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Abstract

The aim of this introduction to stable homotopy theory is to present the construction of gener-
alized homology and cohomology theories, using only homotopy-theoretical methods. We show
how (co)homology theory is to a large extent a branch of stable homotopy theory.



Mntroductionl

/Convention

CONTENTS

(1 The Underlying Theorem

S|

[I.1 The Blakers-Massey Theorem (Homotopy Excision)|. . . . . ... ... ... ...

[1.2  The Freudenthal Suspension Theorem and Stable Homotopy Groups| . . . . . . .

1.3 The Hurewicz Theoreml

2 Generalized (Co)homolog

y Theories|

2.1 Eilenberg-MaclLane Spaces|. . . . . . . . . .. o o

[2.2  Prespectra and Generalized Homology Theories| . . . . . . . ... ... ... ...

2.3 {2-Prespectra and Generalized Cohomology Theories| . . . . . . . ... ... ...

[3 Brown Representability Theorem|

|3.1  Representable Functors|

[3.2  Brown Functors and Th

e Representability Theorem| . . . . ... ... ... ...

[Conclusion and Acknowledgement)|

[A° Homotopy of Simplicial and CW Complexes|

|A.1 Attaching Cells| . . . .

[A.2 The Simplicial Approximation Theorem| . . . . . . . . ... ... ... .. ....

IA.3 CW-Approximation Theorems|. . . . . . . . . . . ... ... ... ... ......

(B Axiomatic (Co)homology

Theories|

IB.1 Axioms for Homology|

B.2  Axioms for Cohomology| . . . . . . . . . ...

C TG [ Colimiis

|C.1 Definitions and Examples| . . . . . . . . . .o o oo oo

IC.2 The Existence Theorem|

|C.3 Interchange in Limits and Colimits| . . . . . . . . . . ... ... ... ... ...

|C.4 Towers and Telescopes|

[References]

ii

iii

iv

16
16
20
30

35
35
38

50

51
o1
52
54

60
60
66

69
69
71
73
76

88



INTRODUCTION

In algebraic topology, we define algebraic invariants on topological spaces in order to convert
topological problems into algebraic problems. The first examples of invariants stem from homo-
topy theory and are the homotopy groups m,(X, o) of a topological based space (X, zg). The
idea of homotopy groups is intuitively simple : we study the shape of the topological spaces
by investigating their relations with the simplest topological spaces, the n-spheres. However
the task is tremendous : even these relations between the n-spheres themselves are not known
completely nowadays. Fortunately, other algebraic invariants were invented, such as homology
and cohomology groups of a space. Their definitions are much more complicated than homo-
topy groups, as they involve a mixture between geometric interpretations of topological spaces,
and algebraic methods to output abelian groups. However their computations are easier than
homotopy groups.

The founding result of stable homotopy theory is the Freudenthal suspension theorem which
states that homotopy groups eventually become isomorphic after sufficiently many iterated sus-
pensions. This lead to the notion of stable homotopy groups of a topological space. The aim of
this paper is to explain how every homology and cohomology theory can actually be constructed
using only homotopy-theoretical methods. We will show that homology and cohomology theo-
ries are strongly related to stable objects called prespectra.

In Chapter we establish fundamental theorems needed subsequently. We will give a

complete homotopic proof of the Freudenthal suspension theorem, as a corollary of the Blakers-
Massey theorem, which specifies when excision holds for homotopy groups. We also prove the
Hurewicz theorem, which relates homotopy groups and integer homology groups under connec-
tivity assumptions. In Chapter P2 we construct the Eilenberg-MacLane spaces, fundamental
topological spaces that will lead to the homotopic construction of ordinary homology and co-
homology theories. We will prove that stable homotopy groups define a generalized homology
theory and how this result will let us define generalized homology and cohomology theories from
prespectra. In Chapter [3], we prove the converse for cohomology theories : every generalized
cohomology theory is associated to a particular kind of prepsectra. This will follow from the
Brown representability theorem. We also mention briefly the case of generalized homology the-
ories.
In Appendix [A] we give the background material needed for the paper. Basic results are recalled
and proved. We have included the axiomatic approach of Eilenberg-Steenrod to homology and
cohomology theories in Appendix as it is needed throughout this paper. We will set our
terminology of a generalized (co)homology theory. We will also prove that it is always sufficient
to define reduced (co)homology theories on based CW-complexes. In Appendix [C] we establish
in detail the right categorical language needed for the stable homotopy theory.
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CONVENTIONS

Throughout this paper, we will make the following conventions.

A space is a topological space. A map is a continuous map.

Homeomorphism and isomorphism are denoted by the symbol =. Homotopy equivalence
is denoted by ~, and based homotopy equivalence is denoted by ~~,.

Ifamap f : X — Y is a weak equivalence, we add the symbol ~ over themap: f: X = Y.
We often omit the basepoint when we consider a based space.

We denote I = [0,1] € R the unit interval endowed with the subspace topology.

The (n + 1)-disk will be denoted D™! and its boundary, the n-sphere, is denoted S™.

The space Y of maps from the spaces X to Y endowed with the compact-open topology
is denoted Map(X,Y).

The homotopy class of maps from a pair of based spaces (X, A) to a pair (Y, B) is denoted :
[(X,A),(Y,B)],. The homotopy class of a map f: X — Y is denoted by [f]. The based
homotopy class is denoted by [f],.

For any based space X, the reduced cone is denoted C'X, its based loopspace is denoted
QX and its reduced suspension is denoted X X.
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CHAPTER 1

THE UNDERLYING THEOREMS

We begin this paper by presenting three main results in algebraic topology. These will be
fundamental in our work in next chapters. We will rely on Appendix [A] Our summary is based
on [MAY, 1999] and [SWITZER, 1975].

1.1. THE BLAKERS-MASSEY THEOREM (HOMOTOPY EXCISION)

The major difficulty in computing homotopy groups is due to the failure of the excision axiom.
If one has an excisive triad (X; A, B), that is spaces A, B C X such that AuB = X, then
the inclusion (A4, AN B) < (X, B) does not necessarly induce an isomorphism of homotopy
groups in general. However, the statement is true in some dimensions, and this is called the
Blakers-Massey theorem.

Recall that a map f: X — Y is an n-equivalence if f, : m(X) — 7, (Y) is an isomorphism for
k < n, and a surjection for k = n, when n > 0. For instance, the inclusion S < D"t is a
n-equivalence. One can define the following relative case.

DEFINITION 1.1.1.
A map f:(A,C) — (X, B) of pairs is an n-equivalence, where n > 1, if :

f*_l(irn (moB — mo X)) = im (moC' — moA),

which holds automatically when A and X are path-connected, and if for all choices of basepoints
in C, the map f, : (A, C) — m,(X, B) is a bijection for k < n, and a surjection for k = n.

DEFINITION 1.1.2.

A space X is said to be n-connected if m(X,z) = 0, for 0 < k < n, and all points z in X. A
pair (X, A) is said to be n-connected if the map my(A) — 7y(X) induced by the inclusion is
surjective, and 7 (X, A,a) =0 for 1 < k <mn, and all a in A. This is equivalentﬂ to saying that
the inclusion A — X is a n-equivalence.

Hence, a path-connected space is 0-connected and a simply connected space is 1-connected. The
n-sphere S™ is (n — 1)-connected, for all n > 1.

THEOREM 1.1.3 (Homotopy excision, Blakers-Massey).
Let (X; A, B) be an excisive triad and let C = AN B. Assume that (A,C) is (m — 1)-connected

!Use the long exact sequence of the pair (X, A).



and (B,C) is (n — 1)-connected, where m > 2 and n > 1. Then the inclusion (A,C) — (X, B)
is an (m +n — 2)-equivalence.

To prove the theorem, we must ask ourselves when the inclusion (4, AN B) — (X, B) induces
isomorphisms in relative homotopy groups. One way to tackle this problem is to embed the
induced map from the inclusion in a long exact sequence, and turn the question into one about
the vanishing of certain groups.

TRIAD HOMOTOPY GROUPS Recall that for any based map i : A — X, the homotopy fiber
of i, denoted F'i, is defined by the following pullback :

Fi — PX

Lo

A—— X,

where PX C Map(I, X) is the based path-space of X, that is the space of all paths in X that
start at the basepoint; and where the right vertical map sends any path to its endpoint. In the
particular case where i : A < X is an inclusion, we get isomorphisms m, (X, A) & m,_1(F1),
for n > 1, where we endowed PX with the basepoint the constant path ¢, at basepoint x of
A C X. It is a bijection for the case n = 1. One can easily see this by using the exponential
law.

We now generalize this argument. Recall that a triad (X; A, B,*) is a space X together with
two subspaces A and B and basepoint x € AN B, such that AUB = X. Let usname¢: B <— X
and j: AN B < A the inclusions. Since AN B C B and PA C PX are subspaces, it follows
that Fj is a subspace of Fi. For n > 2, the n-th triad homotopy group of (X; A, B, *) is defined
by :

(X5 A, B, %) = m_1(Fi, Fj,(*,¢4)),
= [ o1, g2, (Fi, Fj, (%, ¢:))],

where J"72 = 91" 2 x TUI"2 x {0} C I""!, as usual.

LEMMA 1.1.4.
The n-th triad homotopy group of (X; A, B,*) can be regarded as the set of homotopy classes of
maps of tetrads :

(I 12 x (1} < LI x {11, J72 x TU T < {0}) — (X; A, B, %).

SKETCH OF THE PROOF : Name S this set of homotopy classes of maps of tetrads. We
construct a bijection between 7, _1(F4, Fj, (*,c)) and S. Take amap f : (I"~L, 01"t J»=2) —
(F'i, F'j, (*,¢x)). Let p: Fi — PX be the projection. Since I is locally compact and Hausdorff,
f admits an adjoint f : I" = I""! x I —» X, where f(z,t) = p(f())(t), for any z in I"~* and
tin I. It is easy to see that f isin S.

Conversely, suppose f is in S. Let the map f: I"! — PX be its adjoint. Define the map :
f: I"' = Fi, by f(z) = (f(z,1), f(z)), for any 2 in ", One can easily check that [f], is
in m,—1(Fi, Fj, (x,c4)). O

From the long exact of the sequence of the pair (F'i, Fj), we get the following long exact
sequence :

o —— 1 (X5A,B) —— mp(A,ANB) —— (X, B) —— m(X;A,B) —— - -+



We recognize the homomorphism 7, (A, A N B) — m,(X, B) induced by the inclusion (4, AN
B) < (X, B), which is the map mentionned in homotopy excision Theorem. Therefore the triad
homotopy groups may be considered to measure the amount by which the relative homotopy
groups fail to satisfy the excision axiom. So with the conditions of theorem the goal is to
prove that mp(X;A,B) =0, forall2 <k <m+n—2.

Before proving homotopy excision, we mention another long exact sequence that will be
helpful subsequently.

ProprosITION 1.1.5 (The Exact Sequence of a Triple).
For a triple (X, A, B), that is spaces B C A C X, and any basepoint in B, the following sequence
18 exact :

s (A B) — s (X, B) — T (X, A) 2 o (A B) —— -

where i : (A,B) — (X,B), j: (X,B) — (X,A4), and k : (A,*) — (A, B) are the inclusions.

SKETCH OF THE PROOF : The proof consists of a diagram chase of the following diagram,
where the rows are the long exact sequences of the pairs (A4, B), (X, B) and (X, A), and the
unlabeled vertical maps are the induced homomorphisms of the inclusions A < X and B — A.

mp(B) —— mp(A) —— 1 (A, B) ——— m_1(B) ——— mp_1(A)

)
Wk(B) — Tk X) E— Wk()},B) E— Wk_l(B) e Wk_l(X)
)

(A

k*oa\\\\‘\) lk* . l

me—1(A, B) --*-5 m_1(X, B).
One must prove exactness for the dashed maps, which is a purely algebraic argument. ]

We now start proving the Blakers-Massey Theorem. We begin with a special case, where
all the hard work is contained. The simplicial approximation Theorem proved in Appendix [A]
is at the heart of the proof.

LEMMA 1.1.6.

Let C be any Hausdorff space, and suppose that A is obtained from C' by attaching a m-cell ™,
where m > 2, B is obtained from C by attaching a n-cell €", where n > 1, and X = AU B,
forming a triad (X; A, B). Then m(X;A,B) =0, forall2 <k <n+m—2.

PROOF : Take [f]« in mx(X; A, B), where 2 < k < n+m — 2. To see that [f]. = 0, we will
show that [f]. can be seen as an element of m;(A4; A, A — {q}) for some point ¢ in A, since
mi(A; A, A — {q}) = 0 by definition. This will stem from the fact A is a strong deformation
retract of X — {p} for some point p in é” C B, and B is a strong deformation retract of X — {q}
for some point ¢ in €™ C A (using Proposition page . We choose the points p and ¢
such that f can be seen as map whose image lies in (X; A, X — {p, q}). In other words, naming
the inclusions j; : (X;A,B) — (X;A4, X — {q}), j2: X —{p}; A, X —{p,q}) = (X; A, X —{q})
and js : (A;A,A—{q}) = (X —{p} 4, X —{p,q}), we get :

(A A, A= {g}) 25 m(X = {p}h A, X — {poa}) 225 m(X; A, X — {q}) &= mi(X; A, B),



such that jq,([f]«) is in the image of jo,. Since B is a strong deformation retract of X — {q},
Ji, is an isomorphism. Similarly, A is a strong deformation retract of X — {p}, so js, is an
isomorphism. It follows that [f]. = 0.

In order to find points p and ¢ with such properties, we first replace the map f by a homotopic
map g. Indeed, by the simplicial approximation Theorem (Theorem page , I* can be

triangulated so finely that f is homotopic to a map g, where for any simplex o :

glol)net, #0 = gllol) C &,
gllol)nei, #0 = g(lo]) C &y,

and g is affine on each |o|.

FINDING p : For any simplex ¢ in the fine triangulation of I*, if g(|o|) meets €l/4, then g(lo])

is a convex set, with dimension less or equal to n. Define the sets : Cy := {0 € I* |
g(lo)net,, # 0, dim(g(lo])) < n}, and o == {o € I* | gllo)Nel;, # 0, dim(g(|o])) = n}.
Then the set Uyec, 9(|o]) does not cover €]y, SO there exists a point p in e}, such that
if p is in g(|o|) for some simplex o, then o is in Cs.

FINDING ¢ : The compact space g~ !(p) lies in the fine triangulation of I*. It is thus a finite
union of polyhedra Pj,..., P.. Name L,...,L, : R¥ — R" the linear surjections, such
that L = g|p, for i = 1,...,r. Each polyhedron P; is of dimension at most k since

they are contained in I¥. Since each L; is surjective, the kernel ker(L;) has dimension at
most k — n, by the rank theorem. Therefore the space g~'(p) is a polyhedron in I* of
dimension at most k — n. Let us denote 7 : I¥ = I¥=1 x I — I*~! the projection onto
the first factor. Define the space K := 7~ 1(7(g~'(p))). It is a polyhedron of dimension
at most one more than the dimension of g~!(p), i.e., its dimension is at most :

il p,

k—n+1<(n+m-2)—n+1<m-—1
Thus, ¢g(|K|) does not cover €{)4> 80 there exists a point ¢ in €7}, such that ¢ ¢ g(|K|).

PROVING j1,([g],) € im(ja2,) : Since g(dI*~1 x I) C A, the spaces 7(g'(p)) and 7(g~(q)) U
OI*=1 are disjoint closed subset of the normal space I*~!. Thus by Uryssohn’s Lemma,
there is a map ¢ : I*~! — I such that ((7(g7'(q)) UOI*1) = 0 and ((7(g~ ' (p))) = 1.
Define the map :

h:(I"tx)yxT — I"'x1I
(x,8,t) +— (z,s(1—1t((x))),
which is obviously continuous. We get h(z,s,0) = (x,s) for any x in I*~! and s in I,
and h(I*=1 x I x {1}) C I¥ — g~ (p). Moreover, h(I*71 x {1} x I) C I* — g7 (q), and
h(z,s,t) = (z,s), if x is in OI*~1. The composite j; o g o h is therefore a homotopy from

j10g toamap f whose image is in (X — {p}; A, X — {p,q}). We have just proved that
Jr(lg]) = J2.([f'])-

It follows that [g]. = [f]« = 0. O

We can now give the proof of homotopy excision (Blakers-Massey). The goal is to reduce
any excisive triad to the case of the previous lemma.

Proor oF HoMOTOPY EXCISION (THEOREM [1.1.3]) : We want to prove mi(X; A, B) =0
forall 2 < k <n+m—2. By theorem|[A.3.11} the excisive triad (X; A, B) may be approximated

4



by a weakly equivalent CW-triad (X; A, B), where for the sake of clarity the CW-triad shall be
renamed (X; A, B), and such that (A, C) has no relative k-cells for k& < m, and (B, C) has no
relative k-cells for k < n. Since I* is compact, any map I¥ — X has its image contained in a
finite subcomplex of X, and so we may assume that X has finitely many cells. We now prove
that inductively, it suffices to show the result when (A, C') has exactly one cell. Suppose that
C C A" C A where A is obtained from A’ by attaching a single cell, and (A’,C) has one less
cell than (A, C). Define X’ as the pushout :

C —— A

[

B — X'

If the result holds for the triads (X’; A’ B) and (X; A, X’) by induction, then by the 5-Lemma,
it holds also for the triad (X; A, B), since there is a commutative diagram :

7Tk+1(A,A/) —_— ﬂk(A/,C) E— Wk(A,C) E— Fk(A,A/) _— ﬂkfl(A/,C)

N I

7rk+1(X,X') — Wk(X/,B) E— ﬂ'k(X,B) — Wk(X,X/) E— Wk_l(X/,B),

where the rows are the exact sequences of the triples (A, A’,C) and (X, X', B), by Proposition
For the case k = 2, one must be careful, since we are dealing with sets instead of groups.
But the result also holds since the pairs of the diagram are all 1-connected, whence one can
argue similarly as in the proof of the 5-Lemma. So one can assume that (A, C) has exactly one
cell. We can also assume that (B, C) has exactly one cell. Indeed, by induction, suppose that
C C B’ C B, where B is obtained from B’ by attaching a single cell and (B’,C) has one less
cell than (B, C). Define again X’ as the following pushout :

C —— B

[

B—— X'

If the result holds for the triads (X’; A, B) and (X; X', B) by induction, then it also holds for
(X; A, B), since the inclusion (A4, C) — (X, B) fits into the following commutative diagram :

(A,C) — (X, B)

N
(X', B).

Thus we may assume that the triad (X; A, B) is as Lemma which ends the proof. O

1.2. THE FREUDENTHAL SUSPENSION THEOREM AND STABLE HOMO-
TOPY GROUPS

A useful result for homotopy groups is the isomorphism 7 (X) = m,_1(QX), for £ > 1, which
links any based space and its based loop space. However, what about the dual case? In other



words, what is the relationship between a space X and its reduced suspension ¥ X, in terms of
homotopy groups?

The Freudenthal suspension Theorem is a fundamental result in homotopy theory that will
answer these questions. It leads to the notion of stable homotopy groups.

DEFINITION 1.2.1 (The Suspension Homomorphism).
For a based space X, an integer k > 0, define the suspension homomorphism by :
Yiomp(X) — me(2X)
[f]* — [f /\idsl]*v

where for any continuous based map f : S¥ — X, the map Xf := f Aidg: : SFT =2 NSk & ©X
sends any x At to f(z) At.

The suspension homomorphism is of course a well-defined map, and it is really an homo-
morphism for £ > 1. An alternative way to introduce the map is to consider the loopspace
of a suspension. Namely, define a map X — Q(XX) which sends any z in X, to the loop
t — = At. The induced homomorphism 7;(X) — 7 (QEX) = m41(XX) is the suspension
homomorphism.

LEMMA 1.2.2.
The suspension homomorphism is a natural transformation 3 : w, = Tp41, for any n > 0.

PROOF : We must prove that the following diagram commutes, for any map f: X — Y :

Tn(X) —2 mpy1(BX)
f*l l(Ef)*

™ (Y) —5—= 1 (ZY).

For any [g]. in 7,(X), we have :

(Ef).oB)(gle) = (Ef).(gAidg]s)
[(f 0 g) Aldgi]«
= X([fogls)

= (Zo f)gl),

which demonstrates the commutativity of the diagram. O

We now establish the Freudenthal suspension theorem which states that the suspension
homomorphism is an isomorphism, in a range of dimensions. It can be proved as a corollary of
homotopy excision (Theorem [1.1.3)).

THEOREM 1.2.3 (Freudenthal Suspension).
Let X be an (n — 1)-connected space, where n > 1. Then the suspension homomorphism X :
(X)) = me+1(2X) is a bijection for k < 2n — 1, and a surjection for k =2n — 1.

PROOF : We want to apply homotopy excision (Theorem [1.1.3)). For this, decompose the
reduced suspension >X as a union of two reduced cones glued together along X. One way to
describe this is to consider the reversed reduced cone C'X, which is defined as the following



pushout :
X x{0pU{«}xI —— XxI

! I

() — L O'X.

Clearly C’'X is homeomorphic to the usual reduced cone but only I is given the basepoint 0
rather than 1 in the construction. Thus XX is homeomorphic to the pushout of X — C'X with
X — C'X. We obtain a triad (2X;CX,C'X), where CXNC’'X = X, though it is not excisive,
since CX and C’'X need not be open in X X. But if one regards the reduced suspension as the
usual following pushout :

XXOTU{x}x[ —— X xI

! |

{x} —— X,

and defines the spaces :

o X x]0,1] oand B e X x[0,1]
X x {1} U {x}x]0,1]’ TX x {0}u{x} x[0,1]

one can see that A and B are open in XX, and there are the based homotopy equivalences
A~,CX, B~,(C'X, AN B ~, X. Indeed, the homotopy :

H:CXxI — CX
([x,t],s) — [z,s+ (1—9)t],
gives a based homotopy equivalence CX ~, x. With the same argument, we have :
A~, %, and B ~, x ~, C'X.

Hence, the triad (XX; A, B) is excisive. Moreover, A and B are contractible spaces, so (A, X)
and (B, X) are (n — 1)-connected, by the long exact sequence of the pairs, whence we can apply
the excision homotopy Theorem. The inclusion (B, X) < (XX, A) is a (2n — 2)-equivalence,
and thus, the inclusion : i : (C'X, X) — (£X,CX) is a (2n — 2)-equivalence.

To end the proof, we need to know the relation between the inclusion ¢ and the suspension
homomorphism ¥. Consider an element [f]. € mi(X) = [(I¥,0I%), (X, *)]s. Let us name
q: X xI—-C'X=X xI/(Xx{0}U{x}x1I)the quotient map induced by the definition of
C'X as a pushout. Define g to be the composite :

S x4 o'x,
It is easy to see that g(0I**!) C X, and g(J*) = {*}. Indeed, we have g(0I* xI) = [(*,I)] C X,
g(I* x {0}) = * € X and g(I* x {1}) C X. Hence g(0I**!) C X. It is similar to prove that
g(J¥) = {x}. Therefore [g]. € m,1(C'X,X). Moreover, it is clear Iy = f. Hence
d([g]«) = [f]«, where 9 is the boundary map of the long exact sequence of the pair (C'X, X).

