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SUMMARY

In this thesis we numerically simulate the evolution of an internal wave in deep water, valid
in the weakly nonlinear regime. We begin with a brief motivation and then, to familiarize the
reader, give the background that led us to our research.

Following the introduction, the first two chapters focus on the development of our model.
Chapter 2 outlines the classical formulation of the governing equations for the water-wave prob-
lem and in Chapter 3 we derive the model. In more detail, we begin Chapter 3 by reformulating
the classical problem in terms of interface variables and interface operators to obtain a system
of evolution equations. Next, we describe a Boundary Perturbation Method (the method of
Operator Expansions—OE) to simulate the interface operators. We conclude the chapter and
thus our derivation with the nondimensionalization of the evolution system.

The next two chapters focus on the numerics. In Chapter 4, we first describe our numerical
method and then derive exact solutions for linear water waves and traveling waves that are
used to test our code. We present numerical results in Chapter 5. We give the results of our
tests (temporal and spatial convergence) and further analyze the traveling wave approximations.
Finally, after having confirmed that our scheme is accurate and stable, we apply it to our model
and check energy conservation.

In Chapter 6, we conclude with an overview and future research on two-fluid systems.

ix



CHAPTER 1

INTRODUCTION

1.1 Motivation

An internal water wave propagates along an interface between two fluids with varying den-
sities due to variations in temperature and salinity (17). Internal waves are ubiquitous in the
world’s oceans and, as seen by satellite (14), they have been observed to travel for hundreds of
miles within the oceans. Internal waves are important both as a significant source of energy and
momentum transportation, and in their interactions with ocean dynamics and topographies. In
addition to their many engineering and other practical applications, they inspire many difficult

questions in both theoretical and numerical analysis.

1.2 Background

The classical formulation of the internal water—wave problem uses Euler’s equations with
kinematic and dynamic boundary conditions at the free interface. Well-known approximation
models include, most notably, the Korteweg—de Vries, Benjamin—Ono, Boussinesq, Nonlinear
Schrodinger, and Intermediate Long Wave equations (24; 3). Alternately, one could reformu-
late the classical system as a boundary integral equation, a Hamiltonian system, or evolution
equations involving operators (see, (12; 7) for recent examples).

In this thesis, we reformulate the classical system as evolution equations. Our evolution

equations govern interface variables which involve interface differential operators, e.g., Dirichlet—



Neumann operators (DNOs). The interface variables, first introduced by Benjamin & Bridges
(1; 2) and Craig & Groves (8), are the free interface and a weighted difference of velocity
potentials at the interface. These are analogous to the surface variables identified by Zakharov
(32) for a Hamiltonian formulation of the classical single-fluid water—wave problem. Zakharov’s
surface variables are the free surface, n(x,t), and the velocity potential at the surface, {(x,t) =

¢(z,m(x,t),t), and the Hamiltonian is described by the integral:

1 1
HZZZ//\V¢|2 dyd:c+2/g772dm.

Craig and Sulem (9) (see also the work of Milder (20; 21) and Milder & Sharp (22; 23) in the
setting of electromagnetic scattering) introduced the DNO to the water—wave problem to make

Zakharov’s formulation more explicit. The DNO,

G(n)[E] = 0z9,

where N is an exterior normal, is an operator that maps Dirichlet boundary data to Neumann
boundary data (26), more specifically, to the normal derivative of the potential at the surface.
It is a linear operator in ¢ and nonlinear in 7. Knowing the DNO, the process of recovering
the potential inside the fluid domain is straightforward and is accomplished through an integral
equation involving Green’s functions. With the DNO, the Hamiltonian becomes

175 = 5 [ [cGle) + 7]



and the classical problem can now be explicitly expressed in terms of surface variables, (7,§).
The surface (or in our case, interface) formulation is appealing for a number of reasons, not the
least of which is that it reduces the problem dimension. In (9) Craig and Sulem used this new
formulation to numerically simulate surface gravity waves. Our work is motivated by (9; 8) and

can be considered an extension of their work to the two—fluid case.

1.3 Problem Description

Beyond the formulation of the governing equations, this thesis is a numerical study of time—
dependent internal wave propagation and for this we focus on two—fluid systems which Koop &
Butler (16) believe are sufficient to capture the physics of multi-stratified layers. For simplicity,
we neglect forces other than gravity and assume infinite extent in both the upper and lower
layers, but we note that our method can easily be extended to include additional forces (e.g.,
surface tension), finite layers, and rigid-lid assumptions. The model derivation is based on a
perturbative approach (25) in the weakly nonlinear regime (see also (5; 24)).

Given our model equations, the evolution of the internal wave is simulated by a Fourier
collocation spectral method (10) in the spatial variable and a fourth—order Runge—Kutta algo-
rithm (4) for time—stepping. The main effort lies with the approximation of the operators, and
once this is accomplished, the numerical method is fast, highly accurate, and easy to implement.
The full literature of numerical schemes to simulate the motion of a free surface or interface in
the Euler equations of ideal fluid motion is far too vast to recapitulate here. For the interested

reader we recommend the survey articles of (18; 31; 30; 29; 13).



CHAPTER 2

CLASSICAL FORMULATION OF THE INTERNAL WATER-WAVE

PROBLEM

2.1 Euler’s Equations of Motion

Consider two-dimensional fluid flow in the deep ocean where an interface well below the
ocean surface separates two layers of varying densities. Denote the Eulerian fluid velocities in

the upper and lower regions by

u/ = [u/(x7 y? t)?”’(m7 y7 t)70}7 u = [U(IE, y? t)7v($7 y? t)70]’

and the layer interface by y = n(x,t). We define the fluid domains in the upper and lower
regions by

S ={reR, y>n(xt)} and S:={z R, y<n(zt)}.

Note that two-dimensional implies one horizontal and one vertical dimension.

We assume the fluid in each layer is ideal. An ideal fluid is one that is incompressible,
inviscid, and has constant density. Assuming that the fluids are immiscible, we denote the
densities as p’ and p, in the top and bottom layers, respectively. A less dense fluid floats on a

more dense one, thus, p > p/. Inviscid flow is governed by Euler’s equations of motion. These



are coupled with an incompressibility condition (divergence of fluid velocity equals zero) to

obtain the governing equations for our fluid flow:

Du’ 1 .

Dt = —;Vp' +g, in S’ (2.1a)
V-u' =0, (2.1b)

and

Du 1

“2_ Z i 2.2
i, in s (2.28)

V-u=0, (2.2b)

where p’ = p/(x,y,t) and p = p(z,y,t) are pressure functions, g(z,y) = (0, —g) is the gravita-
tional force, and D% is the rate of change following the fluid, or the material derivative.

2.2  Velocity Potential

We make one last assumption on the fluid flow: it is irrotational. Irrotationality (curl of
fluid velocity equals zero) implies that there exists a velocity potential, ¢’ and ¢, in each region

such that

u'(z,y,t) = V¢ (z,y,t), in §' (2.3a)

U(l‘,y,t) = qu)(fﬁ,y,t), in S. (23b)



If we substitute (Equation 2.3a) and (Equation 2.3b) into (Equation 2.1b) and (Equation 2.2b),
respectively, then the potential functions satisfy Laplace’s equation in their domains of defini-

tion:

A¢' =0, in S’

A¢p =0, in S.

Given the existence of the potentials, we wish for all remaining conditions to be formulated in

terms of ¢’ and ¢ rather than v’ and wu.

2.3 Boundary Conditions

To specify a unique solution we require lateral and vertical boundary conditions for our fluid

flow. For the former we consider the classical A-periodicity conditions

n(x+\t)=n(z,t), ¢'@+Nyt)=dxyt), éx+\yt)=o¢(xyt), VeeR.

As we have assumed fluids of infinite extent, we specify that the vertical velocity components

of u’ and u, thus 9y¢’ and dy¢, vanish far from the interface:

0y¢ — 0, as Yy — 00

Oy — 0, as y — —00.



There are two boundary conditions at the interface: a kinematic and dynamic condition.

The kinematic condition states that a particle on the surface must stay on the surface or

F(x,y,t) =y —n(x,t). (2.4)

For a particle on the surface this quantity is zero and hence the material derivative (rate of

change following the fluid) is zero:

We first apply the chain rule to (Equation 2.5)

OF dv  OFdy OF
or dt  Oydt ot

and then substitute the expression for F (Equation 2.4):

dr dy
—8337]% + E — 8t77 = 0.



