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Abstract

Fix an integer k > 3. A k-uniform hypergraph is simple if every two edges share at most
one vertex. We prove that there is a constant ¢ depending only on k such that every simple
k-uniform hypergraph H with maximum degree A has chromatic number satisfying

A \FT
x(H) <c¢ (logA) .

This implies a classical result of Ajtai-Komlés-Pintz-Spencer-Szemerédi and its strengthening

due to Duke-Lefmann-Rodl. The result is sharp apart from the constant c.

1 Introduction

Hypergraph coloring has been studied for almost 50 years, since Erdés’ seminal results on the
minimum number of edges in uniform hypergraphs that are not 2-colorable. Some of the major
tools in combinatorics have been developed to solve problems in this area, for example, the Local
Lemma and the nibble or semirandom method. Consequently, the subject enjoys a prominent place

among basic combinatorial questions.

Closely related to coloring problems are questions about the independence number of hypergraphs.
An easy extension of Turan’s graph theorem shows that a k-uniform hypergraph with n vertices
and average degree d has an independent set of size at least cn/ dY/ =1 where ¢ depends only on
k. If we impose local constraints on the hypergraph, then this bound can be improved. An i-cycle
in a k-uniform hypergraph is a collection of i distinct edges spanned by at most i(k — 1) vertices.
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Say that a k-uniform hypergraph has girth at least g if it contains no i-cycles for 2 < i < g. Call
a k-uniform hypergraph simple if it has girth at least 3. In other words, every two edges have at
most one vertex in common. Throughout this paper we will assume that k > 3 is a fixed positive
integer.

Ajtai-Komlés-Pintz-Spencer-Szemerédi [2] proved the following fundamental result that strength-
ened the bound obtained by Turan’s theorem above.

Theorem 1 ([2]) Let H = (V, E) be a k-uniform hypergraph of girth at least 5 with mazimum
degree A. Then it has an independent set of size at least

1/(k—1)
on <log A)

A

where ¢ depends only on k.

Spencer conjectured that Theorem 1 holds even for simple hypergraphs, and this was later proved
by Duke-Lefmann-Rodl [6]. Theorem 1 has proved to be a seminal result in combinatorics, with
many applications. Indeed, the result was first proved for k& = 3 by Komlés-Pintz-Szemerédi [13]
to disprove the famous Heilbronn conjecture, that among every set of n points in the unit square,
there are three points that form a triangle whose area is at most O(1/n?). For applications of

Theorem 1 to coding theory or combinatorics, see [15] or [14], respectively.

The goal of this paper is to prove a result that is stronger than Theorem 1 (and also the accompa-
nying result of [6]). Since the proof of our result does not use Theorem 1, it gives an alternative
proof of all the applications of Theorem 1 as well. Our main result states not only that one can
find an independent set of the size guaranteed by Theorem 1, but also that the entire vertex set
can be partitioned into independent sets with the average size as in Theorem 1. Recall that the
chromatic number x(H) of H is the minimum number of colors needed to color the vertex set so

that no edge is monochromatic.

Theorem 2 Fix k > 3. Let H = (V, E) be a simple k-uniform hypergraph with maximum degree

A. Then )
A\ =T
H
X( )<C(logA)

where ¢ depends only on k.

It is shown in [5] that Theorem 2 is sharp apart from the constant c¢. In order to prove Theorem
2 we will first prove the following slightly weaker result. A triangle in a k-uniform hypergraph is
a 3-cycle that contains no 2-cycle. In other words, it is a collection of three sets A, B, C such that
every two of these sets have intersection of size one, and AN BN C = ().



Theorem 3 Fiz k > 3. Let H = (V,E) be a simple triangle-free k-uniform hypergraph with

mazimum degree A. Then
1

A\ T
<o 5)"

where ¢ depends only on k.

The proof of Theorem 3 rests on several major developments in probabilistic combinatorics over
the past 25 years. Our approach is inspired by Johansson’s breakthrough result on graph coloring,
which proved Theorem 3 for k = 2.

The proof technique, which has been termed the semi-random, or nibble method, was first used by
R6d1 (inspired by earlier work in [2, 13]) to confirm the Erdds-Hanani conjecture about the existence
of asymptotically optimal designs. Subsequently, Kim [11] (see also Kahn [10]) proved Johansson’s
theorem for graphs with girth five and then Johansson proved his result. The approach used by
Johansson for the graph case is to iteratively color a small portion of the (currently uncolored)
vertices of the graph, record the fact that a color already used at v cannot be used in future on
the uncolored neighbors of v, and continue this process until the graph induced by the uncolored
vertices has small maximum degree. Once this has been achieved, the remaining uncolored vertices
are colored using a new set of colors by the greedy algorithm.

In principle our method is the same, but there are several difficulties we encounter. The first, and
most important, is that our coloring algorithm is not as simple. A proper coloring of a k-uniform
hypergraph allows as many as k — 1 vertices of an edge to have the same color, indeed, to obtain
optimal results one must permit this. To facilitate this, we introduce a collection of k£ — 1 different
hypergraphs at each stage of the algorithm whose edges keep track of coloring restrictions. Keeping
track of these hypergraphs requires controlling more parameters during the iteration and dealing
with some more lack of independence and this makes the proof more complicated.

In an earlier paper [8], we had carried out this program for k = 3. Several technical ideas incorpo-
rated in the current proof can be found there. Because the notation in [8] is slightly simpler than
that in the current paper, the reader interested in the technical details of our proof may want to
familiarize him or herself with [8] first (although this paper is entirely self contained).

The implication Theorem 3 implies Theorem 2 forms a much shorter (but still nontrivial) part of
this paper (See Section 2). Our proof uses a recent concentration result of Kim and Vu [12] together
with some additional ideas similar to those from Alon-Krivelevich-Sudakov [3]. The approach here
is to partition the vertex set of a given simple hypergraph into some number of parts, where the
hypergraph induced by each of the parts is triangle-free. Once this has been achieved, each of the
parts is colored using Theorem 3.

We end with a conjecture posed in [8], which states that we may replace the hypothesis “simple”

with something much weaker.



Conjecture 4 ([8]) Let F be a k-uniform hypergraph. There is a constant cp depending only on
F such that every F-free k-uniform hypergraph with mazimum degree A has chromatic number at
most cp(A/log A)Y/ (1),

Conjecture 4 appears to be out of reach using current methods. For example, the special case k = 2
and F' = K4 remains open and would imply an old conjecture of [1].

Throughout this paper, we will assume that A is sufficiently large that all implied inequalities hold
true. Any asymptotic notation is meant to be taken as A — oo.

2 Simple hypergraphs

In this section we will prove that Theorem 3 implies Theorem 2.

Let H = (V,E) be a simple k-uniform hypergraph. For v € V let its neighbor set Ny (v) be
defined by Ny(v) = {z: IS € E s.t. {v,x} C S}. Let dgy(v) denote the degree of v so that
[N (v)| = (k= 1)du(v).

A pair z,y € Npg(v) is said to be covered if there exists S € E that contains both z and y but
not v. Note that the assumption that H is simple implies that in this case no edge contains all of

U, T, Y.

Recall that k is fixed. Let ¢ = (k) be a sufficiently small positive constant depending only on k.
Theorem 2 will follow from Theorem 3 and the following two lemmas:

Lemma 5 Fiz k > 3. Let H = (V, E) be a simple k-uniform hypergraph with maximum degree A.
2

Let m = {A 3k—4_5—‘. Then there exists a partition of V into subsets Vi, Vo, ..., Vi, such that each

induced subhypergraph H; = H[V;], i = 1,2,...,m has the following properties:

(a) The mazimum degree A; of H; satisfies A; < 2A/mF~1,

(b) If v € V; then its H;-neighborhood N;(v) contains at most k2A%/m3*=% covered pairs. (Here
we mean covered w.r.t. H;).

