F ourier Knots

1 In tro duction

Louis H. Kauffman

Departmen t of Mathematics, Statistics and Computer Science

Univ ersit y of Illinois at Chicago

851 South Morgan Street

Chicago, IL 60607-7045

This pap er intro duces the concept of F ourier knot. A F ourier knot is a

knot that is represented by a parametrized curve in three dimensional space

such that the three co ordinate functions of the curve are each finite F ourier

series in the parameter. That is, the knot can b e regarded as the result of

indep endent vibrations in each of the co ordinate directions with each of these

vibrations b eing a linear combination of a finite numb er of pure frequencies.

The previously studied Lissa jous knots [1] constitute the case of a single

frequency in each co ordinate direction. Not all knots are Lissa jous knots,

and in fact the trefoil knot and the figure eight knot are the first examples of

non-Lissa jous knots. The first section of this pap er sketches the pro of that

every tame knot is a F ourier knot. Subsequent sections give robust examples

of F ourier representations for the trefoil, the figure eight and a class of knots

that we call Fib onacci knots. In the case of the trefoil we have given a

minim al F ourier representation in the sense that it has single frequencies

in two of the co ordinate directions and a combination of frequencies in the

third direction. The pap er ends by p ointing out the usual compact non-linear

trigonometric formula for torus knots, and raises the question of the finite

F ourier series representations for these knots.

On completing an early draft of this pap er, we learned that an extensive

N N N

N N N

N

1 1 1

1 2 1 2 1 2 3

1 2

Ac kno wledgmen t.

2 Ev ery Knot is a F ourier Knot

X t A t

Y t B t

Z t C t

A B C t

P >

P , P

F t

F t A C os K T L ... A C os K T L

A A A K K K L L L L

K K K F t

S in S in C os

S in X π / C os X .

study of F ourier knots (there called Harmonic Knots) has b een carried out

by Aaron T rautwein in his 1995 PhD Thesis [7] at the Universit y of Iowa

under the direction of Jon Simon. While the indep endently obtained results

of the present pap er are primarily illustrative of the idea of F ourier knots,

T rautwein’s pioneering work establishes relationships b etween the complexit y

of the harmonic representation and knot theoretic indices such as crossing

numb er and sup erbridge index. The interested reader should consult this

work.

The author thanks the National Science F oundation for

supp ort of this research under grant numb er DMS-920527 7.

In considering problems ab out knots it is interesting to have an equation for

the knot or link under consideration. By an equation for a knot I mean the

sp ecification of a parametrized curve in three dimensional space of the form

( ) = ( )

( ) = ( )

( ) = ( )

where , , are smo oth functions of the v ariable with (for a knot)

a total p erio d of 0, sp ecifying an emb edding of the circle into three

dimensional space. Here the circle is the quotient space of the interv al from

0 to , [0 ], obtained by identifying the ends of the interv al to each other

with the quotient top ology .

A function ( ) is said to b e a finite F ourier series if it has the form

( ) = ( + ) + + ( + )

where , ,... and , ,... and , , ,... are given constants

and , ,... are each rational numb ers. Of course, ( ) can also b e

expressed in terms of the function or as a combination of and

functions, since ( + 2) = ( )

3

1 1 1

2 2 2

3 3 3

F ourier knot

tame

Definition.

Definition.

Theorem.

3 Lissa jous Knots and the Arf In v arian t

K

A B C

K p K R

K

A B C

A B C

X t A C os K t L

Y t A C os K t L

Z t A C os K t L

K

A knot emb edded in three dimensional space will b e called

a if it has an equation (as describ ed ab ove) with each of the

functions , , a finite F ourier series.

A knot is said to b e if every p oint of in

(Euclidean three-space) has a neighb orho o d such that the intersection of

with that neighb orho o d is equiv alent to a standard pair of three-dimensional

ball and diameter-arc of that ball.

It is well known that every tame knot can b e represented top ologically

by equations where , and are smo oth (i.e. infinitely differentiable)

functions. It then follows by standard approximation theorems for F ourier

series that , and can b e taken to b e finite F ourier series. Thus we have

proved the

Every tame knot is (top ologically equiv alent to) a F ourier knot.

One class of F ourier knots that have b een studied are the Lissa jous knots [1].

In a Lissa jous knot there is one term in each of the F ourier series. Thus a

Lissa jous knot has the form

( ) = ( + )

( ) = ( + )

( ) = ( + )

In [1] it is proved that the Arf inv ariant of a Lissa jous knot is neccessarily

equal to zero. This means that many knots are not Lissa jous. In particular

the trefoil knot and the figure eight knot are not Lissa jous knots. This leads

to the question: If a tame knot is not Lissa jous, what is the ”simplest”

representation of K in terms of finite F ourier series?

