif one encounters an overcrossing immediately after eachundercrossing and vice versa.Notation. We shall denote by (G,L) a 4-regular plane graph G withan admissible labelling L.Alternation Lemma 2.4. Let G be a 4-regular plane connectedgraph. Then there exists an admissible labelling for G such that eachedge of G receives exactly one parenthesis. Hence, there is a linkdiagram G# with shadow G such that G# is an alternating diagram.Proof. Call the operation of replacing a vertex in G by reassemblededges as shown in Figure 5 a smoothing of that vertex.

9 1 1 have different colors. Now place a double parenthesis at each vertexof the shaded G according to the convention shown in Figure 6. (Theparentheses appear horizontal when a black region is in the leftlower quadrant.)As shown in Figure 6, the resulting labelling assigns exactly oneparenthesis to each edge of G. This completes the proof. //Remark. Let (G,L) be a plane 4-regular graph with an admissiblelabelling. Note that we can form the arc-graph A(G,L) just as in thecase of link diagrams. An arc in (G,L) is a sequence of edges withlabels of the form UO, OO, OO, ..., OO, OU such that each adjacent pairof edges are part of the crossover structure at a vertex of G. Thisgives an algorithm for constructing a link diagram from (G,L). Wecan think of this situation as indicated in Figure 7. The labelledgraph and the arc-graph are the two basic graph-theoreticalstructures associated with a link diagram.Definition 2.5. We define the (signed) checkerboard graph CG(K)associated with a connected unoriented link diagram K as follows:Consider the 4-regular plane shadow graph of K. This graphdescribes a decomposition of the plane into connected regions. Colorthese regions with two colors (call the colors "black" and "white") sothat the unbounded region is colored white. Such a coloring exists bythe argument given at the beginning of the proof of the AlternationLemma. Now construct the graph CG(K) whose vertices are in 1-1correspondence with the black regions, such that there is an edgebetween two vertices of C(G) whenever the corresponding blackregions meet at a crossing of K, i.e. they share a vertex of the 4-regular graph. With respect to the coloring of the regions thecrossings of K fall into two types that we shall designate as +1 and -1:A crossing is said to be of type +1 if the two shaded regions at thatcrossing are swept by the overcrossing line as it is turnedcounterclockwise; of type -1 if the shaded regions are swept as it isturned clockwise. In CG(K), assign the sign +1 to an edge if itcorresponds to a crossing of type +1 and a sign of -1 to an edge if itcorresponds to a crossing of type -1. This gives CG(K) the structureof a signed graph. Figure 7.1 illustrates these ideas.

1 2

1 3 III. Reidemeister MovesTwo curves embedded in 3-space are said to be ambient isotopic ifthere is a family of embeddings parametrized on the unit intervalthat connects them. In [2] Reidemeister proved that a set of threebasic moves, shown in Figure 8, on link diagrams suffices to studythe topological properties of knots and links in 3-dimensional space.He showed that the equivalence relation generated by his moves,plus equivalence of graphical structure via homeomorphism of theplane or the two dimensional sphere, is equivalent to the relation ofambient isotopy of embedded curves in three dimensional space.

1 4 equivalent (as underlying plane graphs) to that part depicted inFigure 8. Figure 9 illustrates the use of the Reidemeister moves.

1 5 The combinatorial theory of knots and links is the theory of the linkdiagrams under the equivalence relation generated by theReidemeister moves. In Figure 10 we illustrate the translation of theReidemeister moves to moves on labelled 4-regular plane graphs(G,L) as described in Section 2.

1 6

1 7 That is,abc=(ab)cabcd=((ab)c)dand so on.The axioms for an involutory quandle Q [3] are as follows:1. aa = a for all a in Q.2. (ab)b = a for all a and b in Q.3. (ab)c =(ac)(bc) for all a,b and c in Q.We can associate an involutory quandle IQ(K) with a link diagram Kas follows [3]:We shall write [a|b|c] when the arc b overcrosses the meeting of thearcs a and c. Thus [a|b|c] corresponds to an edge in A(K) withendpoints a and c. The quandle IQ(K) is generated by a set ofelements that are in one to one correspondence with the arcs of thediagram K. For each crossing in K with the edge [a|b|c] in A(K) wehave the relation ab=c in the quandle IQ(K).See Figure 11.