Lemma 6 Fiz k > 3 and let § be a sufficiently small positive constant depending on k. Let
L = (V,E) be a simple k-uniform hypergraph with mazimum degree at most d. Suppose that each
vertex neighborhood N1(v) contains at most d° covered pairs. Let { = dF=17° Then there exists a
partition of V into subsets Wi, Wa, ..., Wy, , €1 = O(¢) such that for each 1 < j < {1, the hypergraph

L; = L[W;] has the following properties:

(a) The mazimum degree d; of L; satisfies d; < 2d/¢**.

(b) Lj is triangle-free.



2.1 Proof of Theorem 2

Our proof can be thought of as a nibble argument, involving two iterations, given by Lemmas 5

and 6. Suppose that H is a simple k-uniform hypergraph with maximum degree A and assume

that A is sufficiently large. Apply Lemma 5 to obtain Hj,..., H,, that satisfy the conclusion of

the lemma. Now fix 1 <4 < m and let L = H;. Lemma 5 part (a) implies that A(L) < 2A/mk~1.

Hence we may apply Lemma 6 to L with d = 2A/m*~! and 6§ = £(3k — 4)2/(k — 2). By Lemma 5

part (b), each neighborhood Ni(v) contains at most k2A%/m3*~* covered pairs. Since A is large,
[

< B2ASBE—4) _ 12 A (k=2) <.
e

]{32

We may therefore apply Lemma 6 with ¢ = d'/(*=1)=9_ Together with Theorem 3 we obtain

s <o ) ) o) ) o{(2)”)

Since this holds for each H; we obtain,

wan < S5 <0 (m (1245)7) =0 (m (ki) ) <o ((25)7):

2.2 Kim-Vu concentration

We will need the following very useful concentration inequality (1) from Kim and Vu [12]: Let
T = (W, F) be a hypergraph of rank s, meaning that each f € F satisfies |f| < s. Let

szZHzi

eFief

where the z;,i € W are independent random variables taking values in [0,1]. For A C W,|A| < s

let
ZA = Z H Z-

feFief\A
f24A

Let My = E(Z4) and M; = max 4 |4>; Ma for j > 0. There exist positive constants a = as and
b = bs such that for any A > 0,

P(1Z —E(2)| > aX*V/MoM) < bW~ e (1)



2.3 Proof of Lemma 5

We will use the Local Lemma in the form below.

Theorem 7 (Local Lemma) Let Ay,..., A, be events in an arbitrary probability space. Suppose
that each event A; is mutually independent of a set of all the other events A; but at most d, and
that P(A;) < p forall1 <i<mn. Ifep(d+1) < 1, then with positive probability, none of the events
A; holds.

We will partition V' randomly into m parts of size ~ |V|/m and use the Local Lemma to show
the existence of a partition. We make the partition by assigning a random number in [m] to each
veV.

Fix v € V. To simplify notation, condition on v € V;. Let A, be the event that (a) fails at v i.e.
that v has degree greater than 2A /m*~! in the hypergraph Hj.

Let B, be the event that its neighborhood in Hj contains more than k2A2%/m3*~* covered pairs.

Each of these events is mutually independent of a set of all other events but at most O(A*). We
will show that
P(A,),P(B,) = O(A~5) and this is clearly sufficient for the application of the Local Lemma.

Let d, be the degree of v in Hi. Then d, has a distribution that is dominated by the binomial
distribution Bin(A,1/m*F=1). It follows from the Chernoff bounds that

-1y e_A?ﬁc%i%k—l)Ho(l) < A

p (dv > 2A/mk_1> < e B/Bm

and this disposes of A,.

Our goal now is to bound P(B,). For a vertex € Ny (v), let T;,(x) denote the unique (k — 1)-set
containing z such that T,(z) U {v} € E. A covered pair z,y € Ng(v) will remain as a covered
pair in Ny, (v) iff Spy = Ty(z) UTy(y) UT C Vi where T is the unique (k — 2)-set such that
TU{z,y} € E. Let S1,S59,...,S,, r < (k— 1)2(3) be an enumeration of the (3k — 4)-tuples S,

as {x,y} ranges over the covered pairs in Ny (v).

We will use the concentration inequality (1). The edges of our hypergraph (W, F') are Sy, Sa,...,S,
and if x € W then z, is an independent {0, 1} Bernoulli random variable with P(z; = 1) = 1/m.
Note that |W| < kA2

Let Z, denote the number of covered pairs in Ny, (v). There is a 1-1 correspondence between
covered pairs and the S;. Therefore

r (k —1)2A2
n==EZ)= g Vo (2)

We now have to estimate M.



For each set A C W, let Y4 denote the number of edges of F' containing A.
Claim. [Y4] = O(A) if |A| <k —1and |Y4| =0(Q) if |A| > k.

Proof.  Suppose that A C S € F. Then S can be written as T,(x) U T,(y) U T, for some
z,y € Ng(v). We will count the number of S containing A by the number of T, (x)’s and 1"s.
First, the number of S where both T,(z) and T,(y) have a vertex in A is at most 5k* by the
following argument. There are (";") < 5k? choices for the two intersection points, these points
uniquely determine T,(x) and T,(y), and there are at most |T,(y)||Ty(z)] = (k — 1)? possible
covered pairs, each of which determines T" uniquely (if T" exists).

Now suppose that ANT,(y) = 0. If |A| > k, then A must contain a vertex from 7" and a (different)
vertex from T, (). There are at most 9% choices for these two vertices. For each of these choices,
T, (z) is determined uniquely. For each vertex in T, (z) and the chosen vertex of T'N A, there is
at most one choice for T' (since H is simple), hence the number of choices for T" is at most k& — 1.
Having chosen T, there are at most k — 1 choices for T,(y). Altogether, there are at most 9k*
choices for S. We conclude that if |[A| > k, then

[Ya| < 5k* + 9% = 0(1).

If |A| < k — 1, the argument above still applies unless either A C T),(x) or A C T'. In either case,
there are at most kA ways of choosing the other part of S\ T,(y) and at most k ways of choosing

Ty (y). Thus |Ya| = O(A) as claimed. O

The probability of choosing each vertex in S\ A is 1/m, so for given A, the probability of a
particular S D A is (1/m)?*~4~14l. The Claim now implies that for 1 < |A| < 3k — 4,

wzamfo () o(2))

When |A| = 3k — 4 we have M4 = 1. By our choice of m, it follows that if ¢ is sufficiently small
then

M, =1.
The choice of m also gives
k2A2 _
My = rnax{'u7 1} < W — kQA(3k 4)8'
It follows that if we take aA3*~* = 2m3k—f(2]@§M1)1/2 then A\ > A% where §; > 0. Now (1) implies
that
P(B,) < P(Z, — E(Z,) > k2A%/2m3* %) < p(kA?)3*e > < A5,

This completes the proof of Lemma 5. O



2.4 Proof of Lemma 6

This part follows an approach taken in Alon, Krivelevich and Sudakov [3]. We will first partition V'
randomly into ¢ parts Vi, Va, ..., Vp of size ~ |V|/¢ and use the local lemma to show the existence
of a partition satisfying certain properties. To simplify notation, condition on v € V.

For v € V let A, be the event that (a) fails at v i.e. that v has degree greater than 2d/¢*~! in L;.
Let B, be the event that Ny, (v) contains at least 200k? covered pairs w.r.t. L.

Each of these events is mutually independent of a set of all other events but at most O(d*). We
will show that
P(A,),P(B,) = O(d~®) and this is clearly sufficient for the application of the Local Lemma.

Let d, be the degree of v in Li. Then d, has a distribution that is dominated by the binomial
distribution Bin(d,1/¢*~1). It follows from the Chernoff bounds that

P <dv > 2d/£k—1> B e W L

and this disposes of the A,.
If B, fails then either

(i) There exists a vertex w € N (v) such that w is in at least 10k covered pairs of N, (v), or

(ii) Npr,(v) contains at least 10k pair-wise disjoint covered pairs.