The expressions ‘fl—f and % are the horizontal and vertical velocity components, respectively,

thus we arrive at

on = ayﬁbl - 8x7762¢/7 at y = 77(35’ t)

81577 = ay¢ - 8x778$¢7 at y = 77(% t)'

The dynamic condition, also known as the Bernoulli pressure balance, states that in the absence
of viscous forces, pressures at the interface must be equal. We return to Euler’s momentum

equations, (Equation 2.1a) and (Equation 2.2a), and rewrite these as
/ / ;7 p/ _ p
ou' + (u' - V)u' = -V ;+gy , Ou+ (u-V)u=-V ;—ng ,
where g is the acceleration due to gravity. In terms of potentials, these become
/ 2N p, Ll e
HVe = -V ;+§|v¢\ +gy)., OVep=-V ;+§\V¢| +gy ).
Integration in the spatial variables gives
e’ + + \Wﬁ\ = B(t), 8t¢+p+ |V¢>I + gy = D(t),

where B and D are arbitrary functions of time. As previously mentioned, inviscidness implies

that p’ = p at the interface so if we conveniently choose B and D (which can be done given



they are functions of time thus having no impact on the gradient of the velocity potential), such

that

then the pressure condition at the interface can be expressed as
/ p 1 /(2 1 2
P00+ 5 VI +gn) =pl0b+5IVel +gn ). aty=n(z1)

Collecting all of the constraints above, the full system of equations is given by

A¢' =0, in ' (2.6a)
Oy — 0, Y — 00 (2.6b)
O = 0y’ — 0un 0:¢, at y =1 (2.6¢)
A¢ =0, in S (2.6d)
8y — 0, Yy — —00 (2.6¢)
O = Oy — On 020, aty =7 (2.6f)
d(%ﬂ+;Wdf+mO—w<&¢+;WMz+m>, aty =1 (2.68)

which should be supplemented with initial conditions for 7, ¢, and ¢':

’I’Lo(CL‘) = n(x,()), ¢0(x7y) = gb(m,y,O), ¢6(x7y) = QS/(x’yvO)'
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The problem domain is depicted in Figure 1 over two periods and with a mean interface dis-

placement equal to zero.

y=n(x,t)

Figure 1: Domain of the internal water—wave problem.



CHAPTER 3

DERIVATION OF THE WEAKLY NONLINEAR MODEL

3.1 Evolution Equations

We begin by reformulating the system in (Equation 2.6) in terms of interfacial variables and
operators (Dirichlet—Neumann operators). Following Benjamin & Bridges (1; 2) and Craig &

Groves (8), we define

E(a,t) = p®(z,t) — p'®'(2,1),

where

O(x,t) = p(z,n(z,1),1), (1) = ¢'(z,n(x,1),1),

so that ¢ is a weighted difference of the potentials on the interface. Benjamin & Bridges showed
that the variables (1, ) form a canonical set of variables in a Hamiltonian formulation of this
two-layer flow (c.f., (32)) and we use these as evolution variables in our study. To find evolution

equations for these, we first introduce Dirichlet-Neumann Operators (DNOs).

11
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A DNO (205 9; 26) maps Dirichlet data to Neumann data at the interface of a domain. To
demonstrate this, consider the general boundary problem (independent of time) in the lower

region:

Ap =0, in S

8y¢_>07 y—>—OO

Upon finding a unique solution for ¢, the normal derivative of ¢ evaluated at the interface can
be found and this mapping from ® to the normal derivative defines the DNO. Therefore, given

our system (Equation 2.6), two useful definitions are

G'(n)[@] == 0z, (3.1a)

G(n)[®] =059, (3.1b)
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where N is the (unnormalized) normal vector to the interface. If we return to the implicit form

of the interface (Equation 2.4) then

_177

2
I

where N is exterior to the lower fluid domain and interior to the upper, and we can alternatively

write (Equation 3.1) as

G'(n)[®'] =V . N = Vo' (2, 9)|ymn(z) - (—0m, 1) = (=02 020" + 0y¢] y=n(z)’ (3.2a)

G(n) [CI)] =Vd-N = Vo(x, y)|y=n(z) (=0, 1) = [—5%:?7 O0p® + 8y¢]y:n(x) : (3.2b)
With these definitions (Equation 2.6¢) and (Equation 2.6f) become

O = G'(n)[21], (3.3)

Oin = G(n)[®], (3.3b)

which also imply that the DNOs are equal (i.e., there can be no jump in the normal component

of velocity at the interface).
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We reiterate that our goal is to reformulate the classical system in terms of (7, ), therefore
we need to find an expression for the DNOs as operators on £ rather than ® and ®'. Applying

each operator to £ we get

G' (gl = G'(n)[p® — p' '],

G(n)[E] = G(n)[p® — p'®'].

As DNOs are linear operators in &, we can rewrite the above as

G'(n)[E] = pG'(n)[®] — p'G' (n)[@],

G(n)[€] = pG()[@] — p'G(n)[@'],

and the equality of the DNOs gives

G'(n)[€] = pG'(n)[®] — p'G(n)[®] = (pG'(n) — p'G(n)) [®], (3.4a)

G[E] = pG'(n)[®'] — p'G()[®'] = (pG'(n) — P'G(n)) [@']. (3.4b)

If we define a new operator B := pG’'(n) — p'G(n), then (Equation 3.4) implies that

® =B~ ()G, (3.5a)

® =B~ (n)G'(n)[€]. (3.5b)
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Substituting (Equation 3.5) into (Equation 3.3) we arrive at two possible evolution equations

for n:

0 = G'(n) B~ (n)G()[€],

O = G(n)B~ (n)G (n)[¢].

Seeking an equation for the time evolution of ¢ we compute

0 = 0 [p® — p'P'],

for which an application of the chain rule gives

04 = p(9y¢ O + 8:p) — p'(0y¢’ Bym + O1¢').

We rearrange the pressure condition (Equation 2.6g) as

2
)

1 1
POt — 0’ = —(p — pgn — 5o |Vel* + 50 [V

and substitute this into (Equation 3.7) to get

1 1
0t = —~(p—pgn— 50 |VoI* + 50 [VO'|" + p0y00m — o/ 0,0/ 0un.

(3.6a)

(3.6b)

(3.7)



16

If we replace Oy by either of the terms in (Equation 3.6) then we simply need expressions
for 0,¢, 0,¢', Oy¢, and Jy¢’ in terms of n and &, to close our system of equations. Another

application of the chain rule delivers

8:):(1), = axqb, + 5177331(%5/,

0P = 0,0 + .m0y 9,

and with (Equation 3.2) we have the systems

1 0xM Or 0, P
—0;n 1 ¢ G(n)[®]
L 0| | 0u¢ 0, @’
—0zn 1 ay¢l G(??) [(I)/]

Consequently, from a straightforward application of Gaussian elimination,

(o) 1 | 0:® — (0en)G(n)[@]
_ W ’ (3.9a)
Oy (0:1)0.® + G(n)[®]
0z’ 1 [ 929" — (9:m)G' (n)[®]
I , (3.9b)
|NJ?

(0xn) 029" + G' () (@]
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where

IN|? =1+ (0.m)% (3.10)

Recall (Equation 3.8). For the two terms involving d;n we select (Equation 3.6b) and (Equation 3.6a),
respectively, and substitute these as well as the expressions for ®, &', 0,¢, 9y¢, 0,¢', and 0y¢’

from (Equation 3.5) and (Equation 3.9) into (Equation 3.8):

2
0E=—(p—pgn— [(8xBl(n)G’(77) €] - (3:1:77)(?(?7)3’1(77)(?’(77)[5])

p
2IN

2
+ (0.5~ e i + G e i)

/

p
2| N4

2
+ (@) B~ ()G )le] + G/ () B~ (G()e)) ]

(2.5 W - @G B e

+ T (0B ()G lE) + Gn) B )6 ()] )& (B (Gl

/

- 1 (@B~ G + B~ G E B G

After expanding the squared terms, we simplify:

o6 =—(o—an— L[ (0.8 ') [51)2 ; (G<n>3—1<n>e’<n> @)’

2INP

N 2“%2 [(&B‘l(n)G(n)[ﬂ)Q + ( )1
g P‘ (@emau B ()G (n)l€) + G G mIE])Gn)B

- Jg"g(@w)axBl(n)G( )€l +G'(n) )G/
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We manipulate the above expression further:

o == (0= an = 3 (05 ' wig)” + (B e )
+ 53| (25 060te) + (B wGie)’|
+ o [2(0) (2 e te) (GOn i) + 2 e le)|
- 55 o) (25 e (¢ s menid) +2(6 B mGeni) |

Finally, combining terms and substituting the expression for |]\7 | from (Equation 3.10) yields

an evolution equation for &:

o6 =~ (0= an+ 54 g |~ (087 E])’
+p(GB G W) +20(0m) (087 & m)Ie]) (G B~ ()& (e))
2 2

+0(9:B7 Cmle) 7 (B GmE))

-2 (o) (28 006 IE) (6B~ e | (3.11)

3.2 Operator Expansions

The only specification remaining is the computation of the operators G(n), G'(n), and

B~1(n). For this we choose a convenient and accurate Boundary Perturbation Method: the
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method of Operator Expansions (OE) (20; 21; 22; 23; 9). This approach is based on the smooth

dependence of the DNO upon sufficiently small boundary deformations, e.g.,
n(z,t) = ef(x,t), < 1.