1 8 The involutory quandle IQ(K) is defined to be the algebra under theaxioms 1.,2., 3. obtained by taking the generators and relations asdescribed above.For example, view Figure 12 for a description of IQ(T) where T is atrefoil diagram.

1 9 acd=c, ca=d, d(ac) = a<----->acd=c, ca=d, dcac = a<----->ac(ca) =c, cacac =a<----->acaca =c, cacac = a.

2 0 Since the last pair of equations are equivalent to each other, we seethat the IQ of the figure eight knot has a description with twogenerators and one relation.IQ(E) = (a,c | acaca = c )Using the same graphical technique for diagramming products as wehad for the arc-graph, we can write the arc graphG(IQ(E)) = [a|c|x] [x|a|y] [y|c|z] [z|a|c]as shown in Figure 14 to represent the IQ of E. 2 2

2 3 we require that a = (a*b)*b = r(ra+sb) + sb = rra +(r+1)sb. Hence weneed rr=1 and (r+1)s=0. If r=1 then s=0 and the quandle structure isthe trivial one a*b = a for all a. If r=-1 then s=2 and (a*b)*b=a issatisfied. Finally, taking r=-1 and s=2, we have(a*c)*(b*c) = 2(2c-b) - (2c-a) = 4c-2b-2c+a = 2c-2b+a = 2c-(2b-a) =(a*b)*c. This completes the proof.//Definition 5.2. Given a link K, we let Ab(K) be the involutoryquandle defined on K by the free abelian group on the arcs of thediagram K, modulo the relation c=2b-a where a and c are endpointsof an arc labelled b in the arc-graph A(K) of K. (See Figures 11 and17) In other words we take the relation c=2b-a whenever in thediagram K, b is the label of the overcrossing arc at a crossing while aand c are labels for the undercrossing arcs incident to this crossing.We call Ab(K) the (unreduced) color quandle of K.

2 4 labelled a and b and the corresponding loops are labelled b and arespectively. We have Ab(L) = [a,b| ab=a, ba=b] =[a,b| 2b-a = a, 2a-b = b] = [a,b| 2(a-b)=0] = Z + Z/2Z.3. In this example, illustrated in Figures 3 and 12, the knot K is atrefoil and A(T) is a triangle graph with vertices a,b,c and edgeslabelled a,b,c such that the label of an edge and its two vertex labelsalways form the set {a,b,c}. We have Ab(K) = [a,b,c| 2c-a=b, 2a-b=c,2b-c=a] = Z + Z/3Z, as can be computed by doing integer invertiblerow and column operations on the relation matrix.Definition 5.3. Let Ab*(K) denote the quotient of Ab(K) obtainedby setting any of the generators of Ab(K) equal to zero. We callAb*(K) the (reduced) color quandle of K.We see in these examples the general fact that Ab(K) = Z + Ab*(K).The reduced color quandle Ab*(K) is a quotient of the involutoryquandle IQ(K), and is sometimes isomorphic to it (as for the trefoilT).Notice that for the trefoil T, we are coloring the knot diagram withcolors from Z/3Z = {0,1,2} so that all three colors occur not only onthe standard diagram for T but also on any other diagram for T (ascan be seen by doing Reidemeister moves).Definition 5.4. It is useful to define a relation matrix M(K)associated with the expression of Ab(K) in terms of generators andrelations. The matrix M(K) has one row for each relation of Ab(K)and one column for each generator. If each relation is written in theform m1a1+ m2a2+ ... + mnan = 0 where the m i are integers, thenthe row of M(K) corresponding to this relation is the vector(m1, m2, ... , mn). Let M*(K) denote any reduced relation matrixobtained from the relation matrix M(K) for Ab(K) by striking out anyrow and any column. Thus M*(K) is a cofactor submatrix of M(K).In general Ab*(K) will be a finite abelian group whenever K is a knotdiagram. The order of the group Ab*(K) is the absolute value of anycofactor of M(K), the determinant of the reduced relation matrixM*(K). This expression,Det(K) = Abs(Det(M*(K))),is an invariant of the knot K, called its determinant .

