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applications. In this regard, we present a High-Order Perturbation of Surfaces method
for linear wave scattering in a multiply layered periodic medium to find an accurate
numerical solution of the governing Helmholtz equations. For this we truncate the
bi-infinite computational domain to a finite one with artificial boundaries, above and

ﬁéﬂrﬁgr spectral methods below the structure, and enforce transparent boundary conditions there via Dirichlet-
Linear wave scattering Neumann Operators. This is followed by a Transformed Field Expansion resulting in a
Periodic multiply layered media Fourier collocation, Legendre-Galerkin, Taylor series method for solving the problem in
High-order perturbation of surfaces a transformed set of coordinates. Assorted numerical simulations display the spectral
methods convergence of the proposed algorithm.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

The scattering of linear waves by periodic, multiply layered media in two and three dimensions arises in many engineer-
ing and physics applications. Examples exist in materials science [1], geophysics [2,3], imaging [4], oceanography [5], and
nanoplasmonics [6-8]. It is clear that the capability to rapidly and robustly simulate such interactions with high accuracy is
of fundamental importance to practical applications. The most popular approaches to these problems are volumetric in na-
ture and include the Finite Difference Method [9,10], the Finite Element Method [11,12], the Discontinuous Galerkin Method
[13], the Spectral Element Method [14], and Spectral Methods [15-17]. However, these methods are greatly disadvantaged
with an unnecessarily large number of unknowns for layered media problems (see, e.g., the discussion in [18,19]). Interfacial
methods based on Integral Equations (IEs) [20-24] are a natural alternative but these also face several challenges. First, for
the parameterized problems we consider here (characterized by the interface height/slope ¢) a new simulation must be run
for every configuration in the family of interest. Additionally, for every invocation there is a dense, non-symmetric positive
definite system of linear equations generated by the IEs which must be inverted.

High-Order Perturbation of Surfaces (HOPS) methods can avoid these concerns. These highly accurate algorithms, based
upon the low-order theories of Rayleigh [25] and Rice [26], were first developed by Bruno and Reitich [27] and later
enhanced and stabilized by Nicholls and Reitich [28], and Nicholls and Malcolm [29]. HOPS approaches are compelling
as they maintain the advantageous properties of classical IE formulations (e.g., surface formulation, exact enforcement of
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Fig. 1. A depiction of a multiply layered grating structure.

far-field boundary conditions, and quasiperiodic boundary conditions) while avoiding their shortcomings. For instance, in
the setting of parameterized interfaces, scattering returns from an entire family of such configurations can be obtained
with negligible additional cost beyond a single simulation. In addition, the perturbative nature of the algorithm allows one
to invert, at every perturbation order, the same sparse (after Fast Fourier Transformation) operator corresponding to the
flat-interface, order-zero approximation of the problem.

The method we present here is a generalization of the work of Nicholls and Shen on irregular, bounded obstacles in two
[30] and three dimensions [31]. (Nicholls and Shen then gave a rigorous numerical analysis of a wide class of HOPS schemes
in [32].) Subsequent to this He, Nicholls, and Shen [33] devised a non-trivial extension to the case of periodic gratings
separating two materials of different dielectric constants. In [34] the authors made the further extension to the case of three
layers. This work addressed the additional complication of waves propagating both up and down in a vertically bounded
layer in between. The novelties of the current contribution include the highly non-trivial extension to three dimensions
and an arbitrary number of layers. In addition, we not only demonstrate its applicability to large deformations with the
use of Padé summation [35], but we also state and briefly prove the existence, uniqueness, and analyticity of solutions to
our governing equations. A careful numerical analysis of the convergence of our scheme to these solutions we save for a
forthcoming publication.

When considering real-world applications such as seismic imaging, underwater acoustics, and the modeling of plasmonic
nanostructures, the multiply layered nature of the structure is essential. In the current contribution, we study linear waves
interacting with periodic gratings separating several layers of materials with different dielectric constants; see, e.g., Fig. 1.
The first step of our method is to equivalently reformulate the governing equations on a bounded domain with artificial
boundaries and transparent boundary conditions (implemented via Dirichlet-Neumann Operators) above and below the in-
terfaces of the structure. With a nonlinear change of variables, the computational domain can be transformed to one with
flat interfaces between material layers, at the cost of nonlinear terms in the governing equations. Using boundary pertur-
bations, we express the scattered field in a Taylor series and write a sequence of linear problems to be solved at each
perturbation order for higher order corrections; this is the essence of the Transformed Field Expansions (TFE) algorithm.
Due to inhomogeneities in the governing Helmholtz equations arising from the change of variables, a vertical discretization
is required which we implement with a spectrally accurate Legendre-Galerkin method [36,37]. This Legendre-Galerkin al-
gorithm is slightly unorthodox in that the standard basis is supplemented with additional connecting basis functions across
the layer boundaries [34].

The article is organized as follows: In Section 2 the governing equations for linear waves interacting with a periodic
multiply layered structure are given. The TFE method in this setting is described in Section 3, together with a discussion
of the Legendre-Galerkin scheme we implemented for the vertical discretization in Sections 4 and 5. An assortment of
numerical experiments are presented in Section 6 including simulations of smooth and rough interfaces, of small and large
size, in two and three dimensions.

2. Governing equations

In this section, we describe the governing equations of linear waves scattered by a multiply layered medium. The geom-
etry is depicted in Fig. 1. Dielectrics occupy each of the m-many domains: The upper material fills the region

Sel = ={y>81+81®}
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the middle layers occupy
u; — —
Sgi_1.g; =18+ & <y <8&j-1+8j-1},
for 2 < j <m —1, and the lower dielectric fills
Sgn_ =1{y < &m-1+ &m-10)},

where in all of these domains x € RZ. The grating interfaces are described by the functions {gj}, 1<j<m—1, which we
assume to be d = (d1, dy)-periodic

gix+d)=gjx), 1=<j=m-1,
and the g; are constants. We define the scattered fields

vi=vixy), Vvi=VviXy), Vm=VmX, ¥),

in ng’}, S;L],gj, and 5;;271' respectively for 2 < j <m — 1. The incident radiation in the upper layer is specified by vi"® =
exp(ia - x —iBy).
We seek outgoing, o = (o1, @2)-quasiperiodic solutions of the following system of Helmholtz equations
Avi+Kk3vi =0, in Sg!, (1a)
. uj .

