e

Abstract

F unctional In tegration and the Kon tsevic h

In tegral

1 In tro duction

This p ap er is an exp osition of the r elationship b etwe en Witten

’s functional

inte gr al and V assiliev invariants.

Louis H. Kauffman

Departmen t of Mathematics, Statistics and Computer Science

Univ ersit y of Illinois at Chicago

851 South Morgan Street

Chicago, IL, 60607-7045

This pap er shows how the Kontsevich Integrals, giving V assiliev inv ariants in

knot theory

, arise naturally in the p erturbative expansion of Witten’s func-

tional integral. The pap er is a sequel to [26]. Since the writing of [26] I

b ecame aware of the work of Labastida and P ´ rez [37] on this same sub ject.

Their work comes to an identical conclusion, interpreting the Kontsevich in-

tegrals in terms of the light-cone gauge and thereby extending the original

work of F r¨ ohlich and King [10]. The purp ose of this pap er is to give an exp o-

sition of these relationships and to intro duce diagrammatic techniques that

illuminate the connections. In particular, we use a diagrammatic op erator

metho d that is useful b oth for V assiliev inv ariants and for relations of this

sub ject with the quantum gravity formalism of Ashtek ar, Smolin and Rovelli

[41]. An asp ect that this pap er do es not treat is the p erturbation expansion

via three-space integrals leading to V assiliev inv ariants as in [2]. See also [8].

Nor do we deal with the combinatorial reformulation of V assiliev inv ariants

that pro ceeds from the Kontsevich integrals as in [9].

V K

Ac kno wledgemen t.

2 V assiliev In v arian ts and In v arian ts of Rigid

V ertex Graphs

The pap er is divided into three sections. Section 2 discusses V assiliev

inv ariants and inv ariants of rigid vertex graphs. The section three on the

functional integral intro duces the basic formalism and shows how the func-

tional integral is related directly to V assiliev inv ariants. In this section we

also show how our formalism works for the lo op transform of Ashtek ar,Smolin

and Rovelli. Finally section 4 shows how the Kontsevich integral arises in the

p erturbative expansion of Witten’s integral in the axial gauge. One feature

of section 4 is a new and simplified calculation of the necessary correlation

functions by using the complex numb ers and the two-dimensional Laplacian.

W e show how the Kontsevich integrals are the F eynman integrals for this

theory .

It gives the author pleasure to thank Louis Licht,

Chris King and Jurg F r¨ ohlich for helpful conversations and to thank the

National Science F oundation for supp ort of this research under NSF Grant

DMS-920527 7 and the NSA for partial supp ort under grant numb er MSPF-

96G-179.

If ( ) is a (Laurent p olynomial v alued, or more generally - comm utativ e

ring v alued) inv ariant of knots, then it can b e naturally extended to an

inv ariant of rigid vertex graphs [21 ] by defining the inv ariant of graphs in

terms of the knot inv ariant via an unfolding of the vertex. That is, we can

regard the vertex as a ”black b ox” and replace it by any tangle of our choice.

Rigid vertex motions of the graph preserve the contents of the black b ox,

and hence implicate ambient isotopies of the link obtained by replacing the

black b ox by its contents. Inv ariants of knots and links that are ev aluated

on these replacements are then automatically rigid vertex inv ariants of the

corresp onding graphs. If we set up a collection of multiple replacemen ts at

the vertices with standard conventions for the insertions of the tangles, then

a summation over all p ossible replacements can lead to a graph inv ariant

with new co efficients corresp onding to the different replacemen ts. In this

way each inv ariant of knots and links implicates a large collection of graph

∑

− + 0

−

−

| | | |

∗ −

−

∗

∗ −

S i S i S i S

+ 0

+

( ) ( ) ( )

+

exchange identity

finite typ e

V K aV K bV K cV K

K K

K

K

V G

G

V G a b c V S

S G

G

V K

a b c . V G

V K V K V K .

V .

V k V G G > k G

G.

inv ariants. See [21 ], [22].

The simplest tangle replacements for a 4-v alent vertex are the two cross-

ings, p ositive and negative, and the oriented smo othing. Let V(K) b e any

inv ariant of knots and links. Extend V to the category of rigid vertex em-

b eddings of 4-v alent graphs by the formula

( ) = ( ) + ( ) + ( )

where denotes a knot diagram with a sp ecific choice of p ositive cross-

ing, denotes a diagram identical to the first with the p ositive crossing

replaced by a negative crossing and denotes a diagram identical to the

first with the p ositive crossing replaced by a graphical no de.

This formula means that we define ( ) for an em b edded 4-v alent graph

by taking the sum

( ) = ( )

with the summation over all knots and links obtained from by replacing

a no de of with either a crossing of p ositive or negative typ e, or with a

smo othing of the crossing that replaces it by a planar emb edding of non-

touching segments (denoted 0). It is not hard to see that if ( ) is an

ambient isotopy inv ariant of knots, then, this extension is an rigid vertex

isotopy inv ariant of graphs. In rigid vertex isotopy the cyclic order at the

vertex is preserved, so that the vertex b ehaves like a rigid disk with flexible

strings attached to it at sp ecific p oints.

There is a rich class of graph inv ariants that can b e studied in this manner.

The V assiliev Inv ariants [46 ],[7],[5] constitute the imp ortant sp ecial case of

these graph inv ariants where = +1, = 1 and = 0 Thus ( ) is a

V assiliev inv ariant if

( ) = ( ) ( )

Call this formula the for the V assiliev inv ariant See

Figure 1

is said to b e of if ( ) = 0 whenever where

denotes the numb er of (4-v alent) no des in the graph The notion of finite

k k k k k

G k v k G v G G

G

G v G v v k k k

Figure 1 — Exc hange Iden tit y for V assiliev In v arian ts

Lemma.