Now

o
—~
—~
.
N
A

d’ 10k 5
—10k o -
< kd<10k>€ <d

d26
(10k> E_Q()k < d—5

So, assume that none of the events A,, B, occur. We show now that we can partition each V; into

o
—~~
—

<.

<.
~—
~

IN

and this disposes of the B,.

at most 4002 + 1 sets, each of which induces a triangle free hypergraph. Consider the digraph Dy
with vertex set V; and an edge directed from v € V; to each vertex of each of the at most 200k>
covered pairs in N, (v). D; has maximum out-degree 400k? and so its underlying graph G is
400k2-degenerate and so it can be properly colored with 400k? + 1 colors. Partition V; into color
classes Wi, Wa, ..., Wygor241. We claim that for each s, the hypergraph L[W;] induced by Wj is
triangle-free. Suppose then that there is a triangle v U T,(z),v U Ty, (y), T inside L[W;], where T
contains both = and y. Then {z,y} is a covered pair for v and by construction v and x are not in

the same Wy, contradiction. Il



3 Triangle-free hypergraphs

In this section, which forms the bulk of the paper, we will prove Theorem 3.

3.1 Local Lemma

The driving force of our upper bound argument, both in the semi-random phase and the final
phase, is the Local Lemma. Note that the Local Lemma immediately implies that every k-uniform
hypergraph with maximum degree A can be properly colored with at most (4A1/ (k_l)w colors.
Indeed, if we color each vertex randomly and independently with one of these colors, the probability

of the event A, that an edge e is monochromatic, is at most Moreover A, is independent

1
=18
of all other events Ay unless |f Ne| > 0, and the number of f satisfying this is less than kA. We
conclude that there is a proper coloring.

3.2 Coloring Procedure
In the rest of the paper, we will prove the upper bound in Theorem 3. Suppose that k£ > 3 is fixed

and H is a simple triangle-free k-uniform hypergraph with maximum degree A.

Let V be the vertex set of H. As usual, we write x(H) for the chromatic number of H. Let ¢ be
a sufficiently small fixed positive constant (depending only on k). Let

B e2log A
“ 7100 x k2R

AL/(k=1)
4= | STk |

Note that ¢ < ¢(A/log A)/(=1) where ¢ depends only on k.

and set

We color V' with 2q colors and therefore show that

A\ V(1)
logA> '

X(H)§2C<

We use the first ¢ colors to color H in rounds and then use the second g colors to color any vertices
not colored by this process.

Our algorithm for coloring in rounds is semi-random. At the beginning of a round certain param-
eters will satisfy certain properties, (9) — (14) below. We describe a set of random choices for the
parameters in the next round and we use the Local Lemma to prove that there is a set of choices
that preserves the required properties.

e C = [q] denotes the set of available colors for the semi-random phase.



e U®: The set of vertices which are currently uncolored. (U©) = V).
e H®: The sub-hypergraph of H induced by U®.

o WU =V \U®: The set of vertices that have been colored. We use the notation x to denote

the color of an item e.g. k(w), w € W® denotes the color permanently assigned to w.

° Hi(t), 2 < i < k—1: An edge-colored i-graph with vertex set U(®). There is an edge
ULU * - U; € HZ-(t) iff there are vertices u;1,ujt2,..., U € W® and an edge ujug - --ux € H
with k(ui+1) = k(uir2) = -+ = k(ug). The edge ujug - - - u; is given the color k(u;y1). For a
fixed ujug - - - uy, this color is well defined because H is simple. (These hypergraphs are used

to keep track of coloring restrictions).

° pq(f ) € [0, 1]0 for v € U®: This is a vector of coloring probabilities. The cth coordinate is

denoted by pq(f)(c) and p&o) =(¢hqgt . qh.

We can now describe the “algorithm” for computing U+ HZ-(Hl),ng), given u®, Hi(t),pg), for
ueUWD: Let
e 100 x k2F+1
0 T ———————
w elog A
where we recall that € is a sufficiently small positive constant.

For each v € U® and ¢ € C we tentatively activate ¢ at u with probability Opg' )(c). A color c is
lost at w € U®| if either
(i) there is an edge wug - - - uy € H® such that c is tentatively activated at ug, us, . .., uy or

(ii) thereisa2 < i < k—1 and an edge e = uug - - - u; € Hi(t) such that ¢ = k(e) and ¢ is tentatively

activated at ug,us, ..., u;.
We fix

L 1

P= A1j—1)—="
We keep

for all ¢, u, c.
We let
B (y) = {c : pB(e) = ]5} forall ue V.
A color in B®(u) will not be used at u. The role of B®)(u) is clarified in Section 3.3.

The vertex u € U® is given a permanent color if there is a color tentatively activated at u which
is not lost due to (i) or (ii) and not in B® (u). If there is a choice, it is made arbitrarily. Then u
is placed into W+,

10



Let us compute the probability that ¢ is not lost at w in round ¢. Since for each u € U ®) and
¢ € C, the tentative activation of ¢ at u is done independently of all other tentative activations,
the probability that ¢ is not lost at u due to (i) is

k
11 1—H9p(” = I (r=e""IIr0e
j=2

uug-ur € H®) uug--up€H®)

Similarly the probability that c is not lost at u due to (ii) is

H 11 -6 1Hp(”

e uuU -+ uGH(t)

k(e)=c
Consequently, the probability that ¢ is not lost at u in round ¢ is

k i
W= [ (1= H || I R | A ON B ©)
j=2

wug-up€H® j=2 2 e=uug-u; € H(t)
k(e)=c

The parameter q( )( ) is of great importance in our proof.

Coloring Procedure: Round ¢

Make tentative random color choices:
Independently, for all u € U, ¢ € C, let

1 Probability Gpgf)( )
0 Probability = Gp(t)( )
oW () = {c AW (e) = 1} = the set of colors tentatively activated at w.

Deal with color clashes:

k
LOW) = { e Juug---uy € HY such that ¢ € m o (uj) pU
=2

c: 2<i<k—1ande=uuy---u; EHi(t) such that k(e) = c € ﬂ@(t)(uj)
j=2

is the set of colors lost at « in this round.

Assign some permanent colors:
Let

O (w) = 00 () \ (LW (u) U B® (1)) = set of activated colors that can be used at w.

If U (u) # () then choose ¢ € W® (u) arbitrarily. Let x(u) = c.

11



Update parameters:

(a)
Ut = g\ {u : U0 () £ (D} .

(b) HZ-(tH), 2 < i< k—1is the i-graph with vertex set U1 and edge set
{urug - ui + gy, ... u, € WY with uy - uy, € H and w(uipy) = - - = w(ug) = ¢}

Edge ujus - - - u; has color ¢. (H simple implies that this color is well-defined).

(c) pgf) (c) is replaced by pgfﬂ)(c) which is either 0, pgt)(c) / qq&t)(c), or p (note that the last two are
at least p{(c)). Furthermore, if u € U® \ UD then by convention pif) = p{*" for all

t' > t.

In order to decide which of these three values is taken by pg +1)(c), we perform a random

(t)

experiment, where we update p,,’(c). Based on the outcome of this random experiment, we

will decide on the value of pgfﬂ)(c). One of the key properties is

E(pl M (e) = i (©)- ()

The update rule is as follows: Let nq(f) (c) € {0,1} be a random variable with

(t)
PO (e) = 1) = 21

independently of other variables. Then

p
0 ce LOw)
pu”(c) A
pgi(c) cd LO@w) a7 <P Case A
Pt (e) = @ (6)
O (g p) S o
N (€)p 70 > p. Case B

There will be
to = ¢ tlog Aloglog A rounds.