We get : pog=Xf, where the map p: C'X — XX can be viewed as a quotient map, through
the homeomorphism X = C’'X/(X x {1}). Thus the following diagram commutes :

=0 =0
—_—— —



The rows of the diagram are the long exact sequences of the pairs (C'X, X) and (XX,CX).
Since i is a (2n — 2)-equivalence, it follows that X is a bijection for k& < 2n — 1 and a surjection
for k =2n — 1. O

COROLLARY 1.2.4.
For alln > 1, mp(S™) = Z

PROOF : We already have 71(S') = Z. By the Hopf fibration S' < $2 — S2 and the long
exact sequence of a fibration, we get m(S?) = Z, since m2(S?) = 0. Recall that S™ is a (n — 1)-
connected space and XS" = S"tl By the Freudenthal suspension theorem, the suspension
homomorphism X : 7, (S™) — mp41(S™"1) is an isomorphism for n > 2. The result follows. [

STABLE HOMOTOPY GROUPS Let X be a (n — 1)-connected space, where n > 1. The
suspension homomorphism ¥ : 73 (X) — 71(XX) is an isomorphism for k¥ < 2n — 1. In
particular, it is an isomorphism for £ < n—1. Hence m(X) = 0 implies that 741 (XX) = 0, for
k <n—1,ie. XX isan-connected space. Inductively, we get that X" X is a (n+r—1)-connected
space, where X" denotes the r-th reduced suspension. We get the following homotopy groups
sequence :

P

(X)) —= T (2X) Thr (D7 X) —2 o (1.1)

Since X" X is (n + r — 1)-connected, the suspension homomorphism :
Y Mg (BT X) = T (BTHX),

is an isomorphism for k47 < 2(n+7r)—1, i.e., r > k—2n+ 1. Hence for fixed integers n and k,
the sequence of homomorphisms in (|1.1)) are eventually all isomorphisms for a sufficiently large
enough 7. It allows us to define the notion of stable homotopy groups.

DEFINITION 1.2.5 (Stable homotopy groups).

Let X be a (n — 1)-connected space. Let k > 0. The k-th stable homotopy group of X, denoted
72 (X), is defined to be the group 7y, (X" X), for any 7 > k — 2n + 1. It is the group for which
the sequence is stabilized. With the vocabulary of appendix the stable group 7r;§ (X)
is the colimit : colim, 74, (X" X). This definition of stable groups remains valid for any based
space (not necessarly (n — 1)-connected).

In particular, we have the stable homotopy group of the spheres, using ©S™ = S"*+! for
each n > 0. The suspension 7, 1(S™) — T4 xe1(S™H1) is an isomorphism for n + k < 2n — 1,
ie., for n > k+ 1. We have W,f(S") = wf_n(SO) for n < k, so the stable homotopy groups of
S™ can be expressed in terms of the values of the stable homotopy groups of S°.

DEFINITION 1.2.6 (Stable homotopy groups of the spheres).
The k-th stable homotopy group of the spheres, denoted W,f, is defined as :
73 =1y (80) = colim, Ty (S”) = Tpyn(S™), where n > k4 1.

In general, the groups 74, (S™) are called stable if n > k + 1, and unstable if n < k 4 1.

1.3. THE HUREWICZ THEOREM



The Hurewicz Theorem is a fundamental result in algebraic topology since it relates homotopy
groups with integral homology groups. We will again need homotopy excision (Theorem
to prove the theorem. In most of the literature, the Hurewicz Theorem is proved by using a
specific definition of the integral homology (such as singular homology, cellular homology, etc).
Even if these proofs are very geometric and visually intuitive, it is perhaps more elegant and
more algebraic to present the Hurewicz Theorem axiomatically. In other words, what do we
really need from the integral homology groups to prove the Hurewicz Theorem ? Moreover,
anticipating our work for the next chapters, it is more consistent to approach the problem ax-
iomatically. Theorefore we will use the notions of Appendix [B]

Let H, be an ordinary homology theory with coefficents Z; we drop the component Z in the
notation. There is a corresponding ordinary reduced homology theory H,. Let ig be a generator
of I;TO(SO) = 7. Using the suspension axiom, define inductively the generators i, of I;Tn(S") by
the suspension homomorphism : i,41 := 3(iy).

DEFINITION 1.3.1 (The Hurewicz Homomorphism).
For any based space X, the Hurewicz homomorphism is defined by :

h:ma(X) — Hp(X)
(. — Ha(f)(n)-

It is well-defined since H,, is a homotopy invariant functor.

LEMMA 1.3.2.
For any based space X, the Hurewicz homomorphism h is indeed a homomorphism for n > 1.

PROOF : Let us recall that the multiplication on m,(X) = [(S™,*), (X, *)]« is given by the
natural co-H-structure of S, seen as the reduced suspension ©5"~!. In other words for any
classes [f]« and [g]« in m,(X), the multiplication [f]. - [g]« is the based homotopy class of :

s Py gnyen My x Yy x,

where p is the pinch map, and V is the fold map. Using the additivity axiom (H3) of H,, we
get the following commutative diagram :

(s — 0 fogny gny UV m ey xy ) g

R [ o | /

H,(S") & Hy(s7) ) g ooxy e B, (),

Since Hy(Vo fVgop) = Ha(V)o Hu(fVg)o Ha(p), we get = h([f]s-[g]) = h([f]) +h((g). O

LEMMA 1.3.3.
The Hurewicz homomorphism is a natural transformation h : m, = Hn, for all m > 0, and is
compatible with the suspension homomorphism, i.c., the following diagram commutes :

Tn(X) — P H,(X)

EJ E (1.2)



PROOF : To prove naturality of h, one must check the commutativity of the following diagram,
for any map f: X — Y :

Tn(X) — H,(X)
m(f)j jﬁnm
m(Y) — H,(Y).

For any element [g]. in 7,(X), we have :

(Ho(f) o h)([g)) = f:fn(f)(ﬁn(g)(in))
Hy(f o g)(in)
h([f o gl+)

= (hom(f))(lgl+),

which ends the proof of naturality of h.

Now let us prove the commutativity of the diagram (1.2). Recall that the suspension is natural
with respect to the ordinary reduced homology H, owing to the suspension axiom (H 2), and
hence the following diagram commutes for any map f:Y — Z :

H,(Y) —=— Hp 1 (SY)
ﬁnmj jﬁnﬂ(zf)

Hn(Z) T) ﬁnJrl(EZ)v

for any n. Recall that ¥4, = i,1, and so, for any [g]. in m,(X), we get :

(hoX)(lgl) = h(Zfl)
+1(Zf) (in+1)

+1(Ef)(2in)

= (Xoh)([gls),

which proves the commutativity of the diagram (1.2)). O

Il
>

fm

ol
MEE

To establish the Hurewicz Theorem, we will need the following theorem, which stems from
homotopy excision. The result will be at the heart of the proof of Hurewicz.

THEOREM 1.3.4 (A Corollary of Homotopy Excision).

Let f: X = Y be a based (n — 1)-equivalence between (n — 1)-connected well-pointed spaces
(see Appendizx @), where n > 1, so that m,—1(f) is surjective. The quotient map q: (M f, X) —
(Cf,%) is an (2n — 1)-equivalence, where M f denotes the reduced mapping cylinder of f, and
Cf denotes the reduced mapping cone of f. In particular C'f is (n — 1)-connected.

PROOF : Recall that the reduced mapping cylinder M f is given by the pushout :
Iy

| |

(X < D)/({*} x ) —— M,
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and the reduced mapping cone C'f is given by the pushout :

x 1 .y

[

CX —— Cf,

where C'X is the reduced cone of X. It follows that, for j : X — M f, which is defined by
x [z, 1] :
Mf  CXuUY

J(X)  f@) ~ (2,0)
Define A = X x[0,2/3)/({*}x[0,2/3)VY . o (X x[1/3,1])/({*} x[1/3,1]) .

f(x) ~ (x,0) J(X)
spaces of C'f. It follows that :

cf =

X x [1/3,2/3]
{=} x [1/3,2/3]

We get an excisive triad (C'f; A, B). We now want to apply homotopy excision (Theorem
1.1.3). One can see that (M f,j(X)) ~ (A,C) and (Cf,B) ~ (Cf,*) (use Lemma :
these based homotopy equivalences are visually clear. Also notice that (B,C) ~, (CX,X).
Hence the quotient map ¢ : (M f, X) — (C'f,*) defined by C'f = M f/j(X) is homotopic with

the composite :

C.=AnNnB=

(Mf,j(X)) —= (A,C) —— (Cf,B) — (Cf,%).

We now argue that (A, C) is (n — 1)-connected and (B, C) is n-connected. From the long exact
sequence of the pair (M f, X) :

s (X)) —— (M f) —— m(Mf, X) —— w1 (X) — -,

we obtain m, (M f,X) =0, for Kk < n —1, since f is a (n — 1)-equivalence so m;(X) = m(Y),
and M f is homotopy equivalent to Y (since the spaces are well-pointed). Thus mx(A,C) = 0
for k <n—1, owing to (A,C) ~ (M f,X). So (A, C) is (n —1)-connected. From the long exact
sequence of the pair (CX, X), since CX is contractible, we obtain isomorphisms 7 (C X, X) =
mr—1(X). Now, since X is (n — 1)-connected, and (B,C) ~, (CX,X), we get that (B,C) is
n-connected. Thus, homotopy excision states that (A,C) — (Cf, B) is a (2n — 1)-equivalence,
and hence ¢ is a (2n — 1)-equivalence. O

The Hurewicz Theorem states that the Hurewicz homomorphism is an isomorphism in the
first dimension where the homotopy groups and reduced homology groups are both not trivial.
We begin with a particular case of spaces : the wedges of n-spheres. Let us compute first the
homotopy groups of such spaces.

LEMMA 1.3.5.

Consider the wedge of n-spheres : vje/ S™ where ¢ is any index set. Let Ui St = Vjef S™
be the inclusion. If n = 1, then its fundamental group is the free group generated by {le}jej.
If n > 2, then its n-th homotopy group is the free abelian group generated by {L?}]g/.

PROOF : The statement is obvious if the index set _# consists of only one element. Let us first
prove the case n = 1. When ¢ consists of two elements, the statement follows directly from

11



the Seifert-van Kampen Theorem. The argument can be easily generalized when ¢ is a finite
set. If ¢ is any set, define © » : X c » (St — ™ (Vje » S1) as the homomorphism induced
by the maps {le }je - Let us prove that it is an isomorphism. Endow the circle S with its
usual CW-decomposition. For any map f : S' — vje/ St its image f(S!) is compact, and so
there is a finite subset J C _#, such that [f], can be seen as an element of 771(\/jej SY). By
our previous case, it is in the image of © ;. It follows that ©  is surjective. Now suppose there
exists a in X » 71(S1), such that its image © s (a) equals a class [f]. where f St — Vie s St
is nullhomotopic, via a homotopy H. There exists a finite subset J C _#, such that « is in
% jesm1(Sh). Since the image H(S' x I) is compact, there exists a finite subset J' € ¢, such
that f is a nullhomotopic map that represents an element in 7r1(\/jE 7 SY). Whence we get
O uy (@) = [f]« = 0, and by our previous case, we get that o = 0, which proves the injectivity
Let us prove now the case n > 2. Let _¢# be a finite set. Regard Vjej S™ as the n-skeleton of the
product J];¢ 7 S™, where again the n-sphere S™ is endowed with its usual CW-decomposition,
and Hje 7 S™ has the CW-decomposition induced by the finite product of CW-complexes. Since
Hjej S™ has cells only in dimensions a multiple of n, the pair (Hjej Sm, \/je/ S™)is (2n—1)-
connected. The long exact sequence of this pair gives the isomorphism :

(S Zm (] ™) = @ m(S™),
jes jes jes

induced by the inclusions {L?}je 7+ The result follows. Let now _¢ be any index set, let
© 7 : Bjc y ™(S") = (Ve ) be the homomorphism induced by the inclusions {¢}};e /.
Just as the case n = 1, one can reduce _# to the case where it is finite to establish that © ; is
an isomorphism. O

LEMMA 1.3.6.
Let n > 1. Consider the wedge of n-spheres Vje/ S™, where ¢ is any index set. Then the

Hurewicz homomorphism :
h:7rn<\/ S”) —>ffn(\/ S")a
i€t jies

is the abelianization homomorphism if n =1, and is an isomorphism if n > 1.

PROOF : For the case of a single n-sphere, the result is obvious since h([idgn]s) = ip, i.e.
the Hurewicz homomorphism sends the generator [idgn]. of m,(S™) = Z to the generator i, of
H,(S") = 7.

For the general case, using previous lemma, the Hurewicz homomorphism h maps the generators
of the n-th homotopy group of V¢ ¥ S™ to the canonical generators of the free abelian group
ﬁn(\/je/ Sny) Djc » H,(S") = @je s Z, owing to the additivity axiom of H,. So when
n > 2, it is an isomorphism, and for n = 1, it is the abelianization homomorphism since

Hy(Vje » S") is abelian. O

We emphasize the following algebraic argument that will be made in the proof of Hurewicz
Theorem.

LEMMA 1.3.7.

12



For any commutative diagram of abelian groups :

A—2.p_" ¢ 0
o b
A g o 0,

where the rows are exact sequences, if f and g are isomorphisms, then h is an isomorphism.

SKETCH OF THE PROOF : It is an easy algebraic argument, very similar to the proof of the
5-Lemma. O

THEOREM 1.3.8 (Hurewicz).
Let X be a (n — 1)-connected based space, where n > 1. Then the Hurewicz homomorphism

h:mn(X) — Hy(X)
is the abelianization homomorphism if n = 1 and is an isomorphism if n > 1.

PROOF : We can assume that X is a CW-complex, since there is a weakly equivalent CW-
complex by Theorem [A:3.6] and weak equivalences induce isomorphisms on homotopy groups
and reduced homology groups. Since X is (n — 1)-connected, one may assume that the CW-
complex X has a single vertex and no k-cells for 1 < k < n — 1. By Corollary all the
attaching maps are based, and the n-skeleton X, is obtained as the following pushout :

\/]6/77, S?’L*l E— XO

I |

Vje/n Dt — X,

Since Xo = {*}, we get X, = V¢ 4 S". Now the (n + 1)-skeleton X, 11 can be regarded as
the reduced mapping cone :

VoS X,

T

o

cc\ s — \V D' — Xun =, cf.
JE In+1 JE Fnt1

We argue that X may be assumed to be a (n + 1)-dimensional CW-complex, and so one can
consider X = X,,11. Indeed, the inclusion X,,11 < X is a (n 4+ 1)-equivalence, and so we have
the isomorphism 7, (Xp11) = m,(X). Let us prove now that H, (X, 1) = H,(X). We first
argue that ﬁ[n(XnH) = I;Tn(XnJrg) ~ ﬁn(Xn+3) = ... Recall that X, o is obtained as the
pushout :

VS —— X

l I

VD™ s X,
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We obtain X,,12/Xp+1 =V S™*2. Since Xpt1 — Xpyo is a cofibration, using theorem m
there is the following exact sequence :

S ﬁn-&-l(\/ Sn+2) — ﬁn(Xn-&-l) — ﬁn(Xn+2) — ﬁn(\/ Sn+2) —_—

But the additivity axiom gives Hn+1(\/ S§71t2) = 0 and H,(\V S"2) = 0. Therefore we obtain
the isomorphism H, (Xnt1) = Hn(XnJrgN) Using the same argument, we get the isomorphisms :

Hn(Xn+2) Hn(Xn+3), Hy(Xp43) = Hp(Xn44a), ete. Hence colim;jHy, (Xp4145) —~Hn(Xn+1)
But colim;X,,14; = X, thus Theorem |C.4.7| gives the desired isomorphism : H,(X,41) =
H,(X). Therefore, we may assume that X is a (n 4 1)-dimensional CW-complex : X = X, ;1.

For clarity, let us name A :=\/,¢ I S} which stems from the definition of X, as a pushout,
and B 1=V, gy S} = Xp. The map f : A — B induces the following commutative diagram :

Tn(A) —— m(B) —— m(X) —— 0

| (©

H,(A) —— H,(B) — H,(X) — 0,

where we used that X = C'f. The vertical homomorphisms are the Hurewicz homomorphisms.
From the top row (a priori not exact), since B < X is a n-equivalence, the homomorphism
Tn(B) — mp(X) is surjective. Using Theorem the bottom row of the diagram is exact
since ﬁ[n,l(A) = (0. We now argue that the top row is also exact.

When n = 1, we use a corollary of the Seifert-van Kampen (a proof can be found in the
reference [MUNKRES, 2000], Corollary 70.4) :

Let X = UUV, where U and UNV are path-connected, and V s simply connected.
There is an isomorphism w1 (U)/N = 71(X), where N is the least normal subgroup
of m(U) containing the image of the homomorphism (U N'V) — w1 (U) induced
by the inclusion U NV — U.

Here X is built out of B by attaching 2-cells, i.e. X = B U 6]2. Since B N e? = A, and e? is
simply connected, we get that m1(X) = 71(B)/N where N is the least normal subgroup of 7 (B)
containing the image of m(A) — m(B), whence the top row of @ becomes exact by passage
to abelianizations. The two left vertical Hurewicz homomorphisms are then isomorphisms by
Lemma Thus the Hurewicz homomorphism 1 (X) — H;(X) is the abelianization homo-
morphism by Lemma

For n > 1, the two left vertical Hurewicz homomorphisms of @ are isomorphisms by Lemma
We prove the exactness of the top row. Use the mapping cylinder factorisation of f :

A—71 B

\/

where py is a homotopy equivalence. We get the commutative diagram :

c—— (A — (M f) —— mp(MfLA) —— 0 —— -

| e

Tn(A) —— 7 (B) ——— mp(X) ——— 0,
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where the top row is the long exact sequence of the pair (M f, A), and where the quotient map
Mf - Mf/A = Cf = X induces the right vertical homomorphism 7, (M f, A) — m,(X).
Since A and B are (n — 1)-connected and n > 1, Theorem states that the homomorphism
(M f, A) = m,(X) is an isomorphism. Hence, the top row of the diagram (|0 is exact. Thus
the Hurewicz homomorphism 7, (X) — H,,(X) is an isomorphism by Lemma O
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CHAPTER 2

GENERALIZED (CO)HOMOLOGY
THEORIES

In this chapter, we describe a general homotopy-theoretic method to construct generalized ho-
mology and cohomology theories. We begin by the description of Eilenberg-MacLane spaces.
These spaces will be fundamental for the homotopy description of ordinary homology and co-
homology theories. Afterwards, we introduce prespectra, which are particular sequences of
based spaces subsuming stable phenomena, and we will see how they give rise to generalized
(co)homology theories.

2.1. EILENBERG-MACLANE SPACES

DEFINITION 2.1.1 (Eilenberg-MacLane Spaces).
Let G be any group, and n in N. An Eilenberg-MacLane space of type (G, n), is a space X of
the homotopy type of a based CW-complex such that :

o | G, ifk=n,
m(X) = { 0, otherwise.

One denotes such a space by K(G,n).

REMARK 2.1.2.
Notice that we used the isomorphism symbol = instead of the equality =. Although subsequently
we will fudge the distinction between one another, this means there is a particular choice of

~

a group isomorphism 7, (X) =, G which is called a structure of X as an Eilenberg-MacLane
space.

We now want to prove that the spaces K(G,n) exist and are unique, up to homotopy, for
every group G and every integer n > 0. For the purpose of this paper, we will only show this
statement when G is an abelian group and when n > 1. The case n = 0 is vacuous : one just
takes the group G endowed with its discrete topology. The case n = 1 but G is not abelian is
done in [HATCHER, 2002], chapter 1.B. Notice that when n > 2, the group G must be abelian.
Notice also that when n > 1, the spaces K(G,n) are path-connected. More generally, the spaces
K(G,n) are (n — 1)-connected.

For the construction of K(G,n), we introduce its analogue in homology.
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DEFINITION 2.1.3 (Moore Spaces).
Let G be an abelian group and n > 1 an integer. A Moore space of type (G, n) is a path-
connected space X of the homotopy type of a based CW-complex such that :

~ ~ | G, ifk=mn,
H’“(X’Z):{o, if k #0,n.

One denotes such a space by M(G,n).

PROPOSITION 2.1.4.
For any abelian group G, and any integer n > 1, there exists a Moore space of type (G,n).

PROOF : Recall that there is a free resolution of G, i.e., there exists Iy and I} free abelian
groups such that there is an exact sequence :

0 Py Ey G 0.

Let us recall briefly the algebraic details : define Fp to be the free abelian groups e Z
generated by the elements of G. Define the surjective homomorphism Fy — G by simply
mapping the basis of Fj to the elements of G, and let F; be the kernel of this homomorphism.
It is also a free abelian group, and in this case, we have I} C Fy. We have obtained the desired
exact sequence.

Let {ej}je » be a basis of F;. Let Ly := Ve S". By the additivity axiom, we have the
isomorphism : ﬁn(LO;Z) = Byec ﬁn(S”;Z) = Fy. Let h : mp(Lo) — ﬁn(LQ) & Fy be the
Hurewicz homomorphism. It is an isomorphism by the Hurewicz Theorem (Theorem [1.3.8)
since Lo is (n — 1)-connected. So there exists [f;], in m,(Lo) for each basis element e; of
) C Fy. Let Ly := VJE/ S™. Define the following reduced mapping cone :

= f

JjeS

L14>L0

2L

C(Ly) —— \/ D" —— Cf.
et

It is a CW-complex. Using again the additivity axiom, we obtain : H 2(L1;Z) = Ly and
Hp(L1;Z) = 0 = Hp(Lo;Z), whenever m # n. Apply Theorem [B.1.§| to the based map
f: Ly — Lg. For k € Z such that k # n,n + 1, we obtain the exact sequence :

- —— Hy(Lo;Z) — Hy(Cf;Z) —— Hyy(L1;2) — -+,
=0 =0
SO ﬁk(Cf; Z) = 0 for every k # n,n + 1. For the case k = n + 1, we have the exact sequence :
. —— Hyy1(Lo;Z) —— Hyp1(Cf;Z) —— Ho(Ly;Z) —— Hp(Lg;Z) — -+ - .
— —— ——
=0 =2 =F
Since we have the commutativity of the following diagram :

Hy(L1;2) —— Hy(Lo; Z)

rzﬁ ET

F Fo,
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we get that the image of Hy1(Cf;Z) — H,(L1;Z) is trivial since it equals the kernel of

I;Tn(Ll;Z) — I;Tn(LO;Z). Hence H,1(Cf;Z) = 0, by exactness. For the case k = n, we have
the exact sequence :

0 13 Fy H,(Cf;Z) —— 0 — -+,
SO ﬁn(Cf;Z) = Fy/F1 = G. Therefore C'f is a Moore space of type (G, n). O

THEOREM 2.1.5 (Existence of K(G,n)).

Let G be an abelian group, and n > 1 an integer. Then there exists an Filenberg-MacLane space

of type (G, n).

PROOF : Let M(G,n) be a Moore space. We give two constructions of an Eilenberg-MacLane
space of type (G,n). The first is a rather explicit construction, whereas the second is more
functorial.

FIrRsT CONSTRUCTION From the Hurewicz homomorphism :
h: Wk(M(G7 n)) — j_:’k(M(Gv n); Z)7

we get that M (G,n) is (n — 1)-connected and 7, (M (G,n)) = G. Let M(G,n) = K,,. By
Lemma we build a CW-complex K, by attaching (n + 2)-cells to K, so that we
kill its homotopy only in dimension n+ 1, i.e. : Tp41(Kpt1) = 0 and 7 (Kpy1) = m(Ky),
for £ < n. Iterating this procedure, name K the colimit colim; K, ;. It is a CW-complex
and by Theorem it is an Eilenberg-MacLane space of type (G, n).

SECOND CONSTRUCTION There is a homotopical invariant functor : SP : Top, — & called the
infinite symmetric product, where <7 is the category of abelian topological monoids (see
references [STROM, 2011] and [AGUILAR et al., 2002] for details). For any based space X,
SP(X) is the free commutative topological monoid generated by X. If X is a based CW-
complex, then SP(X) is also a CW-complex. If X is path-connected, then H,(X;Z) =
T (SP(X)), for any n > 0. Hence an Eilenberg-MacLane space of type (G,n) is given by
: SP(M(G,n)).