More specifically, Coifman & Meyer (6) (see also Nicholls & Reitich (26)) proved that the oper-
ators G and G’ are analytic functions of Lipschitz deformations 7 and, thus, can be expanded

as convergent Taylor series:

Gl = GENEl =Y Gu@IEle", Gl =G (el = G (M)El" (3.12)
n=0 n=0

These results can be extended to the operators B and M := B! so that

M(n)[€] = M(ei)[€] = Y Ma(7)[E]e™
n=0

The OE method delivers recursive formulas for the Taylor series terms (e.g., G,) which can

then be used in a spectrally accurate approximation, for instance,

N

G(n) ~ GY(n) :=>_ Gu(i)[E)e"

n=0
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The derivation of formulas for the G,, have been given in a number of publications (20; 9; 26),

but we include them here, for completeness. To begin, we note that

¢ (x,y) = eP*TIPW g (2, y) = eI,

are A = 2r—periodic solutions of (Equation 2.6a)—-(Equation 2.6b) and (Equation 2.6d)—
(Equation 2.6e), respectively, for any integer p. Focusing on the lower region, we insert ¢, into

the definition of the DNO G (Equation 3.2b) to find
G(ei) {eip:cwtlplaﬁ} = [Ip| — 0x(ei) (ip)] e IPler,

Using the Taylor series for G (Equation 3.12) and expanding the exponentials in a Taylor series

in e, we obtain, after dropping the tildes,

(Z Gn(ﬁ)5n> !eim Z (lp])" g)ns”] = [Ip| - 5(8xn)(ip)]eim [Z (lp))" lﬁ|)n5"] . (3.13)
n=0 n=0 n=0

Equating the above left and right sides at order zero:

Go [e™"] = |p| e'™. (3.14)
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To derive a general expression for n > 1, we rearrange the double sum in (Equation 3.13):

3
3

3 {ZG [ n\p_!)l)! }} = e 3 D"y e 5 112
n=0 n=0

Therefore, at order n > 1,

)n—l

n n—I ) n .
ZGz(n) [%ewx] = Ip| (n Z)'D oiPT _ (amn)(ip)%elpx7

or, solving for G,

n—1

) n+l n—1 n—l
Gt [e77] = T — @) e = S Gt | S| (s
=0
At order one:
Gi(n) [¢7] = (77 [p* = (2em)(i )) e — Gy [n|p| €] . (3.16a)

As we shall see, order zero and one operators suffice for a weakly nonlinear model; higher order
terms can be easily recovered if desired from (Equation 3.15).

Similar manipulations for ¢’ and G’ reveal that

Gl [¢P*] = — |p| P®, (3.16b)

Gy [e77] = (nlpl® — @) (ip) ) €77 = G n) [n(~ Ip)e™] (3.16¢)
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Remark: The above could also be found by observing that the solution in the upper region

corresponds to replacing |p| by -|p| in the lower region solution.

Given the periodicity of ¢, we can write & as a Fourier series,

f(l’) = Z épeipm’

p=—00
where the p—th Fourier coefficient is given by

1 2

& = ), (z)e” P d.

Using (Equation 3.14), we can find an expression for Gy [¢]:
Golé] = Go [Zépeipz} - ZEPGO [ez’pz] = Zép Ip| €.
P P p
1
Further, if we define the Fourier multiplier D := -3, then
7

D[S] = %8x Zépeipm = % Zépc?xe"i”’” = Z ép(p)eipx‘
p p p

Thus, the differential operator D corresponds to p in Fourier space. To achieve the desired

expression, we define another differential operator |D| as the mapping to |p| such that

IDIE] =) & lpl ™.
p
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Now we can rewrite Go[{] as
§=> &lple™ =D& (3.17a)
P
Similarly, to obtain expressions for Gy[¢], G1(n)[], and G (n)[¢], we make note that

~|D|[¢ pr pe®*, Bile] = 3 & lip)e™, and DI | prW
p
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Recalling (Equation 3.16), we find expressions for the remaining operators:

=Gy S 6] = 3 46,Gh [e7] Zsp pl)e’™ = — Dl ¢, (3.17b)
; ;
Gim)le] = Gi(m)| D Ge| = 25010 7]
;
= pr{ (77 Ip|” - w)(w)) — Go [n|p| €] }
=) &lpl* e — (@) Y &plip)e™ — Y &G [nlpl ]
=0 6 e 0.0) S i)™ — G0 306 bl |

= 1|DI*€ = (9:1)(0:€) — |D| [n|D €], (3.17¢)

Gl = o) o] = S66100)
—ng{ (1P = @em)ip)) €7 — G [n<—|p|>e“”]}
=0 _&lp* e — (0un Zﬁp ip)e™” — ZépG’ = [pl)e™]
2
=Y & lpl* e — (92m) Zé (ip)e™®* Go[ Zip ) ”’"""}
z

=0 |D* € — (9.1)(0:€) + |D| [n(— |D|)€]

= 1|DI*€ — (9:1)(0:€) — |D| [n|D]. (3.17d)

Remark: In regards to the last terms of G; and G, we make note that for an arbitrary periodic
function, (:

Gol¢] = IDI¢, Gol] =—IDI¢.
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Generally at order n > 1,

" n—1 n n—l
Cnlm)le]l = % L )8m%§ - ZGz(n)(nr‘LDD.i,
=0
1

n o n— n—1 . n—I
L T R T

To find forms for the M, recall that M = B~! and B = pG’ — p'G. We begin with the fact
that

MM =1

This implies that

MB = M[pG" - p'G] =1,

which, upon expansion, can be written as

(Z Mn(n)€”> [p > GLMIEE" =P Gnln) [S]e”] =1
n=0 n=0 n=0

After collecting powers of ¢ we have

> {p > MG (€] = 'Y Mz(n)Gn_z(n)[é]} e =1, (3.18)
n=0 =0 =0

and equating at order zero:

pMoGyl€] — p'MoGol€] = I
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Given G[§] = —Gj[¢], i.e. (Equation 3.17), we can combine and solve for My:
Mole] = ——— Gy 'le
A

We define the Fourier multiplier D! := i [ dz. This integral operator is the right inverse of D,
but is only the left inverse up to a constant. To render this a well-defined operator we restrict

the range to the set of zero-mean functions. Applying this operator to £ gives

. . , 71\ . 71\ .
D™[¢] :i/;&ae”’x dw:igép/e”’x dx:z';gp (Zp> e dg = ggp (p) ¢ .

If we additionally define

~ 1Y
D=4, <|m> e do,
V4
then
1 -1
Mole) = = 1D (3.19)

At order n > 1, we equate the left and right sides of (Equation 3.18) and solve for M, to get

My (n) = —Mo {Pi MG, (n)[€] = ¢ z_:MlGnl(U)[f]} ;
1=0 1=0

or,
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Therefore, at order one,
M)IE] =~ (G4 ) ~ /61 ) Ml
and given G’ (n) = G1(n), i.e (Equation 3.17),

Mi(n)[€] = —(p — p')MoG1(n) Mo [£].