Pro of.

typ e is of extraordinary significance in studying these inv ariants. One reason for this is the following basic Lemma.

If a graph has exactly no des, then the v alue of a V assiliev inv ariant of typ e on , ( ), is indep endent of the emb edding of .

The different emb eddings of can b e represented by link diagrams with some of the 4-v alent vertices in the diagram corresp onding to the no des of . It suffices to show that the v alue of ( ) is unchanged under switching of a crossing. However, the exchange identity for shows that this difference is equal to the ev aluation of on a graph with + 1 no des and hence is equal to zero. This completes the pro of.//

The upshot of this Lemma is that V assiliev inv ariants of typ e are intimately involved with certain abstract ev aluations of graphs with no des.

In fact, there are restrictions (the four-term relations) on these ev aluations demanded by the top ology and it follows from results of Kontsevich [5] that such abstract ev aluations actually determine the inv ariants. The knot inv ariants derived from classical Lie algebras are all built from V assiliev inv ariants of finite typ e. All this is directly related to Witten’s functional integral [49 ].

In the next few figures we illustrate some of these main p oints. In Figure

2 we show how one asso ciates a so-called chord diagram to represent the

Z M

Figure 2 — Chord Diagrams

3 V assiliev In v arian ts and Witten’s F unctional

In tegral

abstract graph asso ciated with an emb edded graph. The chord diagram is a circle with arcs connecting those p oints on the circle that are welded to form the corresp onding graph. In Figure 3 we illustrate how the four-term relation is a consequence of top ological inv ariance. In Figure 4 we show how the four term relation is a consequence of the abstract pattern of the comm utator identity for a matrix Lie algebra. This shows that the four term relation is directly related to a categorical generalisation of Lie algebras. Figure 5 illustrates how the weights are assigned to the chord diagrams in the Lie algebra case - by inserting Lie algebra matrices into the circle and taking a trace of a sum of matrix pro ducts.

In [49 ] Edward Witten prop osed a formulation of a class of 3-manifold inv ariants as generalized F eynman integrals taking the form ( ) where

Figure 3 — The F our T erm Relation from T op ology

Figure 4 — The F our T erm Relation from Categorical Lie Algebra

Z

∧

∧ ∧

( 4 ) ( ) ik / π S M ,A

Z M D Ae .

M A

M

G M

G. G

S M , A

M A dA

/ A A A

Z M

Figure 5 — Calculating Lie Algebra W eigh ts

( ) =

Here denotes a 3-manifold without b oundary and is a gauge field (also called a gauge p otential or gauge connection) defined on . The gauge field is a one-form on a trivial -bundle over with v alues in a representation of the Lie algebra of The group corresp onding to this Lie algebra is said to b e the gauge group. In this integral the action ( ) is taken to b e the integral over of the trace of the Chern-Simons three-form +

(2 3) . (The pro duct is the wedge pro duct of differential forms.)

( ) integrates over all gauge fields mo dulo gauge equiv alence (See [3] for a discussion of the definition and meaning of gauge equiv alence.)

The formalism and internal logic of Witten’s integral supp orts the existence of a large class of top ological inv ariants of 3-manifolds and asso ciated inv ariants of knots and links in these manifolds.

The inv ariants asso ciated with this integral have b een given rigorous combinatorial descriptions [38],[45],[28],[33], [47],[24], but questions and conjectures arising from the integral formulation are still outstanding. (See for example [4], [11],[13], [14],[39], [40 ].) Sp ecific conjectures ab out this integral

K

K

K

|

|

|

|

∮

∮

∫

∮

∫

( 4 ) ( )

( 4 )

3

K

A

K

A

ik / π S M ,A A

ik / π S k

K

W A < K A >

K A

tr P e

W A < K A > tr P e .

P

tr

M

Z M , K D Ae tr P e

D Ae < K A > .

S M , A

S M , A S < K A >

M

S take the form of just how it implicates inv ariants of links and 3-manifolds,

and how these inv ariants b ehave in certain limits of the coupling constant

in the integral. Many conjectures of this sort can b e verified through the

combinatorial mo dels. On the other hand, the really outstanding conjecture

ab out the integral is that it exists! At the present time there is no measure

theory or generalization of measure theory that supp orts it. Here is a formal

structure of great b eauty

. It is also a structure whose consequences can b e

verified by a remark able v ariety of alternative means.

W e now lo ok at the formalism of the Witten integral in more detail and

see how it implicates inv ariants of knots and links corresp onding to each

classical Lie algebra. In order to accomplish this task, we need to intro duce

the Wilson lo op. The Wilson lo op is an exp onentiated version of integrating

the gauge field along a lo op in three space that we take to b e an emb edding

(knot) or a curve with transversal self-intersections. F or this discussion, the

Wilson lo op will b e denoted by the notation ( ) = to denote

the dep endence on the lo op and the field . It is usually indicated by the

symb olism ( ) . Thus

( ) = = ( )

Here the denotes path ordered integration - we are integrating and exp o-

nentiating matrix v alued functions, and so must keep track of the order of

the op erations. The symb ol denotes the trace of the resulting matrix.

With the help of the Wilson lo op functional on knots and links, Witten

writes down a functional integral for link inv ariants in a 3-manifold :

( ) = ( )

=

Here ( ) is the Chern-Simons Lagrangian , as in the previous discussion.

W e abbreviate ( ) as and write for the Wilson lo op. Unless

otherwise mentioned, the manifold will b e the three-dimensional sphere

An analysis of the formalism of this functional integral reveals quite a bit

ab out its role in knot theory

. This analysis dep ends up on key facts relating

1 2 3

{ }

−

∧

|

|

|

| |

F act 1.

Application of F act 1.

a

k a k

m

a

k

a

a b abc

c abc

a b ab ab ab

a

r s a r s

r s r s

a a

A x x

A x A x T dx a m

T , T , T , ..., T k

a k A x

A x

T

G.