Thus Eilenberg-MacLane spaces exist for any abelian group G. O

LEMMA 2.1.6.

Let Y be a space such that m(Y) = 0 for all k > n and any chosen basepoint of Y. Let X
be a CW-complex. Suppose A C X is a subcompler with X1 € A C X. Then for any map
f: A=Y, there exists a map ¢ : X = Y such that the following diagram commutes :

ALY

//7
j 3¢

X.

PROOF : We wish to extend f skelelton by skeleton, and hence cell by cell, by induction.
Indeed, suppose we have a map g : W — Y, where X = W U e**l. Let ¢ : S¥ — W be the
attaching map. Then an extension of g exists if and only if g o ¢ is nullhomotopic, by Lemma
But this is always the case when k& > n for our hypothesis. So we extend f cell by
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cell until we obtain the CW-complex X. To be completely rigorous, we argue using the Zorn’s
Lemma. Consider the set :

P = {(U, fu) | U is a subcomplex of X with A CU C X, and fyy an extension of f}.

We define a partial order < on & in the obvious way : we say that (U, fy) < (V, fy) if U is a
subcomplex of V' and fy extends fy. Therefore we apply the Zorn’s Lemma to (£, =) : the
set & contains a maximal element. But noticing that if U # X then (U, fy) is not maximal
since we can extend fy to a cell in X which not in U, we have that X is a maximal element of

Z. Define ¢ to be fx. O

THEOREM 2.1.7.
Let G be a group and n > 1. Let'Y be an FEilenberg-MacLane space of type (G,n). Then for
any (n — 1)-connected CW-complex X, the function :

¢:[X,Y], — Homgz(m(X),m(Y))=Homgz(m,(X),G),
[fle — [

1s bijective.

PROOF : We first argue as we did in the proof of Hurewicz (Theorem [I.3.8). Since X is
(n — 1)-connected, we can assume that X has a single vertex and no k-cells for 1 <k <n — 1.
It is enough to prove the theorem for the special case where X has dimension at most n + 1
since the inclusion of the (n 4 1)-skeleton to X is an (n + 1)-equivalence. Therefore we assume
X = X,+1. The n-skeleton X, is a wedge of n-sphere and X is obtained as a pushout :

> s

\/Begg Sg ? Xn

I ] ()

Ve Dg“ — 5 X.

Since i is a n-equivalence, the induced homomorphism i, : m,(Xy) — m,(X) is surjective. Let
us prove now that ® is bijective.

INJECTIVITY OF @ Let [f], and [g], be elements of [X,Y],, such that f. = ®([f],) equals
®([g],) = g« i€, [foh], = [goh], for any map h : S — X. By surjectivity of i,,
for any element [h], in m,(X) there exists [h], in m,(X,,) such that i.([h'],) = [h],, and
so ¢ fu(ix([M],)) = g«(ix([1'],)). In particular, since by Lemma the generators of
7mn(Xp) are represented by the inclusions S — X,,, we get [foi|, = [goi],. We get
then a homotopy X,, x I — Y from f o4 to g o¢. The homotopy and the maps f and
g together determine a map H : (X x I U X,, x I) — Y. The (n + 1)-skeleton of the
(n+2)-dimensional CW-complex X x [ is (X x I), = X x9IUX,, xI. So by Lemma|2.1.6
we can extend H to X x I, so that we have a homotopy from f to g. Thus [f], = [¢],.

*

SURJECTIVITY OF @ Let h : m,(X) — m,(Y) be a group homomorphism. Let Xy, =V ¢ , S}
The group m,(X,) is generated by the homotopy classes of the inclusions ¢; : S =
Vjec # S7, by Lemma m From the composite :

Tn(Xn) — (X)) —2s o (Y),

19



we define f; : S7 — Y as a representative of the image of [;],, i.e. = h(ix([1j],) = [fi],,
for each j in #. The maps {f;} determine a map f, : X;,, =Y where f,o0¢; = f;. Let us
name g : Sg — X, the attaching maps from the pushout ?EE For each 8 in %, the map
i o g is nullhomotopic by Lemma Hence (fn),([¢g],) = h(ix([pg],)) = 0. Hence
frnopga is nullhomotopic for each 5. Therefore f, extends to a map f : X — Y, by Lemma
From hoi, = (fn), = f« © ix, since i, is surjective, we obtain that f, = h, i.e. :

o([f1.) = h-

Thus the function ® is bijective. O

COROLLARY 2.1.8 (Uniqueness of K(G,n)).
Let G be an abelian group and n > 1. An FEilenberg-MacLane space of type (G,n) is unique up
to homotopy.

PROOF : Let X and Y be Eilenberg-MacLane space of type (G,n). This means that there are
isomorphisms 0 : m,(X) — G and p : m,(Y) — G. From the previous theorem, the composite
ptof:m(X)— 7, (Y) is induced by a unique homotopy class of X — Y which is therefore a
weak equivalence. Since X and Y are CW-complexes, the Whitehead Theorem implies that X
and Y are homotopy equivalent. ]

EXAMPLES 2.1.9.
Slis K(Z,1). More generally, SPS™ is K (Z,n).

PROPOSITION 2.1.10.
For any abelian group G andn >1 : Q(K(G,n)) ~. K(G,n —1).

PROOF : This follows directly from the isomorphism 7, (X) = m,,—1(22X), for any based space
X and m > 1. However since we require the Eilenberg-MacLane spaces to be of the homotopy
type of a (based) CW-complex, we have to prove that Q(K(G,n)) is indeed of the homotopy
type of a CW-complex. But this is given by the following Milnor Theorem. O

THEOREM 2.1.11 (Milnor).
If X is a based CW-complex, then the reduced loop space QX is a based CW-complex.

PROOF : Omitted. A full detailed proof can be found in [FRITSCH and PiCcCININI, 1990]. O

2.2. PRESPECTRA AND GENERALIZED HOMOLOGY THEORIES

In the previous chapter, we saw, via the Freudenthal Suspension Theorem, that after sufficiently
many iterated reduced suspensions, the homotopy groups of a based space eventually stabilize.
Moreover, in Appendix [B] we show that generalized (reduced) homology and cohomology the-
ories are stable invariants, due to the suspension axiom : there exist suspension isomorphisms
for (co)homologies that do not alter the (co)homology groups. Thus, to construct a generalized
homology or cohomology theory, it seems intuitively natural first consider a family of based
spaces endowed with relations among the reduced suspensions of these spaces. As a matter of
fact, it will turn out to be sufficient to consider only a sequence Ey, E1, Es, - -- of based spaces,
together with maps X F,, — FE,1. Such a sequence is called generally a spectrum.
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Throughout the literature, one find various definitions of a spectrum that do not necessarly

agree. Without going through the details, the reason for these different definitions is to find a
convenient category to work with, just as compactly generated spaces form a well-behaved full
subcategory of spaces.
Even though this is irrelevant for our goal to describe homotopically homologies and cohomolo-
gies, we shall retain the modern terminology, and talk about prespectra instead of spectra. Our
approach shall gather the different procedures for defining homology and cohomology theories
that one can find in most references.

DEFINITION 2.2.1 (Prespectra).

A prespectrum E consists of a family of based spaces {E,}, . together with based maps o, :
Y E, — E, 1 called the structure maps. The space E,, is called the n-th term of the prespectrum
E. If E and E’ are prespectra, a map of prespectra f : E — E’ is a family of based maps
{fn:E, — E'y | n >0} such that for each n > 0, the following diagram commutes :

SE, =", sE

.

fn+1 /
By 245 B

With the obvious composition of maps of prespectra, we denote & the category of prespectra.

THE SUSPENSION PRESPECTRUM To each based space X, one can associate a prespectrum.
We define X*° X the suspension prespectrum of X, where the n-th term (X*°X),, is given by the
n-th reduced suspension of X, namely X" X, and its structure maps o, : 2(X"X) — Y"1 X are
the obvious identity maps. For each based map f: X — Y, we define X°f : ¥*°X — XY as
the family of maps {X"f : ¥"X — ¥"Y | n > 0}. Obviously, we have the required commutativty
of the following diagram for each n > 0 :

serx) 22 s snyy

On On

En-l—lX ﬂ Zn'HK

making 3°° f as a map of prespectra. Since compositions and identies are obviously conserved,
we have defined a functor X°° : Top, — &2, called the suspension prespectrum functor.

EXAMPLE 2.2.2 (The Sphere Prespectrum S).

A particular nice example is given by the O-sphere SY. Apply the suspension prespectrum
functor 80 : its n-th term is homeomorphic to S™. Subsequently, we denote the sphere
prespectrum ©>°S° by S.

DEFINITION 2.2.3 (Homotopy Groups of Prespectra).
Given a prespectrum E and n > 0, we define its n-th homotopy group by :

ﬂn(E) = COlimkﬂ'nJrk(Ek),
where the colimit is taken over the maps :

(k).
Tk (Br) —2 Tir1(SER) — Tpinit (Brpr)-

For convenience, we set m_p,(E) := colimy>,mk—n(Ef), for all n > 0.
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In particular, for the suspension prespectrum %X of a based space X, we get that 7, (2>°X)
equals the stable homotopy groups 73 (X) of X (see definition page . Hence, for the
sphere prespectrum S, we have 7, (S) = 72 (see definition .

More generally, we have the following lemma, which states that homotopy groups of a prespec-
trum behave somehow as the stable homotopy groups.

LEMMA 2.2.4.
Let n > 0. For any prespectrum E, we have : m,(E) = colimyn,  (Ej).

PROOF : The colimit 7, (E) = colimym,1x(Ey) is taken over :

(o1)x0% (o2)x0%

00)%x0%
o0 (B TR () (PR

ﬂn(Eo)

For any k,j > 0 we have the following factorization :

Tn+k Ek Tn+k+j EkJr])

~N 7

Tkt (57 Eg).

Hence we get that colimgm, r(Fx) = colimkwn+k+j(2j Ey) for any j > 0. In particular we
get that 7,(E) = colim;(colimgm,4x+;(X7Ey)). Using the interchange property of colimits

(Theorem |C.3.4)), we have :
colim; (colimy k45 (X7 Ex)) = colimy, (colim;my, 4 k45 (5 E)).

But colim;m,45+; (X7 Ey) = 7r;? 11 (E%) for any k > 0, by the definition of stable homotopy groups
(Definiton [1.2.5)). Therefore we get : m,,(E) = colimgm . (Ey). O

We have defined a functor m, : & — Ab, for all n € Z. Indeed, for a map of prespectra
f: E — E' there is a unique group homomorphism m,(f) =: fi : m,(E) — m,(E’), given by
the universal property of colimits, and obviously 7, preserves compositions and identites.

We introduce now well-behaved families of prespectra. The first is the (2-prespectra that
will be fundamental for cohomology theories (see next section).

DEFINITION 2.2.5 (2-Prespectra).

An Q-prespectrum F is a prespectrum such that the adjoint &, : E, — QF, 11 of the structure
map o, is a weak equivalence, for each n > 0. If E and E’ are Q-prespectra, then a map of
Q-prespectra f : E — E’ is a map of the underlying prespectra. We denote by Q2 the category
of Q-prespectra. 1t is a subcategory of &2.

A fundamental example is the following.

EXAMPLE 2.2.6 (The Eilenberg-MacLane Q-prespectrum HG).

Let G be an abelian group. Let us consider the family of Eilenberg-MacLane spaces { K (G,n)},,-
Proposition gives weak homotopy equlvalencei on: K(G,n) = QK(G,n+1), for each
n > 0. Hence we obtained an (2-prespectrum, denoted HG, called the FEilenberg-MacLane
Q-prespectrum for G, where its n-th term is (HG),, = K(G,n).

! Actually homotopy equivalences since we required an Eilenberg-MacLane space to be of the homotopy type
of a based CW-complex
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Another crucial well-behaved family of prespectra is the family of CW-prespectra.

DEFINITION 2.2.7 (CW-Prespectra).

A CW-prespectrum FE is a prespectrum such that each n-th term is a based CW-complex
where its basepoint is a vertex, and such that the structure maps o, : XE, — F,41 are
cellular inclusions. A map of CW-prespectra f : E — E’ is a map of prespectra such that
each f, : E, — E! is cellular. We denote by CW-2 the category of CW-prespectra. It is a
subcategory of .

For instance, for any based CW-complex X, its suspension prespectrum XX is a CW-
prespectrum. Hence we have a functor ¥*° : CW, — CW-Z. Since we required the
Eilenberg-MacLane spaces to be of the homotopy type of CW-complexes, we get that HG is
a CW-prespectrum for any abelian group G (to get the inclusions, we will apply Lemma.

A natural question arises : is it possible to replace prespectra with CW-prespectra without
altering their homotopy groups? In other words, is there some kind of a CW-approximation for
prespectra? We first introduce the notion of weak equivalence for prespectra.

DEFINITION 2.2.8 (Weak Equivalences).
A map of prespectra f : E — E’ is called a weak equivalence if it induces isomorphisms

fo i mn(E) = mn(E'), for all n > 0. We say that E is weakly equivalent to E'.

DEFINITION 2.2.9 (Levelwise Homotopy Equivalences).
A map of prespectra f : E — E’ is called a levelwise homotopy equivalence if each map f, :
E, — E/ is a homotopy equivalence.

LEMMA 2.2.10.

Given a prespectrum E where each n-th term is a CW-complezx, and each structure maps oy,
is cellular (but not necessarly an inclusion), there is a CW-prespectrum T and a levelwise
homotopy equivalence of prespectra r: E — T.

PROOF : We proceed by defining each T, as a double mapping cylinder, as we did for the
construction of the homotopy colimit in the proof of Theorem [C:4.7 For each n > 0, define the
mapping cylinder :

YE, —— YE, x [n,n + 1]

g !

Enpn ————— Mg,

which is a CW-complex. Let Ty = Ey, T1 = Mj. Define the double mapping cylinder 7,41
inductively as :

YE, x{n} —— XT,
En —= My —= Thy1,

which is again a CW-complex. We obtain for each n > 1 :

Tn+1 =M H Mo H cee H M,

SE1x{1}  SExx{2} SE,_1x{n—1}

and we obtain by construction cofivrations >7;, ~ T,11 for each n > 0. Name r, : £, — T,
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the homotopy equivalences obtained by construction. For each n > 0, we get :

SE, —=, ST,

| l

Tn+1
En+1 — Tn+17

making a homotopy equivalence of prespectra r: £ — T ]

PRrROPOSITION 2.2.11.
Given a prespectrum E, there exists a weakly equivalent CW -prespectrum T'.

PROOF : For each n-th term, there is a weakly equivalent CW-complex E! = E,, such that
the structure maps o, are cellular (we use that if X is a CW-complex, then ¥ X is a CW-
complex). In more details : there is a CW-approximation E}, = FEy. Suppose that given a
CW-approximation E!, = E, for some n > 0. By Theorem the CW-approximation
E, 5 E,11 can be given by the following commutative diagram :

SE, —~ SE,

We then apply the previous lemma. ]

Before introducing the main theorem of this part, we shall make a disgression on smash
products.

SMASH PRODUCTS Let (X, z0) and (Y, yo) be based spaces. We define the smash product of

X and Y by : Yy Yy
X X

XVY X x{yplU{zo}xY

The class [(x,y)] is denoted = Ay, for any (x,y) in X x Y. The basepoint of X AY is given by
ToANYy=xAyo=29Ayp, forany zin X andyinY. If f: X — X' and g: Y — Y’ are based
maps, the map fAg: X AY — X’ AY’ is the unique map such that the following diagram
commutes :

XANY =

XxYy 9 xr <y

XAy 29 xipa v,
Notice that if xg € A C X, then we have by Theorem :

XxY L XAY
AXYUX x{y} AAY’

(X/ANY = (2.1)
Equality shows that we already have encountered smash products before in particular
cases. Noticing that X AT is the reduced cone of C'X and recalling the (based) homeomorphism
Sl =~ 1/0I, we get that X A S = ¥X from equality , for any based space X. More
generally, we get X A S™ = ¥"X. Hence we have S™ A S™ = S"t™_ In particular we have
X A S% 2 X for any based space X.
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We can give nice algebraic and geometric descriptions of the smash product. Algebraically, the
smash product behaves as tensor product in the following way. Let us denote by Fun,(X,Y) the
subspace of Map(X,Y’) consisting of the based maps, endowed with the constant based map
as basepoint. There is a natural based homeomorphism (for Y a locally compact Hausdorff
space) :
Fun,(X AY, Z) = Fun, (X, Fun.(Y, Z)).

This is analogue to Homg(A ®g B,C) = Hompg(A,Homg(B,C)), where A, B and C are R-
modules for R a commutative ring. Geometrically, it is easy to show that if X and Y are based
Hausdorff compact spaces, then the Alexandroff compactification (i.e. one-point compactifica-
tion) of (X — {x0}) x (Y —{yo}) is not given by X x Y but by X AY. Hence this gives another
way to see that S™ A S = S™T™  We state, without a proof, the following properties, which
hold generally (except commutativity) only for compactly generated based SpacesE| X, Y and
Z (see [WHITEHEAD, 197§] for a proof) :

COMMUTATIVITY X AY Z2Y AKX,
ASsoCIATIVITY (X AY)ANZ=XA(Y ANZ),
DISTRIBUTIVITY X A (Y VZ)=Z (X AY)V (X AZ).

Let X and Y be based CW-complexes which are r-connected and s-connected respectively.
Suppose that X or Y is locally compact. From the relative CW-structure of (X x Y, X VY),
the smash product X AY is a (r 4+ s+ 1)-connected CW-complex.

Returning to our context of prespectra, for any CW-prespectrum E and based CW-complex
X, we define X A E to be the prespectum with n-th term (X A E),, given by X A E,,, and with
structure maps idx Aoy, : X(XAE) = (XAE)ASY = XA(E,ASY) = XA(ZE,) — XAE,41.
For any based cellular map f : X — Y, we obtain a family of based maps {f Aidg, : X A B}, —
Y A E,} forming a map of prepsectra f Aid : X A E — Y A E. We have thus defined a functor :

—ANE:CW, — A,

The following corollary from Blakers-Massey will be at the heart of the proof of our main
result.

THEOREM 2.2.12 (Another Corollary of Homotopy Excision).

Let i : A — X be a cofibration and an (n — 1)-equivalence between (n — 2)-connected spaces,
where n > 2. Then the quotient map (X, A) — (X/A, %) is a (2n — 2)-equivalence, and it is a
(2n — 1)-equivalence if A and X are (n — 1)-connected.

PROOF : Tt is a reformulation of Theorem page The proof follows from the commu-
tativity of the following diagram :

(Mi, A) —— (Ci, %)
% Jg
(XvA) E— (X/Av*)a

where the top row unlabeled arrow is the quotient map from the reduced mapping cylinder to
the reduced mapping cone. O

We are now ready to state and prove the main result.

2Compact spaces, metric spaces, locally compact spaces, CW-complexes and manifolds are all examples of
compactly generated spaces.
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THEOREM 2.2.13.
Given a CW -prespectrum E, we define a functor for alln € Z :

E,:CW, — Ab
X — m(XAE).

Then the functors E, define a generalized reduced homology theory on based CW -complexes.

To prove Theorem [2:2.13] we first prove a particular case, where we choose the CW-prespectrum
FE to be equal to the sphere prespectrum S. This case is particularly interesting, since for any
based CW-complex X, we get :

Sn(X) = (X AS) = 1, (2 X) = 5 (X).

In this case, S, is obviously a homotopy invariant functor. Notice that it makes perfect sense to
write 7%, (X) for n > 0. Let us show that 72 is a reduced homology theory on CW-complexes.

LEMMA 2.2.14.
The stable homotopy groups 75 : CW, — Ab defines a generalized reduced homology theory on
based CW-complexes.

PROOF : Let us show that 72 respects the Eilenberg-Steenrod axioms for a generalized reduced
homology theory on CW-complexes.

EXACTNESS Let (X, A) be a relative CW-complex. We need to show the exactness of the
following sequence, for any n :

7 (A) —— 7 (X) —— w5 (X/A). (%)

The exact sequence of the pair (X, A) gives the exactness of the following sequence for
any k> 0:

TI'k(A) E— TI'k(X) E— ’/Tk(X,A).
From Theorem [2.2.12] the isomorphism 7 (X, A) = 7, (X/A) holds under connectivity
assumptions that are achieved after sufficiently many suspensions. Recall that stable

homotopy groups are obtained as a colimit 75 (X) := colimym, x(X*X). By Theorem
C.4.3] it follows that the sequence (ED is exact.

SUSPENSION For any based CW-complex X, by the Freudenthal Theorem (Theorem [1.2.3)), we
have the isomorphism :

m3(X) = colimpmyr(ZFX)

colimkzlwnJrk(EkX), using Proposition [C:4.4]
COlimkﬂ'n+k+1 (Ek+1X>

= 7T7€+1 (EX)7

I

which is natural.

ADDITIVITY Let us prove that ﬂ,f(\/jej Xj) = @je 7(X;), where X; are based CW-
complexes, for each j in a index set 7. Let X = V;c , X;. Recall that m(X) =

colimy 7,41 (X% X). From the claim of the proof of Theorem it suffices to work with
a finite index set ¢ when dealing with the groups T (EFX), for each k > 0, whence,
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it suffices to work with a finite index set _# for 7 (X).

Let now X and Y be any based CW-complexes. By induction, it suffices to prove that
(X VY) 272 (X)@Pn3(Y). Recall that X(X VY) = (SX) Vv (XY), by distributivity
of the smash product. For any k > 0, the CW-complexes ¥*X and 3*Y are k-connected.
Let us write (XX x X¥Y)® their products endowed with the weak topology (which is
not necessarly equivalent to the product topology). Its (2k — 1)-skeleton is given by
Yk X v ¥FY. Hence the relative CW-complex ((X*X x Z*FY)w Sk X v ¥FY) is (2k — 1)-
connected. Therefore we get the isomorphism :

7Tn+k(EkX v Eky) = 7rn+k((EkX X Eky)w)v

for n+k < 2k—1,1i.e., k > n+1. But by Corollary|C.4.6, we have that m, ((Z* X x ZFY)®)
is isomorphic to 7, 11 (X*X) ® 7,11 (XFY), for all k. Therefore, for k > n + 1 we have the
isomorphism :

T k(EF(X VY)) 2 74 (5P XV ERY) = (55 X) @ 70 (BMY).
Passing to colimits over k, we get the desired isomorphism :

(X VY) 23 (X) @ (Y).

Therefore, 2 defines a generalized reduced homology theory. O

We now give the proof for Theorem [2.2.13| for any CW-prespectrum. It is a direct consequence
of previous lemma and Lemma [2.2.4]

PROOF OF THEOREM [2.2.13|: We start the proof by showing that E, is indeed a homotopy
invariant functor for all n. It is a functor since it is the composite of the functors :

—A\E

CW, P? —™ ., Ab.

If X — Y is a based homotopy equivalence of CW-complexes, then so is X A E, — Y A E,,
for any n > 0. Thus we get a homotopy equivalence of prespectra X A F — Y A E and so
E,(X) = E,(Y). Therefore E, is homotopy invariant.

We next prove the Eilenberg-Steenrod axioms for reduced homology theories defined on CW,..
Recall from Lemma 2.2.4] that :

Tn(X A E) 2 colimyms (X A Ey).

EXACTNESS Let (X, A) be a relative CW-complex. We need to show that the following sequence
is exact, for every n :

En(A) —— Ep(X) —— E,(X/A).

