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Abstract. These are my solutions to selected problems from chapters 5-9 of
Partial Differential Equations by Lawrence Evans. Any mistakes in these
solutions are my own. I plan to write more solutions in the future. If you
would like to speak with me about these solutions (or about anything related
to PDEs) then I can be contacted at mkehoe5Quic.edu.
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Chapter 5 Solutions

5.10.4 Assume n =1 and u € W'?(0,1) for some 1 < p < oco.

(a) Show that u is equal a.e. to an absolutely continuous function «' (which
exists a.e.) belongs to L?(0,1).

(b) Prove that if 1 < p < oo, then

fu(e) — u(y)| < |o—y|' 7 ( / o dt)””

for a.e. x,y €[0,1].

We first state a lemma summarizing the relationship between absolutely
continuous functions and the fundamental theorem of calculus.

Lemma 1. A function U on [a,b] is absolutely continuous if and only if

for some integrable function u on [a,b].

Proof. The sufficiency part of the lemma follows directly from the fundamental
theorem of calculus. That is, if u is integrable on [a, b], and if U is defined by

U(x) = / u(t)dt, a<xz<b,

then U’(z) = u(z) for almost every x in [a,b]. To prove the necessity part, we
let U be an absolutely continuous function on [a,b]. Then U is differentiable
almost everywhere and U’ is integrable on [a, b]. Let



Evans Chapters 5 - 9

By the fundamental theorem of calculus, G'(z) = U’(x) for almost every

x € [a,b]. It then follows that (U — G)'(x) = 0 for almost every z € [a, b].
Therefore, U — G is a constant. But U(a) = G(a). Therefore, U(x) = G(z) for
almost every z € [a, b].

For (a), let [a,b] = [0,1] and v(z) = [ w/(s)ds. Then v is an absolutely
continuous function by Lemma 1 (also see Rudin [7] for a proof). Therefore for
any test function ¢ € C°(0,1) :

/01 (v(z) —u(z)) ¢/ (z) dw —/ / s)ds ¢ (x) dx — /01 u(z)¢' (z) dz
//¢ ) da )ds—/u(x)¢(m)dx

/¢ ds+/ o' (z)p(x) dz

0
/ () (z) dx + /01 o' (z)p(x) dz = 0.

As ¢ was chosen arbitrarily, we see that u is equal a.e. to an absolutely
continuous function u’ as required. For (b), since ' is in L”(0,1) we apply
Holder’s inequality with ¢ = p/(p — 1):

() — uly)| < / (1))t
Yy
x (p—1)/p x 1/p
(o) ()
Yy Yy
1 1/p
<lo-u o ([Cwrar)
0

5.10.6 Assume U is bounded and U CC Ufil Vi. Show there exist C*°
functions ¢; (i =1,2,...,N) such that

Zf\ilgzl on U.

The functions {¢;}Y, form a partition of unity.

Proof. We first complete problem 5.10.5. Let U and V be open sets with
V cC U. We need to show that there exists a smooth function ¢ such that
(=1onV and ¢ = 0 near JU.
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As suggested in the hint by Evans, take V. CC W CC U and let € > 0 be the
distance between V and 0U. Then define

W= {xGU s d(z, V) < %}

By making this distance small enough, we have constructed an open set W
which is contained between U and V. Let € = /8. Then

ne(x) = 5%77 (g)

is the required mollifier as suggested in Appendix C of Evans. Define

() = nz * xw (),

where spt(t)) C spt(nz) + spt(xw) C U and is therefore a smooth function.
Hence

wle) = [ nee— ypowl)dy

- / ne(@ — v)xw (y) dy
B(z,&)NW

= / nz(x —y) dy.
B(z,&)nW

So if B(x,€) C W, we see

/ ne(y) dy = / ne(y) dy = 1,
n B(0,8)

which implies that the support is in W N B(0, ). As W is compact, we will
cover it and its boundary by open balls. Let

where W; denotes an open ball which covers a portion of W and possibly the
boundary. Then we may observe that we can use the mollifier s, for every
open ball W; where

Yi(@) == nz, * xw ().

By defining
N

Yi(x)
((2) =Y —l
; S ()

we observe that for any fixed z € U, only three terms in the sum will be
nonzero. As V. CC W CC U, it is clear that ( =1 on V and ¢ = 0 near oU.
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To complete 5.10.6, we assume U is bounded and U CC Ufil W; cC Ufil Vi.
So, U has a finite cover {V1,...,V,,} where for every V;, we have a 1); as
constructed above. The support of 1; is contained entirely in V;, ¥; = 1 on
W;, and every v; is smooth by definition. Therefore, we define

Vi(x)
S vi(z)

where ). (; = 1 by construction and for all z € U, the support of ¢; is
contained in V;. Also, (; is smooth because the v; are smooth. Thus, the
collection {¢;}Y, fulfills all of the requirements and is a partition of unity
subordinate to the cover {V1,...,V,}.

CZ((E) =

5.10.7 Assume that U is bounded and there exists a smooth vector field «
such that « - v > 1 along OU, where v as usual denotes the outward unit
normal. Assume 1 < p < co.

Apply the Gauss-Green Theorem to faU |u|Pa - v dS, to derive a new proof of
the trace inequality

/ ufP dS < c/ \Dul? + [u]? dz
oU U
for all u € C1(U).
Proof. As a-v > 1 along U, we have |u|? < |u|Pa - v. Then
/ |ulP dS §/ |ulPa- vdS
U U
= / V- (JulPa)dx (Gauss—Green)
U
= / [ulP(V - a) + a- V]ulP dz
U
< C/ [ul? 4+ |V|u|P| dz.
U

Therefore, since
Vlul” = plul"~" (sgn u) Du,

/ luldS < C’/ |u| + |Du| dz.
ou U

On the other hand, if p > 1 then we apply Young’s inequality with
a=|Dul, b= u""1, g = p/(p - 1) to form

we have for p =1

/ IV [ul?| de < c/ plulP=Y| Dul da < c/ DUl + (p— 1)]ul? da.
U U U
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The constants above are different at every inequality. We may now observe
that

/ lufr dS < C / [ul? + |Duf? + (p — Djul? dz
oU U
< C/ |ul? + |Dul? dx,
U

as required.

5.10.8 Let U be bounded, with a C' boundary. Show that a “typical”
function v € LP(U) (1 < p < o0) does not have a trace on OU. More precisely,
prove that there does not exist a bounded linear operator

T: LP(U) — LP(3U)

such that Tu = u|sy whenever u € C(U) N LP(U).

Proof. We will construct a counterexample in L?(U). We need to show that
there does not exist a constant C' > 0 such that ||Tu|| 290y < Cllul| g2y for
every u € L?(U). Let’s consider the following sequence of continuous functions:

1

" 1+ nd(z,00) vel.

Then
0 <uu(z) <1,
up(x) =1, =z € oU.

Therefore, for every z € U, we see that u,(x) — 0 pointwise, so by the
dominated convergence theorem

[unllZ 2y — 0
However, for every n we have
ITunlZ200) < C*lunlzwy = 0,

which implies that the area of the boundary is equal to zero. As Tu, =1 for
every n we see that we have arrived at a contradiction. The same analysis
works for LP(U) when 1 < p < o0. O
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5.10.9 Integrate by parts to prove the interpolation inequality:

|Dullz= < Cllull 5[ D?ul
for all u € C°(U). Assume U is bounded, OU is smooth, and prove this
inequality if u € H2(U) N H}(U).
(Hint: Take the sequences {v}?2, C C°(U) converging to u in H}(U) and
{wi}$2, € C>°(U) converging to u in H2(U).)

Proof. Let u € C°(U). Integrating by parts and applying Cauchy—Schwarz in
the last inequality forms

/Du-Dudng/ |u|| D?u| dx
U U

1/2 1/2
<C </ |u|2dm) (/ | D?u? d:r) ,
U U

where the boundary term disappears since u has compact support. Taking the
square root yields

1/2 1/2
||DU||L2(U) < C||u||L/2(U)||D2uHL/2(U)'

Following the hint provided by Evans, since H}(U) is the closure of C§°(U)
with the norm of H*(U), we can find a sequence {v;}32; in HY(U) N C>(U)
converging to u in H}(U). Also, since OU is smooth, we can extend U to a set
V such that U CC V. Then, by the density of C°(V'), we can find a sequence
{wy}$2, in C>(U) converging to u in H3(U). So, we apply the Gauss—Green
Theorem and evaluate Dvy - Dwy which after one application of
Cauchy—Schwarz yields

/ Duy, - Dwg dx < C/ |vg || D*wy | dov
U U

1/2 1/2
<C (/ vk |2 dx) (/ |D2wk|2dx) ,
U U

where the boundary term once again vanishes because v, has compact
support. As k — oo,

1/2 1/2 1/2 1/2
C (/ |vk|2dx) (/ D2wk|2dx> - C (/ |u|2dx> (/ |D2u|2dx) ,
U U U U

which is equivalent to C|lu||r2(v) || D*ul L2(v). To show that the left-hand side
converges to || Dul2. (1)» we evaluate the difference and once again apply
Cauchy—Schwarz

/(ka'Dwkaeru) dx:/
U

(Duk - (Dwg — Du) + Du- (Dvy = Du)) de
U

< / |Dvy| - |Dwy, — Du| 4 |Du| - |Dvy, — Dul| dx
U

< || Dokl L2 @n | Pwr — Dull 2y + | Dul| 20y | Do — Dul| 20y,
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where as k — oo, the right-hand side goes to zero since both v, wr — u where
uw € H*(U)N H(U). This implies that

/ Duvy, - Dwy dz — / |Dul|? da,
U U
and we may conclude

||DU||2L2(U) < CHU||L2(U)HD2U||L2(U)
which after taking the square root forms

1/2 1/2
I1Dull 2w < Cllull e | Dull -

5.10.11 Suppose U is connected and u € W1P(U) satisfies
Du=0 ae inU.
Prove u is constant a.e. in U.
Proof. First Solution: Counsider the domain U, = {x € U : dist(z,0U) > ¢}.

For z € U, consider the function u.(z) = [ 7.(z — y)u(y) dy where 7, is a
standard mollifier. Then u. € C*°(U,) and

Du(z) = / ne(z — y) Duly) dy

by the definition of the weak derivative. Since Du = 0 a.e., we have that
Du.(xz) =0 for all z € U, and hence u, is constant in U,. Since
|lue — ul[Lr(v.y — 0 as € = 0, we have that u is constant a.e..

Second Solution: Let £ > 0. Then consider the smooth functions
ue = ne xu € C=(Ue),

where U, = {x € U : d(z,0U) > ¢}. By Theorem 5.3.1 in Evans, we have
Dy, (us) = ne * Dy, u.

Therefore, by assumption, D, u. = 0 a.e. in U.. So u, is constant on each
connected subset of U,.

Next, let z,y € U. Since U is connected, there exists a polygonal path I' C U

which connects x and y.

Let 6 = milgl d(z,0U) be the minimum distance of points in I" to the boundary
ze

of U. Then for every € < ¢ the whole polygonal curve I is in U.. So z,y lie in
the same connected component of U.. Hence u.(z) = u-(y) = const.
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Figure 1: If U is connected then its subdomain U, may not be connected.
However, any two points x,y € U can be connected by a polygonal path I'
remaining inside U. So, if £ > 0 is sufficiently small, then x and y belong to the
same connected component of U,.

As u € WHP(U), Theorem 7 in Appendix C of Evans tells us that

e—0 .
U — u a.e. in U.

Thus, u is a constant a.e. in U. O

5.10.13 Give an example of an open set U C R™ and a function
u € WH2°(U), such that u is not Lipschitz continuous on U. (Hint: Take U to
be the open unit disk in R?, with a slit removed).

Proof. Consider the slit plane
A={(r0):0<r<oo, —m<0<nm}CR?

in polar coordinates. The function

u(r, 0) = rsin (g)

is continuous and locally Lipschitz. However, if we let € > 0 and define a
compact subset of A as

K={(r0):1/2<r<3/2, —r+e<f§<m—c} CR?

then we will see that the Lipschitz constant will be unbounded. Define r =1
and @ = +(m — ) and consider two points in K where z1(r,0) = (1,7 — €) and
x2(r,0) = (1,6 — w). Then when ¢ — 07

°) —sin (57)]
— )l

lu(z1) — u(z2)] ‘sm(
sup ———— >
wtzs  |T1— X2 e—0+ |cos(m — &) — sin(e
2cos (¢/2)
c—0+ sin(m — &)

— OQ.

10
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Thus when € — 01 we see that the Lipschitz constant is unbounded.
Therefore u € W1°°(U) is not Lipschitz continuous.