Avj—i—k?vjzo, inSgl g» 2<j<m—1, (1b)
AV + k2 v =0, in Sy, (1c)
vi—vy=—v", aty =g + 1%, (1d)
ONg, V1 — TLONg V2 = —0N,, V'™, aty = g1+ g1(x), (le)
Vji—=Vj+1 =0, aty=gj+gjx, 2<j<m-1, (1)
ONg; Vi — TN, V2 =0, aty=gj+gj®, 2<j<m-1, (1g)
OWC(C[v1] =0, y — 00, (1h)
OWC[v] =0, Yy — —00, (1i)

where k; is the wavenumber in layer j, Ng; is an upward pointing normal vector, and

2 1, for Transverse Electric (TE) polarization,
I (kj/kj+1)2, for Transverse Magnetic (TM) polarization,

for 1 < j <m — 1. Here, “OWC” stands for the outgoing (upward/downward propagating) wave condition which we make
precise presently.

2.1. Transparent boundary conditions

The usual procedure when implementing the TFE method is to truncate the bi-infinite domain into one of finite extent.
For this we introduce artificial boundaries above and below the structure, and enforce transparent boundary conditions to
equivalently solve (1). Introducing the planes y =a > g1 + |€1lco and y =b < gn—1 + |&€n—1|co, We define the domains

Sh:={y>a}, SP:={y<b},
SEM =g+ g <y<a), Simhi={b<y<gn1+Em_1X);

see Fig. 2 for more details. Transparent boundary conditions can be enforced with Dirichlet-Neumann Operators (DNOs) de-
rived from the Rayleigh expansions. These are relevant as they solve the problem on S¢ and SP explicitly upon specification
of Dirichlet data at the artificial boundaries, {y = a} and {y = b}. More specifically, it is known [38] that

oo
v y) = Z EpelotprrlﬁI];(Y*a), y>a,

p=—00

and

o0
VR = Y el Dy o

p=—00
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Fig. 2. A depiction of the multiply layered grating structure with artificial boundaries at y =a and y =b.
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where p = (p1, p2), our summation notation connotes a double sum, o5, = as + (27w /ds)ps for s € {1,2}, and ap =

(a1,p15a2,p2)' For ] € {ls m}

i ,/k?— |atp 2 peu,

i ]ap]2 —k?, péu,

and the set of propagating modes is
i 2
uw:={p| |ap|” <k3}.

These solutions satisfy the Dirichlet conditions

via = Y e =0, vaby= Y yper =y x).

p=—00 p=—00

From these we can compute the Neumann data at the artificial boundaries,

o0 o0
viay= > (B)GE ™, dyvu(x.b)= > (=i )ipe ™,
p=—00 p=—00

and thus we define the DNOs

Tilel:= ) (Bppe' ™™, Tmlyli= ) (=i e’ ™™,

p=—00 p=—00
which are order-one Fourier multipliers.
Using the DNOs at the artificial boundaries we write (1) equivalently on the bounded domain {b < y <a},

2 . a,u
Avy+kivi =0, inSg, ",
. 2 L . Uj . _
Av]—i—kjvj_o, 1nSg}._1,gj, 2<j<m-1,
2 . um,b
Avp +kfvm =0, inSgr,

vy — vy = —vinc, aty =g +g1(x),
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ONg, V1 — TNy, V2 = —0N,, V'™, aty =g+ &1, (2e)
vji—Vj1 =0, aty=g;j+gjx), 2<j<m-1, (2f)
ONg, Vi — T} 0N, Vi =0, aty=g;j+gj(x, 2<j<m-1, (2g)
dyvi —Tqlv1]1=0, aty =a, (2h)
dyVm — Tm[Vm] =0, aty=bh, (2i)

which is our governing problem.
3. Transformed field expansions

We now recall the TFE method. This algorithm begins with a domain flattening change of variables (also known as
o -coordinates [39] in the geophysical literature and the C-method [40] in the electromagnetics community). Subsequently,
we make a boundary perturbation expansion which is solved recursively at each perturbation order.

3.1. The change of variables

We define the (nonlinear) change of variables

X =x,

y1=a<y_@1+g])>+g1< a-y )
a—(g1+g1) a—(g1+g1))’
Z1+g1<y<a,
y—(ém_1+gm_1)> - ( b—y >
y :b< = +g —1 = )
" a— (8&m-1+ &m-1) " b— (gm-1+8m-1)
b<y<gn1+8&n-1,
- y—(gj-1+8&j-1) _ Egj+gj)—y
yf:gj(_ = )+g,-_1<_ iTe) :
(gj+8&j)—(8gj—1+8&j-1) (&j+&j) —(gj—1+8&j-1)
gi+gi<y<8j-1+8j-1,

and define
uj=uj(,y) =vixx), y&,y1,....ym)), 1<j<m.

By setting g, :=b and go :=a, we find
b=8n<ym<8mn-1<Ym1<8m2<...<81<y1<8 =a

Using this change of variables, a long computation (see Appendix A) transforms (2) to the following system of equations

Ayy;uj+Kuj=Rj, gj<yj<gj-1, 1=j=m, (3a)
up —uy = —e' e FEITEN), i=y2=2. (3b)
uj—uj+1 =0, Yi=Yj+1=8j, 2=<j=m-1, (3c)
dy U1 — TEdy,un = J1, yi=Yy2 =281, (3d)
3yj“j—szayj+1”j+lzfj’ Vi=Yj+1=8j, 2<j<m-—1, (3e)
dy, U1 —T1[u1]=—af]gl T1luq], y1=a, (3f)
By tim — Tonlim] = —bf’”ﬁmwml, Ym=b, (3g)

where we have dropped the primes for notational convenience. We refer the reader to Appendix A for the specific formulas
for the right hand sides R; and J;, (A.2) and (A.4), respectively.
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3.2. A high-order perturbation of surfaces method

Upon consideration of deformations of the form

gix) =¢fjx),

we introduce a HOPS method to study the transformed equations in (3). Making expansions of the fields

o0
, :
uj=Y ujax,y)e", 1<j<m,
n=0

we find that (3) demands at each order of ¢

Ax,yjuj,n‘f‘k?uj,n:Rj,na gi<yj<g&j-1, 1=<j=m,
: s (—i n _
Upp — Upp = —e'@¥e P8 % yi=y2=21.
Ujn—Ujr1,n =0, Vi=yji+1=&, 2<j<m-1,
aylul,n_'ﬁzayzuz,n:h,n: Y1=Y2=281,
dy;Ujn — T]'28J’j+1uj+l,ﬂ = Jjn, Vi=Yji+1=&, 2<j<m-1,
f1
Oy u1n — Tqlugp] =— —T1[u1,n-1], y1=aq,
a—gi
OymUmn — TmlUm,nl
fm-1
=—mf]—m[um,n—l], Ym=Db.
b—gm-1

Again, the reader should see Appendix A for the particular forms for the R, and J;,, (A.5) and (A.6), respectively.
Considering the quasiperiodicity of solutions, we use the generalized Fourier (Floquet) series expansions

o
ujnxy)= Y ul (e, 1<j<m,
p=—00
0 .
RinG,y)= Y RV (e®™ — 1<j<m,
p=—00
0 .
Iin®= 3 J] e, 1<jsm—1.
p=—00