Finally, substituting the expressions for G; and My from (Equation 3.17) and (Equation 3.19)

gives

Mi()[€] —(5;5)2 DI | (nlDF? = @en)(@2) ~ 101 0121 (101 [g])}
—(pp pp DI 0101 — @)@, 1D 6) — D) [n|DI DI [5]}]
W _5> [DI7! [1DI€ — (2un)(@: DI €) = DI [n €]
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In summary, all order zero and one operators are:

Gol¢] = DI, (3.20a)
Golél = — D¢, (3.20b)
GL(n)[€] = n|DI” € = (9m) (9:) — DI [n D] €], (3.200)
G (n)[€) = 0D € = (9:m)(9:€) — DI [n D] ], (3.20d)
Mo[¢] = —pip, D7, (3.20e)
Mile] =~ pp) DI [n1DI¢ ~ @m)(@: DI &)~ IDIIn-€)] . (3:200)

As our eventual goal is to find a weakly nonlinear model accurate to order two, the following

operator combinations (derived from (Equation 3.20)) will serve our purposes:

1

GoMoGol¢] =7 Pl (3.21a)
Gy MoGA0)IE] = [n1DI* € = (2un)(@:¢) = DI nl DI )] (3.21)
GGl = [nIDP ¢ — @0, ~ DI iDlg] . (210
G MoGo(m)le] == - [n1DI*€ = (2.m)(@:€) ~ D] DI (3:21d)

GoMoGyl¢] :pip, |D|¢&, (3.21e)

MoGhle] =~ j 6 (3.21f)
MoGole] = — ——¢. (3.21g)

p+r
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3.3 Nondimensionalization

At this point it is convenient to nondimensionalize our nonlinear system of equations gov-
erning (7, ), i.e. (Equation 3.6) & (Equation 3.11). We select (Equation 3.6a) for the evolution

of n and recall that we denoted the operator B~! by M, so we have

dm =G'(n) M (n)G(n)[¢] (3.22a)

o =—(p—p)gn+ [ - p(axM(n)G’(n) {5])2

1
21+ (0.)?)
+p(GMmE M)+ 20(0n) (2:2()C )E)) (G M)S ()e))
o (0. MGE) o (G MG

-2/ (o) (2 p1mG0)E]) (¢ pr el | (3.220)

Let L = A\/2m and a be a typical length and amplitude, respectively, and consider the
classical scalings (17):

.Z':Lj?, y:Lga n = an.

A conventional scaling for time is the ratio of a length parameter to a linear wave speed. To de-
termine the linear wave speed we solve the linearized (about 17 = 0) equations of (Equation 3.22).

These equations are

dm = GoMoGol€]

& =—(p—p')gn,



30

or, substituting (Equation 3.21a),

O = 1DI§ (3.23a)

p+p

9 =—(p—p)gn. (3.23b)

Using the Fourier series representations of n and & leads to

. p| .
di Up(t) _ 0 o+ np(t) ,
e .

Ep(t) —(p—=p)g O Ep(t)

where 7), and ép are the p—th Fourier coefficients of n and &, respectively. The eigenvalues and

respective eigenvectors of the coefficient matrix are

p—p i B —i/|p|
p+p,gp7 X1 = ’

g(p* = (p')?)

_p= B i/ Ip|
He = =i Ipl, x2= ,
g(p* = ()?)

which give two solutions to the homogeneous linear system:

1 =1

X16M1t7 XQeluZt-



To obtain real-valued solutions we use the pair (1, x1):

|p| sin(wpt) —+/|p| cos(wpt)
Xleﬂlt = + 1 )

g(p* — (p')?) cos(wpt) 9(p* — (¢')?) sin(wpt)

o
where w), = %gm.

We choose the real and imaginary parts which implies that

Mip(t) |p| sin(wpt) —/|p| cos(wpt)
= + co

Ep(t) g(p* — (p')?) cos(wpt) g(p* — (p')?) sin(wpt)

is a general solution. Given initial conditions (7),(0), £,(0)), we find

&(0)
Dl _ | Vel = (0)?)
_p(0) ’
C2
p|

so that the exact solution for wavenumbers p > 0 is

. 7 7’]9‘ in(wpyt)€
p(t) B cos(wpt)p(0) + (o + 7)oy sin(wpt)&p(0)

0 o+ )y

BN sin(wpt)7p(0) + cos(wpt)&p(0)

31
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Therefore, the dispersion relation is given by

Q_P—P/
Wp = /
prp

glpl,

and a (typical) wave speed (in the positive x direction) is

W _ o [le=r)gl
ptp

Thus, we scale time by

where R := p'/p is the (dimensionless) density ratio (0 < R < 1).

The differential operators are scaled as

1 1 1 - 9 1 =02
%= 10 8= D= 11Dl |DE = ZIDf"

and all that remains to scale is the density—weighted potential difference. For this, we denote

the unknown scaling by K:
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We determine an appropriate scaling by substituting the above scalings into (Equation 3.23),

1 1 _
—Qaj = ——— |D| K

and simplify,

_ TK _
O} = m ‘D|§

05 = —%(p — p')gai.

As the purpose of nondimensionalization is to simplify equations, we desire the (positive) coef-

ficients of (7, £) to equal one:

TK
(p+p)al

N

7 =pga=1.

We solve to find our above choice for T is confirmed and

K=a\/(p—p)p+p)gL.
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Changing notation, we scale the potential as

E=aXl, X:=\/(p—p)p+p)gL.
and define the dimensionless steepness parameter
a:=a/L.
We return to (Equation 3.22) and insert in it the above scalings:

%8{(&77) — &'MG(ai)[aX§ (3.24a)

1 _ . 1 1 o\ 2
70HaX8) = —(p — p')gai + 5 0+ (Losam)?) [— p(E&zMG (an)[aX€]>

+p(GMG (an)[ax))” +20( 7 0san) (M (an)aX €]) (GME (an)laX )
4/ (7 MGan)axd) ~ (@ MC(an)axd))’

— oy <%aj(aﬁ)) <i8xMG(an)[aX§]) (¢'MGan) [aXf]) ] . (3.24b)

Remark: We condensed the notation for operator combinations and the operators are still

dimensional.
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We multiply (Equation 3.24a) by % and (Equation 3.24b) by % and rearrange:

O = (TX)G'MG(an)[¢] (3.252)
g€ = —%(p —P9t 5 féigxan)z) [ - p(%éh-MG’(cw?)[5])2

+ (GG @IE))” +2p(T0san) (£0:MC (@n) (@) (GMC @) €)

+0 (ToMG@(E) - (¢ MG@nE)’

~ 20/ (7 0san) (70: MG an)[€)) (G'MG(an)[g])] . (3.25b)
We can expand:
G'MG(an)[é] = %Z(m)n(ﬁ)@@n, GME (aif) ] = %Z(W)n(ﬁ)[é]a”,
n=0 n=0

o0 [e.9]

MG(an)é] = Y (MG)a(Ea”, MG (an)[g] =Y (MG (m)[Ela",

n=0 n=0
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where the bar notation for the operators (e.g. MG) denotes a dimensionless operator. We insert

the expansions into (Equation 3.25), drop the “bar” notation, and simplify given % = (p_lp,)g

and TX = (p+p')L:

0 = o+ )G MGYIE] + alp -+ ) (G MG (1) + O(e?)
o =+ a (L) [ =0 (0 nl) + 9 (GME)al])

2
+ 0 @G - o (C'MCYIE)’ | + Ola?),
Using the original operator notation, these equations can be expressed as

O = (p+ 0 )GoMoGol€] + alp + p') [GBMoGl(n) [€] + GOMiGo(n)[€] + GLMoGo(n)[€] | + O(a?)
O =-n+a <2[1f(+ag;77)2]> [ —p (@cMon)[ﬂ)Q +p (GOMOGG)[ﬁ])z

+AQAM%mf—de%%mf]+om%

and a final substitution of the expressions from (Equation 3.21) gives

b

2 [1107€ - @)@, - 1Dl [n1D1€]] + ()

dm = D€ +
m=pl¢+a (220

o = -n+a (oAl ) (D167 - @7 + 0l
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We complete the derivation of our model by assuming that o < 1 and neglecting terms of order

O(a?). Thus, we arrive at our nondimensional weakly nonlinear model:

o = D¢ +a (g . /’j) [nIDP ¢ - (0m)(©:) — DI [|D1 <] (3.26a)

o = n+a (520 [UDl9? - @uer]. (3.260)



CHAPTER 4

NUMERICAL METHOD

4.1 Numerical Approximations

For a numerical approximation of solutions to (Equation 3.26) it is natural, in light of
nonlinearities and the lateral (A = 27) periodicity of solutions, to utilize a Fourier collocation

approach (10). We denote the equally spaced collocation points by

and approximate the solution (n(z,t),&(x,t)) by a (truncated) Fourier series of complex expo-

nentials:
Naj2—1 Nz/2—1
N (z,t) = Z e (t)e®r, N (a,t) = Z Ep - (t)e””,
p=—Ng/2 p=—Nz/2

where N, is even. For a collocation method, we want the solution to satisfy the system

(Equation 3.26) at the collocation points. In other words, we require that the residuals (errors),

R} (x,t) = 0m™* (2,t) — |D| €N (2,1) — a (;’;Z;) {n”(m,t) D €N+ (,1)
— (@ (@.0)) (9" (2,0)) D] [ (z,1) D] §N“”(x,t)H
RS (1) = 9% (2, 0) + 0™ (1) — 0 (2(’/;‘;)) [(D| €V (a,1))° - (axfg%c,t))?],

38



39

vanish at the grid points. Effectively, this means we enforce (Equation 3.26) at the collocation
points, x;. This results in a system of (2N,) ordinary differential equations for the ™= (z;,t)

and &Ne(z5,1):

N (s 8) = D] €% (2,8) s, + a (p - '0,) [an (2.8) | D €% (2, Do, (4.1a)

dt” p+p

- 0™ e (0o (2. Dz~ 1P| [ () DI ,)] ]

%5’“ (wj,t) = =™ (2j,t) + <2(pp_+pp,)> {(\D[&Nr(m,t)\x:zj)z — (0N (w,t)]m:wj)ﬂ.