O

5.10.15 Fix a > 0 and let U = B%(0,1). Show that there exists a constant C,
depending only on n and «, such that

/u2dx§C/ | Du|? du,
U U

Hz e U |u(x)=0}>a ueH(U).

provided

My analysis closely follows the ideas presented by Giovanni Leoni in Chapter
12 of [6]. T will show that a variant of the Poincaré inequality is true in

Wh2(U).

Theorem 2 (Poincaré inequality in W2(U)). Let p =2 and let U C R? be a
connected extension domain for W 2(U) with finite measure. Let E C U be a
Lebesgue measurable set with positive measure. Then there exists a constant

C =C(2,U,E) > 0 such that for all u € W12(U),

/U|u(3:) —uplds < O/U \Du(z) 2 da, (1)

where
1

1
ug |E|/Eu(x)d:c£N(E)/Eu(x)dx

Proof. Let E :={x € U | u(x) = 0}. Then |E| > 0 and ug = 0 by definition.
Assume by contradiction that the result is false. Then, there exists a sequence
(uy,) C HY(U) = WH2(U) such that

/U (&) — (n) 5]° d > n/U D ()2 daz > 0.

Define ()
Up — \Un)E
= : (2)
un — (un) el L2(0)

Up :

then v, € W2(U) and

1
lvallLz@y =1, (va)Ee =0, / | D, |? do < —,
U n
where the last statement follows from

1
1Dvnl720y < —llonlZz ).

11
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By the Rellich—-Kondrachov Compactness theorem, there exists a subsequence
(v, ) such that v,, — v in L?(U) for some function v € L?(U). So (2) and the
definition of ug imply

||U||L2(U) = 1, VE = 0.

Therefore for every ¢ € C}(U) and i = 1,2,..., N we find by Hélder’s
inequality
(o)) vy,
n d Lodx
/UU * axl * 81’1 (b

1/2
< hm (/ | Doy, | dx) (/ lo[? dm)
U

Consequently v € WH2(U) where Dv = 0 a.e. As U is connected, v must be a
constant (see 5.10.11). However, as vg = 0 and v is a constant, we see that

v = 0. This is a direct contradiction to the fact that |v[|z2(y) = 1 and
completes the proof. As ug =0, (1) implies that result is true for 5.10.15. O

z| = lim —11

5.10.17 (Chain Rule) Assume F : R — R is C!, with F’ bounded. Suppose U
is bounded and u € W1P(U) for some 1 < p < co. Show

vi=F(u) ¢ WY (U) and w,, = F'(W)u,, (i=1,...,n).

(Hint: Use that any sequence that converges in L has a subsequence that
converges pointwise a.e.)

Proof. First Solution: Let u € W1P(U). There exists
u, € C°(U)N WP (U) such that

|lu — ugllwre@) =0
as k — oo. Now
[F(ur)(2) = F(ue)(x)| < Clup(z) — ue()]
since F’ is bounded. Moreover
DF (ug)(x) = F'(ug)(z) Dug, ().

From this it follows that for any test function ¢ € C°(U)

/F(u)D¢dm = leI&/F(uk)D¢dx =— klg& F'(ug)Duy¢ dz.

12
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We may choose a subsequence so that uy tends a.e. to u and hence F’(uy) a.e
to F'(u). Now

‘/ (F'(ux)Duy — F'(u)Du) ¢ d

- ‘/ ((F’(uk) — F'(u)) Duy, + F'(u)(Duy, — Du))cbdx

<C [ (1Dt 1P/ (1) = @]+ 1P @) = o)) o] d
which tends to zero. Hence
/F(u)Dngdx = —/F’(u)Dud)d:v.

Since U is bounded F(u) € LP(U) and since F'(U) is bounded
F'(U)u,, € LP(U) and hence F(u) € WLP(U).

Second Solution: We assume 1 < p < co. Let ¢ € C°(U). By the density
theorem, there is a sequence (u,,) C C*°(U) such that u, — u in WP (U).
Therefore, u,, — u and Du,, — Du a.e. in U. Defining v,, = F(u,), we see that
both F,u, € C', so v, € C'. This implies that we may use the chain rule for
smooth functions to form

oles ouy,
_ F(up)— = F'(u,, .
| Plugtde = [ P Gods ®)
As F’ is bounded, we let M = sup|F’(t)|. Then
teR
o¢
(F(up) — F(u)) dz| < M | |up —u|dz — 0 asn — oo,
U O U

because u,, — u a.e. in U. Also

ou ou ou ou
’ no ) n
/U (F (un) oz, F'(u) 8561') odx

al‘i B 81‘2 dx

<l [ [F(un)

ol [ [P - P[5 de

where

RS

Similarly, since F’(u,) — F'(u) pointwise a.e. and

ou,,

Bz 33:1 dr — 0 asn — oo.

ou,,
<
dv < M / ‘ ox; 33:1

ou
32L‘i

[P/ () = F'(w)] -

QM‘

oz; !’

13
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we apply the dominated convergence theorem to conclude

[P =Pl |5

Together, these imply

| (PG - gt ) s

We now take n — oo in (3) to obtain

- [ Fwgtar= [ Pwgtod. (4)

which is the desired form of v,, = F'(u)u,,. As both F and u are sufficiently
smooth, it follows that the right-hand side of (4) is in LP(U), which implies
that v,, € LP(U). To see that v € W1P(U), we may observe

/|v|pdx—/ F(u) — F(O)? dx<Mp/ [l < o,
U

For p = oo, we review Chapter 5.8 of Evans. Let U be open and bounded,
with AU of class C'. Then u : U — R is Lipschitz continuous <=

u € WH(U). Therefore, W (U) is the space of Lipschitz continuous
functions in U. So for every x,y € U

u(x)
/ F'(t)dt
u(y)

Then, since u is a Lipschitz function it must have Lipschitz constant, say
|u(z) — u(y)| < L|z — y| for every z,y € U. This implies

dr — 0 asn — oo.

— 0 asn — .

|F(u(x)) — F(u(y)] = < Mlu(z) - u(y)|-

|F(u(z)) — F(u(y))| < ML|z —yl,

which shows that v = F(u) € WH°°(U). Theorem 6 in Section 5.8 of Evans is
known as Rademacher’s Theorem. It states that if u is locally Lipschitz
continuous in U then u is differentiable almost everywhere in U. As we have
shown that v = F(u) is locally Lipschitz continuous, it follows that

vg; = F'(u)uy, as in the case when 1 < p < oo.

5.10.18 Assume 1 < p < oo and U is bounded.

(a) Prove that if u € WHP(U), then |u| € W1P(U).

14
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(b) Prove u € WhP(U) implies u™,u~ € W1P(U), and

Dut Du ae. on {u >0}
u =
0 a.e. on {u <0},

Du— — 0 a.e. on {u > 0}
—Du a.e. on {u < 0}.

(Hint: u™ = lim._, F:(u), for
F(2) = (242 —¢ if22>0
o if z<0.)
(c) Prove that if u € W1P(U), then

Du =0 a.e. on the set {u=0}.

Proof. We need to show that if u € W1P(U), then u*,u~,|u| € WHP(U). By
Appendix A.3 of Evans,

ut = max(u,0), u~ = —min(u,0).
Following the hint for (b), we let

Fu(2) V2 +e?—g, ifz>0,
Z) =
c 0, if 2 <0,

therefore F.(z) € C1(R) and

z
— if 2 >0,
(RY(2)={ Vv e
0, if 2 <0,

which implies that ||(F.)'|| e ®) < 1 for every e > 0. Also, F(z) =
lim. o F:(z), where
if z >
F={> L2
0, ifz<o.

The conditions of the chain rule for WP are satisfied and we have

o9 ;. Ou
/UFE(u)axjdas——/U(FE) (1) -

for every ¢ € C5°(U). Observing that

o 1 on{us o),
611;1(1)(175) (“)_{07 on {u < 0},

15
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and

ut = lim F.(u) in U,
e—0

we apply the dominated convergence theorem (||(F.)|| e (r) < 00) as in
5.10.17 to find

0 . 19}

+ 7 — lim F. _r
/Uu O & /UEIE% (®) O o

o

= — lim (Fs)/(u)%gb dr (Chain Rule)
e—0 U 6373

_ / nm(pgmj;zm (DCT)

ye—0

ou
=— —¢dz.
u>0 ij

This shows that

Dut — Du, a.e. on {u > 0},
0, ae. on{u<0}.

As u™ = (—u)*, an analogous argument will complete (b). Then, (a) follows
from the fact that |u| = u™ +u~.
For (c), we have
v ut — du _ Out  Ju”
o C{)l'l o le 81’1 ’

therefore du/dz; = 0 a.e. on {u =0} and

Du, a.e. on {u> 0},
Dlu| =<0, a.e. on {u = 0},
—Du, a.e. on {u < 0}.

O

Exercise (Hardy’s Inequality on R.) Let p € (1,00). Then there exists a
constant C' = C(p) < oo such that for u € WHP(U) with Tu = 0,

/Ooo'i/otf(s)dspdtg (L)p/ooou(s)pds.

Proof. We will show

( [ [ s

P p o0 1/p
dt> < 2 ([Cirors) )

16
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Observe that

[ reas= [ ' flts) ds.

Therefore by applying Minkowski’s integral inequality to the left hand side of

(5), we see
N 1f(t8)dsp dt " < 1 Oolf(ts)l” dt v ds
0 0 0 0
= /01 s7YPds (/OOO lf ()P dt)l/p

2 ([Tiser ds)l/p,

as required.

Chapter 6 Solutions

6.6.3 A function u € HZ(U) is a weak solution of this boundary-value
problem for the biharmonic equation

{AQ‘u:f inU

u:%:() on OU

/AuAvdx:/fvdx
U U

for all v € HZ(U). Given f € L?(U), prove that there exists a unique weak
solution of ().

provided

Proof. We first derive a variation of the Poincaré inequality. We have that
ooz

HZ(U) :=Cx=(U) . Therefore, if u € HZ(U) there exists a sequence
(un) € C°(U) such that u,, — u € W2(U). Thus HZ(U) consist of the
functions W22(U) such that « = 0 and Vu = 0 on dU. As u, Vu € W, *(U)
we see that both of the following Poincaré inequalities are true:

lull 22wy < C1l|Vull 2y,

IVull 2y < CollVPul 2w,

17
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where C7,Cy > 0. These two inequalities allow us to obtain a Poincaré
inequality for the HZ(U)-norm

ull 2wy = lull7e @y + Vel Ze@) + V2l 720
S (1 + Cl + Cg)||V2u||2L2(U)
= C|IV?ull720)-

But we also have that
IV2ullZey < llullz @

Therefore ||V2u\|%2(U) is an equivalent norm in HZ(U) and we think of
lull3.2 = IV*ullZ2 ) (6)
as our norm on HZ(U). We now claim that
A 2wy = V2ull 2w (7)

for every u € HZ(U). To prove this, we consider u € C2°(U). Integrating by
parts and commuting partial derivatives gives

/ Ug,z; Uy z; AT :/ Ug;z; Uz a; AT
U U

for every 1 <i,5 < N. We then sum over all ¢ and j to arrive at
1Aull 2wy = IV2ull 220y

for every u € C°(U). As C2°(U) is dense in HZ(U), we pass to the limit to
find
1A 2wy = V2ull 2y, Yu € HF(U).

This proves (7). Then (6) implies that
lull g2y < CllAul[z2w). (8)

A similar analysis is shown in Stein: Singular integrals and Differentiability
Properties of Functions|[3].

For the biharmonic equation, we let f € L?(U). We consider the bilinear form
B:H2(U) x H3(U) — R defined by

Blu,v] ::/ AuAvdr Yu,v € HZ(U),
U
and the linear functional a : H3(U) — R defined by

a(v) :=/vad:l: Vv € HE(U).

18
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We need to show that the hypotheses of the Lax-Milgram theorem are
satisfied. First we observe that B is continuous because

/ AulAvdzx
U

1/2 1/2
< </ |Au|2d:c> </ Av|2daj)
U U

< Cllull gz lvll azw)

|B[U’UH =

by the Cauchy-Schwarz inequality and the definition of the H3(U)-norm.
Moreover, B is coercive as

Bl = [ 18uP da = [ Bulfa) > Clulligo
because of (8). Also, the functional a is continuous since

la(v)] < /U Fllv| da

() ()

= [[flle2anllvllLz @)
< vl @),

where v := || f| 2(). Therefore, by the Lax-Milgram theorem we see that
there exists a unique u € HZ(U) such that

Blu,v] = a(v) Yve HZ(U).

Hence
/AuAvdx:/fvdx Vv € HZ(U),
U U

and the Lax-Milgram theorem provides a unique weak solution of (x).