Before getting into the main body of the proof, we check (5). First observe that qq(f) (c) is the
probability that ¢ ¢ L(®) (u).

If i (c) /g% (c) < p then

1f pi(c) /g (¢) > p then

12



3.3 The role of B®(u)

Once a color enters B (u), it will be in B®)(u) for all # > ¢. This is because we update py(c)
(t)

according to Case B and now P(n,’(c) = 1) = 1. We arrange things this way, because we want
to maintain (5). Then because pq(f ) (c) cannot exceed p, it must actually remain at p. This could
cause some problems for us if neighbors of u had been colored with ¢. There might be an edge
€ = uug - - - up where usg, ..., u; are (tentatively) colored c. We can’t raise p( )( ) and to keep it
monotone, we can’t allow it to drop to zero. This is why B®)(u) is excluded in the definition of

U (y) i.e. we cannot color u with ¢ € B (u).

3.4 Correctness of the coloring

Observe that ¢ € L®)(z) implies that p;(,;t)(c) e {0,p}. If pm)( ) = 0, then pggt/)(c) = 0 for all
t" > t and ¢ will never be tentatively activated at z, while if pg(f)(c) = p, then ¢ € BW(x).
Consequently, x(x) # c¢. Suppose that some edge ujug - --uy is improperly colored by the above
algorithm. Suppose that ui,us,. .., u; get colored at times t; <ty < --- <t} and that k(u;) =c
for j = 1,2,...,k. Ift; =ty = --- = tp_y = t then ¢ € L®(uy) and so k(uy) # c. If there
exists 1 <i <k —2suchthat t; <t =141 = - = tx_1 then uj41u;42---ug is an edge of H,gt)
K(Uit1uit2 -+ - ug) = c and c is activated at w;q1,...,u_1 S0 ¢ € LW (uk) and again x(ug) # c.

3.5 Parameters for the problem

We will now drop the superscript (¢), unless we feel it necessary. It will be implicit i.e. p,(c) =
p(ut)(c) etcetera. Furthermore, we use a ’ to replace the superscript (¢t + 1) i.e. pl(c) = pg+1)( )
etcetera. The following are the main parameters that we need in the course of the proof:

In what follows u; = v and 2 <i <k —1:

k
Ee = ZHpuj(c) for edge e = uqug -+ -uy, of HW

ceC j=1

@u,i = Z Z HPUj (c)

ceC e=uug--u;EH; j=1

k(e)=c
hy, = —Zpu ) log py(c) where zlogz :=0if 2 =0
ceC
di(u,c) = |{e: u€eec H; and k(e) = c}|
di(u) = Zdi(u, c) = degree of uin H;
ceC
dyw(u) = |e: ueeec HDY| = degree of uwin HY

du) = do(u)+ds(u)+---+di_1+ d gy (u)

13



It will also be convenient to define the following auxiliary parameters:

k

Ee(e) = [[pu(e

i=1

2.

—_
—
—

e

e=uuz--up€H®)

>

k
[IEAG

uug--up€H® j=2

This gives

3.6 Invariants

n(e”):c
E. = Zpu(c)Eu(c)
ceC
(I)u,i = Zpu(c)q)u,i(c)'
ceC

for edge e = uqug - - - up of H®.

We define a set of properties such that if they are satisfied at time ¢ then it is possible to extend

our partial coloring and maintain these properties at time ¢ + 1. These properties are now listed.

They are only claimed for v € U and they are easily verified for ¢ = 0. In fact, the reason that ¢

cannot be lowered (given A and w) is the second inequality in (10) for ¢t = 0.

1— Zpu(c)

<

IN

IN

IN

v

IN

IN

tA™E.

t
(O
€ + AlJrs

t
Alte ’

[1]

%—!— Veec H®.

E2*=%,(1-0/3k),  2<i<k-—1.

t
WD —k*e> (1 - 0/3k)".
7=0
(1—6/2k) A.

(1+2k0)! AP, 2<i<k—1.

14
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Equation (13) shows that after to = e~ !log Aloglog A rounds we find that the maximum degree

in the hypergraph induced by the uncolored vertices satisfies

AH™)) < (1-0/2k)" A
S e—9t0/2kA
67100142’“ log log A/QEZA
A
(log A)100k2k/252 ’

VAN

(15)

and then the result from Section 3.1 using the Local Lemma will show that the remaining vertices

can be colored with a set of 4(A/(log A)IOOk%/Qez)l/(k_l) + 1 < ¢ new colors.

The formula for ¢,(c) in (3) involves the product of terms of the form (1 — z) for x > 0. By

repeatedly using (1 —a)(1 —b) > 1—a —b for a,b > 0, and recalling the definitions of Z,(c) and

®,,i(c) we see that (3) gives

k—1
qu(c) 21 =051, (c) = Y0710y 4(c).
=2

3.7 Dynamics

To prove (9) — (14) we show that we can find updated parameters such that

Dore) = pule) < AT
C C
B, < E.+ATE
k—1
E—1\ i =1\ ,;
;,i_q)u,i < <1_1>9k Z:u“‘ Z (2_1>9l Z(I)u,l

l=i+1
—0(1 — 3k%*)®,; + A7F,

The sum Z;ﬂ:_i{kl is vacuous for ¢ = k — 1.

hy — R, < k*e(1—6/3k).

u

dw) < (1—0/k)d(u)+ A%3.

di(u,e) < di(u,c) +2k0(1 + 2k0) APF~ 2<i<k—1.

The proofs of (17) to (22) will be given in Section 3.10.

15
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3.8 (17)—(22) imply (9)—(14)

First let us show that (17)—(22) are enough to inductively prove that (9)—(13) hold throughout.
Property (9): Trivial, from (17).

Property (10): Trivial, from (18).

Property (11): Fix u and note that (10) and (13) imply

2, < ( + A7) dlw) w1 - 6/20) + AP 3)
Therefore,
k—1 . k-1 1 —1 ]
’ ’ 17— 1 e 7 —1 s

from (19) and (23). Thus,

i1 < (B =1)0w(l—0/2k)" + (1 — 0(1 — 3k*e))k*w(1 — 0/3k)" + A/3

0(1—0/2k)t 1 —6(1 — 3k?*¢) _
201 _ t+1 /3
k21— 6/3k) w<k(1_0/3k)m+ Y +A

IN

< k(1 —0/3k)"w.

Now for i < k — 2, using ®,,; < E2R=2(1 — 6/3k),

k—1 . 2k L1y /00
I < k—i o t M o t _
D, < <Z,_ 1>9 w(l —6/2k) + - w(1 — 0/3k) Z <Z,_ 1) <k2>

I=i+1
— (1 — 3k%*e) k2 20(1 — 0/3k)E + AE/3,

Next let u; = (lil) (i)l for i € [i — 1,k — 1]. Then

i—1) 32
Ul+1 . l ﬁ . 9<k’ — 1)
W l—ir1ke ST TR
Because, § = O(1/log A), Z;‘io 7/ can be upper bounded by 1+ 6/k. Consequently, @;M can be
upper bounded by
k—1\ . 0\ K AN A 0
iw(1-— w1 = 14—
(i—l)a ”(1 2k>+01°" AV %
t
—0(1 - 3k2k€)k2k—2iw <1 _ ?i;) + AE/3
e (O T ((F Y ()T (02 (0/R) (4 6/k) — 6(1 — 3kFe)
3k i—1)\&) (1-6/3k) 1-60/3k
+ A—8/3.