Since forall k > 0: (X AEy)/(ANEy) = (X/A) A Ej, this follows directly from exactness
of 5 :

T W(ANER) —— 7 (X ANEp) —— m (X AEg)/(ANEy)),

and Theorem [C.4.3]
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SUSPENSION Let X be any based CW-complex. From the suspension of 72, we get for any n,
the isomorphism :

E,(X) = colimkwerk(X N Ey)
o colimkws_,_l_,_k(g(X N Ey))
o colimkWSJer((EX) N Ey)

I

En+1 (EX)a
which is obviously natural.

ADDITIVITY Let {X;};e s be any collection of based CW-complexes. For any n, we have :

E, ( \/ Xj) = colimkws+k (( \/ Xj) /\Ek)
€S ies

& colimkws+k ( \/ (X5 A Ek)) , by distributivity of A,
jes

= colimg (@ 7r§+k(Xj A Ek)> . by additivity of 75,

JjeS
= @ (colimmr;irk(Xj A Ek)) , by Theorem
jes
= P Eu(X)).
et
Therefore, E, is a generalized reduced homology theory. ]

Let 27 denote the category of generalized reduced homology theories on CW, where the
morphisms are the transformations of reduced homology theories (see Appendix .

ADDENDUM 2.2.15.
The previous procedure of associating to each CW-prespectrum a generalized reduced homology

theory defines a functor F' : CW-P — .

PROOF : Let us first define how F assigns morphisms. Let f : E — E’ be a map of CW-
prespectra. We obtain a map of prepsectra idx A f which is the collection of the maps idx A fi, :
X ANE, - X ANE!,. Recall that m, : & — Ab is a functor. We thus obtain an abelian
group homomorphism (idx A f), : T (X A E) — m,(X A E'). We have determined natural
transformations {T}, : E, = m,(— A E,) = m.(— A E) = E’}. To prove that the induced
transformation 7 : E, — Ei is a transformation of reduced homology theories, we must prove
that the following diagram commutes :

(X AE) —= 1,(SX A Ey)
(idx /\f)*l l(idzx/\f)*
(X AE) —2 1, (SX A E').

But this follows easely from the definition of the suspension homomorphism 3 defined in the
proof of the previous theorem. Moreover, F' obviously preserves compositions and identites.
Therefore F is a functor. O
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COROLLARY 2.2.16.
Let G be an abelian group. The Eilenberg-MacLane Q-prespectrum HG defines an ordinary
reduced homology HG..

PROOF : We have to verify the dimension axiom. Recall that for any based space X, we have
the homeomorphism S® A X = X. For any n in Z :

HG,(5%) = m,(8° A HG) = colimymy (S A K (G, k)) = colimpm, 41 (K (G, k).
If n > 0, then 7,41 (K(G,k)) = 0. If n = 0, then (K (G, k)) = G for any k. Therefore :

G, ifn=0,
0, otherwise.

HG,(S%) = {

Thus f?é* respects the dimension axiom. O

We now investigate the relations between the homotopic description of the integer homology by
Dold-Thom :

Hp(X52) = mn1 (SP(2X),

for any n and any CW-complex X, and our previous homotopy description with the Eilenberg-
MacLane spaces K (Z,n). Recall that the spaces SP(S*) are Eilenberg-MacLane spaces of type
(Z, k), whence : -

HZ,(X) = colimym, (X A SP(S¥)),

for all n and all X. Moreover, there is a map, natural in X :
X ASP(S*) — SP(S*AX)
x A[(s1,82,...)] — [(xAsi,zAsg,...)].
It induces a natural homomorphism on X for all n and & :
Tnik(X ASP(SF)) — 7,4 (SP(S* A X)).

Using repeatedly the Dold-Thom Theorem, we obtain : 7, 1(SP(S* A X)) 2 7,,1(SP(2X)).
Passing to colimit over k, we obtain a natural homomorphism on X for all n :

HZy(X) — i1 (SP(2X)).

This defines a transformation of reduced homology theories, as the suspension homomorphisms
are obviously compatible. Applying Theorem [3.2.13] we see that this transformation is in fact
an equivalence of reduced homology theories.

We end this section by the following corollary, which tells us how to associate a generalized
reduced homology theory from a prespectrum.

COROLLARY 2.2.17.
A prespectrum E determines a unique generalized reduced homology theory on based CW-
complezxes.

PROOF : From Proposition there exists a weak equivalence T' — FE, such that T
is a CW-prespectrum, though T is not unique. Suppose we have another weak equivalence
T" — E where T" is a CW-prespectrum. Then we obtain a weak equivalence r,, : T,, — T, for
each n. Therefore we get a homotopy equivalence T,, — T, and so a homotopy equivalence
X AT, — X AT/, for all based CW-complexes, for each n. Therefore T},(X) = T/ (X) for all

X and n, and we can set : Ep(X) = T,,(X) 2 T/ (X). O
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2.3. Q-PRESPECTRA AND GENERALIZED COHOMOLOGY THEORIES

We have seen how prespectra define generalized reduced homology theories. We are now inter-
ested in generalized cohomology theories.

Suppose we have defined an Q-prespectrum E = {E,} only for n > 1. The omitted term
Ey can be reconstructed from the remaining terms of the Q-prespectrum. We need a weak
homotopy equivalence Eq = QFE;, given for instance by a CW-approximation. Hence we can
extend the definition of a Q-prespectrum where we allow negative terms : {E,}, ., where
E_, = Q"Ey, for all n > 0. We have the identites o_,, : E_,, — QF_, 41 as the adjoints of
the structure maps for the negative terms. For instance, if we extend the Eilenberg-MacLane
Q-prespectrum HG, its negative terms are (HG)_,, = * for any n > 1, since K (G, 0) is discrete,
for any abelian group G.

THEOREM 2.3.1.
Given an Q-prespectrum E, we define a contravariant functor for allm € Z :

E":CW, — Ab
X — [X,E,],.

Then the functors E* define a generalized reduced cohomology theory on based CW-complezes.

PROOF : Since [—, 7], : Top, — Set is a contravariant homotopy invariant functor for any
based space Z, so is En = [—, Ey],, for each n in Z. We need to argue that E"™ admits an abelian
group structure. For each n in Z, there is a weak homotopy equivalence E,, = Q?E,, . Hence
from Whitehead Theorem, the bijection between [X, E,], and [X, Q%*E, 2], & [X, QF, 2],
endows [X, E,], with an abelian group structure. Therefore E” : CW, — Ab is indeed a
contravariant homotopy invariant functor. We now prove the Eilenberg-Steenrod axioms for a
reduced cohomology theory on based CW-complexes.

EXACTNESS Let (X, A) be a relative CW-complex. Since A is closed in X, there is a home-
omorphism between X/A and the reduced mapping cone Ci, where i : A < X is the
inclusion. Hence, for any fixed based space Z, from Baratt-Puppe, we obtain an exact
sequence (a priori in Set,) :

Specifying Z = F,,, we have the desired exact sequence for each n in Z :

E"(X/A) —— E"(X) —— E"(A).

SUSPENSION We have the desired natural isomorphism for each n in Z :

E"(X) = [X,E,, % (X, QE, 1], = [2X, E,qq], = E"TH(EX).

ADDITIVITY A based map V¢ , X; — Z is equivalent to a collection {Xj = Z}je y of based
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maps, for any based space Z. Therefore we obtain for all n in Z :

En(\/ Xj) - [\/ XjaEn]*

et ies
ies
= ]I E"(x))-
j€s
Thus E* is a generalized reduced cohomology theory on based CW-complexes. O

Let cosZ denotes the category of generalized reduced cohomology theories on CW, where
the morphisms are the transformations of reduced cohomology theories (see Appendix .

ADDENDUM 2.3.2.
The previous procedure of associating to each Q-prespectrum a gemeralized reduced cohomology
theory defines a functor G : QP — co .

PROOF : We first need to specify how G assigns morphisms of Q-prespectra. So let f : E — E’
be a map of prepsectra. The following diagram commutes for each n :

SE, ", v,

al o

frn+1 ’
Enyy — n1-

For each based CW-complex X, the map f, induces a homomorphism natural in X :

En(X) = [X, B, I (X, B, = B(X),

i.e., a natural transformation G(f,) : E™ = E'™, for each n. Let G(f) : E* — E™ be the
collection of these natural transformations. In order to prove that G is a functor, we must show
that G(f) is a transformation of reduced cohomology theories, i.e., that the following diagram
commutes :

E"(X) —= E"(ZX)
Gl | (eSS
E"™(X) —=— E™(EX),

for every based CW-complex X, and each n, where ¥ is the suspension homomorphism defined
in the proof of the suspension axiom of Theorem [2.3.1] The desired commutativity follows
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directly from the commutativity of the following diagram :

(X, B, — @), (X, QF, 1], ——— [SX, Enyil,
X, YE,)
(o). l(Efn)* i),
X, SE!],
/ \’ﬂ)
X, B, —— =R (X, QE] 1], [EX, B ],

The two triangles of the above diagram commutes by adjoint relation. Moreover, it is clear that
this way of defining G preserves compositions and identity. Therefore G is a functor. ]

COROLLARY 2.3.3.
Let G be an abelian _group. The FEilenberg-MacLane S)-prespectrum HG defines an ordinary
reduced cohomology HG .

PROOF : We have HG (S°) = [SY K (G,n)], = (K (G,n)), for any n. Thus :

f?@n(SO):{ G, 1fn:9,

0, otherwise.

Therefore HG™ respects the dimension axiom. ]

We have seen how to define generalized cohomology theories from {2-prespectra, but one may
ask if it possible for to define cohomology from prespectra? Let E be a prespectrum (possibly
replaced by weakly equivalent CW-prespectrum). Recall that E defines reduced homology as
En(X)=m(X AE), ie. :

E,(X) = colimi[S™TF, X A Ey,,

where the colimit is taken over :

oY)
[SmHE, X A By, — Y gntktl XA By )L

So one would try to define a reduced cohomology theory as :
E™(X) = colim[S* A X, Epyp], = colimg[SF X, By,
where the colimit is taken over :

(Onik), 0%

[Eka EnJrk]* [ZkJrlXﬂ EnJrkJrl]*'

The iterated reduced suspensions give an abelian group structure to E’”(X ), and E"is clearly a
homotopy invariant functor. As we saw before in the proof of the previous theorem, the general
properties of the functor [—, E, 4], together with the properties of colimits will prove that E*
will respect exactness and suspension axiom. However, the additivity need not to be respected :
this is mainly due to the fact that products, which are limits, do not interchange with colimits

32



in general. Nevertheless, it is interesting to see the connections with {2-prespectra. Suppose
now that F is a Q-prespectrum. We get for any based CW-complex X :

E"(X) = colimy[S*X, B, 4],
colimy [ X, QOF En+k,
(X,
E,]

I

I

Eyl,

colimy,
[X,

Therefore we recover our previous definition of reduced cohomology theory defined from a §2-
prespectrum.

It is natural now to ask if for any prespectrum, there is a 2-prespectrum associated to any
prespectrum, such that they define the same reduced homology theory. Recall the homotopy

**

colimit hocolim,, Z,, construction of a telescope Zy — Z1 — Zo — --- that we have done in the
proof of Theorem

LEMMA 2.3.4.

For any telescope Zy — Z1 — Zy — --- of based spaces, the natural map :

hocolim,,Q2Z,, — Q(hocolim,, Z,,),
s a weak equivalence.

PROOF : Omitted, exercise found in [HATCHER, 2002|, Section 4.F, exercise 3. O

PROPOSITION 2.3.5.
For any CW-prespectrum E, there is a related Q-prespectrum T, such that T and E share the
same homotopy groups.

SKETCH OF THE PROOF : Let {5,} be the adjoints of the structure maps of E. We define
the telescope for each n > 0 :

En Qoni1
E, —> QB —— OBy

025,40
*> ..

Let T, := hocolim;QF E,, ;.. Explicitly, we have the mapping cylinder as a pushout for all k :

B, —— QB x [k k4 1]

ng'rH»kJ/ J

1
OB k1 Micy1.

Define the double mapping cylinder of o as : Yo = E,, x {0}, Y1 = M; and for k > 1 :

Vipr=M [ M J] . 11 M.

QEnJrl X{l} QzEn+2X{2} Qk_lE,LJrk,l X{nfl}
We obtain homotopy equivalences : Y, — QFE, ., for each k. Therefore :
T, = hocolikakEnJrk = colikak.

Let us prove now that 7' = {T,,} is a Q-prespectrum. We need to define the adjoints of the its
structure maps. Proposition gives a homotopy equivalence

hocolikakE,Hk =, hocolikak+1En+k+1.

33



Then the adjoints of the structure maps are given by the composite :
T,, = hocolimyQ*E,, . —=— hocolimyQF 1 E,, 111 —— Q(hocolimpQ*E,  141) = QT i1

where the weak equivalence stems from Lemma [2.3:4] Therefore T is a Q-prespctrum.
For all » and n, we obtain :

m(T,) = m,(hocolimyQ*E, 1)

= 7(colimyY'")
colimgm, (Y%), using Theorem
colimy,m, (Q*Ep )
colimy 7, 1 (En 1)
colimym, 11 (Ey), using Propostion [C.4.4]
= mr_n(E).

i1 1R

12

We therefore obtain :

(1) = colimym,yx(Tk)

1

colimym, (E)
= m(E).

Therefore E and T share the same homotopy groups.
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CHAPTER 3

BROWN REPRESENTABILITY THEOREM

In the previous chapter, we have seen that each Q-prespectrum determines a reduced cohomology
theory. This chapter is devoted to prove the converse : each reduced cohomology theory defines
an {2-prespectrum. This will stem from the fact that every reduced cohomology theory is
representable, in a sense to be defined. Actually we will carry out our work and prove the Brown
Representability Theorem, which identifies which contravariant homotopy functors defined on
the category of based CW-complexes CW, are representable. We follow [KOCHMAN, 1996],
[HATCHER, 2002] and [AGUILAR et al., 2002].

3.1. REPRESENTABLE FUNCTORS

We begin by defining what representable means in the categorical sense. Our result will be
stated for the contravariant case. However, all the work in this section can be dualized for
covariant functors.

Let € be a locally small category, i.e., a category such that for any object C' and C’ in €, the
class of morphisms €' (C, C") is a set. Let Cj be a fixed object of €. We define the contravariant
functor :

“(—,Co): € —> Set
C — €(C,Co)

cho s e cy) = EC,C),
where f*(¢) = ¢ o f, for any ¢ in €(C’, Cy).

DEFINITION 3.1.1 (Representable Contravariant Functor).
Let € be a locally small category. A contravariant functor F' : € — Set is said to be repre-
sentable if there is an object Cy in ¥ and a natural isomorphism :

e:¢(—,Co) = F.
We say that Cy represents F', and Cj is a classifying object for F'.

The following lemma, known as the Yoneda Lemma, relates natural transformations e :
¢ (—,Cp) = F with elements of F(Cy).
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LEMMA 3.1.2 (Yoneda).

Let € be a locally small category. Let F : 4 — Set be a contravariant functor. For any object
Co in €, there is a one-to-one correspondance between natural transformation e : € (—,Cy) = F
and elements u in F(Cy), which is given, for any object C' in €, by :

e €(C,Co) — F(C)
o —r F(o)(u).

PROOF : Suppose we are given a natural transformation e : € (—, Cy) = F. In particular, for
any morphism ¢ in €' (C, Cy), the following diagram commutes :

% (Co, Co) —2 F(Cy)

o |7

€(C,Co) —<— F(O).

Evaluating with the identity morphism id¢,, we obtain an element u = ec, (id¢,) in F(Cp); and
commutativity of the previous diagram gives : ec(¢) = F(p)(u).

Conversely, if we are given u in F(Cy), define ec : € (C,Cy) — F(C) as before, for all objects
C'. Naturality follows directly. O

The Yoneda Lemma leads to the following definition.

DEFINITION 3.1.3 (Universal Elements).

Let & be a locally small category. If F: ¥ — Set is a representable contravariant functor,
given a natural isomorphism e : €(—, Cy) = F, the associated element according to the Yoneda
Lemma up := ec,(idc,) € F(Cp) is called the universal element of F'.

Notice that we said «the» universal element. This suggests some kind of relations between
universal elements, and so between classifying objects. We start by the following proposition,
that will be crucial subsequently.

PROPOSITION 3.1.4.

Let € be a locally small category. Let F,G : 4 — Set be contravariant functors represented by
Coy and C}, with natural isomorphisms e : €(—,Co) = F and ¢’ : €(—,C})) = G. If there is a
natural transormation k : F = G, then there exists a unique morphism p : Co — C{, such that
the following diagram commutes :

€(C,Co) 2= ©(C,Ch)
eclg %efc (3.1)
F(C) —<— G(0),

for any object C in €. Moreover, if k is a natural isomorphism, then p is an isomorphism in

C.

PROOF : Let us first define p : Cy — Cj. The universal element of F' is given by : up =
ec,(idey) € F(Cp). Taking its image with k¢, we obtain an element k¢, (ur) in G(Cp). Since
o, + €(Co, C)) — G(Cp) is a bijection, there is a unique element p in € (Co, Cp), such that

ec, (p) = Ky (ur).
We now prove the commutativity of the diagram ({3.1). Let ¢ be any morphism in €(C, Cp).
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On the one hand we have :

kcoecly) = koF(p)(ur), by Yoneda Lemma,

G(¢)kc,(up), by naturality of &,
= G((p)elco (p), by definition of p,

and on the other hand, we have :

ecops(p) = ec(poy),
= G( (
= Gy
el

We have just proved that the commutativity of diagram (3.1).
Uniqueness of p follows immediately from its construction since p is the unique morphism mak-
ing the diagram commute in the case C' = Cj.

Let x be a natural isomorphism. This means that for any object C' in ¥4, the morphism
ke @ F(C) — G(O) is bijective. So there exists an inverse rkg' : G(C) — F(C), for each object
C. This obviously defines a natural transformation & : G = F', where kg = /151. Applying the
first part of this proof, there is a unique morphism p : Cj, — Cj corresponding to %. Moreover,
we have K¢ o ke = idp(c) and k¢ o K¢ = idg(c), for every object C. But these composites of
natural transformations correspond respectively to po p and p o p. By uniqueness, we obtain
pop=idg, and pop = idc(/), and so p is an isomorphism. O

We can now prove that classyfing objects are unique up to isomorphism.

COROLLARY 3.1.5.

Let € be a locally small category. Let F' : € — Set be a representable contravariant functor. If
Co and C} are representing objects of F with universal elements up and u’y resepctively, then
there is an isomorphism p : Co — C{, in € such that F(p)(up) = up.

PROOF : There are natural isomorphisms e : €(—,Cy) = F and ¢’ : €(—,C))) = F. Taking
the composites, we obtain another natural transformation : A := e'~loe : €(—,Cy) = € (-, C}),
which is obviously a natural isomorphism. By Proposition A determines a unique isomor-
phism p : Cy — CY, such that Ac(f) = po f, for any object C' and morphism f : C' — Cp. In
particular A¢, (id¢c,) = p.

The universal elements up and v}, are given respectively by ec, (id¢,) and e’% (idcy). We get :

F(p)(up) = F(p)oeg,(idey)
= eg,(p), by naturality of €,
= 6/00 o )‘C'o (id00>
= eq,(ide,), since € o X = e,

= ur,

and so F(p)(up) = ur as desired. O

3.2. BROWN FUNCTORS AND THE REPRESENTABILITY THEOREM
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Let us write hTop, the homotopy category with based spaces as objects, and based homo-
topy classes of based maps as morphisms. For any based spaces X and Y, we have written
hTop,(X,Y) as [X,Y],. Therefore, a homotopical invariant (contravariant) functor Top, — ¢
is equivalent (i.e. there is a natural isomorphism) to a (contravariant) functor hTop, — %, for
any category €.

We introduce the following useful notation.

NOTATION 3.2.1 (x| ,).

Let & be any category. Let h : Top, — % be a contravariant functor. For any spaces x € A C X,
we denote by x|, the image h(j)(x) € h(A) of an element x in h(X), where j : A — X denotes
the inclusion.

DEFINITION 3.2.2 (Brown Functor).
Let 7 be a full subcategory of Top,. A Brown functor h : Z — Set is a contravariant
homotopy functor, which respects the following axioms.

ADDITIVITY E| For any collection {X; | j € _#} of based spaces in .7, the inclusion maps
ij o Xj — vjef X induce an isomorphism on Set :

(h(ij)je 5+ h ( \/ Xj) =TT r(xy).
' jes

MAYER-VIETORIS For any excisive triad (X; A, B) in 7, if a is in h(A), and b is in h(B), such
that a| 45 = bl 45> then there exists  in h(X), such that x|, = a and |z = b.

We first state and prove some properties of Brown functors.

LEMMA 3.2.3.
Let T be a full subcategory of Top,. Let h: 7 — Set be a Brown functor. Then h(x) is a set
that consists of a single element, and h corestricts to the category of based sets : h : 7 — Set,.

PROOF : By the additivity axiom, there is an isomorphism of sets : h(x V %) = h(x) x h(x).
Since * V * = , the isomorphism becomes the diagonal function h(x) — h(x) x h(x), which is
an isomorphism only if A(x) has a single element. Therefore, for any based space (X, x¢), we
obtain a based set (h(X), h(zg)). For any based map (X, z¢) — (Y, o), we get the commutative
diagram :

hy) Y0 nex)
h(yo) —— h(=o).
Thus A(f) : (R(Y),h(yo)) — (h(X),h(x0)) is a morphism of based sets. O

The second axiom of a Brown functor is called Mayer-Vietoris, since it is a particular case
of the exactness of the Mayer-Vietoris sequence of a cohomology theory, as we prove in the
following lemma.

LEMMA 3.2.4.
Any generalized reduced cohomology theory on CW, defines a Brown functor in each dimension.

n most of the literature, this axiom is named the WEDGE axiom.
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PROOF : Let E* be a reduced cohomology theory. Each contravariant functor E’”, composed
with the forgetful functor Ab — Set, that we shall omit from the notation, is a Brown functor.
The additivity is apparent, since Brown functors and reduced cohomology share the same axiom.
The Mayer-Vietoris axiom also holds. Indeed, take (X; A, B) an excisive triad. Then the Mayer-
Vietoris long exact sequence of E*:

. —— E"Y(ANB) — E"(X) —— E"(A)® E"(B) —— E"(ANB) — ---,
implies the Mayer-Vietoris axiom, as a particular case of the exactness of the sequence. O

Brown functors respect some kind of an exactness axiom, as we show in the following lemma.

LEMMA 3.2.5.
Let h : Top, — Set, be a Brown functor. Let f : X — Y be a based map. Then the following
sequence is exact in Sety :

h(f)
—

ner) 22 ey h(X),

where iy : Y — Cf is the canonical map.

PROOF : Let us prove that im h(if) = ker A(f). Recall that the mapping cone C'f is given by

the following pushout :

x 1 .y

[l

cx — (Y.

Therefore the composite iy o f : X — C} factors through the reduced cone C'X, which is
contractible. Hence iy o f is nullhomotopic. Thus the composite h(if o f) = h(f) o h(iy)
factors through h(x) which is a singleton by Lemma We have just proved the inclusion
im h(iy) C ker h(f)P]

Let y be in h(Y) such that A(f)(y) is the trivial element of A(X). Define A = ([1/4,1] x X)/ ~
and B = (([0,3/4] x X)UY)/ ~ with the appropriate equivalence relation ~ making A and B
based subspaces of C'f. We obtain the following homotopy equivalences A ~, %, B ~ Y and
ANB ~ X. We emphazise that the previous homotopy equivalences are such that the following
diagram commutes :

x -t oy Y. cof
ANB —— B —— (Cf.
We have obtained an excisive triad (C'f; A, B). Since y| ~5 = h(f)(y) is the trivial element,

the Mayer-Vietoris axiom implies that there is z in h(Cf), such that 2|, is the trivial element
and z|z =y, i.e., h(if)(z) = y. Therefore ker h(f) C im h(if). O

The last general property of Brown functors that we wish to emphasize tells us when this
contravariant functor takes values in the category of groups.