Inserting these expansions into (5), we obtain, using (,3[];)2 = k? — ]ocpyz,

o2ub (y)+ (Bl () =R (), Ei<y<Z. l1<j=<m,
uj o (81) —uj3, (&) = —e 1P (_”:7{1)” =7,
ub (&) —ul,,(&)=0, 2<j<m-—1,
dy,uf (&) = Tidy,ub (B0 = JT s
Oy, ub (@) = T}y Uy 1 @) = JF 2<j<=m-1,
ah“f,n - iﬂ;“?,n = Bf,n’ yi=a,
OymUm.n + 1B Uin.n = Bin.n, Ym =D,
and
BY =~ S 1g] B 41,
B i=— fm—1 (—iBMu? 1.

b— gm—l

167

(4)
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3.3. Existence, uniqueness, and analyticity of solutions

With these recursions we can now present a brief sketch of the proof that the scattered field u depends analytically
upon the deformation parameter &. Before beginning we must define an “admissible configuration” where we can expect
the existence of a unique solution. For this we appeal to the classical results of Keller [41], later extended in the “Integrated
Solution Method” of Zhang [42,43] (see also [44]).

In order to establish existence and uniqueness of solutions to (5) we express solutions in the form (6) which delivers (7).
We rewrite these in Keller's notation

u'(y) =M(y)u(y) +g(), a<y<b,

m
> Bju(g)) =b,
j=0

where
p
Bl,n
p
uy 0 ,f)
ayulin R?,n ]fn
p
uj, 0 0
p
u= 3y“g,n , 8= Rz,n , b= Jgn ’
uﬁ‘t,n 0 0
ayuﬁl,n Rﬁnn ]111)1n
Binn
and
My 0 O 0
0 M, O 0
M . 0 1
= T \=p* o)
0 0 Mm—] 0
0 0 0 M,
and
—@g) 1 0 0
0 o --- 0 O
By = ) aE
0 o ... 0 0
and
0 0 0 O
0 0 0 0
B. 0 01 0 -1 0 0 0
i=lo 00 1 0 —-t20 - 0]
0 0 0 0
0 0 0 0
and
0 0 0 0
Bmi1 = ;
o .- 0 0

0 - 0 (BN 1
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Let ®(y) be the fundamental matrix solution of the system

' (y) =M ®(y), @0 =1,

where [ is the (2m) x (2m) identity matrix. Keller shows [41] that the two-point value problem above has a unique solution
if and only if

Q=) Bj®(gj, &) ®)

j=0

is non-singular. It is not hard to show that

®& 0 0 0
0 &, O
Mosy=| . L@y =M,
0 0 &, 1 O
0 0 0 (13
and
1Ty j_
(o 1 ) ’ Pp=0.
j : j j
<I>](y) _ C?S(ﬁpy]) Sll‘l(,prj)//gp i p eZ/{j,
—Bysin(Bpy)  cos(Byy)
cosh(im[pjly) ~ sinh(Im[B]ly)/Imp]] )
Im[By]sinh(Im[B)1y) cosh(Im[B}1y) ’

With this notation we can now define a t-allowable configuration.

Definition 1. A configuration, C, of the structure is the (2m + 4)-tuple
C:=(dy,da, o, 2. k1, .ok, B BT,
to which we can assign a matrix Q = Q (C), cf. (8). For any t > 0, the set of t-allowable configurations is defined by

Ly :={C| |det(Q ()] >T}. (9)

Theorem 2. Given an integer s > 0 and any o > 0, if fj e C s+3/2+ (d) and the configuration is T -allowable (cf,, (9)) then there exists
a unique solution (4) of (5) satisfying

[oyun(x,0)||,;s < KB", (10a)
o0

> PP oy (P, 0| gy, < KB, (10b)
p=—00

- 2

Y PP b, 0] 2y, < K2B, (10¢)
p=—00

forany B > C(s) maXi<j<m ‘fj|cs+3/2+g where K is a universal constant and C only depends on s.

Proof. In short, the proof follows that given for Theorem 5.1 in [45] which consists of an elliptic estimate (Lemmas 5.2
& 5.3) followed by a recursive lemma (Lemma 5.4). The former is built upon the classical elliptic theory found in Ladyzhen-
skaya and Ural'tseva [46] consisting of two assertions: Existence and uniqueness of solutions in appropriate Sobolev classes.
Uniqueness is guaranteed by our demand that the configuration be 7 allowable. Existence of solutions with appropriate
estimates can be shown in much the same was as in [45]. The recursive estimate shows that, given that (10) is true for all
n < N, then the right-hand-sides of (5) can be bounded in the following way, e.g.,

” Rj!” ||H5 = CK |fj|c5+3/2+a BN_la
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for some C > 0. Given these two results we can show, e.g., that

Jytan e, )]y = Ke [ Rl e < KeCK [F5]ornnss BV < KB,

where K, is the constant of the elliptic estimate, provided that B is chosen sufficiently large (greater than a multiple of the
maximum of the |f|3:0). O

4. Weak formulation

In order to find approximate solutions of (7) numerically, we construct a weak formulation of the problem by decom-
posing the solution into two parts

uin:ft?,n—i-ﬁ?n, 1<j<m. (11)

We choose the first term ﬁ?n to solve (7) with Rf.'n =0, and the second term ﬂ?.n to solve (7) with homogeneous boundary
data, Bﬁn =i = ]f’n = 0. In other words, dropping the indices {n, p} for the sake of simplicity, we rewrite the homogeneous
equations for &i?

in
0%il;(y) + (B))ilj(y) =0 gi<y<g-1. l<js=m, (12a)
i1(g1) —u2(81) =¢, (12b)
uj(gj) —uj+1(gj) =0, 2<j=m-1, (12¢)
3y, 11(81) — TLdy, 12(81) = J1, (12d)
By, (gj) — T}y, Uj41 () = J ), 2<j<m-1, (12e)
dy,iiq — ipliy = By, y1=a, (12f)
By lim + i lim = B, Ym=Dh. (12g)

A general solution of these equations, (12), is easily found
flj:Mjeiﬁjy-i-Nje_iﬁjy, 1<j<m.