6.6.5 Explain how to define u € H*(U) to be a weak solution of Poisson’s
equation with Robin boundary conditions :

—Au=f inU
u—|—%=0 on OU.

Discuss the existence and uniqueness of a weak solution for a given f € L2(U).

19



Evans Chapters 5 - 9

Proof. To define a weak solution of Poisson’s equation we multiply the
equation by v € H'(U) and integrate by parts to get

—/Auvdaﬁ:/Du~Dvdw—/ v@dS
U U ou OV
:/Du~Dvdm+/ uv dS
oU

U
= /vadx.

The boundary conditions imply that u is a weak solution if

/UDu-Dvdm—i—/aU(Tu)(Tv)dS:/vadx, 9)

where u,v € H(U) and Tu = u|sy. We therefore define a weak solution to be
a function u € H'(U) which satisfies (9) for all v € H'(U). The Trace theorem
tells us that the boundary conditions can be taken in the sense of traces.

Let f € L?(U). We will show that existence and uniqueness of a weak solution
follow from the Lax-Milgram theorem. Analogously to 6.6.3, the functional
a(v) := fU fvdv is continuous by the Cauchy-Schwarz inequality

MMSLWMMSMWMMWM

<N fllezanllvll @)
= 7||U||H1(U)-

We define the bilinear form B : H1(U) x HY(U) — R by
Blu, v] ::/ Du-Dvdx—i—/ (Tw)(Tv)dS Yu,v € H'(U).
U U

We need to prove that the bilinear form is continuous and coercive. First, it is
continuous by the Cauchy-Schwarz inequality and the Trace inequality
between H*(U) and L?(0U)

| Blu, v]| §/U|Du~Dv|da:+/aU|(Tu)(TU)\dS

< |1Dul| L2y 1DV 2@y + 1 Twll 200y 1TV || 2 (o0

< (C+ Dlullz @Il @y
To show that B is coercive, assume by contradiction that it is not. Then there
is a sequence (u,) C H'(U) such that ||un| gy = 1 and Bluy, u,] — 0. As
uy, is bounded in H'(U) and H'(U) is a Hilbert space, it contains a
subsequence which converges weakly to u € HY(U). Let’s assume that u, — u.
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As U is Lipschitz, we have that H'(U) C L*(U) and therefore u,, — u in
L?(U) and Du,, — Du € L*(U).

As Blup,u,] — 0, we see that
Bluy,, uy] :/ | Duy |? da +/ Tu? dS — 0, (10)
U U
this implies that
/ |Dul? dz < liminf/ | Duy, |* dz — 0.
U n—oo U
So by 5.10.11 we know that u is a constant. Now,

lim uidaz:/u2dm:1.
U U

n—oo

However, since Tu,, — Tw in L?(0U), we see from (10)

/ Tu?dS = lim Tu2 dS — 0.

au n—oo Jou

Therefore, as u is a constant it cannot be both 0 at the boundary and 1 inside
U. We have reached a contradiction and conclude that B is coercive. The
Lax-Milgram theorem then gives a unique weak solution to Poisson’s
equation. 0

6.6.7 Let u € H!(R") have compact support and be a weak solution of the
semilinear PDE
—Au+c(u)=f inR",

where f € L2(R") and ¢ : R — R is smooth, with ¢(0) = 0 and ¢/ > 0. Assume
also c(u) € L?(R™). Derive the estimate

ID?ul|2 < C|fll L2
(Hint: Mimic the proof of Theorem 1 in §6.3.1, but without the cutoff function
¢)

Proof. Define u € H'(R™) as a weak solution of the semilinear PDE

Du-Dvdx = fodx — / c(u)v de, (11)
]Rn ]Rn n

provided that v € H'(R™). As we have compact support, we are integrating

over a large ball. Now let A > 0 be small and choose k € {1,...,n}, and then

substitute
vi= —D; "(Dlu)
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into (11). This forms

- Du - D(D;"(Dl')) do = — fD; (D) d —|—/ c(u) Dy (D) da
R'ﬂ. R’L n

A B, Bs

The “integration-by-parts” formula for difference quotients is given in §5.8.2 in
Evans by

/Uu(D,’;u)dxz —/(D,;hu)vdm.

U
Applying this formula on A gives

A=— [ Du-(D"(DIDu))dx
]R'n.

= [ D}Du)-D}(Du)dx
R‘IL
= / | DY (Du)|? dz.
Then by Cauchy’s inequality with ¢ and Theorem 3 in §5.8.2 of Evans
Bl < [ 171D Dk do
—h(yh, V)2 c 2
<e |D,; " (Dyu)| d:v—&—z |f|* dx

C
<0y / |DE(Du)? d + & / |12 dz.
R™ g Jrn

For By we first observe

< lu(@)] - ']l e,

u(x)
() ()] = / or

therefore
Bl < [ Je(w] 10" (Dfw)] de
Rn
C
< Ca [ DD o+ Sl
Combining the bounds for A, By, By gives
/ |DM(Du)|* dz < (Cy +02)5/ | DY (Du)|? dx
R» R~

C C
+— | |f1Pde+ =] el 7o
g Jrn 3
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Taking e small enough so that it satisfies (Cy + Ca)e = % yields

1

C
5/&& D (Du)* dz < — (11172 + [l I[2= [[ul72) -

The above analysis holds for every k € {1,...,n} and h > 0 small. Therefore
we apply Theorem 3 in §5.8.2 of Evans to conclude

/R |D2uf? da < C (|| £1132 + [[ul3) -

Hence Du € HY(R"), so u € H*(R").

6.6.8 Let u be a smooth solution of the uniformly elliptic equation
Lu=—3 @’ (x)uz,uy; = 0in U. Assume that the coefficients have
bounded derivatives. Set v := |Du|? + Au? and show that

Lv<0 inU
if A is large enough. Deduce

|1 Dull Lo vy < C (|1Dul| oo ov) + llull L o0)) -

Proof. We first show the inequality Lv < 0 in U. Observe that

n
Lu=— g a g Uy, =0

i,j=1
implies
n n
D(Lu) = — g Da"ug ug; — E a"” Dug, ug; = 0.
ij=1 ij=1
Therefore
n n
- E Da"ug vy, = E a"’ Dy, Uy, .
ij=1 ij=1
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We then compute

Lv=— i aij(Du~Du+)\u2>

T
ij=1 o

n
=—-2 Z a¥ (Duxirj *Du+ Dug, - Dug; + Autiy,o; + )\umuz_j)

ij=1

n n n n
= -2 Z aijDuxixj - Du+ Z aijDuIi *Dug, + Au Z aijuzﬂj + A Z aijumiuxj

i,7=1 i,7=1 i,5=1 i,7=1

=-2 i aijDumix]. -Du—2 i aijDu:,;i “Dug; —0—2A i aijumium].

i,j=1 i,j=1 i,j=1
=2 Z Daijumiuzj -Du—2 Z aijDumi “Dug; — 2 Z aijuziux].
=1 i,j=1 i,j=1

< 2||Da" || oo 17y | D?ul| Du| — 26| D*u|?* — 20| Dul?

< ||Da" || po(ury (|ID?ul? + |Dul?) — 20| D*ul? — 2X0|Du|*  (Cauchy inequality)

= (C1 — 20)|D?u|? + (Cy — 2)\0)| Du?

<0.
Where the last inequality true provided

> (Cy — 20)|D?ul? @,

- 20| Du|? 20

and is obtained for large \. We now apply the weak maximum principle to
deduce that for large A > 0

11 Dul?|| oy < I Dul? + M| o 1)
< [[Duf? + A L= av)
<[ Duf?|| Loy + Allu? (| Lo (o0
< C (I1Dulll p<(ov) + lull = (ov))
which implies the desired inequality. O

6.6.10 Assume U is connected. Use (a) energy methods and (b) the
maximum principle to show that the only smooth solutions of the Neumann
boundary-value problem

du — () on QU

{—Au:O in U
ov

are u = C, for some constant C'.
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Proof. For (a), we multiply the Neumann problem by a test function v in U to
form

0= —/ Auvdr = —/ @v ds +/ Dv - Dudx (Green’s formula)
U ou Ov U

:/ Dv - Dudx.
U

/ |Dul? dz = 0,
U

which implies that Du = 0 a.e. in U. As U is connected, we know from 5.10.11
that u = C a.e. in U for some constant C.

Letting u = v yields

For (b), assume by contradiction that w is not a constant. Then there must be
some x° where u attains its maximum in U. If 2° € U, then the strong
maximum principle implies that « is constant in contradiction to our
assumption. Therefore, the maximum can only be obtained at the boundary of
U and we conclude that u(z%) > u(x) for all z € U. However, Hopf’s lemma
then implies that

ou, o

—(z”) >0

5 &)
in contradiction to g% =0 on QU. So u must obtain its maximum inside U
and the strong maximum principle implies that u = C. O

6.6.13 (Courant minmax principle) Let L = — 77", (a"uy, ), 5, where
((a*)) is symmetric. Assume the operator L, with zero boundary conditions,

has eigenvalues 0 < A1 < Ay < ---. Show

Ar = max min Blu,u] (k=1,2,...).
SGZk,l uesS+
llull 2=1

Here Y, , denotes the collection of (k — 1)-dimensional subspaces of Hj(U).
Proof. Let A\, denote an eigenvalue and ¢ an eigenfunction. We will apply

the theorem of compact, self-adjoint operators as in Appendix D of Evans to
select an orthonormal basis. By defining

vy = max min Blu,u] (k=1,2,...),
S€> 1 uest
lull2=1

we need to show that v, = \g.

Choose any subspace S where dim .S = k — 1. Then select
k
u=y c¢é;
j=1
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where ¢1, ..., ¢y are orthonormal and every ¢; is an eigenfunction of A; for
j=1,...,k. We will choose the numbers c; such that u # 0 and u € St We
then select the basis {e1,...,ex—1} in S and consider the system of equations
where u is orthogonal to e1,...,e,_1 in L?(U)

k
ch<¢j7€i>:0, i=1,...,k—1.
=1

By construction, the c1, ..., ¢, form k unknowns and the coefficients (¢;, ;)
form k — 1 equations. Therefore there exists a nontrivial solution dy, ..., dg. So

k
u = Zdj(bj
j=1

is in S+ and is nonzero and hence we may assume that it is normalized. Then

k
Blu,u] = > Ajle;|?
j=1

because the eigenfunctions are orthonormal. As the A; are ordered in an
increasing order we see that

k
Blu,u] < MY les? = MellullZe = A

j=1
Therefore
min - Blu,u] < A,
llull2=1
As this holds for any subspace S,
max min Blu,u] < Ag.

SE€EYh_1 ues*t
”uHL2:1

So v, < Ak. The converse inequality follows from choosing
S =span(uq,...,ur—1). Since the eigenfunctions are orthonormal and
normalized, the eigenvalues may be written as

min Blu, u] = A,

llull p2=1
which implies that
vp = max min Blu,u] > A,
SGZk,l ues+t
”uHLZZI
hence v, > Ag. O
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6.6.15 (Eigenvalues and domain variations) Consider a family of smooth,
bounded domains U(7) C R" that depend smoothly upon the parameter

7 € R. As 7 changes, each point on U (1) moves with velocity v. For each T,
we consider eigenvalues A = A(7) and the corresponding eigenfunctions
w=w(z,T):

—Aw = w inU(7)
w=0 on OU(7),

normalized so that ||w||z2(U(7)) = 1. Suppose that A and w are smooth
functions of 7 and z. Prove Hadamard’s variational formula

2

A= — / owl™, s,
ouU(r) | OV
where - = L and v - v is the normal velocity of U (7). (Hint: Use the calculus

formula from §C.4.)
Proof. Let w = w(x,7) and ||w||2(U(7)) = 1. Then

A7) = A7) - [lwl L2 (U(7)) = A7) /U( )le2dff

= / (—Aw)w dzx
U(r)

=/ |Vwl|? da.
U(r)

By §C.4 in Evans,

A(T)zi/ Vw2 do
dT U(‘r)

= / |Vwl|?v - vdS —|—/ (IVw|?)_ dz
oU(7) U(r)

:/ \Vw\szudS—i—/ 2VwVw, dx
ouU(r) U(r)

= / \Vw|?v-vdS + / 2w(—Aw,)dx (Integrate by parts).
ouU (1) U(T)

To simplify the second integral, we see that

—Aw,; = (A(T)w),; = M1)w, + M7T)w
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and because w = 0 on U (1)

d d )
0= gl =g [l i

:/ lw|?v - de+/ (|U/\2)T dx
AU (1) U(r)
:/ (jwl?). dz

U(r)

= 2/ ww, dz.
U(r)

Therefore

A(T):/ |Vw\2v~1/d5+/ 2w (A(T)wTH(T)w) dz
oU (1) U(T)

= / |Vw|?v - vdS + 2\(7) / ww, dx + 2\(7) / w? dx
oU(r) U(r) U(r)

=/ \Vw|?v - vdS + 2A(7).
U (r)

The boundary condition w = 0 on dU(7) implies |Vw|? is equivalent to |‘g—‘y”|2
because the gradient is perpendicular to the boundary. This yields
. Ow |
—)\(T)z/ a7 v-vdS,
au(r) | OV
as required. O

Elasticity Exercise The homogeneous Dirichlet boundary conditions, reads

(12)

—divAe(u) =f inU
u=0 atdU’

The unknown is a map u : U — R"™ which represents the displacement of an
elastic body to which a force f : U — R" is applied. Here, as usual, U C R"
is an open and bounded domain. The notation e(u) = sym Du stands for the
symmetric part of the matrix of first partial derivatives of u. In components,

1
eij(w) = 5O + i), i, =1,...,n.