16



Now

k—1\ (0 \"" (1-0/2k) 9kg
(i - 1) (’“2> (=63 = g O

since k is constant here, independent of A, and

(0/k)(1+0/k) — 6(1 — 3k3ke)
1—-6/3k

=0(0)
as well. Thus,

! 2k—24 0 o —€/3 2k—21 4 t
L < (3 o € < 12 o .
¢, <k <1 3l<;> wxO0(0)+ A k (1 3}{) w

Property (12): Trivial.
Property (13): If d(u) < (1 — 6/2k)*A then from (21) we get

/ 0 AN 2/3
d(u) < L) (1-gp) ataA

0\t 0 0\* )

- _ A O /3

<1 2k:> A 2k<1 2k> A+A

9 t+1

< _

< (2"

Property (14):
di(u, ¢) < (14 2k0)'APF~F 4+ 2k0(1 + 2k0)' ApF~F = (1 4+ 2k0) T ApF

To complete the proof it suffices to show that there are choices for v, (c), n,(c), u € U,c € C such
that (17)-(22) hold.

In order to help understand the following computations, the reader is reminded that quantities
Zu, ®ui,w, 071 can all be upper bounded by AN, Note also that in (14), (1+2k6)% = logM A =
Ao,

3.9 Bad colors

We now put a bound on the weight of the colors in B(u).
Assume that (9)—(13) hold. It follows from (12) that

RO _ p(t) < k?kgi(l —0/3k)" = 3k x k**w = 37 log A (24)
u u S £ 100 -

17



(0)

Since py ' (¢) = 1/q for all u, ¢ we have

hy) = —Zp ¢)logp?(c)

_ —Zpu )logp{) (c) — (log 1/9) Y (P (c) — PV (c))

C

> Z pB( logp (c) —tA™Flog A.

where the last inequality uses (9).

0)

Plugging this lower bound on h& into (24) gives

3e2log A
00 <
> —Zpu )logpl) (c) — tA” ElOgAJer (c)logp{f)(c)

Zpu )log(p (c) /P (c)) — tA™Tog A.

Thus,

3e%log A _
>0 og(p)(0)/pi(0) < S AT (25)

0 or pu)( ) > pqgo) (¢)). Thus after dropping the

Now, all terms in (25) are non-negative (p (t)( =
p for ¢ € B(u) and p’(¢)) = 1/q for all colors c,

)

U
contributions from ¢ ¢ B(u) and using pt (c)

we get
3e2log A /2 "
100 > (t) (0)
oo TATE 2 Y Pl (©log (! (0)/p) (0)
ceB(u)
= Z p(ut)(c)log(ﬁq): Z pq(f)(c) log(As—o(l))
ceB(u) c€B(u)
2
2 §5Pu(B(u))log A.
So,
€
B S 5

3.10 Verification of Dynamics

Let £17(u) — E22(u) be the events claimed in equations (17) — (22). Let £(u) = Er7(u) N---NE22(u).
We have to show that (,.;; £(u) has positive probability. We use the Local Lemma. Each of
the above events depends only on the vertex u or its neighbors. Therefore, the dependency graph
of the £(u), u € U has maximum degree AW and so it is enough to show that each event

18



Q(1) . . .
AT For convenience, we will use the notation

_AR0)
& a .

Eir(u), ..., Exn(u), u € U has failure probability e~
whp to stand for with high probability, by which we mean with probability 1 —

While parameters =, ®, etc. are only needed for u € U we do not for example consider =/,

conditional on u € U’. We do not impose this conditioning and so we do not have to deal with it.
Thus the Local Lemma will guarantee a value for =, v € U \ U’ and we are free to disregard it for
the next round. (We will however face this conditioning for other reasons, see (36)).

In the following we will use two forms of Hoeffding’s inequality for sums of bounded random
variables: Suppose first that X, Xo,..., X,, are independent random variables and |X;| < a; for
1<i<m. Let X = X1+ Xo+---+ X,,,. Then, for any t > 0,

2
max {P(X — E(X) > #), P(X — E(X) < —#)} < exp {—fo”ﬂ} . (27)

We will also need the following version in the special case that X1, Xs,..., X}, are independent
[0,1] random variables. For a > 1 we have

P(X > L) < (3/a)* (28)

for any L > aE(X). (We replace e by 3 as the symbol e is over-used in the paper).
For proofs, see for example Alon and Spencer [4], Appendix A and Lugosi [16].

3.10.1 Dependencies

In our random experiment, we start with the p,(c)’s and then we instantiate the independent
random variables 7, (c),nu(c),u € U, ¢ € C and then we compute the p/ (c) from these values.
Observe first that p/,(c) depends only on ~,(c), 7, (c) for v = u or v a neighbor of u in H. So p!,(c)
and p, (c*) are independent if ¢ # ¢*, even if u = v. We call this color independence.

Let
N;(u) = {{ua,us,...,u;} CU :3e € H s.t. {u,ug,...,u;} Ce}.

We shorten Na(u) to N(u).
If f={u2,u3,...,u;} € Nij(u) and | >4, then E, r; = {e € Nj(u) : e D fU{u},e € H}.
Next let

Nij(u) ={f ={ug,...,u;} CU: fe Ni(u) and E,, s; #0}, 2<i<I<k.

In words, IV;; is the collection of i-sets containing u that are subsets of edges of H;.
In these definitions Hy, = H®.

For each v € N(u) we let

Cy(v) ={ce C:yl(c)=1}UL(v) U B(v).

19



Note that while the first two sets in this union depend on the random choices made in this round,
the set B(v) is already defined at the beginning of the round.

We will later use the fact that if ¢* ¢ Cy(v) and 7,(c*) = 1 then this is enough to place ¢* into
¥(v) and allow v to be colored. Indeed, we only need to check that ¢* ¢ A=Y (v) as it will then
follow that ¢* ¢ A(v). However, 7,(c*) = 1 implies that p,(c*) # 0 from which it follows that

¢ A= (y).
Let Yy, = > . po(c)leec, (v) = Po(Cu(v)). Cyu(v) is a random set and Y, is the sum of ¢ independent
random variables each one bounded by p. Then by (7), (8) and (16),

E(Y,) < ZPU(C)P( Yulc) = 1) "‘va (1 — qu(c)) + pu(B(v))

ceC ceC
k—1
< ezpu pv +‘9k 1= v"‘zel 1(1)1)1 +pv(B( ))
ceC =2

Now let us bound each term separately:

03" pulc)pu(c) < fagp® < BAVE=D A%/ (1)

13
3
ceC

Using (10) we obtain

OF 12, < w10 TIATE < 2 g IATE < 2 o +6 %
Using (11) we obtain
k—1 k=1 '
Zei_lq)v,i < Zez—lek—%w(l o 9/3k>t < k2kz—1€_
Together with P(B(v)) < /10 we get
E(Y,) < (%1 4+ 1)e
Hoeffding’s inequality then gives
2 2 —_92,2AL/k
P(Y, > E(Y,) + p) <exp <e .
qp
Taking p = A~/?F gay, it follows that
P(po(Cu(v)) > (K1 4+ 2)e) = P(Y, > (K1 +2)e) < e 2" (29)

Let &9y be the event {p,(Cu(v)) < (K1 4 2)e}.

Now consider some fixed vertex u € U. It will sometimes be convenient to condition on the values
vz(€),mz(c) for all ¢ € C and all z ¢ N(u) and for x = u. This conditioning is needed to obtain
independence. We let C denote these conditional values.
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Remark 8 Note that C determines the set Cy,(v), and hence it also determines whether or not
E(29) occurs. Indeed, if vu(c) = 1, then ¢ € Cy(v). On the other hand, if yu(c) = 0 then whether
or not ¢ € L(v) depends only on colors tentatively assigned to vertices not in N(u). This uses the

simplicity and triangle-freeness of H.

Given the conditioning C, simplicity and triangle freeness imply that the events {v ¢ U'}, {w ¢ U’}
for v,w € N(u) are independent provided u,v,w are not part of an edge of H. Indeed, triangle-
freeness implies that in this case, there is no edge containing both v and w. Therefore the random
choices at w will not affect the coloring of v (and vice versa). Thus random variables p) (¢), pl,(c)
will become (conditionally) independent under these circumstances. We call this conditional neigh-

borhood independence.
3.10.1.1 Some expectations

Let us fix a color ¢ and an edge ujusg - - -ur € H (here we mean H and not H(t)). In this subsection
we will estimate the expectation of E (H;:l Pl (c)) for 2 < i < k in two distinct situations.