Using the boundary conditions in (12), the coefficients of M; and N; can be explicitly computed. It remains to investigate
the equations for i; which can be solved by a High-Order Spectral method [37]

0211;(y) + (Bp)*1(¥) = Rj(¥) gi<y<g-1. 1<j=m, (13a)
u1(g1) —2(81) =0, (13b)
U;j(gj) —uj+1(8) =0, 2<j<m-1, (13¢)
By, 11 (1) — TL Dy, 112(81) =0, (13d)
By, 11j(8)) — T}y, Uj1(8) =0, 2<j<m-—1, (13e)
dy, i1 —ipli =0, y1=a, (13f)
Aymlim + 1M, =0, Ym =b. (13g)
The weak formulation of (13) is: Find U € H!([b, a]) such that
m—1
(U, @) — 0yU. 9y@) + Y (1 —T)dyitj1(Z)P(E))
j=1

= (R, ¢) —ip'in(@@(a) — i imb)@(b), Ve € H' (b, a)),

where
U:=1j, yelj,
@ =j, yelj,
R :=Rj, yelj,
k2= (8))2, yelj,

lj:={gj-1<y=<gjh
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for 1 < j <m. Here the inner product is defined on the interval (a, b) by

b
(u,v) :=/u\7 dx,
a
where v is the complex conjugate of v.
To construct a Legendre-Galerkin method as in [33,34], we define the finite dimensional function space Xy, C HY([b, a])
by
Xy, :={@i € Pn, (1) | 9y@1(a) — iB' 91(@) = 0, dy@m(b) + iB"om(b) = 0},

where Py, is the space of polynomials of degree less than N),. Then, the Legendre-Galerkin formulation is to find Uy, € Xy,
such that

m—1

(IEZUN},, on,) — (OyUn,, dyon,) + 2(1 - sz) [3y(ﬂj+1)Ny¢Ny]y=gj
j=1

= (INYRNy’ (/)Ny) - [iﬂl(ﬂl)Ny(.bNy]yza
= [iB™AmIn, N, |,y Vo, € X,

where Zy, is the projection operator onto Py,. By integration by parts on each subdomain [}, the equivalent variational
formulation is derived: Find Uy, € Xy, such that

m—1
(K2Un,. @n,) + @FUNy- on,) = D 77 [0y @ js0n, @n, ], g
j=1
m—1
+ Z [ay(ﬂj)Ny¢Ny]y=gj = (In,RN,, ¥N,), Yon, € XN,
j=1

5. A Legendre-Galerkin numerical method in enriched spaces

Following the spectral Legendre-Galerkin approach [36,37], we consider basis functions as combinations of Legendre
polynomials L;j(y). For y € I; and 1 <I<m, we define

2(y — 81— 2(y — 8- 2(y — 8-
dj=0+0DL; (M +1> +a;iLj (M—I—l) +byiLjo (M—l—l),

g-1— 8 g&-1—8 81— 8
such that
dyd1,; (o) — B ¢1,j(80) =0, ¢1.j(81) =0,
¢5.j(&s-1) =0, ¢5,j(8)=0, 2<s<m-—-1,
dydm,j(&m) +iB" bm,j(€m) =0, ¢m,j(&m-1) =0,
where j=1,..., N, — 2. Note that these Legendre-Galerkin basis functions vanish at the transition layers at y = g; where

1 <s <m— 1. For this reason, we introduce additional basis functions which have the nonzero value of (1+i) on y =g;
(see Fig. 3):

ay—8g)+0+1i, g =y=8g:
my)=qdi(y—g)+0+i, g=<y=<g,
0, otherwise,

and
Cs(y_gs)'i_(]'i_l)’ Esfyfgsfl»

Ns(W)=1ds(y —8) + (1 +1), 811 <y =<8s
0, otherwise,

2<s<m-—2,and
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m 2 3
1+

Nm—2

gm =b Jm-1 Gm-—2 Jm-—3 Jm—4

93

g2

q

Fig. 3. A depiction of the additional basis functions 7s.

Cm—1(y —E) +A+10), En-1=Y=8n2
Mm-1(¥) ={dm-1(y =)+ A +1), &u=<Y =<8m-1,
0, otherwise.

Enforcing the conditions

(ym —iB'n1)(Eo) =0,

n(g2) =0,
ns(gs—1) =0, 2<s<m-—2,
Ns(8s+1) =0, 2<s<m-—2,
@yNm-1 +iB"Mm-1)(gm) =0,
Nm-1(&mn—2) =0,
we find
ip"
=",
(1+1)—iB (g — &1)
14i
di == +l_ ,
g&1— &
14
532%7 2<s<m-2,
8s — 8511
14
do= 1 2<s<m-2,
8s — 851
1+
h-1=———m——,
8m-1—8m-2
igm
dm—l =

A+ D)+ iy — Bm_1)

With these we construct the basis functions defined on all {g; <y < 8o}

, 0. Bi<y<B.
¢j<y)={d’“y Ei=y=8 j_o. . . .N-2

07 gm <Yy <gla
and
07 §371 < y <g07
¢s(Ny—1)+j(J’): &5, (V) 8s <Y <&-1, jZOa“"N)’_Z’
0» gm <y <g$a
for2<s<m-2, and
= 0, &m-1<Y <8m-2, .
dm-1y(N,-1)+j (V) = m m j=0,..

¢3,i(¥), 8m <Y <8&m-1,

LNy =2,

+

go =a
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and finally,

BNy +q-1 V) =10g(¥), Zg41 <y <Zg—1, 1<g<m-—1.

Setting N = m(Ny —1) — 1+ (m — 1), our numerical approximation reads

N
un, (¥) =Y 11jd(y),

j=0
and we seek
Us = (Us—1)(Ny—1)> Bs—1)(Ny—1)+15 - -5 ﬁ(s—])(Ny—1)+Ny—2)Tv 1<s<m,
where we are given
f= (}07-~~,}m(Ny—1)—1)T,
fi=anf. ép, j=o0,...,N.
We also define the matrices
(As)j = (3§$(s71)(Nr1)+]‘, ¢~>(s—1)(Ny—1)+1)15 + lzf(tﬁ(sq)(Nyfl)H, <23(s—1)(1vy—1)+1)13,
where 0 <1, j <Ny —2 and 1 <s <m. We define the column vectors
aip = (3}2,¢~>m(Ny—1) + k%q;m(Ny—l)a 1y,
cly = @yPmNy—1+@-1) kg1 PmNy 1) +@-1) Bay—1)+ g1
d?z = (ajzz‘lgm(Ny—lHq + l(§+1¢;m(Ny—1)+Q’ <l~5q(Ny—1)+j)1q+1,
bz = (3}2,5519 + k2D Pm—1)(Ny—1) 4+
and row vectors
az = (332,431 +ki;, (im(Nyfl))Il + 3y} (g1),
c‘§1 = (3}2,¢~>q(Ny71)+j + l<§+1‘7;q(Ny—l)+js ¢~>m(Ny71)+(q71))1q+1
- quay‘lgq(Nyfl)Jrj(gq),
d3; = @y Pay—1)+) + Ky 1Pa(Ny—1)+js BNy —1)+)Igsr + ByBae, 1)+ (g 1)
ba1 = (332,<Z7(m—1)(1vy—1)+j + K2 Ban—1)(Ny—1)+js P
- nz1—13y‘1~5(m—1)(Ny—1)+j(§m—1),
for 0<j<Ny—2and 1<q<m— 2. Moreover, we set
a5, = (5 dmNy—1)+@-1) + K2 Pmy—1)+q—1) PmNy—1)+q-1)
+ 0y Pm(N,~1)+q-1) (&) — T2y bm(Ny—1)+q—1) (&g )-
53 = (O Pm(Ny—1)+s + K PN, — 15, By, +-1))
+ [ByPmny—1)+s(E) — T2y PmNy—1)+5(E5 )1 Pmvy —1)+(s—1) (Es)
a3, = (332,<l~5m(Ny—1)+(s—1) + K2 PNy 1)1 PNy —1)+5)
+ [3y<l~5m(Ny—1)+(s—1)(§j+1)
- 52+18y¢~’m(Ny—l)+(s—l)(g;+1)]¢;m(Ny—1)+s(gS+l)7