The quantity A = (a;;x1) encodes the elastic properties of the material and can
depend on the spatial coordinate = (z1,...,x,). It is a fourth order tensor
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defined using the indices ¢, j,k,l € {1,...,n} so that, in the end, the PDE in
(7) denotes the system of equations

@(aijklekl(u)) :fi, i: 1,...,71.
1

n

3k, l=

Due to physical reasons, one typically has the symmetries
Qijkl = Qjikl;  Qijkl = Qijlk, Qijkl = Oklij

for all choices of the indices, as well as the Legendre-Hadamard conditions

n

> aim&&pen = MELPI? VEpeR”
i,9,k, =1

for some A € (0,00). These ensure the system is uniformly elliptic. Assume
throughout that a;ji € L (U).

(a) Let f € L?(U;R™). Define an appropriate notion of weak solution for (12),
using the vectorial Sobolev space

Hy(U;R™) = C*(U;R™)

where the closure is taken with respect to the norm
HUHH(%(U;R“) = Zn:HUiHHg(Uy
i=1
Proof. We first multiply (12) by a test function v and integrate over U
—/UdivAe(u) cvdr = /va dz, for allv € Hy(U;R™).

By the generalized form of Green’s formula the LHS becomes

/UdivAe(u) ‘vdr = /8U(Ae(u))z/ ~vdS — /UAe(u) : Vode,

where v is the unit normal vector and

Therefore

/UAe(u) : Vodx — /aU(Ae(u))I/ ‘vdS = /va dzx.
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The boundary condition of v = 0 on QU implies that the second integral on

the LHS vanishes. Decomposing A into its symmetric and anti-symmetric parts
gives A = (A+ AT)/2 + (A — AT)/2. This implies

1 1
Ae(u) : Vv = Ae(u) : 3 (Vo + Vol') + Ae(u) : 3 (Vo — voT)
= Ae(u) : e(v).
Therefore we have
/Ae( e dx*/fvdx
as the weak form of (12) where v € H} (U;R"). O

(b) Prove that weak solutions always exist for f € L?(U;R") and are unique.
Hint: establish Korn’s inequality, which says that

C/ \e(u)\zz/ |Dul? ¥ ue H)(U;R™)
U U
for some constant C € (0, c0).

Proof. Consider B : HY(U;R") x H'(U;R") — R where we define

Blu,v] = /UAe(u) se(v) de,

and F : H'(U;R") — R where

U):/vadx.

Our problem is to find u € H*(U;R") such that
Blu,v] = F(v), forallve HY(U;R™).

We will apply the Lax-Milgram theorem to show that weak solutions are unique
and exist for f € L?(U;R™). We first apply Hooke’s law to write

Ae(u) = 2pe(u) + A(V - u)l,

where where © > 0 and A > 0 are called the Lamé constants. Then since
I:e(v) =V v our bilinear form Blu,v] becomes

Blu,v] = /UAe(u) se(v)dr =2pu(e(u) : e(v)) + MV -u, V - v).
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We will show that B is bounded. By the Cauchy-Schwarz inequality
| Blu, v]| = [2u(e(u) : e(v)) + A(V - u, V - v)|
< 2ulle(w)llle()]| + AV - ul[[[V - ]|
< ClIVull[|Vo]

< Clull g iz

U”H(}(U;Rn)-

Also, F(v) is continuous through the Cauchy-Schwarz inequality

[E ()] < 1 flle2llvll >
<Al e2 1o/l s

< Clloll gy igny-
To show the coercivity for Blu,v], we rely on the following

Lemma 3. (Korn’s Inequality) There is a constant C such that

Il < e = [ 3 exsess ).

7,7=1

Proof of Lemma: As u = 0 on 90U, we calculate
[, 2 eotentar= [ 5 5 (5 52) 3 (G + )
) e ()

= Vel + 2i;1/ g;’; T2 da.

We then need to show that the last term on the RHS is positive. Integrating by
parts and recognizing that v = 0 on QU gives

Ov; Ov; 2 0%v; v
! dx i J_d i Y ds
”21/ Oxj Ox; Z_ /UU 0x;0x; . / Vv ox;
= Z / Ovi (%] —/ Vﬂ)i%ds
52 Ox; Ox; oU Oz
ov; 81;]

d
<Z OIi) Z « Oz *

z/(V-U)2dx20,
U
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as desired. Hence |le(v)||? > C||Vv]|?.

Coercivity of Blu,v] now follows from
Blu,u] = 2ulle(w)[|* + AV - ul|?
> 2p1lle(u)]|?
> C||Vul?
> Cv”“”%{&(U;Rny

Therefore weak solutions for f € L?(U;R"™) exist and are unique by the Lax-
Milgram theorem.

(¢) Prove the regularity theorem that if A and f are infinitely differentiable
throughout U, then so must be the unique weak solution wu.

Proof. By Hooke’s law, we follow Ciarlet [3] and rewrite the elasticity tensor as
Ae(u) = A(tr e(u))I + 2ue(u) (13)

where once again ¢ > 0 and A > 0 are called the Lamé constants. We then
sketch a proof of the following

Theorem 4. (Regularity of weak solutions to the linear elasticity problem) Let
U be a domain in R™ with a boundary OU of class C?. Let f € LP(U) and
p > 6/5. Then the weak solution uw € H}(U) of the linear elasticity problem is
in the space WP (U) and satisfies

—div(A(tr e(uw))I +2ue(w)) = f in LP(U).
Furthermore, let m > 1 be an integer. If the boundary OU is of class C™ 12 and

if f € W™P, then the weak solution uw € H}(U) is in the space W™ 2P (U).

Sketch of proof: (1) We will proceed similar to Theorem 2 in §6.3 of Evans.
The operator of linear elasticity is strongly elliptic because of the Legendre-Hadamard
conditions. Therefore

feL*(U)=uc H*U)NH}{U)

holds when the boundary OU is of class C2. This handles the regularity where
m =0 and p = 2.

(2) Following the results of Agmon, Douglis, Nirenberg, and Geymonat, the
uniform ellipticity condition gives the regularity result for m = 0 and p > 6/5.

I refer to Ciarlet [3] as the details of this analysis are technical.

(3) By (13), the weak solution u € W2P(U) N H} (U) satisfies

/ {A(tr e(w)) + 2ue(u)} : e(v)de = / fvdr, wve HJ(U;R™). (14)
U U
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We will apply Green’s formula for Sobolev Spaces. Let v = (v;) be the outward
unit normal vector for QU. Then for i = 1,2,...,n Green’s formula gives

/(@-u)vdx:—/ uaivdx—i-/ uvy; dS.
U U U

Applying the formula to the LHS of (14) with Dirichlet boundary conditions
yields

/ {A(tr e(w))] +2pe(u)} : e(v)de = —/ div {A(tr e(u))I + 2ue(u)} - vdz,
U U
by which we then conclude that f € W™P(U).

(4) After establishing the regularity result
fEW™P(U) = uc WP (U)

for m = 0, we then apply the bootstrap argument to obtain higher regularity
provided that the boundary AU is of class C™*2. Analagously to Theorem 6.3.2
in Evans, we repeatedly apply Theorem 4 for m = 0,1,2,... to deduce infinite
differentiability of wu.

O

Chapter 7 Solutions

7.5.1 Prove that there is at most one smooth solution of this initial /boundary-
value problem for the heat equation with Neumann boundary conditions

u—Au=f inUp
%:O on OU x [0,T]
u=g onUx {t=0}.

Proof. Let u1, ug be solutions and define w := u; —uy. Then the initial /boundary-
value problem becomes

wt—szO iIlUT
‘g—f:O on OU x [0, T
w=0 onUx{t=0}.

We need to show that w = 0. Define the energy to be

E(t) ::/U(w(x,t))2 dx.
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Differentiating under the integral sign yields

th() Z/Uw(a:,t)-wt(x,t)dx.

By the equation this expression equals

c;ltE() Q/Uw(x,t)-Aw(x,t)dm.

Through integration by parts in the x variable, we deduce

-2 [ (Dw(z,t)) dac—|—2/ —wdS
U ou O

-2 (Dw(z,t))

Q

Hence, E(t) is decreasing in ¢. In particular, since E(0) = 0 and since E(t) > 0,
it follows that E(t) = 0 for all ¢ > 0. Hence, w = 0, as was claimed. O

7.5.2 Assume u is a smooth solution of

—Au=0 in Ur x (0,00)
u=0 onoU x[0,T]
u=g onU x {t=0}.

Prove the exponential decay estimate

luC, )l oy < e lgllrzwy (€2 0),

where A; is the principal eigenvalue of —A (with zero boundary conditions) on
U.

Proof. As w is a smooth solution of the initial/boundary-value problem we in-
tegrate by parts in the x variable to obtain

d1
GOl = [ wda

:/ uAu dx
U
—/ |Du|2d:£—|—/ @uds
U ou OV
—/ | Dul? d.
U
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From Theorem 2 in §6.5, we know that Rayleigh’s formula is expressed as

B Du|? dz
A1 = min 7[1;’ il = min 71}1 | 5 |
w€Hy (U) HUHL?(U) weH(U) ||UHL2(U)
u#0 u#£0
where we may observe that %2 ||u(-,t) ||%2(U) = — BJ[u, u] by the weak formation.

This implies
d
@HU(‘J)H%Q(U) < =2X1[lullZz 17y

We now apply Gronwall’s inequality to obtain the exponential decay estimate.
Letting n(t) = ||u(-,t)||%2(U) we see that

(1) < (t)n(t) + o(t)
where ¢(t) is a constant and ) (t) is zero. This gives
0(t) < el ¥ 8(0) = =t (0).
By the initial condition u = g at t = 0, we see that

1(0) = [[u(- 0)1Z, ) = 9117, 0

This forms
[uC 17,0y < e NglE, @y

as desired. O

7.5.5 Assume
up —u in L*(0,T; H(U))
uf, = v in L*(0,T; H'(U)).

Prove that v = /. (Hint: Let ¢ € C1(0,T),w € H}(U). Then

/OT<U§C,¢w> dt = /OT<Uk,¢’w> dt.)

Proof. As in §D.4, u — u in L*(0,T; H}(U)) and uj, — v in L?(0,T; H=Y(U))
means

T T
/(uk,h>dt—>/ (u,h)dt for all h € L*(0,T; H-(U)),
0 0

T T
/O<u;€,g>dt—>/0 (v,g) dt for all g € L2(0,T; HL(U)),
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where { , ) denotes the pairing between H~'(U) and H}(U). Following the
hint, we let ¢ € CX0,7),w € H(U), and g = ¢(t)w. This implies that
g € L*(0,T,H}(U)). We then rewrite the above expressions as

T T
/ (g, $/0) dt — / (u, ¢w) dt, (15)
0 0

T T
/ (u, pw) dt — / (v, pw) dt. (16)
0 0

Theorem 8 (Bochner) in §E.5 states that if f : [0, 7] — X is strongly measurable

then , .
<u*, / f(t)dt>= / (', f(0)) dt,

for every u* € X*. We first deduce

/OT<u,<z>’w> dt = /OT<u¢’,w> dt = </OT u(t)¢'(t) dt,w>7 (17)

and then observe
T T T
/ (v, dw) dt = / (v, w) dt — </ (B (1) dt,w> . (18)
0 0 0
Combining (17) and (18) with the hint

T T
/ (u),, pw) dt = —/ (ug, ¢'w) dt
0 0

and taking the limit gives

T T
< / u<t>¢'<t>dt,w>< / v<t>¢<t>dt,w>
0 0

for every w € H}(U). If we didn’t want to use the hint, then we could observe
by (15) and (16) that
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T T
</0 u(t)qb(t)dt,w>:/0 (ug, w) dt

-/ ", ) de

T
= lim (ug, ¢'w) dt

k—oo Jq
T
= lim (upd’, w) dt

k—oo Jo

T
= lim </O ug ()¢’ (t) dt,w>
T
= Jim <— | o dt,w>

T
= lim —(ufd, w) dt
k—oo Jq
T
= lim —(uy,, pw) dt
k—oo Jq

= /OT—<v,¢>w> dt

T
_ </ —u(D)é(t) dt,w>.
0

Both methods imply that

for every ¢ € C1(0,T). Hence, v = u/'. O

7.5.6 Suppose H is a Hilbert space and uy — win L?(0,T; H). Assume further
we have the uniform bounds

ess sup up(t)|| <C (k=1...)
0<t<T

for some constant C. Prove

ess sup |lu(t)] < C.
0<t<T

(Hint: We have fab(v,uk(t)) dt <Clov|||b—a|for0<a<b<Tandv e H.)
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Proof. Since uy — u in L?(0,T; H) we know from §D.4 that

b b
/ (v, ug(t)) dt — / (v,u(t))dt, for all v e L*(0,T; H).
Following the hint
b
/ (v, un(t) dt < Cllvlllb—al, 0<a<b<T, veH,
we let k£ — oo to deduce

b
/ (v, u(t)) dt < C|lo]||b — al.