(4.1b)

For our computations, derivatives and Fourier multipliers are applied in Fourier space, e.g.,

Np/2—1

IDln~|DIp™ = " |p|ip=(t)e”.
P:—Nx/2

Products are performed pointwise in physical space and the Discrete Fourier Transform, ac-
celerated by the Fast Fourier Transform algorithm, is used to transform between physical and
Fourier space (10). Note that we only make use of the Fourier approximation for computing
derivatives in physical space and nonlinear terms are trivial to evaluate because products are
also done in physical space. This is the appeal of the collocation method, as opposed to the

Galerkin or Tau method, or other Fourier spectral methods.
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We approximate 7= (z;,t) and £V (x;,t) with a fourth-order Runge-Kutta scheme (RK4)

(4), which delivers approximate solutions at the time levels

T

tm:m(At):m<Nt>, m=0,1,..., Ny

where 7 is the total time. If we write system (Equation 4.1) as

d TIN“” (Jjj’ t) B UN”” (:E]'7 t)
dt N - f N )
§ w($j7t) 3 w(mj’t)
and let
77Nw (J:jv tm)
Wm = 5
fo (xﬁ tm)

then the RK4 algorithm is given by

At
Wint1 = Wy + — (81 + 252 + 283 + 54), m=20,1,...

6

where

s1= f(wm), s2= f(wy + 5Ats1), s3= f(wy, + DAtse), s4= f(wy, + Atss).

The term

1
8(81 + 259 + 253 + 54)
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can be thought of as a weighted average of slopes (s1, s2,s3,54) on the interval [t,,, ., + At],
thus, the term
At

F(sl + 289 + 283 + S4)

approximates the change of w for that time interval. We favor the RK4 method for its simplicity:
you only need an initial condition, wy, to begin and it is straightforward to program. Moreover,

it is extremely accurate as a fourth-order method.

4.2 Exact Solutions for Convergence Study

To test our algorithm we examine temporal and spatial convergence against exact solutions
of the linearized equations ((Equation 3.26) with O(«) terms eliminated) and an exact traveling

wave solution of the full model equations (Equation 3.26).

4.2.1 Exact Solutions for Linear Water Waves

The linearization of (Equation 3.26) (where terms of order O(«) are ignored) is easily seen

to be

o = |D| ¢ (4.2a)
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which we denote the “Linear Model.” Taking the Fourier transform gives the following system

of ordinary differential equations:

d Mp(t) B 0 |pl Mp(t)
dt | . - R
p(1) -1 0 ) \&()
Let
0 |p|
Ay =
-1 0

The eigenvalues of A,, p # 0, are

i =iv/1pl,
H2 = _i\/H7

with corresponding eigenvectors

—i~/|p|

i/ |p|
X2 =
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As outlined in § 3.3, a general solution is

Mp(t) Ip| sin(+/[p|t) —/Iplcos(v/|plt)
:Cl +CQ 9

Ep(t) cos(/|plt) sin(y/|[plt)

C1 ép(o)
p— 1 R
¢ ———=p(0)
p|

Therefore, the exact solution for wavenumbers p > 0 is

Mp(t) 7p(0) cos(wpt) + &p(0)wp sin(wpt)

&p(t) £p(0) cos(wpt) — 7(0) - sin(wpt)

where the dispersion relation is given by

w? = |p).

At wavenumber p = 0 we can solve the system
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or determine the limiting case of (Equation 4.3a) as w, — 0, to get the formulas

= . (4.3b)

4.2.2 Traveling Wave Solutions

To find a class of exact solutions to the full set of model equations, (Equation 3.26), we

begin by changing to a reference frame moving uniformly with velocity ¢ € R. If we let

then we desire solutions

Rewriting differential operators in terms of the new variables,

Oy =0z, O =cOz+ 8{,

the model equations (Equation 3.26) become

/

oy + cosi = |DIE + o (2 ) [71DPE — (051 (06) ~ 1D [ilDIE] |
00+ cos = i+ a (5o ) [ (1D1)° - (2:8)?)
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Seeking steady solutions (0;7 = 855 = 0) in this frame will yield traveling wave solutions which

satisfy, upon dropping the tildes,

o~ D|e =a (220) [11DPs - @m0 - 1Dl iple)] ()

u€ 41 = a (2(’;‘[/))) (D162 - (0,67]. (4.4D)

Note that the linear terms were moved to the left-hand side of the equations. To find solutions

o (Equation 4.4), we expand the solution (7, &, ¢) in Taylor series in the (small) parameter a:

a) = Znn(x)a", (xya) = an(x)a”, cla) = Z cpa. (4.5)
n=0 n=0 n=0

These expansions will be viewed as an exact convergent series that will be summed numerically.
Inserting the expansions (Equation 4.5) into (Equation 4.4) and carrying out convolutions in

perturbation order gives

Conzzoamnnan — nzjo |D‘ é’nan = (p n p > Z [Z Nn—1 ’D‘ é'l Z( xnn—l)(a’pgl)
n oo [n—1
- Z | D] [nn_z |D| 51}] Z [Z cn_lazm] o™ (4.6a)
=0 =0

0> 0ubna™ + 3 rar = ( s )) 5 !Z(Dmn_l)(mm)
n=0 =0

=0

n oo [n—1
— > (Oxbn1) 8&] Z[ch_lax@] a”.  (4.6b)
n=1 LI=0

=0



At order n = 0 we find

co0zmo — | D& =0

c00z80 + 1m0 = 0,

or, alternatively,

R co(ip)  —|pl flo,p 0
Aco,plop = = ) (4.7)
1 clip) ] \op 0
where
~ ﬁ’ﬂ,p
un?p -
£n7p

To obtain a non-trivial solution, A, must be singular, that is, the determinant function
Acop = —(cop)® + Ip|

must vanish. To arrange this we select a non—zero wavenumber pg, and then choose

VIpol

Ccy = .
Po

With the pair (cg, pp), we can solve (Equation 4.7) to find a non-trivial solution:

. |pol
UQ,pp = 7Y )
1CoPo

46
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for any v € C. As we wish to have real-valued solutions, at wavenumber p = —pg we select the

complex conjugate:

U0,—po = UO,po-

At wavenumber p = 0, (Equation 4.7) reduces to

00 10,0 0
1 0/ \épo 0
For consistency, we enforce
0,0 = 0,

which simply sets the mean water level since

1 27
10,0 = 2/ n(z) de = 0.
™ Jo

There are no restrictions on £y so, for convenience, we choose

50,0 =0.
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We note that this is no great restriction as it is the gradient of the potential which is important
in the evolution equations so any additive constant term is effectively meaningless. When

p # 0,%£po, Acy p is non-singular and the unique solution is trivial:

iigp = 0.

At order n > 1, (Equation 4.6) implies that

Coagcnn - ‘D’ §n = (

) [Z% 11D — Z( o Mn—1-1)(0281)

_Z|D| h—1— l|D€l]] —Cn xno_zcn—laxnl

= =1

p+r

n—1 n—1
p—p
c002&n + Mp = <2(P+ﬂ)> L:O(‘D’fn 1-0)(ID] &) IZ:% (02&n—1-1)(0:&)

n—1
— a0 — Y Cn10241.
=1

Again, appealing to the Fourier series for (1,,£,), we can express this as

Aco plinp = Qn,p cn(ip) o p, (4.8)
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where

- Z Cn—1(02m) (4.92)
=1

/ n—1 n—1
Q5 = (,0—,0/) [Z(’D|£n 1-1)(1D] &) Z 0rén—1-1)(0 &)]

20+ 0/ 115 =

n—1
- Z Cn—1 (627&)7 (49b)
=1

and @ denotes the expressions (Equation 4.9) in Fourier space.
Given our choice of ¢y, the matrix A, is, of course, singular at wavenumbers p = %£py.