where 1 <g<m—1and 1 <s<m— 2. Here, 3yq3n (&) and ayén (g,*) stand for the left and right derivatives at g, respec-
tively. The Legendre-Galerkin scheme demands the m(Ny — 1) 4+ (m — 1) =mN, — 1 equations:

Mu=f,

where M is a block matrix

we(20).
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The block matrix A is defined as

Aq 0
Az

Am—l
0 Am

and the bidiagonal matrices B and C are defined as

ain 0 0
C}z d}z
B— 0 C}z d}z
CTz_z de_z
o ... 0 b1
and
(Y 0o ... 0
0 @’ )T
C: (d%z)T
(C2m1_2)T
0 @y AT b’

Finally the tridiagonal matrix D is given by
1 1
ay, O3 0
1 2 2
a3, 03 O3
2 3 3
0 a3, a; ay

D =
m—3 m—2 m—2
0 az; = A3y~ 0y
m—2 m—1
0 az; = 0y

6. Numerical simulations

We now conduct a variety of numerical experiments with an implementation of the algorithm described above. We
begin by demonstrating the accuracy of the Legendre-Galerkin solver for the boundary value problem (13) at the heart of
our numerical method versus an exact solution. We follow this by presenting the performance of our full scattering solver
using “energy defect” as an indicator of convergence [38].

6.1. Simulations of a boundary value problem
To begin our numerical simulations, we investigate the numerical approximation of the reduced problem (13) which is at

the core of our full solver. Utilizing the algorithm proposed in Section 5 we look for numerical convergence of the following
reduced problem

uj(y) +kuy) = Fj(y), gi<y<g. 1<j=m, (14a)
uj(gj) —uj1(gj) =0, 1<j<m-1, (14b)
dyuj(gj) — Tidyujp(gH =0,  1<j<m-—1, (140)
dyu1(a) —iB'ui(a) =0, (14d)
dyum(b) + iBMum(b) = 0. (14e)

As a test of convergence we consider the following functions and parameters which collectively define an exact solution in
TE polarization (7 =1)
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o The relative L? error for u;
10 : : :

Relative L? Error

10-10

10-12

10714
10 15 20 25 30

N,

Y

Fig. 4. Relative L2 error, (17), of our Legendre-Galerkin approximation of (14) in configuration (15) versus number of basis functions Ny.

uj=sin(my)a-y>*b-y? g <y<gi-1
(125, b:_Sa gj:a_ja szla 15]567
ki=15-01l, Br=1+i, Br=1—i, 1<I<7. (15)

As a second example, we consider a TM simulation (7 # 1)

7-j 6
uj=[Jru@-y?o-y*[Jo-8). &<y<g-.
q=1 s=1

a=5 b=-10, gj=a-2j, tj=1+2j, 1<j<6,
ki=12—1, pi=1+i, pr=2-3i, 1<I<7.

In configurations (15) and (16) the functions u; satisfy the boundary conditions in (14), and one can easily find the corre-
sponding terms F; which render them exact solutions by direct calculation. To test numerical convergence, we define the

(16)

relative L2 error

luex —uny ll2
ex 7Ry N2 (17)
lluexll ;2
where uex is the exact solution and uy, is the numerical approximation. Figs. 4 and 5 display the spectral rate of conver-
gence which our algorithm typically delivers in this simplified setting.

6.2. Simulations of a multiply layered medium: smooth interfaces

We now perform numerical experiments of a multiply layered medium whose scattering returns are governed by (2).
Unlike the simplified problems in Section 6.1, exact solutions are unavailable so we utilize the widely accepted error mea-
surement of energy defect [38,27,47-49]. In more detail, consider the Rayleigh expansions in the upper and lower layers

o oo

o o

wmy) =y afePVe™ unx.y)= Y dhe FoVel®x.
p=—00 p=—00

With these the efficiencies are defined as

By 2

1._ Ppiap 1

ep._? af|”, peu,
By b2

em=-L|ah|", peu™

p - ﬂ
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The relative L? error for u;
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Y

Fig. 5. Relative L2 error, (17), of our Legendre-Galerkin approximation of (14) in configuration (16) versus number of basis functions Ny.

The efficiencies measure the energy at wavenumber p propagated away from the grating interface. If all materials in the
structure are lossless (k; € R) energy is conserved so

(TE mode): Z e}y + Z e’l'] =1,
peu! peu™
2
(TM mode): > eyt K o er=1
: P2 p ="
peld! m peym

Hence, we define the “energy defect” for TE and TM modes

(TE mode): StE=1— Z ell, - Z ey,

peud! peu™
(TM mode): ) —1—Ze]—ﬁ26m
. TM - p k2 p 9
peud! m peym

which will be zero for an exact solution.
We pursue a sequence of simulations to show the spectral convergence of the proposed Legendre-Galerkin method. For

a set of smooth interface tests, we use the following data:

a=5 b=-8, a=0.1, d=2m. (18)
In our numerical experiments we use the following parameters to display the performance of our methods

N = Perturbation order, N, = Number of basis functions in x,

Ny = Number of basis functions in y, & = Perturbation parameter,

k; = wave number in layer j.
In Fig. 6 we display, in both TE and TM polarizations, the energy defect versus number of perturbation orders retained for
the parameter choices

Ny=N, =40, gj=a—j, 1<j<6,

e sin(x), for j is odd,
gix) = . ..
esin(x)/2, for jiseven,
k=14+05 1<I<7. (19)

The figure shows the spectral convergence of the energy defect as the perturbation order N is refined. We also find that the
energy defect decays rapidly to machine precision for small choices of ¢.
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Energy defect versus perturbation orders for the TE mode
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1078}
k3]
2
©
°
>
=
2
S 1010t
10-15 F
1 1 1 1 1 1
0 2 4 6 8 10 12 14
N: Number perturbation order
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0 Energy defect versus perturbation orders for the TM mode
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—0—c = 0.025
—8—c = 00125
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N: Number perturbation order
(b)

Fig. 6. (a) Energy defect versus perturbation order, N, for smooth interface configuration (18) and (19): TE mode with 7 layers. (b) Energy defect versus
perturbation order, N, for smooth interface configuration (18) and (19): TM mode with 7 layers.