Then since |(v,u(t))] < ||v|/[u(t)]| by Cauchy—Schwarz we observe that taking
the supremum where ||v|| < 1 gives

b b
/ sup |(v,u(t))|dt:/ u()]| dt < Clb— al.

llv]I<1
Hence ||u(t)|| < C for all 0 < a < b < T'. This implies

ess sup ||u(t)]| < C.
0<t<T

7.5.12 Prove the resolvent identities (12) and (13) in §7.4.1.

Proof. The requirement for A to be in the resolvent set is that the operator

Al — A maps D(A) bijectively onto X. As A\, u € p(A) we see that
M—-A:DA)—-X, pul—A:DA) - X

are both bijective operators onto X and are invertible. This implies that the
operator times its inverse is the identity. By spectral theory,

Ry\( M —A)= (M- ARy =1,
R,(ul —A)=(pul — AR, =1.
Hence
Ry — R, = Rx(uI — A)R, — R\(M — A)R,,
— Ra((ul — 4) — (\[ - A)R,

= RA(# - /\)R/t
= (/.L - )‘)R)\R,ua
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which proves the first resolvent identity. The second identity follows from re-
peating the analysis and switching g and A. Then

R — Ry = ( )R,\ - R#(ALI - A)R)\
- R,Lw A) = (uI — A))R)
Ry (A — )Ry
= ()\ — )R, R
Therefore
R\R Ry — R,
w—A

and we have that

R,Ry = B o By _Ra— Ry RAR,.

7.5.13 Justify the equality

A/ e*MS(t)udt:/ e MAS(t)udt
0 0

used in (16) of §7.4.1. (Hint: Approximate the integral by a Riemann sum and
recall that A is a closed operator.)

Proof. A is a closed means that whenever u, € D(A) (k = 1,...) and u, —
u, Aup, — v as k — oo, then

u€ D(A4), v=Au.

So we need to make a suitable choice for uy. Following the hint in Evans, we
look at the Laplace transform of the semigroup

/ eMS(t)udt
0

and approximate it by Riemann sums by letting

k
up = Z e MS(E  uAt,
i=1

where ¢;_1 < t7 < t; represent subintervals. By Theorem 1 in §7.4 of Evans,
u € D(A) implies that S(t)u € D(A) for every t > 0. As {S(t)}+>0 is a one-
parameter family of linear operators, we see that uy € D(A) because of the
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linearity of the operator S(t). Furthermore, A : D(A) C X — X is also a linear
operator. This implies that we can approximate the RHS of the equality

/ e MAS(t)udt
0

by Riemann sums where

k
Ay, = e MAS (7 Julst.

i=1
Taking the limit as k — oo yields

k 0o
lim Ze—”?S(t;‘)uAtz/ eMS(tudt,
=1 0

k—o00 4

k 0o
lim ) e M AS(EuAt = / eMAS(t)u dt.
0

k—o00 4 v
=1

Therefore we see that as k — oo,

uk—>/ eMS(t)udt, Auk—>/ eMAS(t)udt .
0 0

Since A is closed, we know that u € D(A) and v = Au. Furthermore, since A is
linear we may conclude

/ eMAS(t)udtzA/ eMS(t)udt,
0 0

as required. O

7.5.14 Define for ¢t > 0
[S(t)g)(x) = /n oz —y,t)g(y)dy (x €R"),

where g : R” — R and & is the fundamental solution of the heat equation. Also
set S(0)g = g.

(a) Prove {S(t)}:>0 is a contraction semigroup on L?(R").

(b) Show {S(t)}+>0 is not a contraction semigroup on L*°(R™).

Proof. For (a) we know from (9) in §2.3 of Evans that the fundamental solution
of the heat equation in R™ may be written as the convolution

S0ae) = g [T oy
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where x € R", t >0, g € X for X := LP(R"), 1 < p < oo. By defining
Ji(x) = (dmt) /2 loF/4t
we see that we can write
[S(t)gl(x) = Ji * g(x).

A function g : R™ — R is said to be rapidly decreasing if it is infinitely many
times differentiable (g € C*°(R™)) and

lim |z|*D%(x) =0 forall k € Nand a € N".

|| 00
The space
F(R™) :={g € C°(R") : fisrapidly decreasing}
is called the Schwartz space. The function J; : R” — R given by
Ji(x) = (471'75)7”/267'96'2/4)5, z e R",
belongs to . (R") for every t > 0 ([1], §2.13).

To show that S(t) is a contraction semigroup on L?(R"), we first let 1 < p < oo
and observe that the integral defining [S(t)g](x) for every LP(R™) exists because
Ji € (R™). Furthermore,

15@gller < [Tl - lgllze < llgllze

by Young’s inequality (for p = 2, we have %Jr% = %Jr 1). Therefore, every S(t)
is a contraction on LP(R™). The remaining properties (4) — (6) in §7.4 of Evans
follow from the Gaussian kernel J; defined above. These are

1. J; >0
2. JS * Jt = JSth
3. f]Rn Ji(x)dr =1

The first property is clear from the definition of J;. The second property follows
from

1 oz —y|? 1 lo—2|2
— _mg(y) dy: — e @t X
. (dn(s +8)n2° . (dmt)n/2

1 _lz—yl?
/]R @ms) 2t " 9(y) dyd=

where

; _% - 1 1 —% _Izziylzd
(47T(S+t))n/26 T (4rt)n/2 (drs)n/2 "6 ) s dz.
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The third property is shown in Evans in the Lemma on page 46.

The first property implies that if g > 0 then S(t)g = J; * g > 0 and (4) from
Evans is verified because S(0)g(x) = g(z). The second property implies that
S¢Sy = Sg1¢ and therefore (5) from Evans is verified. The third property implies
that if g € L? N LP, where L” is the space of functions for which p € [1, 00| then

1S@glle = Ie  gllze < [[TellLr - lgllzr < llglze

analogously as before. These properties imply that the operators {S(t)};+>o form
a semigroup where S;S; = Ssy¢. The first property implies that the semigroup
is positive and S(¢t) maps positive functions into positive functions. In fact, it
maps positive functions into strictly positive functions. To verify (6) in Evans we
show that S(t)g — ¢ in X = LP(R") as t — 0% if g € LP(R™). For g € LP(R™)
we find that

1S(t)g —gll}» = /Rn /n Ji(y)g(z —y) dy — g(x)

- /" /n Ji(y) [g(x —y) — g(x)} dy

- / / Ji(v) [g(w — \/TE’U) — g(x)} dv
R™ |JRn

. /n Jl(U)‘g(l' —Vtv) — g(m)‘p dv dx

[,

because the integral of J; is one. This in combination with a change of variable
allows us to put g(z) under the integral sign and deduce

p

dx

p
dx

p
dx

<

g(x — Vtv) — g(x)‘p dx dv

[ n@ste Vi)~ g@]ae| < [ nwlote - viv) - g do

by Holder’s inequality. The function ¢ (v,t) := fR" |g(x —Vtv) —g(x) |p dx goes
to zero as t — 0T for every v (see Rudin [7]) by a well known property of LP
functions. The function is also bounded above by 2P||g||}, therefore we can
apply the dominated convergence theorem to conclude that ||S(t)g — g||7, — 0
ast— 0.

The third property implies that the semigroup of operators S can be extended
from L2 N LP to LP and that the extensions are contractive on every LP-space,

IS@ e e = sup{lIS(B)gllr : lgllzr <1} <1

for every p € [1, oc]. Therefore {S(t)};>0 is a contraction semigroup on L?(R").
It is interesting to observe that property (6) in §7.4 of Evans is satisfied for
1 < p < oo but fails when p = co because the map isn’t continuous at ¢ = 0.
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For (b), we may observe that {S(¢)};>0 is not a contraction semigroup on
L>°(R™) because it doesn’t satisfy property (6) in §7.4 of Evans which states
that for every u € X, the mapping ¢t — S(¢)u is continuous from [0, 00) into X.

For n = 1, we let u(x) be the characteristic function that is 0 when z > 0 and
1 when x < 0. The integral becomes for every ¢t > 0

1S (t)ul(x) = 2\}% /_ " vy,

which is continuous. Substituting s = y/+/t and letting = approach zero gives

Y 1
1S (t)u] (0) = ﬁ[me M= ¢

However, the distance between S(t)u and w remains positive for all ¢ > 0

[1S@)u = ul[L=~ >0,

so the map isn’t continuous at ¢t = 0. Therefore {S(¢)}:>0 is not a contraction
semigroup on L>(R"). O

7.5.15 Let {S(¢)}:>0 be a contraction semigroup on X, with generator A.
Inductively define D(A*) := {u € D(A*1) | A*lu € D(A)} (k = 2,...).
Show that if u € D(AF) for some k, then S(t)u € D(AF) for each t > 0.

Proof. We first recall the proof of (i) and (4¢) in Theorem 1 of §7.4 of Evans.
Let uw € D(A). Then

S(s)S(t)u — S(t)u

lim = lim
s—>0t S s—>0t S
=S(t) lim S(s)u—u
s—>01 S
= S(t)Au.

Thus S(t)u € D(A) and AS(t)u = S(t) Au. We will now assume that u € D(A*
and show that S(t)u € D(A¥). By the induction hypothesis, we have D(AF) :=
{u € D(A*1) | A*~'u € D(A)} where k > 2. The base case for k = 1 is
handled through Theorem 1. Let n = k£ — 1 so that the difference quotient
becomes

S(s)S(t)A™u — S(t)A™u S(t)S(s)A™u — S(t)A™u

lim = lim
s—>01 S s—>01 S
APy — A™
_§(t) 1im SAw =AM
s—>01 S

This shows that S(t)A™u € D(A). However, in order to prove that S(t)u €
D(AF), we need to show that A"S(t)u € D(A). Hence we apply part (ii) of
Theorem 1 to see that S(t)A"u = A"S(t)u. Thus S(t)u € D(AF). O
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7.5.16 Use Problem 15 to prove that if u is the semigroup solution in X =
L3(U) of
u — Au=0 in Ur
u=0 ondU x [0,T)
u=g onU x {t =0},

with g € C°(U), then u(-,t) € C>°(U), for each 0 <t < T.
Proof. To get a representation formula for the solution, we apply the Fourier

transform. We denote @(,t) as the Fourier transform of u with respect to the
space variable x. This gives

iy = —|¢2a in Up
=0 on dU x [0,T]
=g on U x {t = 0},

whose solution is @(§,t) = g(& )e"wt. Taking the inverse Fourier transform, we
get u = S(-)g, where the heat semigroup {S(t)}+>0 is defined by

(S0 = oty [ oy £ 0. rew

Here, (S(0)g)(z) = g(z) and the remainder of the semigroup properties for
(S(t))¢>0 follow from the analysis in 7.5.14. As before, S(t)g = J; * f where

1

Ji(x) = (nt) 2

ef‘z‘r“/“, / Ji(x)de =1, t>0,

and * denotes convolution. By Young’s inequality,
1S)gllrz < llglzes t>0, p=2.

Therefore (S(t)):>0 is a contraction semigroup. By the previous exercise, S(t)u €
X = L2(U). Furthermore, since u; = Au we see that the generator A is A. Ex-
ercise 15 then implies that if u € D(A*) where k € N then S(t)u € D(A¥). We
first show that g € D(AF) = D(AF).