Additionally, A, o is also singular, so in order to solve (Equation 4.8) we consider three cases:

p = %£po, p=0, and p # 0, £po.

Case 1: p = +py
As we have mentioned, A, p, is singular, however, the undetermined parameter ¢, can

be used to find a solution. Row reducing (Equation 4.8) gives the augmented matrix

co(ipo) — |pol Q1 .po — CniP0T0 po

oV SN . AE 2¢
0 0 Qn,Po — CptP070,pg — COZPOQn,po - CnCOp()gO,po

and to ensure consistency of the system we pick:

AN . AL
Qn.po — c0iPoQ%,po
. ~ 2 2 N
1Pofo,po + C0PGE0,p0

Cp —
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For uniqueness, we implement Stokes’ strategy (see (27; 28)) by requiring that 7, be

L?-orthogonal to 7. Since 7, = 0 for all p # £pg this condition amounts to

Tin,po = Tin,—po = 0-

With these choices

é _ Q%,po - Cn(ipo)go,po
po 1CoPo ’

and én,*po = éﬂ,PO'
Case 2: p=0

At order n = 0 we set g, = 0, therefore, (Equation 4.8) reduces to

Aco,Oﬂn,O = Qn,07

or,
0 0] [ o 0o

il B e (4.10)
10/ \&no Q0

To show that QZ,O = 0 (see (15)) so our system is consistent recall (Equation 4.9a)
and consider the expression for fixed indices n and [. For an arbitrary pair (n,l) (and

suppressing this notation):

Q" = (Z;Z,) [U\D|2§— (0:1)(9:8) — | D| [mmg]} — 0. (4.11)
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Making note that

00 (1 02€) = (9,m)(0:€) + n O2E,

and

we rewrite (Equation 4.11) as

Q" = —05(¥n0x¢) — |D| [¥n|D|€] — Bu(cm),

p=p
p+p

where ¥ =

/
-. The terms
‘1’77 8$€7 ‘1“7 |D‘£7 cn,
can be represented by a Fourier series, without loss of generality,
f@) = fo+d_ fre™,
p
for which applying differential operators (with respect to z) map fo to zero. Therefore,

AN
no =0, Vn.



Returning to (Equation 4.10), the second equation reduces to

A~

ﬁn,() = Qip’

and to specify a unique solution we follow the strategy of the n = 0 case and choose
€no = 0.

Case 3: p # 0, £pg

In this case (Equation 4.8) reduces to

Aco pling = Qnp,
and, as A, p is non-singular, this can be solved uniquely:

1 [ icopQilp + |p| Q% p

_Q:}z,p + iCopQ%,p

52
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To summarize, the traveling wave solutions, iy, , = , are
§Tl,p
Uo,0 = 0,
'&O,p = Oa
o [Pol
u07p0 = U’Ov_pO = 7 ’
1€oPo

and for n > 1,

A¢
Qn,O

Un,0 = ’

) 1 | icop@hp + Ip| Qhp
Un,p = ) p#oap#ipﬂ

Co,p A . A
’ _Q?L,p + ZCOPQ%,p

0

anyp = ﬁnvip = A . N
’ ’ Q%,Po — ¢ (1p0)&0,po

1CoPo
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(4.12a)

(4.12b)

(4.12¢)

(4.12d)

(4.12€)

(4.12f)



CHAPTER 5
NUMERICAL RESULTS

We validate our code by studying convergence of our numerical solutions to the exact so-
lutions we derived in the previous chapter, (Equation 4.3) or (Equation 4.12). Denoting either

of these two families of exact solutions by {7exact; Eexact }- We measure the errors

Nerror ‘= |77exact (z,7) - 77Nw (z, T)‘Lgo ) (5.1a)

Serror := |§exact (z,7) — é‘Nz (z,7) ‘Lgo ) (5.1b)

where 7 = Ny (At) is the final time of our simulation and L3°, the L—infinity norm with respect
to x, is the maximum error over the collocation points. For all simulations we choose the values

7 =10, A = 27, while the initial conditions for the Linear Model (Equation 4.2) are

770(37) _ ecos(m)7 50(37) _ esin(m)7

and the traveling wave found in § 4.2.2 serves as the initial condition for the weakly nonlinear

model (Equation 3.26). The traveling wave solution is approximated by

N N N
nN(:U; Q) = Z ()", (SN(x; a) = Z En(x)a™, cN(a) = Z cna”, (5.2)
n=0 n=0 n=0

54
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for which we set N = 20 and a = 0.01. For an error measurement, the numerically evolved

traveling wave is compared to the initial wave shifted:

Nerror ‘= ‘nexact (SU - CN7_7 T) —-n (53&)

Serror i= ‘{exact(x - CNT: T) — €N(x7 T)‘Lgo . (5.3b)

5.1 Temporal Convergence

To examine temporal convergence we determine the errors for a fixed, highly resolved, spatial

discretization N, = 64 (Az ~ 0.09817), as At is refined. For physical parameters we choose

and use N = 20 for the traveling wave solutions. The RK4 time-stepping algorithm has a
global error of O((At)%) (4), therefore, we should observe a slope of four on a log-log plot of

error versus At:

error ~ C(At)?

log(error) =~ 4(log At) + log C,

for some constant C. Using a least squares algorithm to fit our “experimental” data we find

values that are almost exactly four. Figure 2 and Figure 3 further demonstrate that the desired
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slope was achieved for the Linear Model and traveling waves, respectively. In Table I and

Table II we present the raw data of these experiments.

Linear Model: Temporal Convergence
10 T

107 | slope n : 4.00492
slope & : 3.98196

10 — )
10 10
log(At)

Figure 2: Temporal convergence for the Linear Model.



Traveling Wave: Temporal Convergence

T

10° | £

+n

Figure 3: Temporal convergence for traveling waves.

1(;'2
log(At)

At TNerror error

.08 1.0218 x107° 9.8617 x1076
.04 6.3132 x10~7 6.3697 x10~7
.02 3.9311 x1078 4.0419 x1078
.01 2.4518 x107? 2.5447 x107°
.005 1.5307 x10710 1.5970 x10~10
.0025 9.5579 x10~12 1.0088 x10~11

o7

TABLE I: ERROR RESULTS FOR THE LINEAR MODEL: TEMPORAL CONVERGENCE

ANALYSIS.
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At TNerror €error

.08 1.4728 x107* 2.5312 x107
.04 9.2089 x10~ ! 1.5809 x10~ 1!
.02 5.7574 x10712 9.8819 x10~12
.01 3.5993 x 10713 6.1774 x10~13
.005 2.2483 x10714 3.8649 x10714
.0025 1.4413 x10~1° 2.4319 x10715

TABLE II: ERROR RESULTS FOR TRAVELING WAVES: TEMPORAL CONVERGENCE
ANALYSIS.

5.2 Spatial Convergence

For our investigation of spatial convergence we fix the temporal discretization to the highly
resolved value N; = 4000 (At = 0.0025) and simulate solutions for N, = 27, j = 2,...,6. Once

again we select

and N = 20 for the traveling waves. In our simulations we find the spectral convergence
results that such methods generate for smooth solutions (10). The error results are presented

graphically in Figure 4 and Figure 5, and as raw data in Table IIIT and Table IV.



Linear Model: Spatial Convergence

o 3]

0o 4

Figure 4: Spatial convergence for the Linear Model.

8 12 16 20 24 28 RIZ 36 40 44 48 52 56 60

X

Ny Terror Eorror

4 1.3438 x10~! 1.2002 x10~*
8 1.6651 x10~3 8.5868 x10~*
16 6.2002 x10~8 8.8060 x10~?
32 9.5586 x 10712 1.0088 x10~ 1!
64 9.5584 x10712 1.0090 x10~1!

64

99

TABLE III: ERROR RESULTS FOR THE LINEAR MODEL: SPATIAL CONVERGENCE

ANALYSIS.



Traveling Wave:

Spatial Convergence

60

log(error)

o 3]

0o 4

X

8 12 16 20 24 28 RIZ 36 40 44 48 52 56 60

64

Figure 5: Spatial convergence for the traveling waves.