T , T if T x, y xy y x f

tr T T δ / δ δ a b

i

x

x

F x T dx dy .

F dA A A.

< K S >

x

x δ < K A >

δ < K A >

δ < K A > dx dx F x T < K A > .

the curv ature of the gauge field to b oth the Wilson lo op and the Chern-

Simons Lagrang ian. The idea for using the curv ature in this way is due to

Lee Smolin [42] (See also [35 ]). T o this end, let us recall the lo cal co ordinate

structure of the gauge field ( ), where is a p oint in three-space. W e can

write ( ) = ( ) where the index ranges from 1 to with the

Lie algebra basis . The index go es from 1 to 3. F or each

choice of and , ( ) is a smo oth function defined on three-space. In

( ) we sum over the v alues of rep eated indices. The Lie algebra generators

are matrices corresp onding to a given representation of the Lie algebra of

the gauge group W e assume some prop erties of these matrices as follows:

1. [ ] = where [ ] = , and (the matrix of struc-

ture constants) is totally antisymm etric. There is summation over rep eated

indices.

2. ( ) = 2 where is the Kronecker delta ( = 1 if = and

zero otherwise).

W e also assume some facts ab out curv ature. (The reader may enjoy

comparing with the exp osition in [23 ]. But note the difference of conventions

on the use of in the Wilson lo ops and curv ature definitions.) The first fact

is the relation of Wilson lo ops and curv ature for small lo ops:

The result of ev aluating a Wilson lo op ab out a very small planar

circle around a p oint is prop ortional to the area enclosed by this circle times

the corresp onding v alue of the curv ature tensor of the gauge field ev aluated

at . The curv ature tensor is written

( )

It is the lo cal co ordinate expression of = +

Consider a given Wilson line . Ask how

its v alue will change if it is deformed infinitesimally in the neighb orho o d of a

p oint on the line. Approximate the change according to F act 1, and regard

the p oint as the place of curv ature ev aluation. Let denote the

change in the v alue of the line. is given by the formula

= ( )

j j

a a a

K i r s a

T x

T < K A >

< K A >

T x

W A dx .

F .

/ π

L

Notation.

Figure 6 — Lie algebra and Curv ature T ensor insertion in to the

Wilson Lo op

This is the first order approximation to the change in the Wilson line.

In this formula it is understo o d that the Lie algebra matrices are to b e inserted into the Wilson line at the p oint , and that we are summing over rep eated indices. This means that each is a new Wilson line obtained from the original line by leaving the form of the lo op unchanged, but inserting the matrix into that lo op at the p oint .

In Figure 6 we have illustrated this mo de of insertion of Lie algebra into the Wilson lo op. Here and in further illustrations in this section we use

( ) to denote the Wilson lo op. Note that in the diagrammatic version shown in Figure 6 we have let small triangles with legs indicate The legs corresp ond to indices just as in our work in the last section with Lie algebras and chord diagrams. The curv ature tensor is indicated as a circle with three legs corresp onding to the indices of

In the diagrams in this section we have dropp ed mention of the factor of (1 4 ) that o ccurs in the integral. This convention saves space in the figures. In these figures denotes the Chern–Simons Lagrangian.

K

∮

∏

∏

→∞

∈

∈

|

|

|

| |

|

Remark.

Remark.

Pro of.

A

x

n n

x K

x K a

k a k

a

k k

a

a

k

a

k

< K A > tr P e

e l im x/n .

K

A x x

< K A > A x

A x T dx .

T

T < K A > T

x

δ < K A > /δ A x dx T < K A > .

D

δ /δ A x .

δ < K A > /δ A x

In thinking ab out the Wilson line = ( ), it is

helpful to recall Euler’s formula for the exp onential:

= (1 + )

The Wilson line is the limit, over partitions of the lo op , of pro ducts of

the matrices (1 + ( )) where runs over the partition. Thus we can write

symb olically ,

= (1 + ( ))

= (1 + ( ) )

It is understo o d that a pro duct of matrices around a closed lo op connotes

the trace of the pro duct. The ordering is forced by the one dimensional

nature of the lo op. Insertion of a given matrix into this pro duct at a p oint

on the lo op is then a well-defined concept. If is a given matrix then it is

understo o d that denotes the insertion of into some p oint of

the lo op. In the case ab ove, it is understo o d from context in the formula that

the insertion is to b e p erformed at the p oint indicated in the argument of

the curv ature.

The previous remark implies the following formula for the v aria-

tion of the Wilson lo op with resp ect to the gauge field:

( ( )) =

V arying the Wilson lo op with resp ect to the gauge field results in the in-

sertion of an infinitesimal Lie algebra element into the lo op. Figure 7 gives

a diagrammatic form for this formula. In that Figure we use a capital

with up and down legs to denote the deriv ative ( ( )) Insertions in the

Wilson line are indicated directly by matrix b oxes placed in a representative

bit of line.

( ( ))

3

|

−

∈

∈ ∈

∏

∏ ∏

y K

a k a

k a k y <x K

a k a

k a

k y >x K

a k a

k k a a r s r st

a t abc

Figure 7 — Differen tiating the Wilson Line

F act 2.

Theorem.

δ A y T dy /δ A x

A y T dy T dx A y T dy dx T < K A > .

S

F x ϵ δ S/δ A x .

ϵ

K .

Z K Z S , K δ Z K

Z K

= (1 + ( ) ) ( ( ))

= (1 + ( ) )[ ] (1 + ( ) )

=

The v ariation of the Chern-Simons Lagrangian with resp ect to the gauge p otential at a given p oint in three-space is related to the v alues of the curv ature tensor at that p oint by the following formula:

( ) = ( ( ))

Here is the epsilon symb ol for three indices, i.e. it is +1 for p ositive p ermutations of 123 and 1 for negative p ermutations of 123 and zero if any two indices are rep eated. A diagrammatic for this formula is shown in Figure

8.