In Fig. 7 we repeat the same experiment (18) and (19) for fixed value of € = 0.025 while varying the spatial discretization
parameters Ny and N, with 7 layers

gij=a—j, 1<j<6, &£=0.025,

e sin(x), for j is odd,
gix) = . .
esin(x)/2, for jiseven,
k=1405 1<I<7. (20)

This clearly shows the spectral convergence of the energy defect versus the number of Fourier and Legendre coefficients.

We then focus on the behavior of our method with different numbers of layers. For this, we choose the following
parameters:

Ny=N, =40, N=15 £=0.025,

esin(x), for jisodd,

(X) =
&) esin(x)/2, for jiseven,
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0 Energy defect versus perturbation orders for the TE mode
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Fig. 7. Energy defect versus perturbation order, N, for smooth interface configuration (18) and (20): TE mode with 7 layers.

Energy defect versus perturbation orders for the TE mode
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Fig. 8. Energy defect versus perturbation order, N, for smooth interface configuration (18) and (21): TE mode with different numbers of layers.

gi=a—j, 1<j<m-1, k=14025 1<l<m, (21)

where m is the number of layers. Fig. 8 displays the energy defect versus number of perturbation orders. As anticipated, we
observe rapid convergence to machine precision for a small number of layers, however, we still observe spectral convergence
with (relatively) large m.

If the wavenumbers are not large, as in (19), then we observe rapid convergence to machine precision. However, as we
increase to larger values of k, our convergence deteriorates due to the severe under-resolution of our parameter choices. To
address this concern, in Fig. 9, we revisit these computations with the following parameters

N=15, &=0.025,

esin(x), for jisodd,

(X) =
&) esin(x)/2, for jiseven,

(k1, kz, kg, ](4, ](5) = (1.5, 2.5, 40, 41, 1),
gi=a—j, 1<j<4 (22)
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Energy defect versus perturbation orders for the TE mode
T T
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100
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Fig. 9. Energy defect versus perturbation order, N, for smooth interface configuration (18) and (22) with high wavenumbers: TE mode with 5 layers.

0 Energy defect versus the perturbation order N for the TE mode
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Fig. 10. Energy defect versus perturbation order, N, for smooth interface configuration (18) and (23) with large deformation: TE mode with 5 layers.

As we see, if we refine our spatial discretization then we recover the striking convergence we saw for the smallest values
of k. To be more specific, as we display in Fig. 9, if we choose Ny =30 and N, =60, we can realize results with excellent
accuracy for large wave numbers.

To close, we examine the possibility of using our new algorithm for deformations of large size. To study this we revisit
the calculations specified in (19), with the parameter choices

N=30, e=10,

Zo=a=6, g1+g=4+esinkx), Z+g=2+esin®)/2,

g3+g3=0+¢sin(x), g4=b=-2,

(k1.ka. k3. kg) = (1.0,1.25.1.5,1.75),  (Ny, Ny) = (60, 60). (23)

In Fig. 10 we display numerical simulations with € =1 on these four layers. As in [50,51] simple Taylor summation in
perturbation order N does not work well. However, if Padé approximation [35] is utilized then excellent results can be
realized showing that, indeed, large deformations can be readily simulated.
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Energy defect versus perturbation orders for the TE mode
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Fig. 11. Energy defect versus perturbation order, N, for rough interface configuration (18) and (26): TE mode with 6 layers.
6.3. Simulations of a multiply layered medium: rough interfaces
To continue our investigation we conduct a numerical simulation with rough interfaces
Fr(x) = (2 x 10*4) Xer —x% o,

x+1 0<x<m,
2x— 3, mw<x<2m,

fix) = {

where cg is chosen so that f, has zero mean, which possess C* (but not C°) and Lipschitz regularity, respectively [28,51].
For our numerical experiments we use the Fourier series representations

>, 96(2k%m? — 21

=Y % cos(kx), (24a)
> 8

fi®) =) ————— cos((2k — 1)x), (24b)
722k - 1)2

which we truncate after wavenumber P = 40,

P
96(2k*m? — 21
frp®) =) % cos(kx), (25a)
k=1
P/2 3
fipx) = ; T cos((2k — 1)x). (25b)

For these simulations we choose the following parameters with 6 layers:

a=4, b=-2, gi=a—-j, 1<j<5

k=1+05 1<I<6,

g1(x) = gs(x) = esinx, g2(X) = ga(x) =& fra0, &3(x) =¢&f1 0,

=05 d=2m, &=0.025. (26)
In Fig. 11 we display results of this experiment with rough interfaces. Evidently, our new method is applicable to config-
urations with finite and even Lipschitz smoothness, provided with sufficient resolution. In Fig. 12 we present the real and

imaginary parts of the scattered solution for the rough interface configuration (26). The layer interfaces are depicted in
dashed red lines.
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y-axis

y-axis

Fig. 12. (a) Plot of the real part of the scattered field for rough interface (26): TE mode with 6 layers. Layer interfaces depicted in dashed red lines. (b) Plot
of the imaginary part of the scattered field for rough interface (26): TE mode with 6 layers. Layer interfaces depicted in dashed red lines. (For interpretation
of the references to color in this figure, the reader is referred to the web version of this article.)

6.4. Simulations of a triply layered medium in three dimensions

To close our study, we consider three dimensional scattering of scalar waves in a triply layered periodic medium. This
bridges to our forthcoming article which studies the vector wave scattering problems of electromagnetics (in three dimen-
sions) and linear elastodynamics.

In Fig. 13 we display the energy defect versus number of perturbation orders retained for the following parameter
choices with three layers

Ny, =Ny, =Ny =20, a=6, g=2, =0 b=-4
k] =1.5, kz =2.5, k3 =3.5, d] = d2 =2, o1=0.1, ay=0.3,
g1(x) = ecos(xq) sin(x2), g2(x) = & sin(x1) cos(x2). (27)

These experiments are conducted for TE and TM modes with various values of €. The figure shows the spectral convergence
in the energy defect as the perturbation order N is refined as in two-dimensional problem. We also find that the energy
defect decays rapidly to machine precision for small choices of ¢.
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Energy defect versus perturbation orders for the TE mode
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Fig. 13. (a) Energy defect versus perturbation order, N, for smooth interface configuration (27): TE mode with 3 layers in three dimensions. (b) Energy
defect versus perturbation order, N, for smooth interface configuration (27): TM mode with 3 layers in three dimensions.