LEMMA 3.2.6.
Let h be a Brown functor. If X is a co-H-group, then h(X) is a group.

2We recall that the kernel in Set. of a function f is defined as the preimage of the based element of the
codomain of f.
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In addition suppose that h corestricts to the category Ab of abelian groups. For any based map
frg: XY — Z, we have : h(f + g) = h(f) + h(g).

SKETCH OF THE PROOF : Let ¢ : X — X V X be the comultiplication map. The additivity
axiom gives a map : h(y)) : h(X) x h(X) = h(X V X) — h(X) which gives a multiplication on
h(X). The co-H-group structure on X induces a group structure on h(X), since h is homotopy
invariant.

Suppose now that we have based maps f,g: XY — Z. The map f + g is the composite :

sy Loyyvysy 2 z2vz Yoz

where p : XY — XY V XY is the pinch map. Let iq,i5 : XY < XY V XY be the two inclusions
and q1,q2 : XY VXY — YY be the quotient maps restricting to the identity on the summand
indicated by the subscript and collapsing the other summand to a point. From the wedge axiom
we have the isomorphisms of abelian groups :

(h(i1), h(iz)) : h(SY VIY) —— h(ZY) x h(ZY).

We have the commutative diagram for any j = 1,2 :

M wzvz) Y sy vsy) h(ZY)

\ j (htin) htia)) |2 ( [t

7y — X9 psy) x h(DY) G MEY VEY)
where the dashed map is the map y — (y,0) if j = 1, and the map y — (0,y) if j = 2
Indeed, take z in h(Z). We have : h(f x g) o A(z) = (h(f)(z),h(g)(2)). But we also have
hivi2) 0 h(V 0 £V g)(2) = (h()(2), h(g) (2)) since (f V g) o = f and (fV g) iz = g. An
element (y,0) in h(ZY) x h(ZY) is sent to y in h(XY) by the composite h(p) o (h(i1), h(iz))
since ¢ o p is homotopic to the identity. Similarly, an element (0,y) in (XY x YY) is sent to
y in A(XY'). This proves the commutativity of the diagram. Therefore the previous element
(h(f)(2),h(g)(z)) in K(XY) x h(XY) is sent to h(f)(z) + h(g)(z), where the addition law comes
from the functor h. But this composition is precisely h(f + ¢)(z) where the addition law
on maps comes from the co-H-structure of Y. Since addition is defined component wise in
h(XY) x h(XY'), this proves : h(f + g) = h(f) + h(g). O

We now restrict our attention to the full subcategory CW, of based CW-complexes. The
Brown Representability Theorem says that a Brown functor h on CW, is representable. More
specifically there exists a based CW-complex E such that there is a natural isomorphism :

e:[—, E], = h,

which is given by ex([f],) = h(f)(u), for any based CW-complex X and any based map
f:X — E, where u € h(FE) is the universal element of h.

Applying Corollary the previous CW-complex E and universal element u € h(FE) are
unique up to homotopy, in the sense that if E' and «' € h(E’) are another based CW-complex
and universal element that represent h, then there is a homotopy equivalence, unique up to
homotopy, p : E — E’ such that h(p)(v') = u.

The idea to prove the Brown Representability Theorem is to represent h first on spheres, and

then to construct the desired based CW-complex E skeleton-by-skeleton, with elements u, €
h(Ey) that represent h on spheres of dimension at most n.
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DEFINITION 3.2.7 (n-Universal Elements, co-Universal Elements).
Let n > —1. Given a Brown functor h : CW, — Set, and a based CW-complex K, we say
that an element u in h(K) is an n-universal element, if the function :

pu m(K) = [S*, K], — h(S¥)
[/l — h(f)(w),

is an isomorphism for k < n, and a surjection for k& < n. By convention any element of h(K)
is (—1)-universal. An element w in h(K) is an co-universal element if it is n-universal for all
n > —1.

The first step of the proof is to construct n-universal elements of A inductively. This will
lead to a construction of an co-universal element of h.

LEMMA 3.2.8.

Let h : CW, — Set, be a Brown functor. Let K be any based CW-complex. If u, in h(K) is
n-universal, then there is a based space L constructed from K by attaching (n + 1)-cells to K,
and a (n + 1)-universal element up41 in h(L) such that uni1|x = Un.

PROOF : If n = —1, let B = (), while if n > 0, let B denote a set of representative based maps
of the kernel of ¢, : m,(K) — h(S™). Define the spaces :

X=1\ 5" and, Y:=Kv \/ s,
BeB a€h(Sn+1)

and let f: X — Y be the composite :

AV

Consider the pushout :

x—7 Ly

| [

CX —— Cf =: L.

Notice that for the particular case n = —1, we have X =0, and L =Y.
By the wedge axiom, there is a bijection :

hY) = nE)x [ h(s™Y.
ach(Snt1)

Let u), in h(Y) be the element corresponding to (uy,, (a)) under the bijection above. We have
the following commutative diagram :

h(f)

h(Y)

|=

h(K) X Haeh(5"+l) h(SnJ’_l)

h(X)

h oproj
(V B)op OJh(K)h(X)

Therefore h(f)(ul,) is the trivial element, since § € B. By Lemma there is u,41 in h(L)

n

such that h(if)(upst1) = uj,. Let j : K — L be the inclusion map. We have the following
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commutative diagram for all & :

Wk(K % Wk(L)
@

)
h(S*).

Since u, is n-universal, the function ¢,, ., is an isomorphism for k& < n and a surjection for

k =n.

For n > 0, let us prove that ¢, , is an isomorphism for k¥ = n. Let z be an element of the
kernel of ¢y, ., : m(L) — h(S™). Since j is an n-equivalence, there is y in m,(K) such that
Jx(y) = x. So ¢y, (y) is the trivial element by commutativity of the diagram, and so y lies in
the kernel B of ¢,,,. So there exists a representative in B, say 5 : S™ — K, which corresponds
to the class y. Let us name ¢g, : S — Vgep S™ =: X the inclusion of S™ in the Sy component.
By definiton of f, we have f.([tz,],) = y. We get :

T = j«(y)
= (s, ), (W)

*

(g, 0 ) ([£8o],)-

Since iy o f is nullhomotopic, we get that x is the trivial element. Therefore ¢, , is an iso-
morphism for k£ = n.

Let us prove now that ¢, is surjective for k = n + 1, where n > —1. For any element « in
h(S™1), let us name ¢, : S?! — Y the inclusion of the sphere to its o component. We get :

h(a)

h(Y) h(Set)

WE)yx [ k(s —2e piseth,
a€ch(Snt)

where proj,, is the projection onto the oo component. We get :

Pupir ([irotal,) = hlifoia)(untr)
= h(ta) o h(if)(unt1)
= h(a)(uy)
= Projg(un, (@)

Therefore ¢y, , is surjective for kK =n + 1. Thus u,41 is (n + 1)-universal. O]
PROPOSITION 3.2.9.
Let h : CW, — Set, be a Brown functor, let K be a based path-connected CW -complez, and v

an element of h(K). Then there is a based space L obtained from K by attaching cells and an
oo-universal element w in h(L) such that u|, = v.

42



PROOF : Let L_; = K and u_; = v. By induction on n > 0, from Lemma there are
CW-complexes L, and n-universal element u, € h(L,), such that u,|; = u,—1. Define L as
the colimit :

L4 Lo Ly Ly, Lpyr —— -+,

that is L = U,,>_1 Ln endowed with its weak topology. Let us prove that there is an element u
in h(L) such that u[; = uy,, foralln > —1. We first take the homotopy colimit of the sequence
(see the proof of Theorem |C.4.7)) :

L'= | Ly x[n,n+1]/ ~,

n>—1

where we identified elements (z,,n + 1) in L, x [n,n + 1], with the same elements (x,,n + 1)
but seen in L,41 X [n+ 1,n + 2]. We have proved (in Theorem that there is a weak
equivalence r : L' — L. Since L and L' are both CW-complexes, Whitehead Theorem implies
that r : L’ — L is actually a homotopy equivalence. Define :

A = |J Lonpr x[2n+1,2n+2]/ ~C L,
n>—1

B = |JLawx22n2n+1]/~C L.
n>0

Since L_ is path-connected, we get : A ~\/,~_; Lop+1, B~ V>0 Lan, and ANB ~\/,~_; Ly.
Now let us apply the additivity axiom. Define a € h(A), With_CL| Lopys = U2n+1, for n > —1.
Define b € h(B), with b|;, = ugp, for n > 0. Define ¢ € h(AN B), with c[; = uy, for n > —1.
Then we obtain :

algnpg = blanp = ¢
The triad (L'; A, B) is excisive. By Mayer-Vietoris axiom, there is an element u € h(L) = h(L’)
such that u|, = a and u|g = b. Therefore, we get u|, = u, for all n > —1. In particular
Ul = 0.
Let us now prove that u is an oo-universal element. Let i, : L,, — L denote the inclusion map.
We have the following commutative diagram :

(ln)*

i (Ln) (L)
h(S*).

Since i, is an n-equivalence (L, has no relative cell of dimension greater than n), we get that
y 18 an isomorphism for k < n. Since this is true for any n > —1, it follows that u is
oo-universal. O

PROPOSITION 3.2.10.

Let Y be a CW-complex with u € h(Y') an co-universal element. Let (X, A) be a relative CW -
complex, with basepoint in A, and let g : A — Y be a based map. If w € h(X) is such that
w| 4 = h(g)(u), then there is a based map G : X — Y extending g such that h(G)(u) = w :

A2,y

%
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PROOF : Use the reduced mapping cylinder factorisation of g :

g

W

Let us define :
Z=XUMg/(a~i(a)).

We now define :

B = XUAx][0,3/4]/ ~,
C = Ax[1/4,1]UY/ ~,

with the appropriate equivalence relations ~ such that B and C are based subspaces of Z. The
triad (Z; B, C) is excisive. We have the homotopy equivalences : B ~, X and C ~, Y, and
BNC ~, A. Since Mg ~, Y, we get h(Mg) = h(Y), and the assumption w|, = h(g)(u)
becomes :

w|pne = lpne-

By the Mayer-Vietoris axiom, there is z € h(Z) such that z|, = w and z|,, = u. Since Z is
path-connected, by Proposition we can embed Z in a CW-complex Y’ with oco-universal
element v’ € h(Y’) such that u'|, = z. Let j : Y — Y’ be the inclusion map obtained as the
composite :

Y < My Z Y’

We have h(j)(u") = u. Since u and v’ are both co-universal, the map j is a weak equivalence.
Since Y and Y’ are CW-complexes, the Whitehead Theorem implies that j is actually an
homotopy equivalence. The structure of the mapping cylinder Mg gives a based map H :
A x I —Y’ defined as the composite :

AxT Mg z Y,

which can be regarded as a homotopy from the restriction of the inclusion ¢’ : X < Z < Y’ to
A given by the composite (recall that g(a) ~ (a,0) for any a in A) :

A2 Ax {0} —— Ax1 Mg Z Y,

to the composite jo g :
A2y Ly

The inclusion A < X is a cofibration since (X, A) is a relative CW-complex. The homotopy
extension property of (X, A) gives a homotopy H : X x I — Y’ :

A AxT
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which extends H, and therefore gives an extension G’ : X — Y of the composite j o g, such
that G’ ~, ¢’ through H. Since j:Y < Y’ is a homotopy equivalence, there exists a homotopy
inverse, say r : Y/ — Y. Composing G’ with r, we obtain a map G : X — Y. We have
joG =joroG ~, G'. We obtain :

WG)(w) = h(G)(h(H)(u))

= h(joG)(W)
= h(G)(W)

= h(g)(W)

= Uy

= (W )lx

= zlx

and so we proved : h(G)(u) = w. O

THEOREM 3.2.11 (Brown Representability Theorem).
Let h : CW, — Set, be a Brown functor. Then h is representable.

PROOF : From Lemma h(*) contains a single element, say v. By Proposition there
exists a CW-complex E and an oco-universal element u in h(E) such that u| (3 = v- To prove
that E represents h, it suffices to prove, by the Yoneda Lemma, that u is an universal element
of I, i.e., we need to show that the function :

€X:[X,E]* —
[l — A (),

is a bijection, for all based CW-complexes X.

SURJECTIVITY OF ex Let w be in h(X). Let us apply Proposition [3.2.10| for the relative CW-
complex (X, *) and the obvious map g : {*} — E. There exists a based map G : X — E
such that w = h(G)(u) = ex([G],). Thus ex is surjective for all X.

INJECTIVITY OF ex Let go,g1 : X — E be based maps such that ex([go],) = ex([¢1],). For
convenience, we introduce the following notation :

V xW

VW= eaw

for any based spaces V and WE| Returning to our task, consider the based space X x I, this
is the reduced cylinder of X. It is a based CW-complex with k-skeleton X x I U X} x 91,
where X}, denotes the k-skeleton of X. Let A = X x 01, so we get a relative CW-complex
(X x1,A). Let:

g:A — FE
(2,0) — go(z)
(,1) — q1(z).

3This is called the half-smash product of V with W.
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and let :
p: X xI— X,

be the projection. It is obviously a based homotopy equivalence, with homotopy inverse
the inclusion X < X x I. Thus we obtain the equality :

h(p) o h(go)(u) = h(p) o h(g1)(u),

from ex([go],) = ex([g1],). Define w = h(p) o h(go)(u) = h(p) o h(g1)(u) the element
in h(X x I). Notice that A is homeomorphic to X V X, whence by the wedge axiom :
h(A) = h(X) x h(X) = h(X x I) x h(X x I). Moreover w|, = h(g)(u). By Proposition
there exists a based map G : X xI — F that extends g and such that h(G)(u) = w.
The map G can be regarded as a based homotopy from gg to g1. Therefore : gy >~ g1,
and so ey is injective for all X.

Thus ey is a bijection for all based CW-complex X. O

We can now present the most important application of the Brown Representability Theorem
which is to represent reduced cohomology theories by (2-prespectra.

COROLLARY 3.2.12.
Let h* be a reduced cohomology theory on CW.. Then there is an Q-prespectrum E and an
equivalence of cohomology theories T : E* — h*.

PROOF : From Lemma the contravariant functors A" : CW, — Ab are Brown functors,
for every n. Therefore, by the Brown Representability Theorem, there are CW-complexes E;,
that represent h™, and universal elements wu,, in h"(E,), i.e., we have natural isomorphisms :
e 1 [X, By, — RM(X)
[fle — B (un)

for any based CW-complex X, and every n € Z. By Proposition there exists a unique
based homotopy equivalence 7, : £, — 2FE, 11 such that the following diagram commute :

[X7 ETLLK 77777777777 ke [X7 QEn—l—l]*
ey |~ [ZX, En+1]* (*)
QJ/ n+1
= er
(X)) ———— h"TH(EX),

for any based CW-complex X and for each n in Z. We have defined (up to homotopy) the
adjoints &, of the structure maps of the Q-prespectrum E Obtainedﬁ

We must prove that the isomorphism [X, E,], = hn (X) on Set, is actually an isomorphism of
abelian groups, where the group structure of [ X, E,,], is given by the bijection with [ X, QF,, 4], =
[©X, Epy1],. Therefore, it suffices to prove that [£X, E,41], = A"t (X) is an isomorphism of
groups, for any n and any based CW-complex X. We have to prove that :

B [BX, By, — BMTH(EX)
[Fle — h(f)(untr),

4We implicitly used the Milnor Theorem (Theorem [2.1.11)) which proves that QF, 1 is a CW-complex
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is an isomorphism of group. Recall that addition on [XX, E,,41], is given in the following way.
Let [f], and [g], be elements of [¥X, E,4+1],. The addition [f], + [g], is represented by the
composite :

*

X Panxvex LYY BV EL Y B

Therefore, we have to prove that :

h(f + 9)(unt1) = h(f)(un+1) + h(g)(unt1).

But this follows directly from Lemma [3.2.6

From Theorem the Q-presepctrum FE defines a reduced cohomology theory E* on CW,
exactly by E”(X ) = [X, By, for any X and n, and the suspension homomorphism is given
precisely by :

E™(X) = [X,En], —2% [X,QEn11], —— [2X, Epp1], = B (2X).

Therefore, defining T : E* — h* as the collection of natural isomorphisms {e" : E" = h"}, the
diagram (k) gives the compatibility of the natural suspension homomorphisms of h* and E*,
making T : E* — h* an equivalence of reduced cohomology theories, as desired. O

We wish that the previous procedure of associating to each generalized reduced cohomology
theory an Q-prespectrum defined a functor F' : co# — Q7 i.e., a converse of Addendum
but this is not possible since {2-prepsectra are defined only up to homotopy. In more
detail, let T : h* — R* is a transformation on cohomology theories on CW,, let E and E’
be the corresponding Q-prespectra. Let us define f : E — E’ to be the corresponding map of
Q-prespectra. From Proposition there exists a unique based map f, : E, — E/, such that
the following diagram commutes :

X, B,], - s [X,E/

*

n m
eXJ/% eXJ/%

~ " ~
RY(X) —X— (X)),

for any based CW-complex X. Then by applying again repeatedly Proposition [3.1.4] we see
that Xf, : XE, — X E/ is the unique map, up to homotopy, such that the following diagram
commutes for any n and based CW-complex X :

(fn).

— (X, Ey], ———— [X, By, (X, By, =——— [X,Ep], —
¥ b
@), SX,5E,), -0, mx,5E). G,
(o). (@),
X Q] — [EX, By, 0% (89X, B, o m— [X,QF,],
e e
LX) 5y RPHLH(EX)
~|p-1 o)1
. s P (X) —— J(X) & )



Let us take the particular case where X = E, and we evaluate with the element [idg,], in
[En, Ey],. We get that [0], o X f,], = [fnt1 © on),. Therefore, the following diagram is homotopy
commutative only :

SE, I vE

U’nJ{ J,O—;L

fn+1 /
Enyr —— B,

We can make this diagram commutative by applying the HELP theorem (suppose that o, is
a cofibration, if it isn’t, use the reduced mapping cylinder factorization). So f : E — E’ is a
map of prepsectra. The problem of functoriality is that composition are preserved only up to

homotopy. Indeed, let Lk Y bea composition of transformations of reduced cohomology
theories. Let F, P and L be the corresponding {2-prespectra of the reduced cohomology theories
h*, k* and 7. Let F(T)=: f: E — P and F(U) =: g : P — L be the corresponding map of
prespectra. Using Proposition [3.1.4] we get that :

F(U™oT™)

ok E

(X)) —2 (X)) — L n(x).

Therefore the map F(U" o T") : E,, — L,, is homotopic to g, o f,, for each n, but they cannot
be equal strictly in general.

We now give a nice result of this homotopy description of reduced cohomology theories.

THEOREM 3.2.13 (Eilenberg-Steenrod).

Let h* and k* be generalized reduced cohomology theories on CW,. Let T : h* = k* be a
transformation of reduced cohomology theories. If Tg, : ?L”(SO) — %”(SO) is an isomorphism
for alln, then T is an equivalence of cohomology theories.

PROOF : For any k in Z, the following diagram commutes :

En—k(SO) i %”(SO)

—k ~
T;Lo l: ngk

Enk(59) % km(Sk).

Therefore T, : h™(S*¥) — k™(S*) is an isomorphism, for all k and n. Let E be the associated

Q-prespectrum of R* and P the associated Q-prespectrum of k*. Recall that E, and P, are
based CW-complexes for all n in this case. Using Proposition there exists a unique based
map p, : F, — P, up to homotopy, such that the following diagram commutes for all based
CW-complex X :

X, E,], 25 (X, Py,



In particular, for X = S* we get that (p,), : Tx(En) — mx(P,) is an isomorphism for all k,
and so p,, is a weak equivalence. Since F, and P, are CW-complexes, the map p, is actually a
homotopy equivalence. Hence (py,), : [X, Ey], — [X, P,], is an isomorphism for all for all based
CW-complex X. Therefore T% : h™(X) — k™(X) is an isomorphism for all based CW-complex
X and all n. Thus T is an equivalence of reduced cohomology theories. O

THEOREM 3.2.14 (Eilenberg-Steenrod).

Let h* and k* be ordinary reduced cohomology theories such that there is an isomorphism :

7 hO(S%) =5 K0(S9).
Then T induces an equivalence of reduced cohomology theories : T : R — k.

PROOF : Let E be the associated Q-prespectrum of h* and P the associated Q-prespectrum
of k*. Let G = h%(S?) and G’ = k°(SY). For all n, we get :

T (En) = [Sk,En]*
= hn(SY)
~ En—k(SO)
N {G,ﬁk:m
N 0, ifk#n.

Therefore FE,, is an Eilenberg-MacLane space of type (G,n) for all n. Similarly, P, is an
Eilneberg-MacLane space of type (G’,n) for all n. Using Theorem for each n, there exists
a unique based homotopy equivalence p,, : F, — P, such that the following diagram commutes :

Tn(Ey) — mp(Pp)

This defines an equivalence of reduced cohomology theories T : h* = k*. O

We end this chapter by stating the dual theorem of Brown for homology theories. This was
done by Adams, in [ADAMS, 1962]. This is not done in our work since it involves the concept
of Spanier-Whitehead duality that would lead us too far.

THEOREM 3.2.15 (Adams).
Let hy be a reduced homology theory defined on based CW-complexes. Then there is an Q-
prespectrum E such that there is an equivalence of reduced homology theories : h, — FEi.

PROOF : Omitted, a proof can be found in [SWITZER, 1975]. O
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CONCLUSION

We have succeeded in describing homotopically generalized homology and cohomology theories
in terms of objects of stable homotopy theory : the prespectra. For any (reduced) homology
theory E, and cohomology theory E*, there exists an {2-prespectrum, unique up to homotopy,
that is often named also FE, such that :

En(X) = colimym (X A Ey), E"(X) =[X,E,],,

for any n and any CW-complex X. We have seen also that ordinary homology and cohomology
theories are characterized by the Eilenberg-MacLane Q-prespectrum HG. The fundamental
results needed were the Blakers-Massey theorem and the Freudenthal suspension theorem. The
required language was the colimit, provided by category theory.
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APPENDIX A

HoMoTOPY OF SIMPLICIAL AND CW
COMPLEXES

In this appendix, we gather the main results on CW-complexes needed throughout this paper.
We also give an introduction to simplicial complexes, needed for the proof of Blakers-Massey
Theorem (in Lemma [1.1.6)).

A.1. ATTACHING CELLS

DEFINITION A.1.1.
From any space X, one say that a space Y is obtained by attaching a (n+ 1)-cell if there exists
a map ¢ : S™ — X, called an attaching map, such that Y is the following pushout :

sn ¥ X

o]

pntl % Ly,

The resulting map ¢ is an embedding and is called a characteristic map of Y, we denote
its (closed) image in Y by e""!, and it is called a (n + 1)-cell of Y. One usually denotes
Y = X Uemt. The interior é"! of the cell e"*!, is the image of the open n-disk, i.e.
en — 95( bn-i—l).

Recall that a subspace A of a space X is a strong deformation retract of X if there exists a
homotopy H : X x I — X such that H(z,0) =z, H(z,1) € A and H(a,t) = a, for all z in X,
a in A and t in I. If such happens, it is easy to see that A and X are homotopy equivalent.

ProOPOSITION A.1.2.
IfY = X Ue™™, and y € é"L, then X is a strong deformation retract of Y — {y}.