With these facts at hand we are prepared to determine how the Witten integral b ehaves under a small deformation of the lo op

1. Let ( ) = ( ) and let ( ) denote the change of

( ) under an infinitesimal change in the lo op K. Then

Z

|

|

( 4 )

1 2 1 2

ik / π S a a r st

r s t a a r st r s t a a a a

Figure 8 — V ariational F orm ula for Curv ature δ Z K π i/k dAe V ol T T < K A >

V ol ϵ dx dx dx .

T T x K

V ol ϵ dx dx dx x

T

T T < K A > x

T x ϵ x ϵ ϵ ϵ

K x.

( ) = (4 ) [ ] where =

The sum is taken over rep eated indices, and the insertion is taken of the matrices at the chosen p oint on the lo op that is regarded as the center of the deformation. The volume elemen t = is taken with regard to the infinitesimal directions of the lo op deformation from this p oint on the original lo op.

2. The same formula applies, with a different interpretation, to the case where is a double p oint of transversal self intersection of a lo op K, and the deformation consists in shifting one of the crossing segments p erp endicularly to the plane of intersection so that the self-intersection p oint disapp ears. In this case, one is inserted into each of the transversal crossing segments so that denotes a Wilson lo op with a self intersection at and insertions of at + and + where and denote small displacements along the two arcs of that intersect at In this case, the volume form is nonzero, with two directions coming from the plane of movement of one arc, and the p erp endicular direction is the direction of the other arc.

Pro of.

∫

∫

∫

∫

∫

∫

|

|

|

− |

|

|

( 4 )

( 4 )

( 4 )

( 4 )

( 4 )

( 4 ) ik / π S

ik / π S r s a

r s a

ik / π S r s

r st a

t a

ik / π S a

t r st r s

a

ik / π S

r st r s

a a

t

ik / π S

a a δ Z K D Ae δ < K A >

D Ae dx dy F x T < K A >

D Ae dx dy ϵ δ S/δ A x T < K A >

π i/k D A δ e /δ A x ϵ dx dy T < K A >

π i/k D Ae ϵ dx dy δ T < K A > /δ A x

π i/k D Ae V ol T T < K A > .

x

K ,

( ) =

= ( )

= ( ( ( )))

= ( 4 ) ( ( ( )))

= (4 ) ( ( ( )))

(integration by parts and the b oundary terms v anish)

= (4 ) [ ]

This completes the formalism of the pro of. In the case of part 2., a change

of interpretation o ccurs at the p oint in the argument when the Wilson line

is differentiated. Differentiating a self intersecting Wilson line at a p oint of

self intersection is equiv alent to differentiating the corresp onding pro duct of

matrices with resp ect to a v ariable that o ccurs at two p oints in the pro duct

(corresp onding to the two places where the lo op passes through the p oint).

One of these deriv atives gives rise to a term with volume form equal to zero,

the other term is the one that is describ ed in part 2. This completes the

pro of of the Theorem. //

The formalism of this pro of is illustrated in Figure 9.

In the case of switching a crossing the key p oint is to write the crossing

switch as a comp osition of first moving a segment to obtain a transversal

intersection of the diagram with itself, and then to continue the motion to

complete the switch. One then analyses separately the case where is a

double p oint of transversal self intersection of a lo op and the deformation

consists in shifting one of the crossing segments p erp endicularly to the plane

of intersection so that the self-intersection p oint disapp ears. In this case,

Figure 9 — V arying the F unctional In tegral b y V arying the Line

|

− |

∫

^

^

∫

1 2

+

( 4 )

− ∗∗

∗∗

∗∗

lo op tr ansform a

a a

a

ik / π S

a a

a a

n

K

3.1 The Lo op T ransform

T

T T < K A > x

T x ϵ x ϵ .

Z K Z K π i/k D Ae T T < K A >

π i/k Z T T K ,

K

/k

ψ A

ψ K

ψ K D Aψ A W A .

one is inserted into each of the transversal crossing segments so that

denotes a Wilson lo op with a self intersection at and

insertions of at + and + as in part 2 of the Theorem ab ove. The

first insertion is in the moving line, due to curv ature. The second insertion

is the consequence of differentiating the self-touching Wilson line. Since this

line can b e regarded as a pro duct, the differentiation o ccurs twice at the p oint

of intersection, and it is the second direction that pro duces the non-v anishing

volume form.

Up to the choice of our conventions for constants, the switching formula

is, as shown b elow (See Figure 10).

( ) ( ) = (4 )

= (4 ) ( )

where denotes the result of replacing the crossing by a self-touching

crossing. W e distinguish this from adding a graphical no de at this crossing

by using the double star notation.

A key p oint is to notice that the Lie algebra insertion for this difference

is exactly what is done (in chord diagrams) to make the weight systems

for V assiliev inv ariants (without the framing comp ensation). Here we take

formally the p erturbative expansion of the Witten integral to obtain V assiliev

inv ariants as co efficients of the p owers of (1 ). Thus the formalism of the

Witten functional integral takes one directly to these weight systems in the

case of the classical Lie algebras. In this way the functional integral is central

to the structure of the V assiliev inv ariants.

Supp ose that ( ) is a (complex v alued) function defined on gauge fields.

Then we define formally the ( ), a function on emb edded

lo ops in three dimensional space, by the formula

( ) = ( ) ( )

Γ

K

K

^

∫

∫

^ ^

^

Figure 10 — The Difference F orm ula ψ A , ψ K D A ψ A W A

D Aψ A W A .

G H .