Ny Terror Eorror

4 6.0995 x107° 2.7558 x107°
8 3.0202 x10~ 11 2.7069 x10~ 1
16 6.5090 x10~13 6.5192 x10713
32 6.5177 x10713 6.5145 x10713
64 6.5140 x10~13 6.5124 x10713

TABLE IV: ERROR RESULTS FOR TRAVELING WAVES: SPATIAL CONVERGENCE

ANALYSIS.
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5.3 Traveling Wave Approximations

As a final check of our code, we examine the behavior of the approximations of the traveling
wave solutions (Equation 5.2). Specifically, we vary the nonlinear parameter « and consider
the approximations (n” (z; ), ¢V (z;a)). Additionally, we determine the speed, ¢ (z;a), and

maximum amplitude height of (n, &N) for the various a. For our simulations we select

A=2r, N,=128, N=20, g =1, p=2 po=1,

and let a range from 0 to .05 in increments of .001. Figure 6 and Figure 7 show that as
the nonlinear parameter increases the waveform of the interface becomes more developed, as
expected. Figure 8 and Figure 9 show that for increasing values of « the speed versus amplitude
increases, again as expected.

5.4 Weakly Nonlinear Model

To conclude our numerical experiments we examine the wave—packet profiles considered by
Craig & Sulem (9) in their seminal work on OE methods for the classical single-fluid water-wave

problem. For this we specify the nondimensional initial data

no(x) = e~ (4/3)(@-m)? cos(10z), &o(z) =0, (5.4)

with @ = 0.01. In these simulations we select final times 7 = 10 and 7 = 50, and numerical
parameters N; = 4000 and N, = 128 (At = 0.0025 and Az =~ 0.04909) which deliver excellent

accuracy and stability. To validate these computations we compute the total energy (Hamilto-



Figure 6: Illustration of n for « = [0 : .001 :
05]

62

0.1
0.05
~0.05- o8
01 ﬁ«f‘f7j

Figure 7: Ilustration of £ for & = [0 : .001 :
.05]

nian) of our model system. To obtain this we recall (8) that the Hamiltonian of the full set of

evolution equations (Equation 3.22) is

A
Han(n,€) = 1/0 [E (G' ()M (n)G(n)€) + g(p — p’)772] dr,

2

where the first term of the integrand is the kinetic energy of the system and the second gives

the potential energy. The total energy for solutions of our model system (Equation 3.26) can
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Amplitude of & vs speed

0.1

0.08f
0.06¢
IEl

0.041

0.02f

1 1.0001 1.0002 1.0003 1 1.0001 1.0002 1.0003
Cc [
Figure 8: Maximum amplitude of 7 versus Figure 9: Maximum amplitude of & versus
wave speed for a = [0 : .001 : .05] wave speed for v = [0 : .001 : .05]

be recovered by nondimensionalization (see § 3.3) and retaining only order one terms in the

expansion of the operators, resulting in

A

Hy(7,€) = ;/OL [aXf_(GE)MOGO[GXf_] + GoMoG1(aff)[aX €] + GoM1Go(ai)[aXE]

+ 4 MoColan)[aXg]) +g(p - p’)(anﬂ Ldz.

We recall that L = \/27, simplify, and rearrange to get (dropping scaling notation)

o= [ [e(1ple+a(250) [pl e~ 0nae - 1plniold]

+ 772] dx.
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We define

! Hi(n,¢),

H(n,§) = m 1

and remark that a constant multiple of the Hamiltonian Hj(n, &) will also be conserved. That

is, we can check the conservation of H defined by

1 21 p _ p/
19— [ e (1D1e+a (255 [11De - @)@ - Dl DIe]]) + 7
2 Jo p+p
(5.5)
We make note that H (7, §) is effortless to calculate if we represent the integrand of (Equation 5.5)
by its Fourier series: the value of the integral is obtained by scaling the zeroeth Fourier coeffi-

cient. We define the relative energy defect by

[H (1o(), §o(x)) — H(n(x, T),&(2,T))|

Eerror :== )

HO(no(x), So())

and display in Table VI values of this error measured after 7' = 10 and 7" = 50 units of time.
We notice that as the nonlinear parameter « is increased to 0.1 our code becomes unreliable
because solutions blow up and some type of filtering mechanism is required (as it was in the
work of Craig & Sulem (9)).

For our final simulation we choose values of the density parameters suggested by the liter-

ature (see Mercier, Vasseur, and Dauxios (19)). For this we select

A=2m, p =1.0079, p=1.0201, po=1, a=0.1,
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o Eerror « Eerror

0.001 1.4108 x 1011 0.001 7.0536 x 1011

0.01 1.4201 x 10711 0.01 7.0881 x 10711

0.1 1.3550 x 107! 0.1 Unstable
TABLE V: ENERGY DEFECT VERSUS TABLE VI: ENERGY DEFECT VER-
NONLINEARITY PARAMETER «, 7 = SUS NONLINEARITY PARAMETER «,
10. 7 = 50.

and set N, = 128 and N; = 4000. In Figure 10 and Figure 11 we depict the evolution of n and
&, respectively, as t increases from tg = 0 to 7 = 10. In Figure 12 and Figure 13, we depict
the evolution as t increases from ty = 0 to 7 = 50. Both qualitatively show the same behavior
observed by Craig & Sulem (9) for the classical water-wave problem.

We conclude with a few remarks on programming. The programming was done in MATLAB
on a MacBook Pro, which has a single processor (Intel Core i5) that runs at a speed of 2.4
GHz. We demonstrate the speed in Table VII, where we give total simulation times, in seconds,

along with energy errors for various N,. The other parameters are:

A=2m, At=.0025, 7=100, p' =1, p=2, po=1, o=.01.
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Figure 10: Evolution of the interface n for the weakly nonlinear model with the initial wave
packet (Equation 5.4), 7 = 10.

Figure 11: Evolution of the interface quantity & for the weakly nonlinear model with the initial
wave packet (Equation 5.4), 7 =10 .
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Figure 12: Evolution of the interface n for the weakly nonlinear model with the initial wave
packet (Equation 5.4), 7 = 50.

X

Figure 13: Evolution of the interface quantity & for the weakly nonlinear model with the initial
wave packet (Equation 5.4), 7 = 50.



N, Run time FEerror

32 22.2 s 0(1072)
64 23.3 s 0(1079)
128 26.9 s 0(10719)
256 33.8 s 0(10719)
512 48.4 s O(10719)
1028 184.2 s 0(10719)

TABLE VII: CLOCK TIMES FOR RK4 ALGORITHM, 7 = 100
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CHAPTER 6
CONCLUSION

6.1 Overview

To numerically simulate the evolution of an internal wave generated by an initial disturbance
we began by recasting the classical formulation in terms of interface variables, n(z,t) and £(z, t).
In order to explicitly express the problem in terms of £ we introduced Dirichlet-Neumann
Operators (DNOs), linear operators in & which map Dirichlet boundary data (£) to Neumann
boundary data (normal derivatives of potentials at the interface). Our interface separates two
layers of fluid so we initially defined two DNOs, G and G’. Now, with the DNOs, the kinematic
and dynamic boundary conditions at the interface essentially gave rise to a coupled system of

nonlinear partial differential equations (evolution equations) with two unknowns, n and &:

A =G"(n)M (n)G(n)[¢]

/ ! 2
06 =~ (p— an+ a1 |~ e(0M G e

2(1 + (161
+p(GMmEWIE) +20(20n) (2. )E)) (G M)S ()]
7 (0. M)GE) o (G MGm)LE])

- 20 (0.0) (B:MGIE) (G M GOET) |

where M is an inverse operator involving the operators, G and G’.
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Our next goal was to find a simpler set of evolution equations to model the full equations.
We decided upon a perturbative approach for a model valid in the weakly nonlinear regime. To
find explicit expressions for the operators we used a Boundary Perturbation Method: Operator
Expansions. For a weakly nonlinear regime one nonlinear correction beyond the linearized
equations is retained and so, using Fourier complex exponentials as our basis functions, we
derived the first two orders of the operators: G, G’, and M.

The final phase of our model derivation was nondimensionalization, which introduced a
(small) nonlinear steepness parameter, a. Expanding operator combinations in « and substi-
tuting the explicit formulas for the operators resulted in our nondimensional weakly nonlinear

model:

o = Dl¢+a (255 [0IDF € - @)(0:6) - 10| nIle] (6.10)
p—r
o = -n+a (502 110167 - @7 (6.1b)

for which we defined the Fourier multiplier |D|. This model is original and one of the main
contributions of this thesis. We note that if p’ = 0, the equations give a nondimensional weakly
nonlinear model for a surface wave in deep water. One can refer to Craig and Sulem (9), who
numerically simulated such gravity waves, though with a bottom boundary.