2 5 The determinant of the knot is a coloring number in the sense thatthe knot diagram can be colored using the color set {0,1,2, ... N-1}where N = Det(K). However this number is not necessarily the leastnumber of colors needed to color the knot in that modulus.

2 6 As usual let E denote the figure eight knot. Figure 18 illustrates thefact that Det(E)=5 and exhibits a coloring of E using only four of thefive colors. It also shows how the fifth color may appear in a diagramthat is equivalent to the first under Reidemeister moves.Proposition 5.5. There exist diagrams equivalent (by Reidemeistermoves) to E that require five colors. Figure 19 shows such adiagram. K) be the least such modulus greater than 1 in whichK has a nontrivial coloring. (The number N(K) is equal to thedeterminant of K when that determinant is a prime number.Otherwise N(K) is a divisor of the determinant that can bedetermined by working with the algebra of the relation matrix forAb*(K) - as we have discussed in this section.) Define the coloring

2 7 number C(K) to be the least number of colors ( >1 ) in Z/N(K)Z thatsuffice to color some diagram in the Reidemeister move equivalenceclass of K.Definition 5.6.1. A diagram for a link is said to be minimal if it hasthe least number of crossings among all diagrams for that link in theequivalence class generated by the Reidemeister moves.Let K be a knot or link as in definition 5.6. Instead of considering alldiagrams for K, consider only those diagrams that have a minimumnumber of crossings. Let CM(K) denote the least number of colorsneeded in modulus N(K) to color K among its minimal diagrams. Thisnumber is also an invariant of K, and can be computed in some caseswhere all the minimal diagrams for K are known.In the light of our discussion for the figure eight knot it is natural tomake the following surmise.Conjecture 5.7. For a given diagram K there exists an equivalentdiagram L such that L requires N(K) colors.We can prove that the usual diagram for E requires four colors,while N(E) =5.Proposition 5.8. For the usual figure eight knot diagram E, thecoloring number is equal to 4. That is, C(E)=4 with N(E)=5.Proof. We shall actually prove that there does not exist a knot (onecomponent) that is colorable via Z/5Z using only three colors.Note that a knot cannot be nontrivially colored with less than threecolors since a crossing that does not support three colors supportsonly one color. Hence a knot that is not colored with three or morecolors is necessarily single colored. Therefore consider the structureof crossings that support three colors.Suppose that the color set is {0,1,2}. We wish to determine knotsthat support non-trivial colorings. Since (modulo 5) 0*1=2, 1*0=4,0*2=4, 2*0=3,1*2=3 we see that neither 0 nor 2 can be the color of anovercrossing line color at any crossing with with three colors usingthe color set {0,1,2}. Therefore all overcrossing arcs are colored 1,and all undercrossing arcs are colored 0 or 2. But in a knot diagramevery overcrossing arc is also an undercrossing arc at its end points.Thus no arc can be an overcrossing arc. This means that the diagramis the diagram of an unknot.

2 8 The same considerations apply to the other possible choices for 3-coloring using Z/5Z. We omit the details for these remaining cases. //The figure eight knot is the first instance of a knot K for which C(K)is strictly less than N(K). It is quite easy to obtain knots where C(K)is less than the determinant of K. Figure 20 shows a three coloring ofthe torus knot K(2, 9) where Det(K(2,9))=9. However, it is easy to seethat here N(K(2,9))=3. We therefore know that C(K(2,9)) = N(K(2,9))since it is a general fact that for a knot that admits a nontrivial3- coloring, there will be such a coloring for every diagram of thatknot. Furthermore, if a knot diagram admits two colors, then itnecessarily admits a third color. The only way that one of the twocolors can be transformed to the other color along the arcs of theknot is if an arc crosses under a third color..