Case 1: i = k and wqus---up € H®.
Our goal is to prove that
H P, ( (1 + 2Kk0%p?) H Pu, (c (30)
Jj=1

IchU L A () then HJ 1 Py, (€) = 0. Assume then that c ¢ U L A (). TIf Case B of
(6) occurs for any of ui,us,...,u; e.g. ug then

Hpu

This is because in Case B the value of n,, (¢) is independent of all other random variables and we

k-1

)|Case B for k| =E Hpuj Duy, (€)- (31)
j=1

may use (5). One can see then that we have to prove something slightly more general than (30).
So we now aim to show that
i
Hpu (14 2k6%p°) [ [ pu, () (32)
j=1
assuming that 1 < i < k and that there is an edge ujus ---ux € H® and that Case A of (6)
happens for uj, ¢, 1 < j < i. The case i = 1 follows from (5) and so we assume that i > 2. By

simplicity, w41, ..., u; are determined by wy, us, . .., u;.

Now H;':1 P, (¢) =0 unless ¢ ¢ U§:1 L(uj;). Consequently,

IEHG :Hpuj(cixp cd ULuj) : (33)
j=1

7=1



Furthermore,

P C¢ UL(UJ) 7UJ(C)ZO>1§.7§]§ = H quj'(c) 1_9k_1Hpuj/(C)

=1 j=1 '

< 1+ 260" ] qw (0)
j=1
< (1+2660°9%) [ | au; (o).
j=1
On the other hand we will show that
Ple¢ |JL(w)F1<j<k:y,(e)=1|<P|c U )y (€) =0,1<j<k]|. (34)

j=1

This is intuitively clear, since color c is at least as likely to be lost at u; if it is tentatively activated
at some uj. Indeed, to see this formally, partition the probability space {2 of outcomes of the ~’s
e i which v, (¢) = €5 € {0,1} for 1 < j < k. Let QL, . be the set of
outcomes in €, ., in which ¢ ¢ (Ji_; L(u;). Now consider the map f: Qe o — € o which

just sets v, (c) to 0 for 1 < j < k. Then if 77} = Opu;(c) and 7T§-] =1- 7r]1-

and n’s into the sets (1,

k €5
P(QE1,...,€k) o HjZl ﬂ—j] o P(Qél, HE k)

P(Qo,..0) Hlew? P(f(Qlal, )

If c ¢ Uj’:l L(uj) and 31 < j < k such that v,;(c) = 1, then we still have c ¢ U§:1 L(u;) if we
change 7,,(c) to 0 for 1 < j < k and make no other changes. Consequently, f(QL, . ) CQ

P<Q6,...,O) > (f(Qé‘l, ,Ek)) . P(Qal,...,ek) — (Qla‘l, 7Ek)
P(QO,...,O) o P(Qsl,...,ak) P(QD,...,O) P(Qal,...,eky

and we have

which is (34).
It follows that

Plcg JL(u) | <1 +2k6%%) [ ] qu,(0). (35)

j=1 j=1
and in combination with (33) this proves (32) and hence (30).
Case 2: e =ujug---u; € Hj, k(e) =c.

Our goal is now to prove
Hpu X Lyyerr | < (1—0(1 — 2k¢) Hpuj : (36)
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Suppose that p;j(c) is determined by Case A of (6) for 1 < j < [ and by Case B otherwise.
We factor out H;-:Hl pu;(c) as in (31). Welet £ = {c¢ ( 1)U+ L(u;)} and concentrate on
bounding
l l pu.(c)
E Hp;_(c)xluQEU/ :H = x P(LA(ug €U"))
i—1 J i—1 QU]- (C)
j= J=
Ty, (0)
< = xP(L)xPlup e U"| L)
< Pu; (C) P . . - /
<11l (L7 (e) = =7(c) =0) xPlug € U"| £)  (37)
j=1 quj (C)
!
< [[pu,(0) x 1 =0p)" xPluz e U' | £). (38)
j=1

< (1+k6p) [ [ pu, (c) x P(uz € U' | £).
J=1

Explanations: Equation (37) follows as for (34). Equation (38) now follows because the events
c ¢ L(uj) become conditionally independent. And then P(c ¢ L(u;) | 7u,;(c) = 0) gains a factor

(l — g1 Hj’;éj Du; (C)) <(1-0p)~"

Equation (36) will follow once we prove
Plup e U' | £) <1—0(1 — k**¢). (39)
Proof of (39):

P(ug € U' | £) = P(uz € U' Ayuy(c) = 1| L) + Puz € U' A yu,(e) = 0| £)
P(U’? eUNL | Yua (C) - O)P(%m (C - 0)

< Plyue(c)=11L) + P(C) (40)
< Pls(e) = 1) 4+ P2 E U [ ae) = O)Pf:f E\)%(c) =0POLE@=0) ;)
< P(rs(€) = 1) + P(uz € U | () = 0)

<Pl () = 1) + oz ST

<05+ F’<1“2_€9pU> (42)

Explanation: To go from (40) to 41 we have used the following:

(i) P(yuy(c) = 1] £) < P(yu,(¢) = 1), which follows from the FKG inequality. £ is monotone

decreasing in the v’s.
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(ii) If vyu,(c) = 0 then uy € U’ is independent of L.

The vertex ug is colored (i.e., not in U’) if and only if for some color d ¢ B(us2), Yu,(d) = 1 and
d ¢ L(uz). Let R4 denote the event that vy, (d) =1 and d ¢ L(us).

Plup ¢ U') = ( U Rd)
d¢ B(uz)
> > PMRa)- Y, P(Ra)PRa)

dé¢B(uz2) d,d'¢B(u2)
Z Opus (d)quy (d) — Z HZPUQ (d)Pus (d')Gus (d) qus (d')
dé¢ B(u2) d,d' ¢ B(u2)
>0 pur()us(d) =0 Y pus(d)quy(d) = 0> D puy(d)puy(d)
deC deB(uz2) d,d'¢B(u2)

k—1
>0 Zqu (d) ( — 0" 1:1@ (d) — Z Gil@u,i(d)> — Opuy (B(uz)) — 0° Z Pus (d)

deC 1=2

after using (16)
— oF=,, — Z 0Dy, — — — 207
after using (9) and (26)
>0 — 0% (w+ A2 Z 0 k22 — 97 — 262

after using (11) and (23).

Going back to (42) we see that this implies
k—1 ' 4 Oc
Plup ¢ U'| L) < 0p+ (1 — 0+ 0% (w+ AT £ 0R ot 292> (1+2p)
=2
< 0p+ (1—9+29’f le + k?F=30¢ + fo +292) (1+2p)
<1—6(1— k%)

which is (39).

3.10.2 Proof of (17)

Given the py(c) we see that if Z' = 3" _~p),(c) then E(Z") = Y~ .- pu(c). This follows on using
(5). By color independence Z’ is the sum of ¢ independent non-negative random variables each
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bounded by p. Applying (27) we see that

2" .
P2~ E(Z)| 2 p) < 2exp { - 26 | g s /e
qp

We take p = A7 to see that £;7(u) holds whp.

3.10.3 Proof of (18)

Given the p,(c) we see that by (30), Z. has expectation no more than Z.(1 + 2k6?p?) and is the
sum of ¢ independent non-negative random variables, each of which is bounded by pF. We have
used color independence again here. Applying (27) we see that

_p2A(2k—1)/(k—l)—ka—o(l)

2
P(EL > Z.(1+ 2k6%%) + p/2) < exp {—2 L } <e

We also have

w 9.9 1
A + Al+e pm < OAIFe

kZ.0%p% < k (

We take p = A~17¢ to obtain

and so &1g(u) holds whp.