PROOF : Let us prove first that if xg is in lo)"“, then S™ is a strong deformation retract of
D"t — {2}, One can easily see that every point z in D" — {xy} has a unique representation
of the form z = szg + (1 — s)a, for some a, in S™, and 0 < s < 1. Define the map :

Hyo : (D™ = {20}) x I — D" — {ag}
(z=sx0+ (1 = s)a,,t) — (1—1t)sxo+ (1 —s(1—1))a,

o1



which is clearly continuous. We get Hy(z,0) = z, Hy,(z,1) € S™ and Hy, (7', t) = 2/, for any z
in D" — {z0}, any 2’ in S™ and any ¢ in I.
Name ¢ : D"! — e"*! the characteristic map. Denote now zg := ¢~ !(y), and define the map :

H:(Y —{y})xI — Y —{y}

(@.8) T B %f:z:eX,
e(Hyo (o (2),1) ifx ¢ X.

It is the required homotopy. O

A.2. THE SIMPLICIAL APPROXIMATION THEOREM

SIMPLICES The following discussion is based on [ROTMAN, 1998]. A subset A of R is called
affine if, for every pair of distinct points z, 2’ € A, the line determined by x, 2’ is contained in
A. In particular, the empty set () and the point-set {x} are affine. It is easy to see that any
intersection of affine subsets of R” is also an affine subset. Thus, one can define the affine set
in R™ spanned by a subset X of R”, by the intersection of all affine subsets of R" containing X.
Similarly for convex sets, the convez set spanned by a subset X (also called the conver hull of X)
is the intersection of all convex subsets containing X. We denote it by (X), or Convex hull(X).
An affine combination of points po,p1,...,pm in R™ is a point z with = = 71" t;p;, where

T oti = 1. If moreover ¢; > 0 for all 4, it is a conver combination. One can prove that the affine
(respectively convex) set spanned by {pg,p1,...,pm} C R™ consists of all affine (respectively
convex) combinations of these points. An ordered set of points {pg,...,pm} C R™ is affine
independent if {p1 — po, ..., pm —po} is a linearly independent subset of R™. One can prove the
following result.

ProPOSITION A.2.1.

The following conditions on an ordered set of points {po,...,pm} in R™ are equivalent :
(i) the set {po,...,pm} is affine independent;
(ii) if {s0,...,5m} C R satisfies Y i~y sipi =0 and Y i~y s; =0, then s; =0 for all i;
(iii) each x in the affine set spanned by {po,...,pm} has unique expression as an affine com-
bination © = Y ;" t;p;, where Y ivot; = 1.

Thus affine independence is a property of the set {po,...,pmn} that is independent of the given
ordering. The entries ¢; mentioned are called the barycentric coordinates of x, relative to the
set {po,...,pm}, whence we have the following definition.

DEFINITION A.2.2.

Let {po,...,pm} be an affine independent subset of R™. The convex set spanned by this set,
denoted by (po,...,pm), is called the (affine) m-simplex with vertices po,...,pm. We often
write o for (po,...,pm), and we say that o has dimension m : dim(o) = m.

Hence, each z in the m-simplex (po, ..., pm) has a unique expression of the form :

m
T = Ztipi, where Zti = land each t; > 0.
i=0

For instance, a 0-simplex is just a point, a 1-simplex is a line segment, a 2-simplex is a triangle
with interior, a 3-simplex is a tetrahedron, and so on.
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DEFINITION A.2.3.

Let 0 = (po,...,pm) be a m-simplex. A k-face of o is a k-simplex spanned by k + 1 of the
vertices {po, ..., pm}, where 0 <k < m — 1. The (m — 1) face opposite p; is (po, ..., Di,---Dm),
where the circumflex notation means "delete". The boundary 0o of o is the union of its faces.
The interior ¢ of the simplex o is defined by o — do.

DEFINITION A.2.4.
The barycenter of a m-simplex o = (pg, ..., pm) is defined by : b, =
if m =0, then b, = pog.

m 1

i=0 mrPi- In particular,

FINITE SIMPLICIAL COMPLEXES All the details of the following discussion can be found
in [MUNKRES, 1984]. A finite simplicial complezx K in R™ is a finite collection of simplices in
R™ such that every face of a simplex of K is in K, and the intersection of any two simplices of
K is a face of each them. For instance, every simplex together with its faces forms a simplicial
complex. The dimension of K is the maximum dimension of any of its simplices. For any finite
simplicial complex K, let us denote |K| the underlying space, or polytope, or realization, of K,
which is defined as the union of all the simplices of K, endowed with the topology inherited as a
subspace of R™. The realization | K| is then a compact metric space. A space X is a polyhedron
if there exists a simplicial complex K and a homeomorphism h : |[K| — X. The ordered pair
(K, h) is called a triangulation of X. A map f : |K| — RY for some finite simplicial complex
K and some natural integer N, is said to be affine if for any simplex o = (pg,...,pm) in K,
and any x = Y /" t;p; in o, with Y} 7" t; = 1, we have f(z) = > "t f(pi). Such maps are
always continuous. If L is a subcollection of K that contains all faces of its elements, then it is
also a simplicial complex, and we call it a subcomplex of K. In that case, the realization |L| of
L is a closed subspace of |K|. A finite simplicial complex K’ is a subdivision of another finite
simplicial complex K if |K'| = | K|, and every simplex in K’ is contained in a simplex of K. For
instance, the barycentric subdivision of a finite simplicial complex K in R™ is a finite simplicial
complex K’ where its vertices {b,} are the barycenters of the simplices {o} of K, and where
the simplices of K’ are :

=

{<bgo,...,bgm> ’UiCUH-l EK,iIO,...,m—l}.

NOTATION A.2.5.
For a space X, let Y = X Ue™L. For any 0 < 7 < 1, denote D! = {x € D" | ||z < r}.
Let ¢ : D" — "t be the characteristic map. Denote e?t! := (Dnt1).

We now prove the following simplicial approximation theorem; our discussion will be based
on [DoODSON and PARKER, 1997].

THEOREM A.2.6 (Simplicial Approximation Theorem).

Assume that (X, A) is a relative CW-complex where X is obtained from A by attaching a m-cell
X = AUe™, and let K be a finite simplicial complex with a subcomplex L. Then given a
map of pairs [ : (|K|,|L|) — (X, A), there exists a subdivision (K', L") of (K,L) and a map
g: (|K|,|L|) = (X, A) such that :

(i) f(z) = g(x) for any x in f~1(A);
(i) f~p-1a) 95

(iii) for any simplex o in K', if g(|o|) meets €}y, then g(|o]) is contained in the interior of
the m-cell, and g is a affine map when restricted to |o|.
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PROOF : Denote by ¢ : D™ — €™ the characteristic map of X. Since |K| is a compact metric
space, and f _1(eg} 4) is closed in |K|, the restricted composite :

(¢ 27)

L1
o f (657}4) — DQ}4,
PR

is uniformly continuous. By Lebesgue covering Lemma, we may subdivide K into K’ (using
barycentric subdivision) such that no simplex of K’ has diameter more than §, where § > 0
satisfies : for any z and y in f‘l(eg}4), if [z —y|| <6, then ||~ 1(f(x)) — o1 (f(y))| < 1/4,
where || - || denotes the usual euclidean metric.

There are three disjoint classes of simplices of K/ : C; = {¢ € K' | f(lo]) C X — 6@2},
Cy={ce K| f(lo]) C &g}, O3 ={o € K'| f(le)) N det)y # (}. We now define g on each of
these sets as follows.

e For any o in C1, define g(o) := f(0).
e For 0 = (pg,...,px) in Co, and = = Zf:o t;p; in |o|, with Zf:o t; = 1, define :

k

gla) ==Y tif (pi),

i=0
so that ¢ is constructed affinely from f.

e For o in C3, we proceed inductively on dim(c). If dim(o) = 0, let g(o) := f(o). Suppose
that g is defined on |o|, for all ¢ in C3 with dim(o) < k such that g(o) C ((f(o)). Take
o in C3, with dim(o) = k. Write ¢ = (pg,...,pr). Then g is defined on |Jo|. Define
be = > io k%rlpi as the barycenter. Each x in |o| — {b,} has a unique expression of the
form x = tby + (1 — t)ys, for some ¢ in I and y, in |do|. Define g(bs) := f(b,) and
g(x) :=tf(bs) + (1 —t)g(y»). We get that g is continuous on |o| and g(o) C (f(0)).

The map ¢ has the desired property. It is continuous by the gluing Lemma. Define a homotopy :
H:|K|xI — X

£(z) ifzeoel,
(x,t) +— {(1—t)f(x)+t9<37) ifxecodCh.

On can easily see that H has the desired properties, that is f ~, g, via H, relative to f~}(A4). O

A.3. CW-APPROXIMATION THEOREMS

DEFINITION A.3.1. B B
A CW-approzimation of a pair of spaces (X, A) is a CW-complex X, and a subcomplex A of
X, together with a weak equivalence (X, A) = (X, A).

We recall the following theorem.

THEOREM A.3.2 (Cellular Approximation of Maps).
Any map f : (X, A) — (Y, B) between relative CW-complezxes is homotopic relative to A to a
cellular map.
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PROPOSITION A.3.3.

Let X be a based CW-complex and let (Y, B) be a based relative CW-complex. Ifi: (Y,B), =Y
is the inclusion, then the induced function i, : [X, (Y, B),], — [X,Y], is injective if dim X < n
and surjective if dim X < n. In particular, if X and Y are based CW-complexes, then the
function i, @ [X,Y,], — [X,Y], induced by the inclusion map is injective if dim X < n and
surjective if dim X < n. In particular, for any CW-complex Y, the inclusion Y, — Y is an
n-equivalence.

PROOF : Let f: X — Y be any map. Then, by the cellular approximation Theorem, it is
homotopic to a cellular map g : (X,*) — (Y, B). If dimX < n, then im g C (Y,B),. So
g =1o0g for some map ¢’ : X — (Y, B),,, and so 4, is surjective. Let now f,g: X — (Y, B),, be
cellular maps such that io f ~ i0g, via a homotopy H : X xI — Y. By cellular approximation,
since (X x I, X x 0I U {*} xY) is a relative CW-complex, there is a homotopic cellular map
G : X x I — Y which is a homotopy from i o f to i o g. If dim X < n, then im G C (Y, B),,.
Thus when corestricted, the map G : X x I — (Y, B),, is a homotopy from f to g, and so i, is
injective. O

LEMMA A.3.4.
For any based map f : S" — X, [fl. = 0 in m,(X) if and only if there exists a based map
f: D" 5 X such that the following diagram commutes :

st — X.

Dn+1

SKETCH OF THE PROOF : Suppose fexists. Define the map :

H:5"xI — X
(z,t) s f((1 —t)z +tsp),
where sg is the basepoint of S™. It is a homotopy from f to the identity idgn.
Conversly, suppose [f]« = 0 through a based homotopy H : S™ x I — X. Define the map :

fip — X

* if ||z|| <1/2,
T H(gp2 = 2lal) i [l > 172

o~

Then : f(z) = H(z,0) = f(z) for any x in S™. O

LeMMA A.3.5 (Killing homotopy).
Let X be any CW-complex and n > 0. There exists a relative CW-complex (X', X) with cells
in dimension (n+ 1) only, such that : m,(X') =0, and m,(X) = 1 (X') for k < n.

PROOF : Let the generators of m,(X) be represented by {f; : S* — X | j € #}. Define X’
as the pushout :



The resulting map ¢ : X — X’ is a n-equivalence. By the previous lemma, we get that
T (i)([g]«) = 0 for any [g]« in m,(X). Hence im m,(i) = 0. Since the homomorphism is
surjective, we obtain m,(X") = 0. O

THEOREM A.3.6 (Approximation of spaces by CW—complexes)

For any space X, there is a CW-approximation X = X. If X is n-connected, n > 1, then X
can be chosen to have a unique vertex and no k-cells for 1 <k <mn. For a map f : X =Y
and another CW -approzimation Yy 3 Y, there is a cellular map f X — Y unique up to
homotopy, such that the following diagram is homotopy commutative :

X
7 J
% Y.

Yy —

SKETCH OF THE PROOF : We give an explicit construction of X. We first build a CW-
complex for which the homotopy surjects to 7. (X) and then we kill the homotopy in excess, di-
mension by dimension. We may assume that X is path connected, working one path component
at a time. For any k > 1, let the generators of 7 (X) be represented by {f]k’ S > X | je gt
Let K be the wedge of spheres : .

\V s

JE Ik

k>1
We give K the CW-structure induced by the usual CW-decomposition of the spheres S*. Notice
that if X is m-connected, with n > 1, then K7 has no k-cells for 1 < k < n. Define the map
v : K1 — X on each (k, j)-th wedge summand as the map ff . S¥ — X. It is indeed continuous
by the gluing Lemma. The induced homomorphism (71 ). is surjective on each dimension : for a
fixed k, each generator ff is given by (v1),([idgx]«). Inductively, suppose we have constructed
K,, and maps 7, for m < n such that (y,,)« is surjective in every dimension, and a bijection
for dimensions strictly inferior to m. Let H,, be the subgroup of 7, (K,,) defined as the kernel of
(Vn),- As in the proof of Lemma we kill the homotopy in excess, making (7, ), injective.
Let the generators of H,, be represented by {g; : S — K,, | j € s}. For each j, by Lemma
since 7, o g; is nullhomotopic, there is a map gj : D"l — X which restricts to 7y, o gj-
Define K,,+1 as the pushout :

I s =% 2y 9
TL
JEH
|

1
I D" — Knpa.
jeH

It is a CW-complex. Define 7,11 : K41 — X to be v, on K, and g; on the j-th coproduct
D"FL. Then (v,11), is surjective on every dimension, since (7,), is. Since i, : K, — K11 is
an n-equivalence, (Yn+1), @ Tx(Knt1) — m(X) is a bijection for £ < n—1. By our construction
of Kny1, ker (yp41), = 0 in dimension n, which makes (y,+1), also a bijection for n. Notice
that v,+1 04, = 7,. This allows us to define X as U,>1 Kpn, which is a CW-complex and to
define the weak equivalence X = X which is induced by the maps {7} It is indeed a weak

equivalence (use theorem |C.4.5)).
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Existence and uniquess of a map f X — Y stem from the Whitehead theorem which states
that the weak equivalence ¥ = Y induces a bijection from [X,Y], to [X,Y],. O

THEOREM A.3.7 (Approximation of space by CW-pairs).

For any pair of spaces (X A), and any CW -approzimation A= A, thereisa CW-approzimation
X 3 X such that (X A) (X, A) is a CW-approzimation. If (X,A) is n-connected, then
(X A) can be chosen to have no relative k-cells for k <n. If f : (X, A) — (Y, B) is a map, and
(Y,B) (Y, B) is another CW-approximation, there is a cellular map f : ()N(,A) = (?,E),
unique up to homotopy, such that the following diagram is homotopy commutative :

(X,A) — (X, A)
}i Jf
(Y,B) —— (Y, B).

SKETCH OF THE PROOF : The argument is similar to theorem We may assume that
X has a basepoint in A, and that X is path connected. For any k& > 1, let the generators of
7 (X) be represented by {fjk :S% = X |j€ _#1}. Let Ky be defined as :

Ko=Av |\ s*

J€ Ik

E>1
Define o : Ko — X with the weak equivalence A = A and the maps { fj’-“}. Construct K
from K by attaching 1-cells connecting the vertices in the non-basepoint components of A to
the base vertex. The paths in X that connect the images under A3 A of the non-basepoint
vertices to the basepoint of X give y1 : K1 — X. The construction then follows the one of
theorem To construct f : (X, A) — (Y, B), first build f : A — B, and use the HELP
theorem to extend it to X. a

COROLLARY A.3.8.

Let X be a based, path-connected space. Then there exists a CW-approximation X 5 X, such
that X has a unique vertexr and based attaching maps. In particular, the (n + 1)-skeleton of)?
s obtained as the pushout :

VSt — 5 X,

I !

V Dl —— Xn+1-

PROOF : The first statement follows directly from previous theorem, where we set A = {x},
the basepoint of X. For the sake of clarity, rename X as X. Recall that the (n + 1)-skeleton of
X is given by the following pushout :

Yic g P
Hje,/ gn IS X,

e » D" —— Xpp1.
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Let us recall that for sy the basepoint of S™, we have :
V5™ = (1 8")/((s0); ~ (s0)7, Wi ' € 7).
i€t i€t

Since the attaching maps {¢;} are based, they induce a unique map Zjef @j Vje/ ST = X,
such that the following diagram commutes :

Z ©;
1T s'<2 x,.
j€s 2

l >
\/ Sn jE/
JjeS

We thus get the following commutative diagram :

Zjef #i

H S \/ ST — X,
ies jeg  ies [

! !

IT1 o' —— \/ D" —— X,

Since the first square of the last diagram and the diagram (ED are pushouts, we get that the
second square of the last diagram is a pushout, by the universal property of pushouts. O

DEFINITION A.3.9 (CW-triad).
A CW-triad (X; A, B) is a CW-complex X, together with subcomplexes A and B, such that
AUB=X.

ProrosITION A.3.10.
Let (X; A, B) be a CW-triad. Then the map AJAN B — X/B is an isomorphism of CW-
complezes.

PROOF : The map A/AN B — X/B is a homemorphism since it is obtained as :

ANB — B

! !

Ar—mm s X

Lo

where the top square is the description of X as a pushout. O
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THEOREM A.3.11 (Approximation of excisive triads by CW-triads).

Let (X; A, B) be an excisive triad and let C = AN B. Then there is a CW-triad (X; A, B),
such that, with C = AﬁB the maps c = C, A3 A, B 5 B, and X 5 X are all weak
equivalences. If (A, C') is n-connected, then (A, C) can be chosen to have no k-cells for k < n,
and similarly for (B,C).

SKETCH OF THE PROOF : There is CW-approximation C = C that can be extended to the
pairs (A,C) = (A,0) and (B,C) 5 (B, C) such that AN B = C. Define X as the following

pushout :
C—— A
I 1N
R A
E\) \\\A l
B — X.

Define the desired weak equivalence X — X as the (unique) dashed map of the above diagram,
given by the universal property of pushouts. It only remains to prove that the map X3 Xis
indeed a weak equivalence, and the reader can find a full detailed proof in chapter 10, paragraph
7, of [MAy, 1999. O
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APPENDIX B

AxiomMmaTIiCc (CO)HOMOLOGY THEORIES

We present in this appendix the definition of a generalized (co)homology theory in the sense of
the axiomatic work of Eilenberg-Steenrod in [EILENBERG and STEENROD, 1952]. We suppose
that the reader is familiar with this approach so that we don’t present the consequences of
these axioms (such as the Mayer-Vietoris sequence). Full details can be found in [MAy, 1999].
The important result of this appendix is the fact that one can fully determined a generalized
(co)homology theory on Top,.,, is completely determined by its associated reduced (co)homology
theory defined on CW,, the category of based CW-complexes.

B.1. AxioMs FOR HOMOLOGY

Let us write Top,, the category of pairs. Recall that a functor F' : Top,, — € is homotopy
invariant if © f~4¢9:(X,A) = (Y,B)= F(f) =F(g9): F(X,A) — F(Y,B).

DEFINITION B.1.1 (The Eilenberg-Steenrod Axioms for a Homology Theory).

A generalized homology theory E, is a family { E,, : Top,,; — Ab | n € Z} of homotopy invariant
functors, together with a family {0 : E,, oU = E,_; | n € Z} of natural transformations,
where U : Top,, — Top, is a functor which sends any pairs (X, A) to (A,0), and any map
[ (X,A) — (Y,B) to its restriction (A4,0) — (B,0), such that the following axioms are
satisfied.

(H1) ExacTNESS For any pair (X, A),let i: A< X and j : (X,0) — (X, A) be the inclusions.
The following sequence is exact :

s Ey(A D) 29 B (x,0) Y B (X, A) —2s By (A 0) —— -

(H2) ExcisioN For any excisive triad (X; A, B), the inclusion (A4, AN B) — (X, B) induces
isomorphisms for any n :

En(A, AN B) = E,(X, B).

(H3) AppiTiviTy For any collection {(Xj’AJ')}je/ of pairs, the inclusions i; : (X, 4;) —
ILe /(X i, Aj) induce isomorphisms for any n :

> Enliy): D Ea(X;,45) = By (H (X; Aﬂ) -

ies et J€sS
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(H4) INVARIANCE WITH RESPECT TO WEAK EQUIVALENCES If f: (X, A) — (Y, B) is a weak
equivalence, then E,(f) : E,(X,A) — E,(Y, B) is an isomorphism.

The homology theory F, is ordinary if moreover, there exists an abelian group G such that the
following axiom is satisfied.

G, ifn=0,

(H5) DIMENSION E,({x}) = { 0. otherwise.

We will write then H,.(—,G) := E,.

In [EILENBERG and STEENROD, 1952], and most of the literrature, a generalized homology
theory need not satisfy the additivity axiom. This axiom was introduced by Milnor in order to
treat infinite dimensional CW-complexes. This was then called an "additive homology theory".
However, throughout this paper we always deal with additive homology theories, and so we
follow May’s convention [MAY, 1999] and require generalized homology theories to be additive.
As we will see, the "invariance with respect to weak equivalence" axiom is introduced in order
to pass from homology theory on Top,, to an equivalent homology theory on pairs of CW-
complexes.

DEFINITION B.1.2.

A transformation of homology theories on Top,y T : E. — E. is a family of natural trans-
formations {T : E,, = E.} that are compatible with 0, i.e., such that the following diagram
commutes for all pairs (X, A) and for alln € Z :

En(X,4) —2 E,_1(A)

T(X,A)J JT(A)

EL(X,A) —2= El_|(A).

The transformation 7T is called an equivalence if each E,, = E! is a natural equivalence.

PROPOSITION B.1.3.

Let T : E, — E. be a morphism of homology theories. If for all spaces X, the homomorphism
T(X) : En(X) — EL(X) is an isomorphism for each n in Z, then T is an equivalence of
homology theories.

PROOF : The proof follows directly from the exactness axiom and the 5-Lemma. O

Before introducing the notion of reduced homology, we begin with a disgression on well-
pointed spaces.

WELL-POINTED SPACES In many constructions of algebraic topology, such as the cone,
the suspension, the mapping cylinder, etc, there are always a reduced and a unreduced case.
Usually one uses the reduced case when dealing with based spaces, and the unreduced case for
unbased spaces. However when are these constructions equivalent, at least homotopically 7 A
sufficient answer is given by well-pointed spaces. A well-pointed space (or nondegenerately based
space) is a based space (X, #), such that the inclusion {*} < X is a cofibration. For instance,
a CW-complex is well-pointed for any based point in its O-skeleton (since the inclusion of any
n-skeleton to the CW-complex is a cofibration).
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LEMMA B.1.4.
Suppose we have the following pushout :

At X

A

B+ Y.

Ifi : A — X is a cofibration and f : A — B is a homotopy equivalence, then g : X =Y is a
homotopy equivalence.

PROOF : Omitted. O

Hence we often have a homotopy equivalence between reduced and unreduced construction. For
instance, if one denotes SX the unreduced suspension of a space X, the reduced suspension
> X is given by the pushout :

{x} xI —— SX

l |

{x} — ¥X.

The top map is a cofibration since ¢ x id is always a cofibration if ¢ is a cofibration. Therefore
the induced map SX — XX is a homotopy equivalence, since {*} x I — {x} is a homotopy
equivalence.

LEMMA B.1.5.
Suppose we have the commutative diagram :

Art oy X

ol

B>]—>Y,

in which i and j are cofibrations, and f and g are homotopy equivalences. Then (g, f) : (X, A) —
(Y, B) is a homotopy equivalence of pairs.

PROOF : Omitted, see [MAY, 1999] page 45. O

We introduce now the notion of reduced homology theory. Let us write we i Top, the category
of well-pointed spaces.