In the next section we shall give a definite answer to this question in

the case of the trefoil knot, and a conjecture in the case of the figure eight

knot. In all cases, when one answers this question there is also the parallel

question of obtaining F ourier equations for the knot K that are robust in the p

−

−

−

−

−

−

smo othing

+ 0

+ 0

0

0 +

0 +

0 a K K .

a K

a K a K Lk K

K K K

Lk K

K K K

K K K

K

a K K

Lk L e p /

K

K .

sense that plots of these equations yield pleasing images that can b e explored

geometrically .

Since knots of non-zero Arf inv ariant are neccessarily not Lissa jous, it will

b e useful for us to recall one definition of the Arf inv ariant. An interested

reader can apply this definition to find examples of F ourier knots that are

not Lissa jous knots. There are algebraic definitions of the Arf inv ariant and

a fundamental geometric definition as well. See [2] or [3] for more details.

W e recall an algebraic definition of the Arf inv ariant by first defining

an integer v alued inv ariant, ( ), asso ciated to any oriented knot The

inv ariant ( ) is defined by the (recursive) equation (*)

( ) = ( ) = ( )

where , and are three diagrams that differ at a single crossing as

shown in Figure 1, and ( ) denotes the linking numb er of the link of two

comp onents . and are each knot diagrams, differing from each

other by a single switched crossing. is obtained from either or

by smo othing that crossing. A is accomplished by reconnecting

the strands at the crossing so that the arcs no longer cross over one another

(as shown in Figure 1). Both the switching and the smo othing op erations

can change the top ological typ e of the diagram. Smo othing always replaces

a knot by a link of two comp onents. Thus is a such a link. By definition,

( ) is equal to zero if is top ologically equiv alent to an unknotted circle.

Note that in Figure 1 we have implicitly assigned signs of +1 or 1 to the

two typ es of oriented crossings. This numb er, +1 or 1, is called the sign of

the crossing. The linking numb er of a link L is defined by the equation

( ) = Σ ( ) 2

where the summation runs over all the crossings in that are b etween

two comp onents of Crossings of any given comp onent with itself are not

counted in this summation.

It is a (non-obvious) fact that the recursive equation (*) defines a top o-

logical inv ariant of knots and links. It is, in fact part of a much larger scheme

4 A F ourier T refoil Knot

Ar f K

Ar f K a K mod .

K a K .

x C os T , y C os T / ,

Figure 1: Switching Relation of things. F or example it is the second co efficient of the Conway p olynomial.

One way to define the Arf inv ariant, ( ), is by the equation

( ) = ( )( 2)

Thus the Arf inv ariant of is either 0 or 1 dep ending up on the parity of

( ) See Figure 2 for a sample calculation of the Arf inv ariant of the trefoil knot.

It is a remark able fact that Lissa jous knots have Arf inv ariant zero. I do not know if every knot of v anishing Arf inv ariant is a Lissa jous knot.

Consider the following equations

= (2 )

= (3 + (1 2)) z = C os T = = S in T = :

Figure 2: a(T refoil)

= (1 2) (5 + (1 2)) + (1 2) (3 + (1 2))

These equations define a trefoil knot, showing that the trefoil knot is a F ourier knot where only one co ordinate needs to b e a combination of frequencies. The pro of that these equations give a trefoil knot is left to the reader. One way to verify this is to use a computer to draw the pictures in three dimensions and then examine the results. Figure 3 illustrates a computer drawing of this

F ourier trefoil. The drawing illustrates what I mean by a robust representation of the knot. The knot do es not come ambiguously close to itself, and the form of the drawing is aesthetically pleasing.

The author wishes to acknowledge Lynnclaire Dennis [4] for inspiring him to search for the F ourier trefoil. In her b o ok ”The Pattern” Ms. Dennis draws a picture of a knot (the Pattern knot) that closely resembles our F ourier trefoil. In pro jection the Pattern knot lo oks like a Lissa jous figure with frequencies 2 and 3 and the Pattern knot is a trefoil knot. This led to trying combinations of frequencies for the third co ordinate, and eventually to the equations ab ove with pure frequencies 2 and 3 in two directions and the combination of frequencies 5 and 3 in the third direction. The Pattern knot

Figure 3: The F ourier T refoil

− x C os t C os t ,

y . S in t S in t ,

z . S in t S in t .

5 A F ourier Figure Eigh t Knot

6 A Series of Fib onacci F ourier Knots is more spherically symmetrical than the F ourier trefoil, and do es not have

an obvious equation.