Following Brezis ([2], §10.1) we let u € D(A) = H}(U) N H2(U). Then we see
that D(A2%) = {u € HY(U) N H*(U) | Au € H}(U)N H*(U)} and D(A*) =
{u € D(A¥1) | AF=ly € D(A)} = {u € HY(U)NH*(U) | AFlu € HY(U)N
H?(U)} by the previous exercise. We will show that g € D(AF) by applying the
induction defined in problem 15. For the base step, we know that g € C°(U) C
C2*(U) = H}(U). Furthermore, the compact support implies that the Ly-norm
of g and its derivatives are finite and therefore ¢ € H?(U). This shows that
g € D(A) = D(A). We then see that at order k, g € D(AF) = D(A¥) because
if g € D(AF™1) then A¥~1lg = Ak~1g € O (U) C H}(U) and once again the
Lo-norm of g and its derivatives are finite hence g € H2(U).
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Since g € D(AF), we know that u(-,t) = S(t)g € D(AF) for all finite time
intervals. It remains that show that D(AF) C H?*(U) for all k € N. This
follows from the observation that

u € D(AY) = A* 1y e HY(U) N H*(U) = u € H}(U)n H*(U).

We then apply Theorem 4 (Morrey’s inequality) and Theorem 6 in §5.6.2 and
§5.6.3 of Evans to deduce the embedding into C*°(U). This gives the desired
embedding into C°°(U) through the use of Sobolev embedding. O

Strong Maximum Principle Exercise Prove the following strong maximum
principle for weak sub-solutions of the given elliptic PDE:

Theorem 5. Let U C R"™ be open, bounded, and connected, and let A : U —
Sym, have

nXxXn

M < A(z) <A ae inU
where A\, A € (0,00). Let u € H(u) satisfy

/(A(x)Du,Dv) <0
U

for all non-negativev € H(U). If for some compactly contained ball Bg(zo) CC
U we have that

€8S Sup U = ess Sup u,
BR(ZEo) U

then u must be constant a.e. in U.

Hint: Apply Moser’s weak Harnack inequality. We rely on the following two
lemmas.

Lemma 6. Suppose u € HY(U) is a weak subsolution of L, i.e., Lu > 0 and

[ (a@Du. Dy <o,
U
where
M < A(z) <AI ae inU

for A, A € (0,00). Then u is bounded above on any Uy CC U. Therefore, if u is
a weak solution of Lu = 0, it is bounded above and below on any Uy satisfying
these conditions.

Lemma 7. Let u be a positive supersolution in Bay,(xzo) C R™. For 0 < p <
o, and if n > 3 then

n—27
1/p
C
<][ uP dx) < ———5 essinfu,
BQTO (:Eo) < n ) BTO (ibo)

n—a P
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where C = C(n, %) In the case n = 2, the estimate is true provided 0 < p < oo
and the constant C' depends on p and % in place of ¢

(22-»)"
Proof. As there is some compactly contained ball Br(xzg) CC U such that

€SS Sup u = €ess sup u
Br(zo) U

it must also be true that there is another ball B, (yo) with By, (yo) C U such
that
€ss Sup u = ess sup u. (19)
Bro (yO) U
Moreover, by Lemma 6 we see that we can take ess sup u to be finite since

U
we know that ess sup u < co. Define M to be a positive number such that
Br(zo)
M > ess sup u. Then M — u is a positive supersolution and we can apply our

U
second lemma due to Moser. As M —wu is a positive supersolution, we can apply
Lemma 7 to it. Passing to the limit, we see that the inequality holds for

M = ess sup u. (20)
U
Therefore, we set p = 1 in Lemma 7 and recall ess inf(—u) = —ess sup(u) to

deduce
][ (M —u)dx < C ess inf (M —u) =0,
Barg (vo) Bro (o)
because of (19) and (20). As M is equal to the supremum of u over the domain,
we also know that v < M. Therefore we have that

u=M (21)

a.e. on By, (yo). Given that we have found that u is constant on a ball of
radius 2rg, we now extend this result to the entire domain. Let y € U be
arbitrary. Then there is a sequence of balls B; := B, (y;) for i = 0,...,n such
that By, (y;) C U and B;_1 N B; # @ for ¢ = 1,...,n. Furthermore, y € By,.
Since By N By # 0 and we previously showed that u = M a.e. on Bay,(yo), we
have
ess sup u = M.
B

By the same reasoning as before, we find that u = M a.e. on the ball Ba,, (y1).
We then iterate this process over every ball to obtain

u=M

a.e. on By (yn). Asy € By, (yn), we see that u(y) = M. Furthermore, since
y € U was arbitrary, we have that u = M a.e. on all of U.

O
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Chapter 8 Solutions

8.7.1 This problem illustrates that a weakly convergent subsequence can be
rather badly behaved.

(a) Prove ug(x) = sin(kx) — 0 as k — oo in L2(0,1).
(b) Fix a,b € R, 0 < A < 1. Define

_Ja ifj/k<z<(G+N)/k o B
“’“(x)'_{b if (j+N/kE<z<(+1)/k (7=0... b =1).

Prove up — u:= Xa + (1 — \)b in L?(0,1).

Proof. For (a), we apply the Riemann-Lebesgue lemma which states that the
Fourier transform of an L' function vanishes at infinity. As sin(kx) = (e’ —
e~ ") /(2i), we observe that for any f € L*(0,1), fx[o,1] € L*(R), and therefore

1 ik —ikx

lim [ sin(kz)fde = lim | " fyoq dz = 0.

k—o0 Jo k—oo Jp 21
Hence, ug(z) = sin(kz) — 0 in L?(0,1).
For (b), we apply the definition of weak convergence. We need to prove that
1

lim uk(gr:)g(:zc)dgc:/0 u(z)g(z) dx

k—oo Jq

for every g € L?(0,1). It suffices to prove this in g € C§°(0,1) because these
functions are dense in L?(0,1). Then

1 k—1 Lkl
/ ug(z)g(x) de = Z/ ug(x)g(x) de
0 =07 %
k—1 PEBY i+l

?r‘

</Jk ag(z) dx + /u by(z) dx) .

k

I
=)

J

As g(x) is continuous, we have that for every j € {0,...,k — 1}, there exist p;
and v; in [j/k, (j + 1)/k] such that

FES
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as a consequence of the mean value theorem and the continuity of g(x). There-
fore

1 = =
| @@ de = g 3 atuy) + 401 = 21 3 a05).
§j=0 =0

However, both of these are Riemann sums which converge to fol g(x) dz. We
pass to the limit to deduce

1 1 1
lim ug(z)g(x)de = a)\/o g(x)de +b(1 — /\)/0 g(x)dz

k=00 Jo
= (a)\ +b(1 — )\)) /01 g(x)dx

and by the density of g € C§°(0,1) in L?(0,1) we have u, — u := Xa+ (1 —\)b.

Remark: An alternative way to analyze 8.7.1(b) is to define

= et (1 gl = JA=Na=b) ik sz < (GHA)/k
vp() = ug(r)—[Aa + (1 )\)b]_{)\(ba) £ (A k<< (4 1)k

Then

(G+1)/k
/ v (z) dx = 0.
ilk

So by defining the characteristic function g = x(4,), We see that Jgvpdzr — 0
(because the rationals are dense). The same is true for a step function, as
these are a linear combination of characteristic functions of an interval. As step

functions are dense in L2, we see that this would also imply that uy — u
Aa+ (1 — A)b.

8.7.2 Find L = L(p, z,z) so that the PDE
—Au+D¢-Du=f inU
is the Euler-Lagrange equation corresponding to the fuctional I|w] := fU L(Dw,w,z)dz.

(Hint: Look for a Lagrangian with an exponential term.)

Proof. We are given that L(p, z,2) = L(Du,u,z) and by the hint we consider
the exponential term e~?®). Let

Lipz.a) = e (3l = 21(0))
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Then )
L(Du,u,z) = e *@ <2|Du2 - uf(x))

and the functional is
1
Iu] = / e~ %@ <2|Du|2 — uf(x)) dx.
U

Therefore we can minimize the function by evaluating the derivative at time 7

d

I'[u] =

Iu] = /Ue_qb(“) (Du - Du — af(x)) de

where @ = %u. As in the derivation shown in §8.1.2, evaluating the derivative
at 7 = 0 will minimize the function. We compute

I'[u] = / e~ @) (Du - Di — af(z)) da
U
= / e @ Du - D — ae=?@ f(z) dx
U

= / e~ * @ D¢ - Du — e Au — ae=?@ f(2) da

U
e~ (D¢ - Du — Au— f(x)) da
U

0.

Hence,
—Au+ D¢-Du=f

as desired. ]

8.7.4 Assume n:R" — R is CL.
(a) Show L(P,z,z) =n(z)det P (P € M"*™ 2z € R") is a null Lagrangian.
(b) Deduce that if u : R™ — R™ is C?, then

/ n(u) det Du dx
U

depends only on u|sy .

Proof. For (a), we apply two identities from the Lemma (Divergence-free rows)
on page 464 of Evans:

(det P)I = P (cof P) (22)
and .
(det P)di; = > pf(cof P)¥, (i,j=1,...,n). (23)
k=1
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Then since L(P, z,z) = n(z) det P, we see that
Ly (Du,u, ) = n(u)(cof(Du));  (i,k=1,...,n)

and then compute the first term in the Euler-Lagrange equations. (22) and (23)
forms

(1 (w)) wl, (cof Du)y

%

NIE
NE

— zn: (Lp;c(Dmu,x))m =

i i—1

N
I
3 <.
I
—

+n(u) ) (cof Du)¥

1,Zq
%

S

(125 (u)) u,, (cof Du)}

«
Il
-

<
Il
-

-

Il
-

N, (W) 5 det(Du)
J

because det(Du)dj, = Y., pl(cof Du)¥ and >i—i(cof Du)f = 0. The sec-
ond term in the Euler-Lagrange equations becomes

Lt (Du,u,z) = n,x(u) det(Du).

Therefore since determinants are null Lagrangians,

T4

_ 2”2 (Lp;c (Du, u, x)) + L (Du,u,x)
i=1

= Z N25 ()8 det(Du) + 5 (u) det(Du)

=0.
Hence, L(P, z,z) = n(z) det P is a null Lagrangian.

For (b), we apply Theorem 1 (Null Lagrangians and boundary conditions) on
page 463 of Evans. We know that null Lagrangians are significant because their
corresponding energy depends only on the boundary conditions. As u is C? and
we showed that L(P, z,z) = n(z)det P or L(Du,u,x) = n(u)det(Du) is a null
Lagragian in (a), all of the conditions of Theorem 1 are satisfied.

This implies that if there is another C? function @ such that u = % on U then

I[u] = IU]

thus

/L(Du,u,x)dx:/ L(Du,u,x) dx.
U U

So we can find [, n(u) det Dudz by the value of u as its boundary, uloy. O
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8.7.7 Let m = n. Prove
L(P) = tr(P?) —tr(P)* (P € M™*™)

is a null Lagrangian.

Proof. We will match the notation on page 462 of Evans and represent P €
men by

R
P:
pgn p;n mxn

where P = (p¥) for i rows, k columns, and ¢r(A4) = 3.1 | al. Expanding L(P)
gives

n n 2 n
tr(P?) — tr(P)* = Y pf pj. — <Zp§> = > ¥ i — Pl k-
k=1 i=1 i k=1

We then see that the RHS consists of a sum of subdeterminants of the matrix

(pi p?;)

pi by

obtained from evaluating the larger matrix P € M™*"™. We need to show that
these subdeterminants are null Lagrangian. To do this, we first observe that if
i = k then we are done. On the other hand, if i # k then it is easier to apply

the notation shown in lecture. Observing that p is represented by Du and that
we are taking the derivative with respect to subscript gives

&-ui 8kui
aiuk 8kuk ’
The determinant of the above matrix is

det (@ui 8kui> = Oiu; Oy, — O3 Opt;.

(%uk 8kuk
Therefore
W(F) = Fyi Fer, — FipFr
where o o
o =P 5 = —Fa,
ow o ow _
OFx " 9Fy "
The Euler-Lagrange equations are
0 oW
— | == (D = 0;(0 — 0, (0; = (Os — Oks =0
355]‘ (3F’Lj( u)) ( kuk) k( uk) ( k k )uk
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and
0 ow
%j <8FI<:](DU)) = O (0;u;) — 0;(Opu;) = (O — Ot )u; = 0.

Therefore, it is clear that all of the 2 x 2 subdeterminants are null Lagrangian
and —L(P) = Z:‘Lk:l Oju; Oy, — O;urOku; as a sum of subdeterminants is null
Lagrangian.