DEFINITION B.1.6 (The Eilenberg-Steenrod Axioms for a Reduced Homology Theory).
A generalized reduced homology theory E, is a family {E, : wenTop, — Ab | n € Z} of
homotopy invariant functors that satisfy the following axioms.

(ﬁl) ExACTNESS Ifi: A »— X is a cofibration, then the following sequence is exact, for any n :

En(A) — E,(X) — En(X/A).
(ﬁ2) SUSPENSION For any n and any space X, there is a natural isomorphism :

S En(X) = Byl (3X).
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(H3) AppITIVITY For any collection {X;|j € #} of based spaces, the inclusions i; : X; —
Ve 7 X induce an isomorphism for every n :

3" Eu(iy) : @ En(X if(\/x)

Jj€s JES JESL

(H4) INVARIANCE WITH RESPECT TO WEAK EQUIVALENCES If f: X — Y is a weak equiva-
lence, then E,, f : E,(X) — E,(Y) is an isomorphism, for any n.

The reduced homology theory is ordinary if moreover, there exists an abelian group G such
that the following axiom is satisfied.

G, ifn=0,

5 £ (G0Yy —
(H5) DIMENSION E,(S°) = { 0. otherwise,

We will write then H,(—,G) := E,.

DEFINITION B.1.7.

A transformation of reduced homology theories T' : E, — E’ is a family of natural transfor-
mations {7 : E, = E '} that are compatible with ¥, i.e., such that the following diagram
commutes for every well-pointed space X and n € Z :

En(X) —25 E,ii(2X)

T(X)L JT(EX)

E/(X) —=— E/(TX).

The transformation 7T is called an equivalence if each E, = E;L is a natural equivalence.

THEOREM B.1.8.
For any based map f : A — X, we have the following exact sequence :

- — Ep(A) — E(X) — E(Cf) — Ep_1(A) — -+,
where C f denotes the reduced mapping cone of f.

PROOF : Factor f using the reduced mapping cylinder :
A—t o x
N S
Mf
where p; is a homotopy equivalence. Recall that the reduced mapping cone C'f is defined as

the pushout :

ALX

]

CA —— Cf.
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Recall that we get the based homotopy equivalence : X/A ~, Cf. The Barratt-Puppe sequence :
A-X—>Cf—-3YA->3X - XCf)— -,

together with the suspension axiom (H2) and the exactness axiom (H1) establish the desired
exact sequence. ]

THEOREM B.1.9.

A generalized homology theory E, on Top,, determines and is determined by its restriction to
a generalized homology theory E,. on pairs of CW-complexes. A generalized reduced homology
theory E. on well TOp, determines and is determined by its restriction to a generalized homology
theory E, of based CW-complexes.

PROOF : This follows directly from the CW-approximation theorems of appendix [Al and the
invariance with respect to weak equivalences axiom of Eilenberg-Steenrod. O

THEOREM B.1.10.
A generalized homology theory E. on Top,, determines and is determined by a generalized
reduced homology theory E, on wenTop,.

SKETCH OF THE PROOF : Suppose first that we have a generalized homology theory E, on
pairs. For any based space X, we define E, by :

En(X) = En(X7 *)7
for any n in Z. We need to check the Eilenberg-Steenrod axioms.

(P~I1) Apply exactness of E, to the pair (X, *). The map X — * Is a retraction, hence the long
exact sequence splits in each degree, so that E,(X) = E,(X) ® E,(x), for each n. When
x € A C X, on obtain the long exact sequence :

D Ep(A) —— En(X) —— En(X,A) =25 Ep 4 (A) —— -+

If i : A — X is a cofibration, then the quotient map (X, A) — (X/A,x*) induces an

isomorphism E, (X, A) 5 E,(X/A) for cach n. Indeed, let us use excision of E, to prove
it. Let Ci = X U; C'A be the mapping cone of i. We have an excisive triad :

(Ci. X U; A x [0,2/3] Ax[1/3,1] )
¥} x[0,2/3] TAx{1}U{x} x [1/3,1]/)°

Ax[1/3,2/3]

Let us call X7 and X5 the two components of the triad. Notice that X1NXy = TIx[/3.273]

We have the following commutative diagram :

(Xl,Xl QXQ) — (CZ,XQ)

; Jz

(X, A) —— (X/A,%).

The usual homotopy equivalence Mi — X induces the left homotopy equivalence when
restricted. We conclude using excision.
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(H2)

(H3)

(F4)
(H5)

Since C'X is contractible, use the previous sequence to get the natural isomorphism
E,11(EX)2 FE,1(CX/X) = E,(X).

The wedge V¢ 7 X is the quotient J[; X; with its basepoints of each X;. Since the spaces
are well-pointed, we use the previous exact sequence to obtain the desired isomorphism
using additivity of F..

It follows directly from (H4) of E,.
It follows from E,(S°) = E,(S°) & E,({x}), for each n.

Conversely, suppose we are given a reduced homology theory E,. Define a functor :

(=), : Top — Top,
X s Xy=XU{)
xLby — X, oYL

For any pair (X, A), let i : A — X be the inclusion, we define :

Eo(X,A) == E,(C(iy)).

Notice that if A = 0, then E,(X,0) = E,(X4). So if we have E, and define E, as before,
we recover F, with the above definition. In other words, we have defined an equivalence of
homology theories where each E,, (X, A) is maped to E,(C(iy)) (we use Proposition, and
an equivalence of reduced homology theories where each E,, (X) is maped to E, (X, %) (because
C'i = X if ¢ is the inclusion {*} < X). Although X is not well-pointed, but one can use CW-
approximations and work with weakly equivalent CW-complexes which are always well-pointed

and use (H4), i.e., use Theorem

Let us prove now the Eilenberg-Steenrod axioms.

(H1)

(H2)

(H3)

For any pair (X, A), the sequence associated to the induced inclusion iy : Ay — X of
theorem gives the long exact sequence :

D En(A,0) —— En(X,0) —— En(X,A) —2 E,_1(A,0) — -

where the natural transformation 0 : E, o U = E,_1 can be given explicitly as follows.
From (H2), we have an isomorphism X! : E,1(2X) 5 E,(X) for any well-pointed space
X. For any pair (X, A), using possibly a weak equivalence, we have that C(iL ) is homotopy
equivalent to Xy /Ay = X/A through a map . Define a map p : C(i;) — X(A4) by
collapsing X, to a poimﬂ The homomorphism 9 : E, (X, A) — E,_1(A, ) is then given
by the composite :

(poy)

Eu(X, A) = B, (C(ir)) 222 B ((44)) —2 Bui(A4) = Buoa(A,0).

(a2

For any excisive triad (X; A, B) there is a weakly equivalent CW-triad that we shall rename
(X; A, B) (see theorem [A.3.11)). Since in this case A/(AN B) — X/B is an isomorphism
of CW-complexes (by Proposition |A.3.10]), the result follows.

Let {(Xj, AJ)}jej be a collection of based spaces; and i; : (Xj, 4;) < [I;e (X}, 4;) the
inclusions. Notice that we have the equality of mapping cones C([I;c s i;) = Ve » C(i5)
(use Theorem |C.3.4). Using (H3) of E,, the result follows.

The weak equivalence and dimension axioms are proved in the same way as before. O

1This is done when one proves the Baratt-Puppe sequence.
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B.2. AxioMs FOR COHOMOLOGY

Generalized cohomology theory is the dual notion of generalized homology theory. Therefore
all the following results are proved in the exact same procedure, and we shall omit the proofs.

DEFINITION B.2.1 (The Eilenberg-Steenrod Axioms for a Cohomology Theory).

A generalized cohomology theory E* is a family {E™ : Top,, — Ab | n € Z} of homotopy
invariant contravariant functors, together with a family {§ : E" oU = E"! | n € Z} of natural
transformations, where U : Top,, — Top,,; is a covariant functor which sends any pairs (X, A)
o (4,0), and any map f : (X,A) — (Y, B) to its restriction (A,0) — (B,0), such that the
following axioms are satisfied.

(CoH1) EXACTNESS For any pair (X, A), let i : A < X and j : (X,0) — (X, A) be the

inclusions. The following sequence is exact :

E" (J) En(3)

. —— E"(X,A) — En(X,0) =% E"(A4,0) —2» EnPI(X,A) —— ...

(CoH2) ExcisioN For any excisive triad (X; A, B), the inclusion (A, AN B) < (X, B) induces
isomorphisms for any n :
E™(X,B) =5 E"(A, AN B).

(CoH3) ApprTiviTY For any collection {(Xj, AJ)}je/ of pairs, the inclusions i; : (X;, A;) —
Hje/(Xj7 A;) induce isomorphisms for any n :

(E" (i) , : E" (H (X, 45) ) = H (X, Aj).
jies €s

(CoH4) INVARIANCE WITH RESPECT TO WEAK EQUIVALENCES If f : (X,A) — (Y,B) is a
weak equivalence, then E™(f): E"(Y,B) — E"(X, A) is an isomorphism.

The cohomology theory E* is ordinary if moreover, there exists an abelian group G such that
the following axiom is satisfied.

n ) G, ifn=0,
(CoH5) DIMENSION E"({x}) = { 0. otherwise.
We will write then H*(—, G) := E*.

DEFINITION B.2.2 (The Eilenberg-Steenrod Axioms for a Reduced Cohomology Theory).
A generalized reduced cohomology theory E* is a family {E" : wenTop, — Ab | n € Z} of
homotopy invariant contravariant functors that satisfy the following axioms.

(CoH1) EXACTNESS If i : A — X is a cofibration, then the following sequence is exact, for
any n : B B B
E"(X/A) — E"(X) — E"(A).

(CoH2) SUSPENSION For any n and any space X, there is a natural isomorphism :

Y EM(X) = E"TH(EX).
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CoH3) AppITIVITY For any collection {X; | j € of based spaces, the inclusion maps
Yy jlJ P p
ij: Xj = Ve 7 X induce an isomorphism for every n :

iy 0) = s

JjES Jj€S

(CoH4) INVARIANCE WITH RESPECT TO WEAK EQUIVALENCES If the map f : X — YV is a
weak equivalence, then E"f : E"(Y) — E™(X) is an isomorphism, for any n.

The reduced cohomology theory is ordinary if moreover, there exists an abelian group G such
that the following axiom is satisfied.

~ ~ G, ifn=0
n( Q0 — ) )
(CoH5) DIMENSION E™(SY) = { 0. otherwise.

We will write then H*(—, G) := E*.

DEFINITION B.2.3.

A transformation of cohomology theories on Top,y T : E* — E™ is a family of natural trans-
formations {T" : E™ = E™} that are compatible with 4, i.e., such that the following diagram
commutes for all pairs (X, A) and for all n € Z :

E™(X,A) «2— E1(4)

T(X,A)[ [T(A)

EM(X,A) «2— EMm-1(A).

A transformation of reduced cohomology theories T : E* 5 B isa family of natural trans-
formations {T" : E™ = " } that are compatible with ¥, i.e., such that the following diagram
commutes for every well-pointed space X and n € Z :

E"(X) —Z E™(ZX)

T(X)[ LT(ZX)

E"(X) —2— F"(EX).

The transformation 7" is called an equivalence if each natural transformation is a natural equiv-
alence.

THEOREM B.2.4.
For any based map f: A — X, we have the following exact sequence :

4— Ep(A) «— Ep(X) +— Eo(Cf) ¢— Ep_1(A) ¢+— -+ .

THEOREM B.2.5.

A generalized cohomology theory E* on Top,. determines and is determined by its restriction
to a generalized cohomology theory E* on pairs of CW-complezes. A generalized reduced coho-
mology theory E* on well Top, determines and is determined by its restriction to a generalized
cohomology theory E* of based CW-complexes.
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THEOREM B.2.6.

A generalized cohomology theory E* on Top,e determines and is determined by a generalized
reduced cohomology theory E* on ywenTop,.

We end this appendix by the following theorem, where a proof can be found in [MAY, 1999
or |[EILENBERG and STEENROD, 1952]. It justifies the notation H.(—,G) and H*(—,G). We
give an alternative proof for cohomology in page using our work on )-prespectra.

THEOREM B.2.7 (Eilenberg-Steenrod).
LetT : h — k be a map of reduced homology or cohomology theories. If T(S°) is an isomorphism,
then T is an equivalence of reduced homology or cohomology theories.
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APPENDIX C

LiMITS AND COLIMITS

In this appendix, we define the categorical notion of limits and colimits. A wide diversity of
objects in algebraic topology are built using limits and colimits. Our summary is based on
[STROM, 2011], [MAY, 1999], [MACLANE, 1971] and [BORCEUX, 1994].

C.1. DEFINITIONS AND EXAMPLES

Throughout this appendix, let 4 be any category and _# be a small category. Denote by
%7 the functor category from F to €, whose objects are functors ' : ¢ — ¢, and whose
morphisms are natural transformations F = F’, between functors F, F' : _# — €. We call an
object of €7 a diagram in € of shape J, or simply a ¢ -shaped diagram in €. This change
of terminology reflects the fact that we think of a functor from _# to ¢ as indexing a family of
objects and morphisms in ¢, as the category _# would often be thought as an index category.

DEFINITION C.1.1 (Cones and Co-cones).

Let F' be a _#-shaped diagram in €. Let C be an object in €. A cone from C to F is a family
of morphisms {¢;: C — F(J) | J € Ob_#} in ¥ such that for every morphism j : J — J' in
#, the following diagram commutes :

o N
F(J) — FU).

Dually, a co-cone from F to C is a family of morphisms {¢; : F(J) = C|J € Ob_#}in €
such that for every morphism j:J — J' in _#, the following diagram commutes :

F(J) =25 F(J)

%"x AJ’
C.

We also say that (C, ) is a (co-)cone of the # -shaped diagram F'.

DEFINITION C.1.2 (Limits).
Let F': # — ¢ be a #-shaped diagram in €. The limit of the #-shaped diagram F'is a cone
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(L, ) of F such that for any other cone (N,) of F, there exists a unique morphism N =% L in
%, such that ¢ ou = 1)y, for any object J in ¢ . In other words, for any morphism j : J — J’
in ¢, we have the commutative diagram :

N

//\f

4>FJ’

The object L is unique up to isomorphism in %, and will be denoted limF := L.

DEFINITION C.1.3 (Colimits).

The colimit of a _#-shaped diagram F in € is a co-cone (L, ) of F, such that for any other
co-cone (N, 1)) of F', there exists a unique morphism L 2 N in € such that uop; = 1, for any
object J in _#. In other words, for any morphism j : J — J' in _#, we have the commutative

diagram :
L

The object L is unique up to isomorphism in %, and will be denoted colimF' := L.

ExamMpLE C.1.4 (Products and Coproducts).

Let # be any (small) discrete category, that is, a category whose only morphisms are the
identity morphisms. Then a _¢-shaped diagram F' in € is just a family of objects in ¢, indexed
by objects of #. Let us write F' = {C} }]GOb for such a family. If ¥ = Set, the category of
sets, then the limit of F' is just the cartesian product

imF = [[ Cj,
jeOb_#

together with the projections {Hjeob/ C; — Cj}. If € is the category of topologi-

€Ob 7
cal spaces, based topological spaces, groups or ageliaf{ groups, the previous statement still
holds. For instance, when we endow the cartesian product with the product topology, it is
the product in Top. More generally, for any category %, the limit in this case is the usual
definition of the product in category theory. We call the natural projections the collection

{pr;: [Licob s Ci = Cj}jeOb/ associated to the definition of the product.

Similarly, the colimit of such a family is the coproduct in category theory. Therefore, if 4 equals
Set or Top, the category of topological spaces, then the colimit is the disjoint union :

colimF' = H Cj,
jEOb 7

together with the inclusions {¢; : C; = [I;cop 7 C;} If € equals the category of based

JEOb 7
topological spaces Top,, then the colimit is the wedge : colimF = Vo 7 C;. If € equals
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the category of groups Gr, then the colimit is the free product : coimF = X;cop » Cj. If ¢
equals the category of abelian groups Ab, then the colimit is the free abelian group : colimF' =
GBj‘eOb/ C;. We Call‘ ‘?he canonical inclusioizs the collection {¢; : Cj = [I con » Cj}jeOb] as-
sociated to the definition of the coproduct, in any category.

ExamMpLE C.1.5 (Pullbacks and Pushouts).

Let _Z be the category whose objects are given by the set {—1,0,1}, and whose morphisms are
(=1) - 0, 1 — 0, and the identities. One shorthand schematically the description of such a
category by : ¢ :={—1— 0+ 1}. Then a _#-shaped diagram F' in a category ¥ is given by :

B— A+ C,

where A, B and C are objects in €. Its limit is given, by definition, by an object P = limF in ¥
together with morphisms P — B and P — C, such that for any other object P’, and morphisms
P’ — B and P’ — C, there exists a unique morphism P’ — P, such that the following diagram
commutes :

T

R

B C.

This is precisely the definition of the pullback of the diagram B — A + C.
Similarly, if # = {—1 <= 0 — 1}, then the colimit of a _#-shaped diagram in a category ¢ is
a pushout in %.

C.2. THE EXISTENCE THEOREM

This section is not necessary to understand this paper. However, we do this detour as it is much
enlightening and helpful to understand the concept of limits and colimits.

EQUALIZERS AND COEQUALIZERS If # = {0 = 1}, then a _#-shaped diagram F' in a
category % is given by a diagram A = B, where A and B are objects in %. The limit of F' is
called an equalizer, and the colimit of F' is called a coequalizer. If we name f,g: A — B the
morphisms in € in F', then we denote Equ(f, g) := limF', and Coequ(f, g) := colimF. We write
e : Equ(f,g) — A and ¢ : B — Coequ(f,g) the induced morphisms in %, forming the cone
(Equ(f,g),e) and the co-cone (Coequ(f,g),q). If pullbacks exist in %, then equalizers exist
since they are given by the following pullback :

Equ(f,9) — B
| JA
A

(f.9) Bx B

Conversly, if products and equalizers exist, then pullbacks exist. Indeed, suppose we have the

diagram : B Ny C. Then the product B x C' induces two parallel diagonal morphisms
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to A :

c -2,

Y

B

X
p1J{

B

We take the equalizer of these morphisms :

p2oe
Eau(f opi,g op;\
\

BxC -2, C

!

|

— X

p1oe n

Sy

1/

Then one can easily check that Equ(f o pj,go ps) is the pullback of B Lado
Similarly, if pushouts exist, then coequalizers exist. If coequalizers and coproducts exist, then
pushouts exist.

We now state the main theorem of this appendix which states that it suffices to know
(co)-products and pushouts/pullbacks in a category to build any (co)-limits.

DEeFINITION C.2.1.

A category ¢ is said to be complete if every _#-shaped diagram has a limit in ¢, for any
small category ¢#. The category ¢ is said to be cocomplete if every ¢-shaped diagram has a
colimit in &, for any small category #. The category ¢ is bicomplete if it is both complete
and cocomplete.

THEOREM C.2.2 (A Criterion for Bicompleteness).
A category € is complete if and only if € has pullbacks and products. The category € is
cocomplete if and only if € has pushouts and coproducts.

SKETCH OF THE PROOF : Let us prove only the completeness, as the proof of the cocom-
pleteness is similar. Let F': ¢ — € be a _#-shaped diagram. We construct the limit of F’
as follows : we take two products and find two arrows between them, of which we take the
equalizer. Indeed, first take the product of all objects in ¢ in the image of F' : [] ;<o s F (J),
then take the product of all objects in € which are in the image of codomains of all morphisms

in 7 ¢ [ljemor # F(cod j). Let us name {pJ}J€Ob/ and {pj}jeMor/ the projections of the
products. We thus have the following commutative diagram, for any morphism j in _# :

F(cod j)

V pj
J

72



The universal property of products gives two morphisms f and g, dashed in the diagram. We
then take the equalizer :

Equ(f,g) —— [ F(J) -5 | I Flcod j)

F(J).

Name ¢ the composite p; o e, for every object J in #. We get a cone (Equ(f,g),¢), as one
can easily check. The limit of F' is the cone (Equ(f,g), ). O

Therefore, the categories of sets, topological spaces, pointed topological spaces, CW-complexes,
groups, abelian groups, modules over a ring and vector spaces over a field, are all bicomplete.
However, the category of fields is neither complete or cocomplete. For instance, the product
fails : the cartesian product R x R is not a field with the laws induced by the projections.

C.3. INTERCHANGE IN LIMITS AND COLIMITS

Let # and J be small categories. We want to prove in this part that for any given functor
F: 7 x . — %€, there is a interchange property :

limye y(limgex F(J, K)) = limgey (limye 4 F(J, K)),

as long as the involved limits exist. Before showing this statement, we define all the notations
used. We start with the following definition.

DEeFiNITION C.3.1.
The product of two categories € and Z is the category € x & defined in the following way.

(i) The objects of € x Z are the pairs (C, D) with C object in € and D object in Z.

(ii) The morphism (C,D) — (C’,D') of € x Z are the pairs (¢,d), where ¢ : C — (' is a
morphism in ¢ and j : D — D’ is a morphism in 2.

(iii) The composition in ¢ x & is that induced by the compositions of ¢ and Z, in other
words : (¢,d') o (¢,d) = (d oc,d od).

We emphasize the following argument that we shall used in our next discussion.

LEMmMA C.3.2.

Let € be a category, and # be a small category. If a cone (L, ) is a limit of a ¢ -shaped

diagram F in €, then two morphisms f,g: C — L in € are equal as long pjo f =pjog, for
every object J in Z.

PROOF : It follows directly from universal property of the limits and the cones (C, {w o f}jec #)
and (C,{pj o g}se #) of the functor F. O

Next, we define the notation limje # (limge » F(J,K)). The description of the other term
in the equation limg e (lim ¢ g F (J, K)) will be completely analogous and shall be omitted.
Let # x & — € be a fixed functor. For every object J in ¢, there is a functor :

F(J,—): 4 — ¢,
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defined by : F(J,—)(K) = F(J, K) for every object K in %, and F(J,—)(k) = F(idy, k), for
every morphism k in . By limge » F(J, K), we mean the limit of the J#-shaped diagram
F(J,—) in €. Now every morphism j : J — J" in ¢ induces a morphism F(j,idg) in ¢, for
every object K in 2. This leads to a natural transformation F(j,—) : F(J,—) = F(J',—)
since we have the commutativity of the following diagram for every morphism k : K — K’ in

K
FJ,K) 29 by k)

F(idJ,k)J FGR) JF(idJ/,k)

F(J, K' F(J, K.

(4, K') T (J', K')

For every Ko in J#, we write ¢, : limgey F(J, K) — F(J, Ko) and @l : limge ¢ F(J', K) —
F(J',Kp) the family of morphisms in ¢, forming the cones of the limits of the .#-shaped
diagrams F(J, —) and F(J', —). The composite :

)

F(j,id
limgey F(J K) —<0 s F(J, Ko) 040 p

(J', Ko),

constitutes a cone on the functor F(J', —). Hence, by the universal property of limits, there is
a unique morphism denoted :

limper F(j,idx) : limger F(J, K) — limger F(J', K)
such that the following diagram commutes for every object Kg in JZ :

limge g F(J, ) mEer O P K)

PKO [@0}{0 (©)

F(J,Kq) F(J', Kp).

F(j,idx)

If all the J# -shaped diagrams F'(J, —) have limits for every object J in ¢, we can define a
functor :
L: 7 —¢%,
by L(J) = limge » F(J,K) and L(j) = limge » F(j,idk ), for every object J in _# and mor-
phism j in Z.
It is indeed a functor. Let J 2% J' %+ J” be morphisms in _#. Using commutativity of the
diagram @, we have for all K in JZ :

Yo L(j) o L(j) = F(j',idxk) o ¢ o L(j)
= F(j',idg) o F(j,idk) o ok
= F(j oj,idk) o pk

Hence L(j")oL(j) = L(j'oj) by Lemma Similarly, we have L(id;) = id(s). So L is a func-
tor. We denote by : limje ¢ (limgey F'(J, K)) the limit of the #-shaped diagram L, if it exists.