As a final experiment with our algorithm we consider a rough profile configuration in three dimensional media. Recalling
the Fourier series representations (24) and (25), we replace g1 and g, in (27) with

g21(0) =& fra0(X1) frao(x2),  g2(%) =& f1.40(x1) fr.a0(X2). (28)

In Fig. 14 we display the results of the experiment (27) with the rough interfaces (28). We see that our new method
is applicable to configurations with finite and even Lipschitz smoothness, with sufficient resolution, in three dimensional
simulations.

7. Conclusions

We have described a High Order Perturbation of Surfaces (HOPS) algorithm for linear wave scattering by a periodic
two or three dimensional medium with an arbitrary number of layers. Using Dirichlet-Neumann Operators at artificial
boundaries placed above and below the structure, we equivalently reformulated the governing Helmholtz equations on a
bounded domain. Using a suitable change of variables, the governing equations were reformulated on a separable geometry
with flat interfaces. Introducing a boundary perturbation method, we described the scattered field in a Taylor series. More
precisely, we derived a sequence of linear differential equations to be solved at each perturbation order in the expansion,
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Energy defect versus perturbation orders for the TM mode
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Fig. 14. Energy defect versus perturbation order, N, for rough interface configuration (27): TM mode with 3 layers in three dimensions. Here, the function
g1 and g, are replaced in (27) with (28).

resulting in a Transformed Field Expansions (TFE) algorithm. Accurate numerical experiments using these TFE recursions
were conducted with a Legendre-Galerkin method based on a novel weak formulation. These experiments include smooth
and rough interfaces of small and large size, and high wavenumbers in a multiply layered medium. We also presented
three-dimensional simulations in a triply layered medium as a natural extension of our algorithm. The numerical simulations
showed the spectral convergence which our new algorithm can achieve.

Our developments clearly point towards several extensions of great importance. In particular, our approach must be
generalized to the vector wave scattering problems of electromagnetics (in three dimensions) and linear elastodynamics.
These extensions will not be straightforward since more complicated boundary conditions between layers are considered,
and hence the algorithmic differences are significant. We will describe them in a future publication. In addition, a rigorous
numerical analysis for the proposed Legendre-Galerkin methods will be considered in a forthcoming article.
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Appendix A. Derivation of the transformed equations

In this section we provide a full derivation of the transformed equations (3) presented in Section 3.1. For notational
convenience we set go = gm = 0. By the chain rule, we find

Vy=Vy + (Vx}/j)ayj,
dy = dy; (dyy ),
for gj+gj <y <gj—1+gj-1, 1 <j=<m.Hence, recalling a = go + go and b = gm + gn, we deduce that

(X/ y~)=<x g( y—(8j-1+8j-1) >+g~ 1( & +8)—vy ))
e I\ (@ +g) — @i+ gj-1) T\ @ite)-@ioit+gin /)’

for gj+gj<y<gj—1+gj—1,1<j=<m.Setting M;(x) :=(g; + gj) — (gj—1 + gj—1) for 1 < j <m, we write

M jVx = M;Vyy + M;j(Vxy)dy,
=M;Vy + [VxM;jy;j — (VxM )y 19y,
=M;Vy +[Vxgj-1(¥j — &j) — Vx&j(¥j — 8j-1)19y;,
Mjdivy = Mjdivy + [Vxgj-1(¥j — &j) — Vx&j(¥j — &j—1)] - y;,
Mjdy = M;(dy;)(3yy ;) = dy(M;y)dy,
=(&j — &j-1)9y;,
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Hence, defining
Cix)=M;jx), Ej=g—gj-1.
Dj(x) = Vxgj-1(¥j — &) — Vx&j(¥j — &j-1)s
we derive that
ijx:Cij/—i—Djayj, Cjoy :Ejayj’ 1<j<m.
As in [34] we rewrite the Laplace operator as
C2A = divy [Cf.vx/] — (Ve Cj) - [CjVil +dy,[C;D; - V]
— (3y; D) - [Cj V] + divy [CjDjdy, ] — (Vi Cj) - [Djdy;]
2
+ 8yj”Dj‘ 8yj] — @y;Dj) - [Djdy;1— (VxCj) - [C;Vy]
— (VxCj) - [Djdy;1+ E?ajj.
Then, the governing problem becomes
2 A 2,2
0=C5A u+Cjkju
— divy [CJZ-VX/u] +dy,[C;Dj - Vel + dive [C;D;dy,u]
2
— (VxCj) - [Djdy;ul + y,[|D;j|” y;u] — (Ve C)) - [CVyu]
242 2,2
+Ej8yju +Cjkju.
Setting C]Z(x) = E? + Fj(x), we find
1
2 .
A'u+kju = Edlvx/ [—FjVyu—C;jDjdyu]
j

1
+ ﬁayf [~CiDj - Vyu — |Dy|” Ay, u]
]

1
+ P[—kﬁFjqu(v,(fcj).(DjayjuJrcj-v,{,u)]. (A1)
j

Considering our boundary perturbation method, we introduce ¢ from g; = £ and rearrange the right hand side of (A.1).
For 1 < j <m, we set

Ci=(g—gj-)+eW;—vj-1),

Dj=¢[Ve¥j1(yj— &) — Vu¥j(yj — &j-1)] = ¢Dj,
Ej=8j—gj-.

Fj=2e(gj — 8ji-1)(Wj— ¥j—1) + &> Wj — ¥j_1)>.

Hence (A.1) becomes

1
ANu+ku = E[divx/[R’;.] +dy;RY +RY],
J

where
RY=—2¢(8j — &j-1)(¥j — ¥j_1)Vutl — £* (Y — ¥i—1)?Vyu
—&(8j — &j—1)Djdyu — e2(Yj — vj_1)D;dy,u, (A2a)
and
_ _ ~ ~ ~ |2
R = —(8j — &j-1)D - Veu — €2(Yj — ¥j_1)D; - Vyou — £ ‘Dj‘ ay,u, (A2b)

and
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R(} = —k§92(¢j —Yji_Du— ZSk?(Ej - g D)Wj—vji-Du
+ e2divi [ (0 = vj-1) D3y ] + edivi [0 = ¥5-1)(& — &5-1) V]
+&2(j — ¥j-0dive [(U) — ¥j1) Vier].
For the boundary terms, we begin by recalling
vinc(x’ y)= eiot~x—iﬁ1y,
SO we can write
Uy —uy = _plx=if@1ta1() y =51,
uj—ujp1 =0, y=gj, 2<j<m-1.
At y=a and y =b we transform the equations
dyvy —Tq[v1]=0, y=a,
0yvm — Tm[vin] =0, y=bh,
into