Alternatively we can consider

L=L¥=pf pj, —pl o}

and then compute the Euler-Lagrange equations abstractly through the simpli-
fied notation on page 456 and 463. Defining

D,i L(Du) = The gradient of L(Du) with respect to the index row i

we find that the Euler-Lagrange equations (17) on page 463 may be written as
the divergence

~V - Dy L(Du) + Di L(Du) = —(u¥) iy + (@) gz, = 0

~V - Dy L(Du) 4+ Dk L(Du) = —(u') gy + (u') iy = 0.

Either method shows that all of the 2 x 2 subdeterminants are null Lagrangian
and therefore L(P) is null Lagrangian. O

8.7.15 (Pointwise gradient constraint)

(a) Show that there exists a unique minimizer v € A of
1 2
Iw] := | =|Dw|* - fwdz,
U 2
where f € L?(U) and

A:={we H}(U) | |Dw| <1 a.e.}.

(b) Prove
/UDu-D(w—u)de/Uf(w—u)dx

for all w € A.

Proof. We follow the proofs of Theorem 3 and Theorem 4 in §8.4.2 of Evans.
The difference in this problem is that the admissible set now has the obstacle
of |Dw| <1 a.e. in U instead of w > h a.e. in U.
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For (a), the existence of a minimizer follows from choosing a minimizing se-
quence {uy}72, C A with

I = inf Ifw).
[u] = m = inf I[u]

We then extract a subsequence
u, —=u weakly in Hj(U)
with I[u] < m. We will be done if we can show
|Du| <1 a.e.,

so that u € A. Here, it is clear that A is convex and closed. By Mazur’s
Theorem, A is weakly closed. So by compactness uy, — u in L?(U). Since
Duy,; <1 ae., it follows that Du < 1 a.e. and therefore u € A.

Remark: It isn’t necessary to apply Mazur’s Theorem here. Since we know that
I(w) is weakly lower semi-continuous and coercive and that A is convex and
closed, we can apply §5.7 (the Rellich-Kondrachov Theorem) to show that there
exists a minimizer u € A.

To show uniqueness, we assume that v and @ € A are two minimizers where

u # @. Then w := “5% € A and
2 .
_f(u—;—u) dx

32529

| ]
:/U§<|Du|2+2Du~Dﬁ+|Dﬂ|2> —f (“;“) dz.

Since 2a - b = |a]? + |b|*> — |a — b|?, we find that

Iw] :/ é(2|Du|2+2|Da\2—|Du—Dﬂ|2) —f<“+“) dx
U

2
1 [1 1 [1
<§/U§|Du|2—fudx+§/U§|Da\2—fadx
1 1
= §I[U] + 51[@7

the strict inequality following from v # 4. This is a direct contradiction because
we assumed that w and @ are minimizers. Therefore, there exists a unique
function u € A satisfying Iu] = miﬁ[[w}.

we

For (b), we fix an arbitrary w € A. Since A is convex we know that for every
0<7<1,
utT(w—u)=(1—-7)u+Tw € A

Hence by defining
i(r) == Iu+ 7(w — u)],
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we have that i(0) < i(7) for every 0 < 7 < 1. Therefore

i(0) > 0. (24)

Then if 0 < 7 < 1,

i(r) —i(0) _ 1/ |Du + 7D(w — u)|* — |Dul? B
T Ju 2
7Dt —u)?

pu flu+7(w—u)—u)dx

:/Du~D(w7u) — f(w—wu)dz.
U

Hence (24) implies

OSi’(O):/UDU-D(w—u)—f(w—u)d:c,

which gives the desired inequality.

We may also define v := w — u so that the inequality becomes

/Du~Dvdw2/fvdx
U U

which is an analogue of the Euler-Lagrange equation in terms of an equality.
This inequality is associated to I(w) where w € A and v = w — w. O

Chapter 9 Solutions

9.7.11 Give a simple example showing that the flow
u' € —0Ifu] (t>0) *)

may be irreversible. (That is, find a Hilbert space H and a convex, proper, lower
semicontinuous function I : H — (—o0, 0o] such that the semigroup solution of
(*) satisfies

for some t > 0 and u # 4.)

Proof. We consider a piecewise defined lower semi-continuous function defined
by breaking up the real line into two convex functions. Let

I:R— (—o0,00]

be defined by
u| i |ul <1

u? if |u| > 1.
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", T x”’f ufrom =1.2 to 1.2)

|
S
10 -05 0.5 1.0

Figure 2: The piecewise defined lower semi-continuous function I(«). The slope
of I'(u) is £1 when |u| < 1 and £2 when |u| > 1.

where I is convex, proper, continuous, and lower semicontinuous. We then
compute dI[u]. By construction, I is smooth away from v = 0 and u = £1, so
the subdifferential is the derivative I'(u). At uw = 0, lines with slopes of 1 and
—1 lie below the graph of I. At u = 1, lines with slopes between 1 and 2 lie
below the graph of I. Also, at u = —1, lines with slopes between —2 and —1 lie
below the graph of I. Therefore

{2u} ifu< -1

[2,-1] ifu=-1
{-1}  if-l1<u<0

0I(u) =< [-1,1] ifu=0
{1} if0<u<1
[1,2] ifu=1

{2u} if u> 1.

By the theory of gradient flows in Evans, we know that the gradient flow

{u’ € —aIlu] (t>0)
u(0) = ug

has a unique continuous solution u(t) = S(¢t)ug. We investigate the solution
when ug > 1.

When u > 1, dI[u] = {2u}, so we have that ' = —2u and therefore u(t) =
upe~2t. This is true until u(t) reaches u = 1, which happens when 1 = uge=2
or t = (1/2)In(up). We now move to u € (0,1). Here, v’ = —1 and therefore
u(t) = —t + u1. At w = 1, we have that 1 = —t +u; = —(1/2) In(up) so that
up = 14(1/2) In(ugp). Hence u(t) =1— (t—(1/2)In(ug)). This is true until u(t)
reaches 0, where t = 1+ (1/2) In(ugp). For u < 0, we have that u(t) = constant
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by construction. Combining all of these cases

uge 2t if 0 <t < (1/2)In(up)
w(t) =< 1= (t—(1/2)In(ug) if (1/2)In(ug) <t < (1/2)In(ug) + 1
0 if t > (1/2) In(uo) + 1.

Therefore we can choose two initial conditions ug and ug and then go forward
in time ¢. Eventually there will be a time ¢ > 0 such that S(t)ug = S(t)tp = 0.
Thus, the flow is irreversible.

O

9.7.12 Let u = u(x,t) denote the height at x € R? of a sandpile that grows as
sand is added at a rate f = f(x,t) > 0. We assume the stability condition

|Du| <1,

meaning that nowhere can the sandpile have slope greater than 1. As usual,
D,u = Du. We propose the dynamics

uy — div(ADu) = f  in R? x (0,00),

where a = a(z,t) > 0 describes the flow rate of sand rolling downbhill, that is,
in the direction —Du. Suppose that

spta C {|Du| = 1},
so that the sand flows downhill only if the slope is one.
Show that the foregoing implies
f—u € 0Iul,

for the convex function

I(u) :=

0 ifue L*(R?), |Du| <1 ae.
oo otherwise.

Proof. We follow the analysis done by Aronsson, Evans, and Wu in [1] and [5].
We first proceed informally and analyze the physical aspects of the model.

Consider the non-linear p-Laplacian
Ayu = div(|DulP~2Du)

which for large values of p is known as a prototype of a slow/fast diffusion
operator. We are interested in understanding what happens in the fast and
slow diffusion regions in the limit as p — oo. This problem is related to existing
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techniques known for Monge—Kantorovich type optimal mass transfer problems.
We introduce some standard notation from convex analysis. First, we define

K:={uec L*(R") : |Du| <1 a.}

and

Iu) = {20 ftﬁefwﬂfse.
Here u* minimizes K[| over K. Its corresponding Euler-Lagrange equation is
fr=f eI (25)
which is defined as
Ilv] = T+ (fF = f7 v —u')pe

for every v € L2(R"). We first rewrite (25) in a more familiar form.

Lemma 8. Suppose that f+ and f~ are Lipschitz continuous.
(i) Then there exists a nonnegative L™ function a such that
—div(aDu*) = f* — f~ inR" (26)

(#t) In addition
|[Du| =1 a.e. on the set {a > 0}.

Here, a is known as the transport density. The PDE (26) is nonlinear and a is
a Lagrange multiplier corresponding to the constraint |Du*| < 1.

Sketch of Proof: Let n +1 < p < co. We then approximate by the quasilinear
PDE defined for the p-Laplacian

— div(|Dup|[P*Du,) = fT — £, (27)
which corresponds to maximizing
1
Kplu| := / u(ft—f7) = =|DulP d=.
n p
By the maximum principle, we find that

sup |UP|’ |Dup|, |Dup|p <C<x
P

for some constant C' € (0,00). It then follows that there exists a sequence
pr — oo such that

Up, — U~ locally uniformly
Duy,, — Du*  boundedly, a.e.
|Duy, [P~2 — a  weakly * in L.
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Therefore, we can pass to the limit in (27) to obtain (26).

For this problem, we have a sandpile model that evolves over time. In a physical
context, it is a Monge—Kantorovich mass transfer mechanism which interacts on
a fast time scale. As u is the height of the sandpile, we impose the constraint

|Du| < 1 (28)

everywhere. The constraint has the physical interpretation that the the slope
will not remain in equilibrium and that the sand will flow downhill when the
slope is one. Suppose f > 0 is a source term which represents the rate at
which sand is added to the sandpile whose initial height is zero. This would
initially suggest that the model would be u; = f in any region where the con-
straint (28) is active. However, adding more sand in a particular location would
break the constraint and it would be perfectly reasonable to expect that these
newly added sand particles would instantaneously roll downhill. The particles
would continue rolling downhill until stopping at a rest state where adding new
particles maintains the constraint.

This gives the following evolutionary model for growing sandpiles

f—ur=0I[u] (t>0)
u=0 (t=0),

where I[-] is defined by
Ifv] > I[u ]+ (f" = f7 v —u")pe

for every v € L?(R"). Applying Lemma 8 we see that f* = f and f~ = u,
so that u; — div(ADu) = f. The physical interpretation is that for every
moment of time, the mass du™ = f¥(-,t)dz is instantly and optimally trans-
ported downhill by the potential u(-,t) into the mass du~ = u(+,t)dy. There-
fore, the height u(-,t) of the sandpile is also the potential which generates the
Monge-Kantorovich reallocation of f*dx to u;dy. This relation forces the dy-
namics of the growing sandpile model.

Now, we analyze why the dynamics give the evolution equation. Let us consider
evolutions governed by the p-Laplacian:

Upt — Apup = fp  In R™ x (0, 00)
Up =g on R x {t =0}

and study the behavior of the solutions u, as p — oco. Here f > 0 represents
a given source term, which we interpret physically as adding material to an
evolving system. As p — oo, we will see that u, — p and that the limit u solves
the evolution equation

f—us=0In], t>0.
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We start by sending p — co. Then for every T' > 0 we have that the functions
{up}p>n+1 are bounded in L= (R™ x [0,7T]) and {Duy, upi}p>n+1 are bounded
in L2(R™ x [0,T]). Further, the functions {u,},>n+1 have a uniform bound
supported in R™ x [0,T]. Therefore we can extract a sequence p; — oo and a
limit u so that for every T' > 0

{Upi S a.e. and in L2 (R" x (0,T)) (29)

Du,, = Du, up, , = u; weakly in L? (R™ x (0,7)).
We then reinterpret the evolution PDE as
fp = upp = 0L[uy], >0,

where we will send p — oo to recover the original PDE. We make some explicit
assumptions regarding the source terms { f}, } p>n+1. For this, we select m distinct
points {di}7*; C R™ and m smooth, nonnegative functions of time { fx(¢)}7",.
This will imply that the measure

m

F=" r(t)da, (x)

k=1

will record point sources at the sites {dy}7~; with rates {fx(t)}.,. For every
k=1,....mand n+1 < p < oo we let d’; : R" — R be smooth functions
satisfying

supp(dy) C B(dk,7p), dj, 20,

fB(dkM)dzdx:l as p — 00

where 7, — 0 as p — oo. This is why we require spta C {|Du| = 1}. We then
take

m
Folw,t) =Y fr(t)di(x) (n+1<p<o0)
k=1
as a smooth approximation to f. With this setup, we arrive at the following
Theorem 9. The limit function u defined by (29) satisfies

f—u €0Iu] ae t>0.