3.10.4 Proof of (19)

Throughout this section u; = u. Recall that

(I);i,i = Z Z 1&’(6):0 H p;j (C)
j=1

ceC e=uug---u;€H]

If e € H; and k(e) = ¢ then e € H/ is equivalent to '(e) = ¢. If k(e) # ¢ but £’(e) = ¢ then the
edge of H containing u, us, ..., u; has some other vertices in U that will be colored with ¢ in the

current round. Consequently, the above expression is

k

25



where

D1 = Z Z 1n’(e)=c Hpil,‘j (C)
j=1

ceC e=uug---u; EH;
K(e)=c

D2,k = Z Z 1&’(uug~~-ui):c Hp;j(c)
j=1

c€C {ua,...u; }EN; 1 (u)

Doy = > > letueew=e [[Ply(0)  i+1<i<k-1.
ceC {uz,...ui}ENi’l(u) j=1
K(uug--uy)=c
We bound E(D;) and E(Da3it+1), ..., E(Day) separately.
E(Dl):
We write

i
Dy <D= Z Z HPLJ.(C) X luyev.

ceC e=uug-u; EH; j=1
k(e)=c

and then we can use (36) to show

~

E(D1) < (1—0(1 — 2k%%¢))®, ;. (43)

E (Dg’k) :
Recall that

D2,k = Z Z 15’(u7.L2~~~ui):c Hp;'j (C)
j=1

ceC {U/Q,...,Ui}ENi’k(u)

Instead of summing over sets in N;j(u), we may sum over edges uug - --u, € H ®) and then over
subsets of these edges that lie in N; ;(u). Thus

Dop=Y_ > > Loguup—e LI Ph,(0)-

c€C yug-upeH® fC{ua,...,ur},|fl=i—1 u; € fU{u1}

Fix an edge uug---up € H®O  1f Ujt1, ..., U are colored with ¢ in this round, then certainly c
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must have been tentatively activated at these vertices. Therefore,

k )
E H Yu; (c) H p;j (c)
j=1

j=i+1

IN

El1 K (uug--ui)= Hpu]

k

| puj(C)H227ES;P cé |J L) |

j=i+1 j=1 4 j=1

IN

k

¢ 1T p@ T2 (e U Ly (11

j=i+1 j=1 j=1

IN

IA

k- ZH pu, (c) (1 + 2k0%p?). (45)

We use the argument for (34) to obtain (44) and (35) to obtain (45).

It follows that 1
E(Dyy) < ( L 1)9’”5u(1 + 2k62p). (46)
i—

E(Dgy), i <l <k:
Recall that

DQ,Z = Z Z 1 K/ (uug-u;)= Hpuj

c€C {uz,uz,...u; FEN; ;(u)
k(uug--up)=c

Fix an edge uug - -up € H with uug - --u; € H;. Then arguing as we did for (45) we have

L iz = Hp% <6 ZHpu )(1+ 2K6%p%).
It follows that 1
E(Day) < ( - 1)al—iq>u,l<1 R ) (47)

3.10.4.1 Concentration

We first deal with D;. For each color ¢, let D, be the event that v,(c) = 1 for at most
d = max{d;(u,c)p, A} vertices v € Nj(u,c) = {w:3e € H; such that u,w € e and k(e) = c}.
Since P(v,(c) =1) < po,

P(D,) < (“ - ”ji(“’c)) (09" < (’;)d (50)" = (ket)? < e,

Let D denote the event that D, holds for all ¢. By the union bound,

P(D) < ge .
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It follows that
E(Dy | D) < (1 — qe ) 'E(Dy) < E(Dy) + 2qAe™2". (48)

Let T, denote the set of color trials for color ¢ at all vertices in {u} U N(u) U N(N(u)). Then
the trials T1,...,T, determine the variable D;. Observe that T, affects every term of the form
[T1 P, (c) X Lugerr. For d # c, T, affects [[i_; py,,(d) X ly,epr only if 7, (c) = 1; this is because
if yu,(c) = 0, the trials for color ¢ have no impact on whether or not ug € U’. Thus, given D,
changing the values in T, can change Dy by at most d;(u, c)p’ + 2d;(u, c)p'Tt + 2A%p.

Let w(t;) =P(T; =t; | D) fori =1,2,...,q and let
pltistiv, oo tq) = m(ti)w(tipa) - w(ty) = P(Tj = tj,5 = i,i+1,...,q| D).

Here we use the fact that conditioning on D still leaves the choices t1,t2, ..., t, for the distinct sets
of colors T, T5,...,T, independent of each other. Thus,

E[Dy|D, Ty = t1,..., T =t —E[Dy|D, Ty = t1,..., Toy =to1,T. =t (49)

=| Y Dt temriteterts o otg) = Diltr, .o temtitoterts - t)]p(test,- - tg)
tet1,.tq

< 3d;(u, c)p’ + A%p
3(1 + 2k0) 0 APF + A%p
on using (14)

< ApFlog®™ A + AP’
< AR+1)e=1/(k=1)

Let 0. denote the maximum over t1,tg,...,t.,t. of (49).
P(D1 > (1—0(1 — 2k*e))®,,; + A~1/2H)
< P(D; > E(Dy) + A™1/%k)
< P(Dy > E(Dy | D) + A~V —2gAe™27)
< P(Dy > E(Dy | D) + A~Y?*/2|D) 4 ¢AP(D)
A~k A-
<exp{—22 53}+q2Ae A (50)
Afl/k ) N
< exp {_2A1/(k—1)AQ(k+1)e—3/(k—1) } +q Ae
< e A2, (51)

Equation (50) is a direct application of the Azuma-Hoeffding concentration inequality.

We now deal with the Dy ;. There is a minor problem in that the Dy ; are sums of random variables
for which we do not have a sufficiently small absolute bound. These variables do however have a
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small bound which holds with high probability. There are several ways to use this fact. We proceed
as follows: First assume [ < k& — 1 and let

i
D2,l,c = Z ln’(uuz--'ui):c Hp;j (C>
j=1

{u2,u3,..u; }EN; 1 (u)
k(uug--up)=c

which we re-write as

D2,l,c = Z Zev

e=uuz---u;€H

k(e)=c
where
Zuug--'ul = Z 1n/(S’U{u}):c H p;j (C)
SC{uz,u&A..ul} UjESU{’LLl}
|S|=i—1
Then we let

ﬁQ,l = Z min {(1 + 2k9)tA]§k, DQ,Z,C} .
ceC

Observe that 13271 is the sum of ¢ independent random variables each bounded by (1 + 2k6)!Ap*.
So, for p > 0,

~ ~ 2,02 _ 2 AL/ (k—1)—2ke
P(D2; — E(D21) > p) < exp {_W(l)ﬁ%} <e” .
We take p = A~1/2F to see that
P(Day > E(Dyy) + A™Y2k) < 787, (52)

We must of course compare Dj; and 132,1. Now Dy; # 13271 only if there exists ¢ such that
Do > (1+ 2k0) ApF. For each c, Dy . is the sum of the dj(u,c) < (1 + 2k0) ApF—! variables
Z., e € H;. Each Z, is bounded above by (i:})ﬁz and E(Z,) < (ﬁj)@l*iﬁl. This is because Z. is
bounded by the sum of (ij) variables Z, g, each taking the value 0 or pt. Here Ze, s corresponds
to some S = {ug,us,...u;} C {ug,us,...w}. Furthermore, P(Z. s = p') < (6p)' " because this
will happen only if the vertices in S tentatively choose c.

H being simple and triangle free, if we condition on C then the random variables Z. become
independent.

Now put X = Z./((;"})#") and X =3, X. We see that 0 < X, <1 and E(X.) < (6p)'".