I would also like to mention an exp erimen t that I p erformed with the

F ourier trefoil in the form of a (hand-drawn) diagram corresp onding to the

knot in Figure 3. I gave this diagram as input to Ming, a knot energy pro-

gram written by Ying-Quing W u at the University of Iowa. (A diagrammatic

interface for Ming was written by Milana Huang at the Electronic Visualisa-

tion Lab at the University of Illinois). Ming sets the knot on a descending

energy tra jectory

, following Jon Simon’s energy [5] for the knot. The result

of this exp eriment is that the flat knot diagram quickly unfurls into a three

dimensional geometry very similar to the F ourier trefoil and nearly stabi-

lizes in this form. Then slowly the knot moves off this slightly higher energy

level and settles into the familiar symmetry of the (empirically) known en-

ergy minim um for the trefoil knot. Thus there app ears to b e a ”p oint of

inflection” in this particular way of descending to minim um energy for the

trefoil knot. This exp eriment p oints to a wide range of p ossible explorations,

investigating the gradient descent for knot energy from particular starting

configurations for a knot.

The following equations describ e a figure eight knot.

= ( ) + (3 )

= 6 ( ) + (3 )

= 4 (3 ) (6 )

See Figure 4.

I do not know if there is a simpler F ourier representation for this knot.

Recall the Fib onacci series

Figure 4: The F ourier Figure Eight Knot

− n

n

n

n n

1 2

+1

+2 +1

7 T orus Knots

, , , , , , , , , , , , ....

n f

f f .

x C os T ,

y C os T . ,

z . C os T . . S in T . ,

x C os f T ,

y C os f T . ,

z . C os f T . . S in f T . .

F n n

F

F

F .

P Q

P , Q

x C os T . C os Q/P T ,

y S in T . C os Q/P T ,

z . S in Q/P T .

cos a cos b . cos a b cos a b ,

1 1 2 3 5 8 13 21 3 4 55 89 14 4

The -th term, , of the series is equal to the sum of the previous two

terms, and = = 1 Consider the equations

= (8 )

= (13 + 5)

= 5 (21 + 5) + 5 (13 + 5)

and more generally

= ( )

= ( + 5)

= 5 ( + 5) + 5 ( + 5)

The last set of equations defines a knot that we shall dub ( ), the -

th Fib onacci knot. Thus (3) is the F ourier trefoil of Section 3, and the

first equations we have written in this section denote (6). In Figure 5 we

illustrate a computer drawing of (6)

The Fib onacci F ourier knots provide a strong class of knots for investiga-

tion using computer graphics.

Recall that a knot that winds times around a torus in one direction and

times in the other direction - a torus knot of typ e ( ) - has the equation

= ( )(1 + 5 (( ) ))

= ( )(1 + 5 (( ) ))

= 5 (( ) )

Now use the trigonometric identities

( ) ( ) = 5( ( + ) + ( ))

Figure 5. A Fib onacci F ourier Knot

−

−

∗ ∗ −

References sin a cos b . sin a b sin a b .

x cos T . cos Q/P T . cos Q/P T

y sin T . sin Q/P T . sin Q/P T

z . sin Q/P T

Journal of Knot The-

ory and Its R amific ations

F ormal Knot The ory

On Knots

The Pattern

T op olo gy Appl.

Pr o c. Amer. Math.

So c.

Harmonic Knots

( ) ( ) = 5( ( + ) + ( ))

The equations ab ove then b ecome

= ( ) + 25 ((1 + ) ) + 25 ((1 ) )

= ( ) + 25 ((1 + ) ) + 25 ((1 ) )

= 5 (( ) )

Thus torus knots are F ourier knots, and we can ask if these are simplest

F ourier representations for torus knots. The parametrization shown ab ove

app ears in [6]. I am indebted to Peter Ro egen for p ointing this out.

[1] Bogle, Hearst, Jones and Stoilov, Lissa jous Knots,

, V ol.3, No. 2 (June 1994), pp. 121- 140.

[2] L. Kauffman, , Princeton Lecture Notes 30, Prince-

ton University Press (1983).

[3] L. Kauffman, , Princeton Annals V ol. 115, Princeton Univer-

sity Press (1987).

[4] L. Dennis. , Integral Press, Lower Lake, CA (1997).

[5] G. Buck and J. Simon, Knots as dynamical systems, , 51,

1993.

[6] Sueli I. Ro driques Costa, On closed twisted curves,

, 109, No. 1 (1990).

[7] Aaron T rautwein, , PhD Thesis, July 1995, Department

of Mathematics, University of Iowa, Iowa City

, Iowa.