Setup of Theorem 9: We interpret f — u; € 0Ifu] as

I[v] > I[u] —I—/ (f(z,t) —ug(x,t)) (v — u(z,t)) de, (30)

n

for every v € L? (R™) at a.e. ¢ > 0. We also suppose that v is Lipschitz and that
the Lipschitz constant is at most one. Then the expression

flx, t)(v—u(z,t))de

Rn
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may defined as

D fe®)(v(di) = uldy, 1))

k=1

Proof of Theorem 9: As |Du| < 1, we have that I [u(-,t)] = 0 for a.e. ¢ > 0. We
will also assume that v has compact support. To verify (30) is true, we need to
show that

/n(f(:mt) —ug(z,t)) (v — u(z,t))de <0 (31)

for a.e. t > 0. To do this, we fix two times 0 < t; < t3. Our original PDE
becomes

fo = upp = 0Ly [uy).
This implies

(t2 =ty lo) > [Tyl e [ [ () = gl )0 = uyla ) dod

t1

> /t /n(fp(% t) = upa(w,1) (v — up(z,1)) dzdt, (32)

Then since |Dv| < 1 a.e. and v is compactly supported, we have

lim I,[v] = 0.

pP— 00

By (29), we see that the weak convergence implies

/:/ “pi’t(m’t)(“_“m(x’t))dl’dt—>/: / ug(z, t) (v —u(z,t)) dedt. (33)

It remains to show that
to m ta
[ [ w0t Y [ 000 - w0 (30
t JR7 =/t

Since spt(a) C {|Du| = 1} it follows that spt(d}) C {|Du| = 1} which implies

to M

/ ’ . o, yodadt — | > fu(tyo(dy) dt. (35)

b g=1

So for a.e. t > 0 and p > 2n we obtain
l[up (s )l corrz < C([|1Dup (5 )l L2m + [up(-, )| zoe) -

The C%1/2 norm is defined by

wlxr) —w
||/wHC"3v1/2 - ||wHLoo +Sup %
aty |z —ylY
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This gives

to to
/ ||up(:z:,t)||co,1/2dt§0+0/ Dy (a, )| 2o dt
t1 ty

ts 1/2n
—Cc+C (/ / | Duy (, )" dwdt)
t1 JRe
ta 1/p
<C+C (/ / | Duy(x,t)[P d:cdt)
t1 n

<G,

where all of the integrations are done over finite values. Therefore we find

ta
/ / fpi (@, t)up, (x,t) dedt = Z/ / dy () up, (x,t) dedt
B(dkarm)
= Z )y, (di, t) di+

=17t

> [ no / 42 2) (vt ) — iy, (o))
k=1 t1 B(dy vrpi)
= A1 + AQ.

We bound both of these expressions. First

|A2|<OZ / Sup  [uap: (2, £) — up, (dy 1) dt

dk ’l"p

< Cr},{Q/ l|tp, (2, 1) || o1/ dt
t1
<conf?

because fttlz llup(z, €)||coa/2 dt < C. We then fix 7 > 0 to find

Z t)up, (dy, t) dt

=17t

to
—Z/ ful(t ][ i (diy 1) — up, (2, 1) dadt
t1 B(dk,T)
ta
+ / fk(t)][ Uy, (z,t) dedt
]; tl B(dk,’r) b

= Bl + Bg.

Proceeding as before,
|By| < Cr!/2
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To estimate By we apply (29) and pass to limits to find

/ / fpi (@, t)up, (x,t) dedt — Z/ ][ u(x,t) dedt
dk,’l’)

< Oor'/?,

lim sup
Pi—00

Now since |Du| <1 a.e. we have

Sof o jule0) - ulde, )] de < O,
k B(dk‘) )

which implies

to tz
lim sup / Jpi (@, ) up, (x,t) dedt — Z w(Du(dy, t) dt| < Crt/?
pi—oo |Jt; Jrn 1/t
for every r > 0. In combination with (35), this justifies (34).
Then (32) — (34) imply
to M
0> ka v(dy) — u(dg, t)) dt — / / u(z,t) (v — u(x,t)) dedt
tl k 1 n
for every 0 < t; < to and v as above. Hence
0> ka(t)(v(dk) — u(dg, t)) — / ug(z,t)(v — u(z, b)) de
k=1 "

for a.e. t > 0 and v. This establishes (31) and completes the proof. The exercise
then follows from the assumptions of |Du| < 1 and spta C {|Du| = 1} which
are included in the assumptions of Theorem 9. The last assumption that

—div(Adu) = f in R? x (0,00),
is used in defining the degenerate parabolic PDE

up ¢ — div(|Dup|P~2Duy,) = f, in R™ x (0,00)
Up =g on R™ x {t =0}

where n + 1 < p < oo taking the limit as p — oo gives the desired evolution
equation. O

9.7.13 Assume u is a smooth solution of the gradient flow system (33) in
§9.6.3, where L satisfies the uniform convexity condition (29). Show there exists
constants C,y > 0 such that

/ uf(z,t)de < Ce™ ™ (t > 0).
U
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Proof. The idea behind this problem is that convex gradient flows converge
exponentially to a minimizer.

We first review the theory of gradient flows. In general, a partial differential
equation is a gradient flow of an energy functional E : X — (—o0,+00] on a
metric space (X, d) if the equation may be written as

%Mn:—mmwmh u0) =ue X,

for a generalized notion of gradient V.

To get a feel for gradient flows in L?(U), we review the heat equation. It is
defined by the Dirichlet energy

B(u) = 5 Ju IVu(@)?dz, for u e H(U)
+o0 otherwise.

Here E(u) isn’t continuous with respect to the L?(U) norm, even on the re-
stricted set G := H}(U) N H2(U). However, its directional derivatives are well
defined for every u € G since

lim E(u+ hv) —

E(u) :/WW:_/ Awv, Vv e CX(U).
h0 h U v

By this, we define V2 E(u) to be the vector field satisfying

(V2 E(u),v) 2y = lim E(u+ hv) - E(u)

P h = (—AU,U)L2(U), Yv € LQ(U)

Hence, the gradient flow of the Dirichlet energy is the heat equation

d

Zult) = =V E(u(t)) = Au(t).

By linearity of the gradient and convexity of |- |, the Dirichlet energy is convex
on L(U).

We now review gradient flows on Hilbert spaces. In general, the theory can be
seen as a nonlinear, infinite dimensional generalization of the theory of ordinary
differential equations. Suppose we have a functional E : H — R U {400} on a
Hilbert space H. We then define the Hilbert space gradient analogously to the
definition of V2. We also define three other properties.

Definition 1 (Hilbert space gradient). V4 FE(u) € H is a Hilbert space gradient
of E at u if

Vv € H.
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Definition 2 (L? gradient and functional derivative). Consider the class of
integral functions E(u) = [ F(z,u(z), Vu(z))dz on L*(U). If u is sufficiently
regular then the functional derivative %—5 € L?(U) exists and satisfies

lim E(u+ hv) — E(u) _
h—0 h

oFE
/ —uv, YveCX@).
U (S’U,
In our case, we identify V2 F(u) with %—5. With this definition of Hilbert space
gradient, we define the Hilbert space gradient flow.
Definition 3 (Hilbert space gradient flow). The gradient flow of E with respect
to H is

%u(t) = —-VuE(u(t)), u(0)=u.

Definition 4 (Convexity inequality). Given 6 € R and a functional E : H —
R U {400} we obtain for convex E

0
(VE(u) = VE(),v —u) > §|v — ul?.
These give rise to the exponential decay of the gradient. That is,
IVE(u(t))| < e~ "|VE(u(0))]. (36)

To see this, we impose the additional assumption that for all u € G := H(U) N
H?(U), there exists D?E(u) : G — H satisfying

(VE(u+ hv) — VE(u),w)

2 T
(D*E(u)v,w) = }lli% W , Ywed.
The convexity inequality then implies
9 . (VE(u+ hv) — VE(u), hv) . O 0,
= > ~ = _|v|?.
(D" E(u)v,v) = lim h? Z fim o T = 3l
Therefore
d1

0
§§|VE(u(t))|2 = —(D*E(u(t))VE(u(t)), VE(u(t))) < —§|VE(u(t))|27
and integrating yields the inequality (15). In our case

uy = —VE(u(t))
so by defining H (t) := |[VE(u(t))|* we have

By the inequality
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we see that H(t) < H(0)e™% therefore implying

Wiz r <e 0 n 2= (Ce .
/U 2(,1) d < /UIVE( ()2 = C

The same analysis follows from applying Gronwall’s inequality after integration.

Remark: Perhaps Evans intended to “take a more direct route to arrive at this
inequality.” Returning back to the energy functional E : L?(U) — R U {+o00}
defined by

1
Blu) = { 5 [ IVu(z)]? dz, for u G.HO (U)
400 otherwise.

We integrate by parts to find

_ /U Vult) - Vug(t) = — /U Au®)? = —|VE@W)|22)

We may also observe that

d
GBIz =2 [ Aut)u(t
U

—9 /U Au(t)A(Au(®)
- —2/U|V(Au(t)) 2
<0

which shows that there is exponential convergence to the unique minimum of
E(u) over L?(u). Applying similar analysis as above with the uniform convexity
condition gives

%H(t) < _0H().

where H(t) is the L? norm squared of the energy. Proceeding as before, we see

that
d

dt
implies H(t) < H(0)e %. Hence

(Ht)e ™) = H'(t)e " —0H(t)e " <0

/ uf(z,t)de < e~ / |VE(u(0))]* = Ce .

65



Evans Chapters 5 - 9

References

[1]

G. Aronsson, L.C. Evans, and Y. Wu. “Fast/Slow Diffusion and Growing
Sandpiles”. In: Journal of Differential Equations 131.2 (1996), pp. 304—
335. 18SN: 0022-0396. DOI: https://doi.org/10.1006/ jdeq . 1996 .
0166. URL: http://www.sciencedirect.com/science/article/pii/
S50022039696901667.

Haim Brezis. Functional Analysis, Sobolev Spaces and Partial Differential
Equations. Springer New York, 2010. Do1: 10.1007/978-0-387-70914~7.
URL: https://doi.org/10.1007%2F978-0-387-70914-7.

P.G. Ciarlet. Three-Dimensional Elasticity. Mathematical Elasticity. Else-
vier Science, 1994. 1SBN: 9780444817761. URL: https://books . google.
com/books?id=sQi0zyTOJXUC.

Klaus-Jochen Engel and Rainer Nagel. “One-parameter semigroups for lin-

ear evolution equations”. In: Semigroup forum. Vol. 63. 2. Springer. 2001,
pp. 278-280.

Lawrence C Evans. “Partial differential equations and Monge-Kantorovich
mass transfer”. In: Current developments in mathematics 1997.1 (1997),
pp. 65-126.

Giovanni Leoni. “A First Course in Sobolev Spaces”. In: (Jan. 2009). DOI:
10.1090/gsm/105.

Walter Rudin. Real and Complexr Analysis, 3rd Ed. USA: McGraw-Hill,
Inc., 1987. 1sSBN: 0070542341.

ELIAS M. STEIN. Singular Integrals and Differentiability Properties of
Functions (PMS-30). Princeton University Press, 1970. ISBN: 9780691080796.
URL: http://www. jstor.org/stable/j.cttlbpmb07.

66


https://doi.org/https://doi.org/10.1006/jdeq.1996.0166
https://doi.org/https://doi.org/10.1006/jdeq.1996.0166
http://www.sciencedirect.com/science/article/pii/S0022039696901667
http://www.sciencedirect.com/science/article/pii/S0022039696901667
https://doi.org/10.1007/978-0-387-70914-7
https://doi.org/10.1007%2F978-0-387-70914-7
https://books.google.com/books?id=sQiOzyTOJXUC
https://books.google.com/books?id=sQiOzyTOJXUC
https://doi.org/10.1090/gsm/105
http://www.jstor.org/stable/j.ctt1bpmb07

	Chapter 5 Solutions
	5.10.4
	5.10.6
	5.10.7
	5.10.8
	5.10.9
	5.10.11
	5.10.13
	5.10.15
	5.10.17
	5.10.18
	Exercise (Hardy's Inequality on R+)

	Chapter 6 Solutions
	6.6.3
	6.6.5
	6.6.7
	6.6.8
	6.6.10
	6.6.13
	6.6.15
	Elasticity Exercise

	Chapter 7 Solutions
	7.5.1
	7.5.2
	7.5.5
	7.5.6
	7.5.12
	7.5.13
	7.5.14
	7.5.15
	7.5.16
	Strong Maximum Principle Exercise

	Chapter 8 Solutions
	8.7.1
	8.7.2
	8.7.4
	8.7.7
	8.7.15

	Chapter 9 Solutions
	9.7.11
	9.7.12
	9.7.13