To solve (Equation 6.1) we used a Fourier collocation spectral method in the spatial variable
and a fourth-order Runge-Kutta time-stepping algorithm. For both, it is well-known what to

expect in regards to convergence and so we used this knowledge along with derived exact
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solutions to test our code. In particular, we investigated spatial and temporal convergence for
exact solutions of the linearized equations ((Equation 6.1) with O(«) terms eliminated) and an
exact traveling wave solution of (Equation 6.1). We appealed to perturbation theory again to

approximate a traveling wave solution and expanded in the existing small parameter «:

n(z;a) = Znn(:p)a", (xya) = an(a:)oz", cla) = cha",
n=0 n=0 n=0

where ¢ € R is the constant velocity of the wave. For an additional test of our code we studied
the behavior of these approximations (amplitudes and speed while varying «) to conclude that
our numerical approximations were reasonable. These traveling wave solutions are also an
original contribution and we refer the interested reader to Appendix A for a different approach:
the derivation of a dimensional model and the corresponding linear and traveling wave solutions.

Our convergence studies gave excellent results. We achieved the spectral accuracy (fast
convergence) expected with smooth functions: by N, = 32 errors were O(10711). Also, we
achieved slopes very close to four, as expected with a fourth-order time-stepping algorithm.
Comfortable with the validity of our code, we then applied our numerical scheme to our model
(Equation 6.1). We verified this simulation with energy comparisons of initial and final wave-
forms. For long run times, we found that energy was conserved sufficiently, O(10~11), for
a = {.001,.01,.1}. For considerably long run times, we observed instabilities for o = .1 due

to amplified errors in high wavenumbers. This can be resolved by using a low-pass filter. We
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make a final remark that the group velocity, cg4, of the initial wave packet (Equation 5.4) was

[p—1r 1 [ glp—¢)
Cg pw D p+p/g|p| 2 1O(p+p/) )

and conclude that our numerical scheme is stable and highly accurate.

numerically observed,

6.2 Future Projects

Now that we are convinced our numerical scheme is sufficient and our results will be pub-
lished (see (11)), we can focus on other facets of the internal-wave problem. We will begin with
developing a general code which computes order n operators and, in turn, order n operator
combinations for higher-order models. Next, we would like to extend to three-dimensions, that
is, a two-dimensional ocean floor, first in the weakly nonlinear regime and then for higher-order
models.

Another idea is to move out of deep water and closer to the surface so that the upper layer is
of finite depth. At first we would impose a rigid-lid assumption, but ultimately we would want
to include surface effects. Alternatively, we could change the physical parameters to resemble
a lake and have two layers of finite depth. In this set-up, one could have bottom topography
and/or surface effects.

Much further down the road, we would like to experiment with different density stratifica-

tions (profiles) or, in a different direction, focus on theoretical results, such as well-posedness
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of model equations and stability of numerical algorithms. The possibilities are endless and we

look forward to providing further contributions.



APPENDICES
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Appendix A

DIMENSIONAL EQUATIONS

A.1 Weakly Nonlinear Model

Recall our evolution equations:

Om =G'(n) M ()G (n)[¢] (A.la)

W{ —p (M ()G (n)[€])

+p (G M )G ()[E])” + 20(02m) (0 M ()G ()[E]) (G(n)M ()G (n)[€])

& =—(p—pHgn+ ?

+ 0/ (@:MM)GME) = o (&' () M(n)G(n)[€))*

—20'(0xm) (0= M(M)G()[E]) (G () M ()G (n)[¢]) } (A.1Db)

To derive dimensional weakly nonlinear equations accurate to order two we assume (n,&) are

of the same order:

<

n(z,t) = ez, t),

f(x,t) = 6§($,t),
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Appendix A (Continued)

where € < 1. We can expand:

Gemlell =) Gu(MECle”, G'(emledl =) GL(MIele”, M(en)ed =) Mu()[e€]e",
n=0 n=0 n=0

and substitute into (Equation A.1) to get

00 n n—l

den) = Z { G;L—l—kMkGl(ﬁ)[gg]}gn

n=0 =0 k=0

. i 1
Oe€ = —(p— p)gen + s——a—=5v

2p(0re) S { S 0MG )} S (D SankMkGlmned}a"
n=0 [=0 n=0 (=0 k=0
o (S amoed)er)’
=0 =0
- P'(Z { i 5 G- MiGi(7) [55]}‘?”)2
n=0 =0 k=0
00 n 00 n n—l
=20/ (Beei) 3 { P0G} (Y G;lkMszm)[séJ}s"}-
n=0 (=0 n=0 =0 k=0

Collecting orders of € we have

deei] = Gy MyGole€] + E{G6M0G1(T7) + Gy M1Go(77) + GﬁMoGo(ﬁ)}[E |+ 0(e?)

Oeé = —(p— p')geri + %{ — (0. MoGi[e€])* + p(GoMoGi[e])?

+ 0 (0:MoGole€))? = o/ (GoMoGole€))? | + O(Y),



Appendix A (Continued)
which simplifies to

B, = G MoGol€] + z—:{Gf)MgGl(ﬁ) + G M Go(if) + G’lMoGo(ﬁ)}[f] +0(e?)
0& = —(p— p)gii + %s{ — p(0:MoGol€])? + p(GoMoGol€])?

+ (9 MoGol€])? = p(GHMoGolE])?} + O(?).

A resulting dimensional model (sans tilde notation) is

1 p—p
O = P D[ € + ) [n\DIQé‘ — (92n)(0:8) — | D [W‘D’d]
0 = ~(p—p)gn+ ﬁ (ID19)? = (2:0)%].

A.2 Linear Water-Wave Solutions

The linearized equations of our dimensional model are

1
O = ,|D’§

p+p

o0& =—(p—p)gn,

which we solved in § 3.3. The exact solution for wavenumbers p > 0 is

. p . :
w0 cos(wpt)np(())—l-(p_’_p%p/)wpsm(wpt)fpm)

&) —W sin(yt)p (0) + cos(wpt)Eyl(0)

7
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where the dispersion relation is given by

=Ll g,
p p+ pl
At wavenumber p = 0 we have the formulas
flo(t) 7lo(0)
éo(t) —g(p — p')tii0(0) + £0(0)

A.3 Traveling Wave Solutions

The traveling wave solutions satisfy

p—1r
Ou =~ D€ = 7= [nIDI* € — (0un)(2:) ~ DI D] €]
Dut+(p = )n = 51— (D16 — (2:)7], (A.20)

and we expand the solution (7, &, ¢) in Taylor series in the (small) wave height parameter ¢:

n(x;d) = Z n(z)0",  &(x;0) = Zgn(:c)dn, c(0) = Z 0"
n=1 n=1 n=0

We insert these expansions into (Equation A.2) and equate at matching orders of 6. First we

define

Co(ip) - ‘p| / ﬁn,p
Aco,p&nyp = prp )

(p—1p")g  colip) Enp



Appendix A (Continued)

and then consider the following cases.
Remark: Note that the indexing is different than in the nondimensional analysis.

Case 1: n=1, p = £py

Aco,poaLpo = ptp =
(p—1r")g colip) €1.p0 0
Given the determinant function
._ 2 ‘po‘ /
Acypo = —(copo)” + m(ﬂ -0)g,
we choose
(p—r")g pol
p+p
Co = ) Po 7& 0.
bo
Thus
po
R /
Ut py =Y ptp , vyel
1CoPo
and

UL,—po = Ul,pg-
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Case 2: n=1,p=0

As in the nondimensional analysis, we enforce

M0 =0,

and choose

51,0 =0.

Case 3: n=1,p#0, £pg

When p # po, p # 0, A, p is non-singular and the unique solution is trivial:

Case 4: n>1,p==+pg

ACO,Poanmo = Q”:PO - Cn_1(ip0)121,p0,

80



81
Appendix A (Continued)

where

QZ‘( o+ ) >{Znn 1D & - Z( 21n—1)(0281) Z|D| . l|D|£z]}
- Z Cn—1 (axnl)
1=
/ n—1 n—1
E_ (PP D|& (D (0uE01)(0 }
o <2(p+p/)2){;(| [&-0){1D] ) ; 6n-1)(0:51)

n—1
- Z Cn—1 (algl)a
=2

and () represents the expressions in Fourier space. If we choose

(0 — 1) 9@ o — icopoQipe
(p = p")g(ipo) M. po + PECo1 po

Cn—1 =

and
ﬁn,Po = ﬁnﬁpo =0,

then

e _E Qi = e (@)
,P0 ,—P0 ’L'C[)po .

Case 5: n>1,p=0

Aco 7Oan,O = Qn,O



Appendix A (Continued)

implies

and we choose

én,[) =0.

Case 6: n>1,p#0, p+# Epoy

ACO 7p/&/n7p = Q”J’

can be solved uniquely:

. A p A
1 Zcosz,p + | ‘ Q7€7,7p

= —— p+p
—(p— P)gQhp + icopQsp
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