Gψ K δ ψ K

K ψ K

If Δ is a differential op erator defined on ( ) then we can use this integral transform to shift the effect of Δ to an op erator on lo ops via integration by parts:

Δ ( ) = Δ ( ) ( )

= ( )Δ ( )

When Δ is applied to the Wilson lo op the result can b e an understandable geometric or top ological op eration. In Figures 11, 12 and 13 we illustrate this situation with diagrammatically defined op erators and

W e see from Figure 12 that

( ) = ( ) where this v ariation refers to the effect of v arying by a small lo op. As we saw in this section, this means that if ( ) is a top ological inv ariant of

Figure 11— The Lo op T ransform and Op erators G and H

Figure 12 — The Diffeomorphism Constrain t

Figure 13 — The Hamiltonian Constrain t

∧ ∧ ∧

^

^

∫

^

^

^

( 4 ) ( +(2 3) ) ik / π tr A dA / A A A

Gψ K K .

Gψ A .

δ ψ K

ψ A e

Gψ K

K ,

Gψ A .

ψ A

Gψ

H ψ

H G K

H K

G H knots and links, then ( ) = 0 for all emb edded lo ops This condition

is a transform analogue of the equation ( ) = 0 This equation is the

differential analogue of an inv ariant of knots and links. It may happ en that

( ) is not strictly zero, as in the case of our framed knot inv ariants. F or

example with

( ) =

we conclude that ( ) is zero for flat deformations (in the sense of this

section) of the lo op but can b e non-zero in the presence of a twist or curl.

In this sense the lo op transform provides a subtle v ariation on the strict

condition ( ) = 0

In [41] and earlier publications by these authors, the lo op transform is

used to study a reformulation and quantization of Einstein gravity

. The dif-

ferential geometric gravity theory is reformulated in terms of a background

gauge connection and in the quantization, the Hilb ert space consists in func-

tions ( ) that are required to satisfy the constraints

= 0

and

= 0

where is the op erator shown in Figure 13. Thus we see that ( ) can b e

partially zero in the sense of pro ducing a framed knot inv ariant, and (from

Figure 13 and the antisymmetry of the epsilon) that ( ) is zero for non-

self intersecting lo ops. This means that the lo op transforms of and

can b e used to investigate a subtle v ariation of the original scheme for the

quantization of gravity

. This program is b eing actively pursued by a numb er

of researchers. The V assiliev inv ariants arising from a top ologically inv ariant

lo op transform should b e of significance to this theory

. This theme will b e

explored in a subsequent pap er.

∫

−

−

−

−

−

∧ ∧ ∧

∧ ∧

0 1 2

+ 1 2

1 2

0

+

+

0 after

axial gauge

4 Wilson Lines, Axial Gauge and the Kon t-

sevic h In tegrals

x , x , x

x x x

x x x .

t x .

A x A x dx A x dx A x dt.

C S A

C S A / π tr A dA / A A A .

A .

A A A

In this section we follow the gauge fixing metho d used by F r¨ ohlich and King

[10]. Their pap er was written b efore the advent of V assiliev inv ariants, but

contains, as we shall see, nearly the whole story ab out the Kontsevich inte-

gral. A similar approach to ours can b e found in [37 ]. In our case we have

simplified the determination of the inverse op erator for this formalism and

we have given a few more details ab out the calculation of the correlation

functions than is customary in physics literature. I hop e that this approach

makes this sub ject more accessible to mathematicians. A heuristic argu-

ment of this kind contains a great deal of v aluable mathematics. It is clear

that these matters will eventually b e given a fully rigorous treatment. In

fact, in the present case there is a rigorous treatment, due to Alb ev ario and

Sen-Gupta [1] of the functional integral the light-cone gauge has b een

imp osed.

Let ( ) denote a p oint in three dimensional space. Change to light-

cone co ordinates

= +

and

=

Let denote

Then the gauge connection can b e written in the form

( ) = ( ) + ( ) + ( )

Let ( ) denote the Chern-Simons integral (over the three dimensional

sphere)

( ) = (1 4 ) ( + (2 3) )

W e define to b e the condition that = 0 W e shall now work

with the functional integral of the previous section under the axial gauge

restriction. In axial gauge we have that = 0 and so

∫

∫

i i

z

∧

∧ − ∧ ∧

∧ ∧

−

−

∇

∇

±

±

− −

−

−

−

−

−

−

−

−

−

−

−

+ 0 0 +

+

+ 0

+

+

2

1

2

2

2 2 2

+

2

1

2

2

2

1 2

2

+

1

+

2 2

1

+ +

1

+

C S A / π tr A dA .

∂ x

A dA A ∂ A A ∂ A dx dx dt.

C S A / π tr A ∂ A dx dx dt.

∂ x

∂ ∂ ∂ ∂ .

x ix i ∂ ∂

∂ ∂ .

z x ix ,

l n z π δ z

δ z l n z

z .

∂ ∂ / π l n z .

∂ ∂ ∂ /∂ z x ix .

∂ ∂ ∂ ∂ ∂ / π l n z / π z .

( ) = (1 4 ) ( )

Letting denote partial differentiation with resp ect to , we get the fol-

lowing formula in axial gauge

= ( )

Thus, after integration by parts, we obtain the following formula for the

Chern-Simons integral:

( ) = (1 2 ) ( )

Letting denote the partial deriv ative with resp ect to , we have that

=

If we replace with where = 1, then is replaced by

+ =

W e now make this replacemen t so that the analysis can b e expressed over

the complex numb ers.

Letting

= +

it is well known that

( ) = 2 ( )

where ( ) denotes the Dirac delta function and ( ) is the natural logarithm

of Thus we can write

( ) = (1 2 ) ( )

Note that = = after the replacemen t of by As a result we

have that

( ) = ( ) = (1 2 ) ( ) = 1 2

K

K

K

− −

√

√

− −

∫

∮

∫

∮

∫

∮

∫ ∫

−

−

−

√

−

√

−

− −

Prop osition.