Cj ,
dyuj— E—{Tj[uj] =0, j=1,m,
J

which implies

81
dy,u1 — T1[ug] = ———=T1[w1],
a—&
&m—1
dyplim — T[] = ——="—— T [tm].
b—gm-1
Finally, regarding the Neumann conditions
3Ng1 Vi — 'ElzaNgl Vo = _aNgl Vinc
= (i - Vxg1(0 +iB)e** —if (@1 + &1(0),  y=£a,
aNngf - szaNgj vj+1=0, y=28j

for2<j<m-—1.At y=g1+ g1(x) we find that

oN LU= ‘L']ZaNg1 up = (i - Vo g1 + i/g)eilx-x—iﬂ(g1+g1 (X)),

g

which implies that

— (Vxg1) - Vyuq +dyug — T%((_Vx/gl) - Vyuz + dy)
= (i - Vy g1 + ip)el @ 1B&i+&1 )
Using the change of variables we deduce that
eDy Ey 2 eD, E,
—&(Vyv1) - [Vyur + By, U1l 4+ —dy, U1 — TE[—&(Vy Y1) - (Vylz + —=8y,U2) + — dy, U2]
G G &) Cy
= (ciat - V1 + iB)e* ¥ B&1t+81x)
Simplifying (A.3), we find that

Eq 2 E2
aay1u1 — T] aayzuZ = »I(l’

where

D
J1=e(Vevn) - (Vour) + 2 (Vey) - Cfllaylul — et (Vyy) - (Vi)

D; . o iax—iBE —i
_ 82T12(Vx/1/f1) . C_Z(QYZUZ) + (gia - (V1) + l,B)ew‘ X lﬂgle 1ﬂg1(x).

185

(A.2c)

(A3)
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Noting that

E1Co = (a—g1)(g1 — &2) + (a—g1)(g1 — &2),
ExCr1=(a—g1)(81 — &2) — g1(81 — 82),
we derive that
dy, U1 — 7:123y2u2 =J1,
where
GG ) —ea—g)Wn — ¥2)dyur — T2V (81 — 82)dy, Uz
(a—g1)(g1 —82) '
The term C1C2J; in J; can be simplified for later computations
Ci1C2)i=@—g)(&1 —8)J1+¢eJi((a— g —v2) + ¥1(82 — &1)
+ a2y (Y2 — Y I
Similarly, for y = g; + g;(%), 2 < j <m — 1, we recall that

J1

L2 S
aNgj Vj ‘Cj aNgj Vit1 = 0,

and this implies that
(—(Vwg) - Vv +0yvj) — 77 (—=(Veg)) - VVis1 + dyvjr1) =0

By the change of variables, for 2 < j <m — 1, we see that

ED]‘ Ej
—&(Vy¥rj) - [Vyuj+ Ta)’juj] + FBYjuJ'
J J

€Dy Ejn
- sz |:—8(Vx’1ﬂj) : (Vx’ujﬂ + C.—jayjﬂujH) + C]‘—ayjﬂujﬂ =0.
j+1 j+1

Rearranging the equation, we deduce that

Ej
Cj

where

Ejt1
dyui— 120, uig =]k
yiUj — Oy Uj+ ;
7 Cj I

D
Iy = (Vi) - (Veuj) + €2 (V) - 2 yu

D
- sr]-z(Vx/lﬁj) - Vyljyr — ezrjz(vxqu) . Cj—+3yj+1uj+1-
j+1

Noting that

EiCjv1=(8j — &j-1)(&j+1 — &j) + (& — &j-1)(&j+1 — &j)»

Ejr1Cj=(8j+1— 8 (&) — 8j-1) + (8j+1 — 8))(8j — §j-1)s
we find that

2

dy;Uj — Tjdy;  Ujy1 = Jj,
where
~ CiCin )y —e(8j = 8- (Wjp1 — ¥j)dyu; N T (Eje1 — ENWj — Yjm1)dy U ja
B & —&ji-1(Ej+1—8)) (& —8j-1)(8j+1— &) '

For later computations, we rewrite the term CjCjH]} as

(A4)

J

CiCi1]5=J3(&j — &j-1)(&j+1 — &) +e];(¥j — ¥j-1)(&j1 — &))
—e ][ — ¥ — &j-1) + &2 1) — Vi) Wi — V).

Hence, we arrive at (3).
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For our boundary perturbation approach it is important to expand the inhomogeneities of these equations in power
series in €; see e.g. (5). For 1 < j <m, we find

1
Rjn= P[divx/ [ ] +dy,RY, + RO ] (A5a)
j

where
R} =-2(8j = &-DWj —¥j-1)VxUjn_1— (& — §j—1)5j3yjuj,n—1
— (Y = Vj—1)*Veljn—z — (W) — ¥j—1)Djdy U jn—2. (A5b)
and
- . )
RY, ==& — &-DD; Vetijn-1— (W = ¥j-1D; - Veujnz = | B[ ayuin2, (A50)
and
RY = —2k5(8j — &j- )W) — ¥j-D)Ujn1
+dive [(¥j — ¥j-1)(&j — &j—1) VxUjn1]
— K3 = ¥y + dive [ = Y50 D 3y 2
+ (Yj — Yj—Ddivy [(¥j — ¥j—1) Vel jn2]. (A.5d)
For the boundary terms, we write

C1C2J4 = (@— g1 — ¥2)dy, Un1 — TLY1(81 — 82)dy, Uz n1
(a—g1)(&1 — &)

1,n=

and, for 2<l<m-—1,

CiCim J] a— &= &j+1)Wj1 — ¥j)dy;Ujn-1 N sz(lﬂj = Vj—1)(8j+1 — &)y Uj+1,n-1

e @ : v —— : (A.6)
(8 —&j-1)(&j+1— &) (& —&j-1)(&j+1 — &j)
where
Jin = (Ve1) - Vatti n1 = T (V1) - (Vyetizn1) + (Veyh) - 8y1u1 ne2
D n—1
= T (Ved) - ayzuu 2+ i - (Vyyy)el@¥ o162 %
+ipele gibE (—lﬂlﬁl) ’
n!
and

Jin= V) - (Vttjn1) = T (VW) - Vielljsan1

D
+ (Ve vrj) - ayju] n—2—Tj (Vx/l//j) ayjﬂ Ujt1,n-2,
Cj Ci+
and hence we reformulate

Ci1CJ = —g)(@18)J 1 n+ Jin1 (@@= &)W — ¥2) + ¥1(82 — 81))
+ Y12 = Y1) J 2
CiCit1)jn =8 — 8- &j+1 = ENJjn+ @j1 = ENWj —Vj-1 ]} ny
+ Wit =¥ )& — &~ 1
+ Wi = Y- Wit — V) S aa
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