The interchange property :

limje y(limger F(J, K)) = limger (limye ¢ F(J, K)),
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means that the canonical morphisms connecting these two limits are in fact isomorphisms. Let
us define what we mean by canonical morphism. Starting with the limit of L defined above, we
have the composites for every J and K :

limL —22 limge o F(J, K) 255 F(J,K).

Let K be a fixed object in .# and j : J — J' be a fixed morphism in _#. The composites
vk o @ form a cone of the functor F'(—, K) since we have :

F(j,idk)opropy = ¢ olimgeyrF(j,idk)o ¢y
= Ygopr.

Therefore, there exists a unique morphism Ax : limL — limje 4 F' (J, K) such that the following
diagram commutes, for every J and K :

limL —2% 5 lim e ,F(J, K)

lﬂﬂj \L@J
limger F(J,K) —2%— F(J,K).
where @ is the morphism which stems from the cone limjec s F(J, K). Let k : K — K’ be a
morphism in #". Define %', the morphism constituting the cone lim e 4 F(J, K). We have :
@f]olimJE/F(idJ,k) O)\K = F(id],k) o@JO)\K
= F(idy, k)opropy
= YK °®J
= Prork
Therefore we get : limje » F(ids, k) o Ak = Mg/, using Lemma Thus the morphisms
Ak form a cone, and so there exists a unique morphism A\ : imL — limge ¢ (lim e 4 F(J, K)),
which is one of the desired canonical morphism. Analogously we can define the other canonical

morphism :
M limKe;g(limJefF(J, K)) — llmJ€j¢<llmK€%F(J, K))

THEOREM C.3.3 (Interchange Property of Limits).
Let € be a complete category. Let # and & be small categories. Given a functor F': 7 x & —
%, and using previous notations, the following interchange property holds :

limJej(limKe;gF(J, K)) = limKef(limJG/F(J, K))

PROOF : We want to prove that the canonical morphisms A and p defined in our previous
discussion are mutual inverse isomorphisms. Let us prove that g o A = id. By Lemma it
suffices to prove :

PEROPIOPOA= PR OPY,
for every objects J and K. But this is straightfoward from the definition of the canonical
morphisms. Similarly, we have A oy = id. O

Of course, all of our work can be dualized for colimits. We have therefore the dual theorem.

THEOREM C.3.4 (Interchange Property of Colimits).
Let € be a cocomplete category. Let Z and ¢ be small categories. Given a functor F :
I xH — €, the following interchange property holds :

colim je ¢ (colimpe » F'(J, K)) = colimge ¢ (colim je 4 F(J, K)).
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C.4. TOWERS AND TELESCOPES

In algebraic topology, we are often faced with special cases of diagrams called towers and
telescopes. For instance CW-complexes and stable homotopy groups are colimits of telescopes.

TOWERS If 7 ={0+« 1< 2+ 3+« ---}, then a ¢-shaped diagram F' in a category € is
just a sequence of morphisms in % of the form :

Codl ooy O

We call such a diagram a tower and we denote its limit limF by lim,C,. Let us emphasize
the universal property in this case. Write L the limit. There is a collection of morphisms
{on: L = Cyn}, in €, satisfying f,,—1 0 ¢n = @p_1 for any n > 1, such that for any object YV’
together with morphisms {1, : Y — C,}, in € with f,_1 o4, = 1,_1, there exists a unique
morphism u : Y — L in %, such that ¢, o u = 1, for any n, i.e., the following diagram
commutes :

7 C%+1

J
8

Define the shift map :

sh:HC’n—>HCn,

n>0 n>0

by the formula sh = (fo o pry, f1 o pro, ..., fn 0PIy, ..), Where pr; : [[,50Cn — Cj are the
natural projections given by the definition of the product. Then it easy to see that the limit
= lim,,C), is given by the following pullback (actually an equalizer) :

L II ¢

n>0
l Jﬁshjd)
[[¢ — Il CGux ]I Cu

n>0 n>0 n>0

Indeed, name ¢; : L — C; the morphism defined as the composite :

L—J[c =,
n>0
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where the unlabeled morphism is the one given by the pullback (they are both the same as
it is actually an equalizer). It follows that f,—1 o ¢, = pn—1, for any n > 1 (thanks to the
shift map). Now suppose we have an object Y together with morphisms {¢, : Y — Cy}, in
% with f,,_1 0, = ¥,_1. By the universal property of products, there is a unique morphism
U :Y — [[,>9Cn such that pr, o ¥ = 4, for any n > 0. Hence, the universal property of
pullbacks (or_equalizers) gives a unique morphism « : Y — L such that the following diagram
comimutes :

“r I1C-

n>0
l Jﬂsth)
HCnT I1 ¢ = I] Cn-

n>0 n>0 n>0

It follows that ¢, o u = ¥, for every n > 0, and therefore L is indeed the limit of the tower.
Thus, in ¢ = Set, the limit is given by L = {(%n),>¢ € [1,50 Cn | fu(zn) = zn, ¥n > 0}. We
can carry out this construction for the categories Gr, Ab, Top, etc.

TELESCOPES If # ={0—1—2—3— ---}, then a ¢-shaped diagram F in a category
% is just a sequence of morphisms in % :

G o oy oy — . o IO —

We call such a diagram a telescope, and we denote its colimit colimF' by colim,C,,. We again
emphasize the universal property in this case. Let L denote the colimit. There is a collection
of morphisms {p,, : C,, — L}, satisfying ¢, 11 0 f,, = ¢n, for any n > 0, such that for any other
object Y in ¥, together with morphisms {¢,, : C,, — Y}, such that ¢, 41 o f,, = 1y, there
exists a unique morphism v : L — Y such that uw o ¢, = 9, for any n > 0, i.e., the following
diagram commutes :

Co

C%+144444 e

fO Cl fl Cn fn
\ / \ /

4mmgo

<

Define the shift map :
sh: H C, — H Ch,
n>0

n>0

by the formula sh = (1 0 fo,t2 0 f1,...,tng1 0 fu,...), where ¢; : C; — ][,5oCn are the
canonical inclusions given by the definition of the coproduct. Then it easy to see that the

77



colimit L = colim,C), is given, by an argument dual to the previous case, by the following
pushout (again, actually a coequalizer) :

[Tc.uIlc 2 e,

n>0 n>0 n>0

| J
I1 ¢x L.

n>0

Therefore, for ¥ = Set, the colimit is given by L = [[,;~cCn/ ~, where ~ is an equivalence
relation given by x, ~ f,(x,), for every n > 0 and (xn)nz_o in [],,50 Crn. We can carry out this
construction for the categories Gr, Ab, Top, etc. -

For instance, if ¥ = Top and the maps f;,, are inclusions, then the colimit of the telescope is
just the union (J,;>¢ ), endowed with its coarsest topology such that the canonical inclusion
tj: C5 = Up>o C,, are all continuous, i.e., its weak topology : A is closed in U,>0 Cr if and only
if ANC,, is closed in C,, for each n > 0. This is exactly the construction used in the definition
of a CW-complex. Another example can be given for ¥ = Ab, with the following proposition,
which is a just a reformulation of what we have just proved.

ProrosiTION C.4.1.
Suppose we have a telescope Ag 7y Ay Iy Ag EL of abelian groups. Then there is a short
exact sequence :

0 —— @AJ —% @AJ L colimjAj — 0,
J20 J20

where a(aj) = a; — fj(a;) for each aj in Aj, and the restriction of B to A; is the canonical
homomorphism ; : Aj — colim;A;, forming the co-cone (colim;A;, gpj)ﬂ

We now present various useful results on telescopes. Let us first introduce the dual of Lemma

[C32

LEmMA C.4.2.

Let € be a category, and # be a small category. If a co-cone (L, p) is a colimit of a ¢ -shaped
diagram F in €, then two morphisms f,g: L — C in € are equal as long fopy=go s, for
every object J in 7.

PROOF : Follows directly from the universal property of colimits. O
This argument leads to the following two results.

THEOREM C.4.3 (Colimits of Telescopes Preserve Exactness).
Supposecg:Ab. LetA()&AlgAQE'“,BQ&Z%%BQ%'“, and00@01g623-"

1The homomorphism 3 o « is actually the coequalizer of the shift map with the identity.
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be telescopes such that there is a commutative diagram :

o o e z Joos

BO go Bl g1 32 gn

o g Joes

ho hi Ry
CO Cl CQ n v Cn+14>...’

where A; X B; Y C; are exact, for each j > 0. Then there is an exact sequence :
colim,, A,, — colim,, B,, — colim,,C,,.

PROOF : We first begin by constructing the canonical homomorphism u and v. There exist
morphisms ¢; : A; — colim,, A,, forming the co-cone with the colimit colim,, A,, of the telescope

Ag & Aq A As fi .-+ . There exist morphisms v; : B; — colim, 5, forming the co-cone
with the colimit colim,B,, of the telescope By R By KA By CLO Hence, we have a co-cone
(colimy, By, {1, 0 uy},,) of the telescope Ay & Aq A Ay ]3 --+. By the universal property

of colimits, there exists a unique homomorphism w : colim, A, — colim,B,,, such that : uo
©Yn = Yn O Uy, for every n > 0. Similarly, the universal property of colimits gives a unique
homomorphism v : colim, B, — colim,,C,, such that : v o, = 0, ov,, for each n > 0, where
; : C; — colim,C), are the morphisms forming the co-cone with the colimit colim,C;, of the

telescope Cy hy 4 hy Cy b3 . Let us prove now the exactness.

im u C kerv We want to see that v o u is the trivial homomorphism. From Lemma we
only need to see that v o u o @, is the trivial homomorphism, for each n. So let a be in
A,,. We have :

(vouowpn)(a) = v(yn(un(a)))
On((vn © un)(a))
= 0.

Therefore im u C kerv.

kerv C im v From Lemma it suffices to suppose that we have b in B,, such that (v o
) (b) = 0, ie., (0, 0v,)(b) = 0. We get (011 0 hy 0 vy,)(b) = 0. So (hy owvy)(b) =0
by Proposition From commutativity of , we have : (vp4+109,)(b) = 0. By
exactness, there is a in A,41 such that u,y1(a) = gn(b). Therefore we get :

(wownt1)(a) = (Ynt+10upt1)(a)
= (¥n+1°9,)(b)
= Yn(b).
Thus im v C kerwv.
Therefore im u = ker v. O

ProrosiTiON C.4.4. ’ , } , , ,
Let € be any category. Let Ay BA S AR and By ELY By EEN Bs B be telescopes in €,
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whose colimits exist. Let (A = colim, A,,t) and (B = colim, B, \) denote the co-cones forming
the colimit of the telescopes. Let r,s : N — N be increasing functions. Let fn : Ap — By(y) and
gn : Bn — Ay be morphism in € for every n. As shown in the proof of Theorem they
induce canonical morphisms f : A — B and g : B — A. Then we have the following results.

(i) The following diagrams commute for allm >0 :

A, —2At 9,4 B, B9, 4-1,p
\Ln/ \)\n/

if and only if f: A — B is an isomorphism in €, with inverse g : B — A.

(ii) Suppose that r, or s, is a stricly increasing function. If for all n, the following diagrams

commute :
fn 9r(n) n Fs(n)
lg(r(n))—10""Oln Jr(s(n))—19"%Jn

then f: A — B is an isomorphism in €, with inverse g : B — A.

PROOF : To prove that f and g are mutual inverses, we have to check that g o f = id4 and
fog =idp. The first statement follows then directly from Lemma, The second statement
follows from the first since we obtain the following commutative diagram :

LHT Mnﬁ Ls(r(n)ﬁ AnT Ls(n)T Ar(s(n))
A I g ) 4 B 9., 4 ) B
n r(n) s(r(n))» n T Agn) T Dr(s(n))>
Es(r(n))—19""%tn Jr(s(n))—19"%Jn
for all n > 0. L]

We now give the behavior of homotopy and homology groups with respect to particular
colimits of telescopes.

THEOREM C.4.5 (The Homotopy of Telescopes).

Suppose there is a sequence of inclusions X xS X; < Xjt1 = --- of based
topological Tl—spaceéﬂ where the basepoint is chosen in Xg. Then for each n > 0, there exists a
natural isomorphism :

colim;m, (X) = Ty (colim; X ;).

PROOF : We start by building the natural homomorphism colim;m, (X;) — 7, (colim;X;). For
n > 0 fixed, the colimit of the telescope :

L

Xo 0 X3 al X5 R Xj

T T -

Lo L1 L2

g, e

COhijj s

Xj1

2We only need that each point in the spaces are closed, but one can replace the T;-property by the Hausdorff
property if one is not familiar with T3-spaces
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induces the desired (unique) homomorphism @ (or set map for the case n = 0), using the
universal property of colimits, which is obviously natural :

Z * ZJ*

\\W; /

Here naturality means that if there is another telescope diagram Yy 2 V7 &Y, — -+ in Top,
such that there are based maps f; : X; — Y}, for any j > 0, provided that f;1107; = gj410 f;,
then there exist a map f : colim;X; — colim;Y; induced by {f;} and a homomorphism f; :
colimm, (X;) — colim;m, (Y;) induced by {f;. } such that the following diagram commutesﬁ

colim;my, (X}) BELEN colim;m, (Y;)

9 &
7 (colim; X ;) ) ™ (colim;Y5).

Let X := colim; X; = |J;5( X be the colimit. We have the following claim.

CLAIM For any compact space K, and for any map f : K — X, there exists
m € N such that im(f) C X,,.

PrROOF OF THE CLAIM : Suppose that such a m does not exist. Since im(f)
is a compact subspace of X, let us use the characterisation of the compactness
by the finite intersection property (see theorem 26.9 in [MUNKRES, 2000]) to get a
contradiction. Since im(f) € X,, for any m, then there exists an element z,, in
im(f) — (im(f) N X,), for every m. Since Xj C X, if & < m, we get x,,, ¢ X
whenever k < m. Therefore we obtain [{X,, N {zx | £ € N}}| < m for any m.
But, {x;} is closed in X, for all £ in N. Hence X,, N {z; | k¥ € N} is a closed
subset of X,,, for each m. Thus {z} | k£ € N} is a closed subset of X, whence of
im(f) as well. Define Cy, := {z | K > m}. We get a collection of closed subsets of
im(f) : {Cin},en- Notice we have Cryy M. N Cr, = Crax(my,1<k<r) 7 0, for any
mi,...,my. But ey Cm = 0. We get a contradiction with the finite intersection
property of the compact subspace im(f). O

We now prove that ® is an isomorphism, using the claim. Let [f], be an element of 7, (X).
Since S™ is compact, there exists m such that im(f) C X,,,. Hence [f], is in 7, (X,y,). Surjectivity
follows when using the homomorphism 7, (X,,) — colim;m,(X;). Suppose now ®([f],) = 0 for
some [f], in colim;m, (X;). Then there exists a homotopy H : S™ x I — X from a representative

3Here the argument for an existence of a natural morphism ® remains valid for any telescope diagram X; —
X;+1 (not necessarly inclusions). In fact, it holds for any colimit of any diagram (not necessarly in Top, ), and
any functor defined on the category (not necessarly 7).
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of ®([f],) to the identity. Using the compactness of S™ x I, we obtain a homotopy from a well-
chosen representative of [f], to the identity. Therefore [f], = 0. So @ is injective. O

COROLLARY C.4.6.
Let X and Y be CW-complexes. Let us denote (X x Y)" the product endowed with its weak
topology. Then we obtain the following isomorphism for alln >0 :

(X X Y)Y) 2 10 (X) @ mn (V).

PROOF : For the sake of clarity, let us write X x Y instead of (X x Y)". It is a CW-complex
with j-skeleton :

(X xY), U X; x Y,
1=0
where X; and Y denote the j-skeletons of the CW-complexes X and Y respectively. We first
show that : colim;(X X V), = colim;(X; x Yj). Consider the two telescopes induced by the
inclusions of skeletons :

XoxYy— X7 x V¥ XixY; —— Xj1 XY —— -

(X xY)y —— (X xY), (X xY), ——= (X xY); ;3 —— .

Jjt+1
Define for all 7 > 0 the inclusions :

. 2
XjXYj‘f—J>UXjX}/2j_7;:(XXY)
=0

27

and the inclusions : ,
(X xY);, —"— X; x Y}

We obtain the following commutative diagrams for all j > 0 :

Xjx Y e Xojx Yo, (X xY), = (X xY),,.

\/ N T

(X xY), X xYj,

Therefore by Proposition we obtain the desired homeomorphism :
colim; (X x Y); = colim; (X x Yj).

Thus we get :
(X xY) = mp(colimj(X x Y),)
= my,(colim;(X; x Yj)), by previous homeomorphism,
= colim;m,(X; x Yj), by Theorem
= colimy(ma (X;) © ma(Y;))
= colim;my,(X;) @ colimjm,(Y;), by Theorem
~ 71,(X) @ m(Y), by Theorem
for all n > 0. L]
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THEOREM C.4.7 (The Homology of Telescopes).

Suppose there is a sequence of inclusions X &% X, BN X; A X1 = -+ of topological
Ti-spaces. Let E, be a generalized homology theory. Then for each n in Z, there exists a natural
isomorphism :

colim; E,, (X ;) = E, (colim; Xj;).

PROOF : Set X := colim;X;. Working with path components, we may assume that X and X
are path connected, by the additivity axiom. We can then work with based spaces with base
point chosen in Xy. We construct what is called generally a homotopy colimit : special case of
a much more general construction. For j > 0, let M1 be the mapping cylinder, defined as the
pushout :

Xj —— Xjx[ji+1]
gl |
Xjp1 —— Mjp,
where the top row unlabeled map sends each = of X; to (x,j+1). As usual, we have homotopy

equivalences : M4 = X j+1, such that the following diagram commutes :

Mn i Mn+1

4 E

i
X'n, s Xn+1-

We define a new telescope of spaces Yy — Y7 — Yo — - -+ inductively. Set Yy := Xy x {0}. Let
Y1 = M;. Of course X1 x {1} C Y;. Suppose we have constructed Y; D X; x {j}. Let Yj;1 be
the double mapping cylinder defined as the pushout :

XJX{j}‘—>)/3

Ik

My —— Yo,

Again, we have the usual homotopy equivalences Y;1q = Mjyq1, and Yy = Xo. We get that :

YVopr=M [ M2 IT .- I M

X1x{1} Xox{2} Xp—1x{n—1}

Define the space T' := hocolim;X; := colim;Y; as the homotopy colimit of Xo — X1 — ---
Therefore, we have :

rT=UY=|UXxbi+1]/~
Jj=0 J=0

where X; x [7,7+1] 3 (zj,j+1) ~ (ij(x;),j+1) € X1 x [j+1,j+2] for each j and z; in Xj.

We have composites of homotopy equivalences that give homotopy equivalences 7; : Y; =X 1

for all j > 0, such that we have commutativity of the following diagram :

Yj
Yy Y Vi

glrj zlrj+1

ij
Xj — Xj+1.
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The homotopy equivalences r; composed with the maps X; — colim;X; induce a (unique) map :
r: T = colim;Y; — colim; X; = X.

It induces isomorphisms on homotopy groups, since we have for all n :

m(T) = my(colim;Y;)
= colim;m,(Y;), by Theorem
= colimjm,(X;), by the homotopy equivalences 7,

12

mp(colim; X;), by Theorem
Tn(X).

Hence r is a weak equivalence. By the invariance with respect to weak equivalences axiom,
r induces an isomorphism on homology, i.e., E,(T) = E,(colim;X;) for all n. Therefore, it
suffices to prove that the natural homomorphism :

colim; E,(X;) = colim; E,,(Y;) = Ey(hocolim; X ;) = E,(T),

is an isomorphism, for each n in Z. Define A and B to be open subspaces of T' given by choosing
0 < ¢ < 1 and setting :

A= (XO x Iu H (ngfl x]25 — (,25] U Xoj X (27,27 + 1])) / ~,
j21

and :

B = (H Xojx]2j+1—(,2j+ 1] U Xgjq1 X [2j+1,2j+2]) [ ~.

j>0
The spaces A and B are indeed open in T, and AU B =T. Let C be the intersection AN B,
we get :

C = (Hij]j+l—C,j+1]) [~
Jj=0

We obtain an excisive triad (T'; A, B). The homotopy equivalence |25 — (,2j] — {25} leads to
the homotopy equivalences : A ~, ;5o X2j, B ~u [[;50 X2j+1 and C =~ [];>( X, such that
the inclusion C — A induces a map taht becomes under the homotopy equivalence above :
szo X; — szo Xo; which is id : Xo; — X3; when restricted to Xo;, and dgj41 : Xojy1 —
Xoj1+2 when restricted to X1, for each j > 0; and the inclusion C' — B induces a map :
HJZO Xj — HjZO X2j+1 which is id : X2j+1 — X2j+1 when restricted to X2j+1, and igj : ng —
Xoj4+1 when restricted to Xs;, for each j > 0.

Using that E, is a homotopy invariant functor, and the additivity axiom, we obtain for each n
on Z the isomorphisms :

En(A) =2 @ En(Xs;), En(B) = € En(X2j41), and E,(C) = P En(X;).
=0 j=>0 j>0

We now obtain the following commutative diagram where the rows are exact, for each n € Z;
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we shall explain it in details, row by row :

s Bu(C) — s Ey(A) ® Eg(B) — s By(T) —— -+
L% Jg E,(r) |
%@En(X])L@En(X])LEn(X)% )
320 J=0 ~ *

i
|
|
%Ialt E’Ialt i
i

0 —— P E(X;) —2— @ E(X;) —2— colim; By (X;) — 0.
j=>0 j=>0

FIRST ROW OF () It is the Mayer-Vietoris sequence, where 1, (e) = (En(£a)(e), En(¢5)(e)),
for each e in E,(C), with {4 : C — A and ¢ : C — B the inclusions; and where
on(a,b) = Ey(sa)(a) — En(sp)(b), for each a in E,(A) and b in E,(B), with the inclusions
sa:A—Tand sg: B < T, as usual. This row is therefore exact.

SECOND ROW OF (ED It is the previous Mayer-Vietoris sequence but seen via our homotopy
equivalences and the weak equivalence . Recall that elements in ;> En(X;) are 3,5 €;
where [{j > 0| E,(X;) 2 ej # 0}| < co. We define the homomorphisms :

fn@En(X]) — @EH(X])

>0 >0
doej > e+ Enlij)(e)),
7>0 7>0

and :
gn3®En(Xj) — En(X)

Jj>0
doej v Y (1) Enlks)(e)),
>0 >0
where k; : X; — X = colim;X; is the inclusion, for each j > 0. From our previous talk
about how the inclusions £4 : C' — A and {p : C — B restrict via the homotopy equiv-
alences, it follows that the upper lefthand square of (ED commutes. The upper righthand
square commutes since we have the following commutative diagrams :

A2 7T B——"F T
:J/ l’r :J/ lr
HXQj > X, HX2j+1 — X.
j>0 2 >0 k2j11
Jj=>0 Jj=0

Therefore, the second row is exact.
THIRD ROW OF (ED It is the short exact sequence which stems from proposition applied
En(i En (i .
to the telescope E,(Xo) mig) E,(X1) () We define the automorphism :

alt : P EL(X;) — P EaX))

Jj=0 Jj=20
Zej — Z(—l)jej.
j=0 Jj=0
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It is easy to check that the bottom left square commutes. From the universal property
of colimits, there exists a homomorphism colim; E, (X;) — E,(X) (dashed in ())), which
makes the bottom right square commutes.

We get that the dashed map in (ED is an isomorphism, using an argument similar to the 5-
Lemma. U
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