Pro of Sk etc h.

1

( )

( )

( 1 2)

1

( 1 2) ( 1 2)

+ +

0 0

+ 0 ik C S A A

iC S A A/ k

/ <A,LA> A/ k

/ <A,LA> / <A,LA>

a b

a b

a b ab

∂

/ < A, LA > iC S A

L ∂ .

L

Z K D Ae tr P e

Z K D Ae tr P e

A / k A

Z K D Ae tr P e .

L

Z K / k .

< ϕ A > D Ae ϕ A / D Ae

ϕ A

< A z , t A w , s > ,

< A z , t A w , s > ,

< A z , t A w , s > κδ δ t s / z w

κ

Now that we know the inverse of the op erator we are in a p osition to treat

the Chern-Simons integral as a quadratic form in the pattern

( 1 2) = ( )

where the op erator

=

Since we know , we can express the functional integral as a Gaussian

integral:

W e replace

( ) = ( )

by

( ) = ( )

by sending to (1 ) . W e then replace this version by

( ) = ( )

In this last formulation we can use our knowledge of to determine the the

correlation functions and express ( ) p erturbatively in p owers of (1 )

Letting

( ) = ( )

for any functional ( ), we find that

( ) ( ) = 0

( ) ( ) = 0

( ) ( ) = ( ) ( )

where is a constant.

Let’s recall how these correlation functions are obtained.

The basic formalism for the Gaussian integration is in the pattern

1 −

− −

−

−

−

∫ ∫

∫

∫ ∫

∫

∫ ∫

∫ ∫

|

∗ −

∗ − −

∗

∗ −

∗ −

−

( 1 2) ( 1 2)

=0

(1 2)

1

1

1

0

/ <A,LA> / <A,LA>

J

/ <J,L J >

a b ab

< A z A w > D Ae A z A w / D Ae

∂ /∂ J z ∂ /∂ J w e

G J z dw G z w J w

LG z δ z

δ z z

LG J z dw LG z w J w dw δ z w J w J z

G J z L J z

G z / π z

L J z G J z dw J w / z w .

< J z , L J z > < J z , G J z > / π tr J z dw J w / z w dz

/ π dz dw tr J z J w / z w .

tr T T δ /

x t, s J

( ) ( ) = ( ) ( )

= (( ( ))( ( )) )

Letting ( ) = ( ) ( ), we have that when

( ) = ( )

( ( ) is a Dirac delta function of .) then

( ) = ( ) ( ) = ( ) ( ) = ( )

Thus ( ) can b e identified with ( ).

In our case

( ) = 1 2

and

( ) = ( ) = ( ) ( )

Thus

( ) ( ) = ( ) ( ) = (1 2 ) ( ( )( ( ) ( ))

= (1 2 ) ( ( ) ( )) ( )

The results on the correlation functions then follow directly from differen-

tiating this expression. Note that the Kronecker delta on Lie algebra in-

dices is a result of the corresp onding Kronecker delta in the trace formula

( ) = 2 for pro ducts of Lie algebra generators. The Kronecker delta

for the = co ordinates is a consequence of the ev aluation at equal to

zero.//

W e are now prepared to give an explicit form to the p erturbative expan-

sion for

′

1

1

K

n

n

i

i

√

− −

∧ ∧

− −

∫

∫

∮

∫

∫

∏

∫

∑

∮

∑

∮

∑ ∏

−

−

√

−

−

∈

−

{ | }

′

′ ′

′

′ ′

′ ′ ′

( 1 2)

( 1 2) ( 1 2)

( 1 2) ( 1 2)

2

1

1

1 1

= =1

+ 0

+ 0

+

0 +

+

/ <A,LA>

/ <A,LA> A/ k / <A,LA>

/ <A,LA>

x K

/ <A,LA>

n n/

K <...<K n

n

n n

m m

K <...<K

P x <x i ,...m i i

i

i

i a

k i b

l i a b k l

a b ab

i

i

a

i a

i a a a

i a

i a a

< K > Z K / D Ae

D Ae tr P e / D Ae

D Ae tr A/ k / D Ae

/k < A x ...A x > .

K < ... < K

x , ...x K x < ... < x

K

< K > /k < A x A x > .

< A x A x > < A x A x > T T dx dx .

< A z , t A s, w > κδ δ t s / z w .

< A x A x >

< A x A x > T T dx dt < A x A x > T T dx dt

dz dz / z z i/i

= ( )

= ( )

= ( (1 + ( )))

= (1 ) ( ) ( )

The latter summation can b e rewritten (Wick expansion) into a sum over

pro ducts of pair correlations, and we have already worked out the v alues of

these. In the formula ab ove we have written to denote the

integration over v ariables on so that in the ordering

induced on the lo op by cho osing a basep oint on the lo op. After the Wick

expansion, we get

= (1 ) ( ) ( )

Now we know that

( ) ( ) = ( ) ( )

Rewriting this in the complexified axial gauge co ordinates, the only contri-

bution is

( ) ( ) = ( ) ( )

Thus

( ) ( )

= ( ) ( ) + ( ) ( )

= ( ) ( )[ ] n

n

1

1

=1

=1

1

1

∑ ∑

∮

⋀

∑ ∑

∫

⋀

′

′

′ ′

| ↓| ′ ′

′

{

| }

− −

− − −

| ↓ |

{

} { } a a

i

i

P

m m

P

P

K <...<K m

i i

i i

i

m m

P

P

P

t <...<t m

i i

i i

i

i i

i i

n n

m

P i/i T T

P x <

x i , ...m D

< K > /k D dz dz / z z

< K > /k D dz dz / z z

P z , t z , t

K <

... < K t < ... < t

/k

D where [ ] denotes the insertion of the Lie algebra elements into the

Wilson lo op.