2 9

3 0 Consider the example of K(2,5) in Figure 21. Here we see a coloringthat uses all five colors with N(K(2,5)) =5.Proposition 5.9. If p is a prime number thenCM(K(2,p)) = p =N(K,p).Proof. Recall that the coloring number for minimal diagrams isdenoted by CM(K). We can check directly that K(2,p) can be coloredwith p colors just as in Figure 21 for the case p =5 and that for thediagram of type shown in Figure 21 this is the least number of colorspossible. Figure 21 illustrates the essentially unique smallestdiagram for the torus knot of type K(2,p). This completes the proof./ / On the other hand C(K(2,p)) can be less than p even when p is prime!We are most grateful to Irina Teneva for the example shown inFigure 22 showing a 4-coloring of a diagram that is isotopic to K(2,5).Note that Teneva’s diagram is not a minimal diagram for K(2,5).Figure 23 gives another example of a knot K with N(K)=5 that weconjecture has C(K)=5.VI. Graphs, Trees and a General Conjecture about CM(K)The invariant C(K) is a new invariant of knots and links. It would beremarkable if one could find a general algorithm to compute C(K) forany knot or link. Most likely this is an NP complete problem.Nevertheless, some of the techniques of computation that we doknow, [8], lead to further conjectures about C(K) and CM(K). Forexample, letting Alex(t) denote the classical Alexander polynomialand Con(z) the Alexander-Conway polynomial, we know thatAbs(Det(K)) = Abs(Alex(-1)) = Abs(Con(2i)) where i2 = -1. Itfollows from properties of these polynomials that for alternatingknots, Abs(Det(K)) is equal to the number of spanning trees in thecheckerboard graph CG(K) associated with K. We defined anddiscussed this checkerboard graph in Section 2 above. The number ofspanning trees grows exponentially in the number of crossings of thediagram K. Thus, for most alternatiing diagrams K the number ofcolors needed to color the diagram is much less than Abs(Det(K)).

3 1

3 2 Definition 6.1. Recall that a bridge of a graph is an edge whosedeletion disconnects the graph. A connected link diagram K is saidto be reduced if there is no bridge in its checkerboard graph CG(K).A link diagram that is not reduced can be simplified topologically byuntwisting at the crossing corresponding to the bridge.Alternation Conjecture 6.2. Let K be a connected reducedalternating knot diagram with v(K) crossings and prime p =Abs(Det(K)). We conjecture that v(K) is the coloring number of K forminimal diagrams of K: v(K) = CM(K).In Figure 24 we show a typical instance of this conjecture: the knot817 from the Reidemeister tables. It has determinant 37 and we seethat eight colors suffice for this reduced diagram.

3 3 and there is a Z/7Z coloring of the reduced alternating diagram for 77shown in Figure 25 that uses only 6 colors.

3 4 R e f e r e n c e s 1. L. H. Kauffman. Gauss Codes Quantum Groups and Ribbon HopfAlgebras", Reviews in Mathematical Physics, Vol. 5, No. 4, (1993), 735-773.2. K. Reidemeister. Knotentheorie, Chelsea, New York (1948), JuliusSpringer (1932).3. D. Joyce. A classifying invariant of knots, the knot quandle. J. PureAppl. Alg., Vol. 23 (1982), 37-65.4. S. Winker. Quandles, knot invariants and the n-fold branchedcover. Ph.D. Thesis, Univ. of Illinois at Chicago (1984).5. R. Fox. A quick trip through knot theory. In Topology of ThreeManifolds, M.K.Fort Jr. ed., Prentice Hall, Englewood Cliffs NJ (1962),1 2 0 - 1 6 7 . 6. F. Harary. Graph Theory. Addison Wesley, Reading MA (1969).7. L. H. Kauffman. On Knots. Princeton University Press, Princeton NJ(1987).8. L.H. Kauffman. Knots and Physics., 2nd edition, World Scientific,Singapore (1994).

3 5