We now use (28) with a = 1/(('21)8"~%) and E(X) < (1+2k6)'ApF~! x (6p)' " = % This
i1

l N (1+2k0) ApE =/ (3)
)< ()

gives

1+ 2k0)tApF
P(Dgy. > (1+2k0) ApF |C) <P (X > (Jr(l/;")p
)P
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Therefore

P(Dys# Dyy) < ) P(Fe: Dage> (14 2k0) ApF | C)P(C)
C
N (1+2k0)t Apk—1/(1)
< —1
< Eao()e)  n
< e A (53)

It follows from (53) and 13271 < Dy < A that
[E(D2,) — E(Da,)| < AP(Dyy # Dyyg) < Age™® < ATV,
Applying (52) and (53) we see that

P(Dy; > E(Day) + 2A7Y%8) < P(Dyy > E(Dyy) + AY2) 4 P(Dyy # Dyy) <2747, (54)

We must now deal with the case of [ = k i.e.
i
D2,k,c = Z ln’(UUQ~-~ui)=c Hp;j (C)
{u2,u3,..u; }EN; 1 (u) J=1

and

We re-write

where for S = {ug,us,...u;},

i
Ws = Z 15’(uu2~~-ui):c Hp{“j (C)
eDS,ecH®) Jj=1
Now we view Dy ;. as the sum of at most A random variables, each of which is bounded by (l:) Pt
and has expectation bounded by (I:) 6%—p*. We now simply follow the argument for I < k by taking

I = k to show that

P(Dyy > E(Dyy) + 2A7Y2k) < 2747, (55)
Indeed, (52) holds with = k. Then

P(Da # D2y) < aP (Bin (A, (69)) = 85"7) < g (39k—i)A

30



Combining (54) and (55) with (51) we see that whp,

k—1
k-1 ; l :
q);;i - q>u,i é _9(1 - 2]4;2]“5)@%1- + ( . 1>0k_ZEu + E (l >9l_Z(I)u7l +

7 — - -1
l=i+1
k—1
+2k ATk 4 9kg%p? -l OF 2+ Y : 0'-id,,
i—1 I=i+1 i1 ’

IN

P geoiz, 4 § " Voo 1 —0(1 = 3k*)D,; + A
i—1 “ S i1 “ o '

This confirms (19).

3.10.5 Proof of (20)

Fix ¢ and write p’ = p/,(¢) = pS. We consider two cases, but in both cases E(8) = 1 and 3 takes
two values, 0 and 1/P(5 > 0). Then we have

E(—p'logp’) = —plogp — plog(1/P(5 > 0)).

(i) p = pu(c) and B = y,(c)/qu(c) and v, (c) is a {0,1} random variable with P(8 > 0) = g,(c).

(ii) p = pu(c) =p and B is a {0, 1} random variable with P(5 > 0) = py(c)/p > qu(c).

Thus in both cases
E(—p'logp’) > —plogp — plog1/qu(c).

Observe next that 0 < a,b < 1 implies that (1 —ab)™! < (1 —a)~® and —log(1 — z) < = + 22 for
0 <z < 1. So, from (3),

o

1
log1/qu(c) < —Eu(c)log(l— kal) — ®,,.i(c)log(1 — 01'*1)

Bl
[
—
N

< (9k71+02k72)5u(6)+ (01'71_’_921'72)(1)%7;(0)'

1=

[\
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Now

E(hy —hy) < — Zpu )log pu(c) — E (Z —p(c) logp;(0)>
< Z _pu( ) logpu( ) - <Z _pu(c) 10gpu(c) - pu(c) log 1/Qu(c)>
= Zpu )10g1/qu(c)
<

k-1
(0 6772 Y pul@)Zule) + ) D (07 + 67 )pu(e)Puic)

c 1=2

k‘
H

— (ek—1+92k—2)5u+ (02 1 022‘—2)(1)1”

~
Il
)

k—1

< (0"’_1+92k_2)(w+tA_ ) 1—0/2]{: t+z 91 1 921 k,2k 21 ( —0/3]{:)t
=2

< k¥ 3e(1 - 6/3k).

Given the p,(c) we see that h], is the sum of ¢ independent non-negative random variables with
values bounded by —plogp < A~/ (k=D+e+o(l) Here we have used color independence. So,

_ 2p? 9 2Al/k
P(hy — b, > k**73¢(1 — 0/3k)" + <exp{—M}—62pA .
( = (L=6/3k) +p) < q(plogp)?

We take p = e(1 — 0/3k)* > (log A)~°() to see that h, — h!, < k**¢(1 — 6/3k)" holds whp.

3.10.6 Proof of (21)

Fix u and condition on the values 7, (c), nw(c) for all ¢ € C' and all w ¢ N(u) and for w = u. Now
write © ~ v to mean that {u, v} lies in an edge of H® or some H;. Then write

Zy =d(u) —d'(u) > ZZ”“’ where Zy, = lygy

u~v

> k—
Now, for e = uusg---u € H® et Zue = 22?:2 Zu, and if e = wug---u; € H; let Z,, =

Z;’:Q Zyuj;- Conditional neighborhood independence implies that the collection Zy, . constitute an
independent set of random variables. Applying (27) to Z,, = ), Z,, . we see that

4/3
P(Z, < E(Z,) — A2/3)<exp{ (k—Al)QA} e 2AMP/ (k=) (56)

and so we only have to estimate E(Z,).
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Fix v ~ u. Let Cy(v) be as in (29). Condition on C. The vertex v is a member of U’ if none of the
colors ¢ ¢ Cy,(v)) are tentatively activated. The activations we consider are done independently
and so

PoetU' |C) < ] @-0pu(e) (57)
céCu(v)

< exp{ — Z Opy(c)
c¢Cy(v)
< exp{—0(1 = tA™%) + 0p,(Cu(v)) }

If E(a9) occurs then p, (Cy(v)) < k**¢. Consequently,

PogU)> Y (1 —exp {79(1 SAT) 4 k%se}) P(C),

C:E(29) occurs

where the sum is well-defined due to Remark 8. Since 8 — 0 as A — oo, and ¢ is sufficiently small,
1 —exp {—0(1 — A7)+ k:2k59} > 11— 02" 5 g1 — 3k%%e) > 0(1 — 1/k2).

Recall that (29) shows that
P(Eg) fails) < e A < 1/k2.

Therefore
PogU)>001-1/k) >  PC)>0(1-1/k)>0(1-1/k).
C:€(29) occurs
This gives
E(Z) > %Gd(u)
and (21).

3.10.7 Proof of (22)

Observe that if e = uug - --u; € H] \ H; and £’(e) = ¢ then either

(i) there exists 1 < j < k —4 — 1 and vertices uit1,...,u;+; and an edge uus - - - uj; € Hit; such
that wiy1,...,u;45 get colored in Step ¢ with ¢ and so 7y,,,(c) = -+ = Y, ,(c) =1 or
(ii) there exists wug---uy € H® guch that Uit1,...,uy all receive the color ¢ and so vy, ,(c) =

-++ =y, (c) = 1. Hence,

E

di(u) = di(u) < ) Z;
1

where for j <k —i—1, Z; < Bin((1 4 2k0)'Ap*==3, (*77)(6p)7) and Zy_; < Bin(A, (5)(0p)F).

<.
I
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If i < k — 1, then the Chernoff bound
Pr(Bin(n,p) > 2np) < e /3

implies that for 1 < j < k — 4,

P <Zj > 2(1 + 2k0) <k B Z) 9]‘Ap’H‘> <e A,
J
Similarly,
P(Zy_i > 2(1 + 2k0)'0F P ApF—1) < e72".

Therefore whp
= (k=i
di(u, ¢) — di(u, c) < 2(1 + 2k0) ApF~? Z ( , )W

=1 N

= 2(1 + 2k0)' ApF (1 +6)*7" — 1) < 260(1 + 2k0) A"
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