As a result, for each partition of the lo op and choice of pairings =

= 1 we get an ev aluation of the trace of these insertions into

the lo op. This is the v alue of the corresp onding chord diagram in the weight

systems for V assiliev inv ariants. These chord diagram ev aluations then figure

in our formula as shown b elow:

= (1 ) ( ) (( )

This is a Wilson lo op ordering version of the Kontsevich integral. T o see

the usual form of the integral app ear, we change from the time v ariable

(parametrization) asso ciated with the lo op itself to time v ariables asso ciated

with a sp ecific global direction of time in three dimensional space that is

p erp endicular to the complex plane defined by the axial gauge co ordinates.

It is easy to see that this results in one change of sign for each segment of

the knot diagram supp orting a pair correlation where the segment is oriented

(Wilson lo op parameter) downward with resp ect to the global time direction.

This results in the rewrite of our formula to

= (1 ) ( 1) ( ) (( )

where denotes the numb er of p oints ( ) or ( ) in the pairings

where the knot diagram is oriented downward with resp ect to global time.

The integration around the Wilson lo op has b een replaced by integration in

the vertical time direction and is so indicated by the replacemen t of

with

The co efficients of 1 in this expansion are exactly the Kontsevich integrals

for the weight systems . See Figure 14.

It was Kontsevich’s insight to see (by different means) that these integrals

could b e used to construct V assiliev inv ariants from arbitrary weight systems

satisfying the four-term relations. Here we have seen how these integrals arise

naturally in the axial gauge fixing of the Witten functional integral.

Figure 14 — Applying The Kon tsevic h In tegral

t

Remark.

34

References

Commun. Math. Phys.

Commun. Math. Phys.

Ge ometry of Y ang-Mil l s Fields

The Ge ometry and Physics of Knots

T op olo gy

Perturb ative Asp e cts of the Chern-Simons T op olo gic al

Quantum field The ory

The careful reader will note that we have not made a discussion of

the role of the maxima and minim a of the space curve of the knot with resp ect

to the height direction ( ). In fact one has to take these maxima and minima

very carefully into account and to divide by the corresp onding ev aluated lo op

pattern (with these maxima and minim a) to make the Kontsevich integral

well-defined and actually inv ariant under ambient isotopy (with appropriate

framing correction as well). The corresp onding difficulty app ears here in

the fact that b ecause of the gauge choice the Wilson lines are actually only

defined in the complement of the maxima and minima and one needs to

analyse a limiting pro cedure to take care of the inclusion of these p oints in

the Wilson line. This p oints to one of the places where this corresp ondence

with the Kontsevich integrals as F eynman integrals for Witten’s functional

integral could stand closer mathematical scrutiny

. One purp ose of this pap er

has b een to outline the corresp ondences that exist and to put enough light

on the situation to allow a full story to eventually app ear.

[1] S. Alb ev ario and A. Sen-Gupta, A Mathematical Construction of the

Non-Ab elian Chern-Simons F unctional Integral, ,

V ol. 186 (1997), pp. 563-579 .

[2] Daniel Altschuler and Laurent F reidel, V assiliev knot inv ariants and

Chern-Simons p erturbation theory to all orders,

187 (1997), 261-287 .

[3] M.F. Atiyah, , Accademia Nazionale dei

Lincei Scuola Sup eriore Lezioni F ermiare, Pisa ,1979.

[4] M.F. Atiyah, , Cambridge Univer-

sity Press, 1990.

[5] D. Bar-Natan, On the V assiliev knot inv ariants, (1995),

423-472 .

[6] Dror Bar-Natan,

, Ph. D. Thesis, Princeton Universit y , June 1991.

T QF T

111

35

316

126

In-

vent. Math.

Jour. Math. Phys.

C. R. A c ad. Sci. Paris

Commun. Math. Phys.

Physics L etters B

Commun. Math. Phys.

Commun. Math. Phys.

Bul l. Amer. Math. So c.

Ann. of Math.

Pacific J. Math.

On Knots Princ eton University

Pr ess

T op olo gy

[7] J. Birman and X.S.Lin, Knot p olynomials and V assilievs inv ariants,

No. 2 (1993), 225-270 .

[8] R. Bott and C. T aub es, On the self-linking of knots,

(1994), pp. 5247-528 7.

[9] P

. Cartier, Construction combinatoire des inv ariants de V assiliev - Kont-

sevich des no euds, , , Serie I, (1993), pp. 1205-

1210.

[10] J. F r¨ ohlich and C. King, The Chern Simons Theory and Knot Polyno-

mials, (1989), 167-199 .

[11] S. Garoufalidis, Applications of to inv ariants in low dimensional

top ology

, (preprint 1993).

[12] E. Guadagnini, M. Martellini and M. Mintchev, Chern-Simons mo del

and new relations b etween the Homfly co efficients, ,

V ol. 238, No. 4, Sept. 28 (1989), pp. 489-49 4.

[13] D. S. F reed and R. E. Gompf, Computer calculation of Witten’s three-

manifold inv ariant, , No. 141, (1991), pp. 79-117.

[14] L.C. Jeffrey

, Chern-Simons-Witten inv ariants of lens spaces and torus

bundles, and the semi-classical approximation, ,

No. 147, (1992), pp. 563-604 .

[15] V.F.R. Jones, A p olynomial inv ariant of links via von Neumann algebras,

, 1985, No. 129, pp. 103-112.

[16] V.F.R.Jones, Hecke algebra representations of braid groups and link

p olynomials, ,V ol.126, 1987, pp. 335-338 .

[17] V.F.R.Jones, On knot inv ariants related to some statistical mechanics

mo dels, , V ol. 137, no. 2,1989, pp. 311-334.

[18] L.H. Kauffman, , Annals Study No. 115,

(1987)

[19] L.H.Kauffman, State Mo dels and the Jones Polynomial, ,V ol.

26, 1987,pp. 395-407.

3

45 S ,

sl , C ,

AMS

Contemp. Math. Series

Amer. Math.

Monthly

Journal of Knot The ory and Its R amific ations

Knots and Physics

T emp erley-Lieb R e c oupling The ory and

Invariants of - Manifolds

Invent. Math.

Invent. Math.

Contemp or ary Mathematics

[20] L.H.Kauffman, Statistical mec hanics and the Jones p olynomial,

, V ol. 78,1989, pp. 263-297.

[21] L.H.Kauffman, New inv ariants in the theory of knots,

, V ol.95,No.3,March 1988. pp 195-242.

[22] L.H.Kauffman and P .V ogel, Link p olynomials and a graphical calculus,

, V ol. 1, No. 1,March 1992,

pp. 59- 104.

[23] L.H.Kauffman, , W orld Scientific Pub.,1991 and 1993

[24] L. H. Kauffman and S. L. Lins,

3 , Annals of Mathematics Study 114, Princeton

Univ. Press,1994.

[25] L. H. Kauffman, F unctional Integration and the theory of knots, J.

Math. Physics, V ol. 36 (5), May 1995, pp. 2402 - 2429.

[26] L. H. Kauffman, Witten’s Integral and the Kontsevich Integrals, (to

app ear in the Pro ceedings of the Lo dz, Poland (April 1998) Conference

on Mathematical Physics)

[27] R. Kirby

, A calculus for framed links in , , (1978),

pp. 35-56.

[28] R. Kirby and P

. Melvin, On the 3-manifold inv ariants of Reshetikhin-

T uraev for (2 ) 105, pp. 473-545,19 91 .

[29] M. Kontsevich, Graphs, homotopical algebra and low dimensional top ol-

ogy , (preprint 1992).

[30] T. Kohno, Linear representations of braid groups and classical Y ang-

Baxter equations, , V ol. 78, Amer. Math.

So c., 1988, pp. 339-36 4.

[31] T.Q.T. Le and J. Murak ami, Universal finite typ e inv ariants of 3-

manifolds, (preprint 1995.)

e

330

J. Math. Phys.

Journal of Knot The ory and Its R amific ations

Intl. Math. R es. Notic es

Nucl. Phys. B

LOMI r eprints E-4-87

and E-17-87

J. Math. Phys.

Invent. Math.

Knots and Applic ations

Phys. L ett. B 417

Phys. R ev. L ett.

Mo d. Phys. L ett. A

[32] R. Lawrence, Asymptotic expansions of Witten-Reshetikhin-T uraev in-

v ariants for some simple 3- manifolds. , No. 36(11),

Novem b er 1995, pp. 6106-612 9.

[33] W.B.R.Lick orish, The T emp erley Lieb Algebra and 3-manifold inv ari-

ants, , V ol. 2,1993, pp.

171-194 .

[34] Michael Polyak and Oleg Viro, Gauss diagram formulas for V assiliev

inv ariants, , No. 11, (1994) pp. 445-453 .

[35] P

. Cotta-Ramusino,E.Guadagnini,M.Martellini,M.Mintc hev, Quantum

field theory and link inv ariants, , Nos. 2-3 (1990),

pp. 557-574

[36] N.Y.Reshetikhin, Quantized universal enveloping algebras, the Y ang-

Baxter equation and inv ariants of links, I and I I,

, Steklov Institute, Leningrad, USSR.

[37] J. M. F. Labastida and E. P ´ rez, Kontsevich Integral for V assiliev Inv ari-

ants from Chern-Simons Perturbation Theory in the Light-Cone Gauge,

, V ol. 39 (1998), pp. 5183-51 98.

[38] N.Y. Reshetikhin and V. T uraev, Inv ariants of Three Manifolds via link

p olynomials and quantum groups, ,V ol.103,1991, pp. 547-

597.

[39] L. Rozansky

, Witten’s inv ariant of 3-dimensional manifolds: lo op ex-

pansion and surgery calculus, In , edited by L.

Kauffman, (1995), W orld Scientific Pub. Co.

[40] D. Adams, The semiclassical approximation for the Chern-Simons par-

tition function, (1998), pp. 53-60.

[41] Ashtek ar,Abhay

, Rovelli, Carlo and Smolin,Lee [1992], ”W eaving a Clas-

sical Geometry with Quantum Threads”, , vol. 69, p.

237.

[42] Lee Smolin, Link p olynomials and critical p oints of the Chern-Simons

path integrals, , V ol. 4,No. 12, 1989, pp. 1091-111 2.

j

91

Inventiones

Math.

T op olo gy 31

International J. of Math.

The ory of Singularities and

Its Applic ations

Amer. J. Math.

Commun.

Math. Phys.

[43] V.G.T uraev, The Y ang-Baxter equations and inv ariants of links, LOMI

preprint E-3-87, Steklov Institute, Leningrad, USSR.,

,V ol. 92, F asc.3, pp. 527-553 .

[44] V.G.T uraev and O. Y. Viro, State sum inv ariants of 3-manifolds and

quantum 6 symb ols, , (1992), pp. 865-902 .

[45] V.G. T uraev and H. W enzl, Quantum inv ariants of 3-manifolds asso ci-

ated with classical simple Lie algebras, , V ol.

4, No. 2,1993, pp. 323-35 8.

[46] V. V assiliev, Cohomology of knot spaces, In

, V.I.Arnold, ed., Amer. Math. So c.,1990, pp. 23-69.

[47] K. W alker, On Witten’s 3-Manifold Inv ariants, (preprint 1991).

[48] J. H. White, Self-linking and the Gauss integral in higher dimensions.

, (1969), pp. 693-72 8.

[49] E. Witten, Quantum field Theory and the Jones Polynomial,

,vol. 121, 1989, pp. 351-399.