CHARACTERISING SUBSPACES OF BANACH SPACES
WITH A SCHAUDER BASIS HAVING THE SHIFT
PROPERTY

CHRISTTAN ROSENDAL

ABSTRACT. We give an intrinsic characterisation of the separable re-
flexive Banach spaces that embed into separable reflexive spaces with
an unconditional basis all of whose normalised block sequences with the
same growth rate are equivalent. This uses methods of E. Odell and T.
Schlumprecht.

1. THE SHIFT PROPERTY

We consider in this paper a property of Schauder bases that has come up
on several occasions since the first construction of a truly non-classical Ba-
nach space by B. S. Tsirelson in 1974 [11]. It is a weakening of the property
of perfect homogeneity, which replaces the condition

all normalised block bases are equivalent
with the weaker

all normalised block bases with the same growth rate are equiv-

alent,

and is satisfied by bases constructed along the lines of the Tsirelson basis,
including the standard bases for the Tsirelson space and its dual.

To motivate our study and in order to fix ideas, in the following result
we sum up a number of conditions that have been studied at various oc-
casions in the literature and that can all be seen to be reformulations of
the aforementioned property. Though I know of no single reference for the
proof of the equivalence, parts of it are implicit in J. Lindenstrauss and L.
Tzafriri’s paper [7] and the paper by P. G. Casazza, W. B. Johnson and
L. Tzafriri [2]. Moreover, any idea needed for the proof can be found in,
e.g., the book by F. Albiac and N. J. Kalton [1] (see Lemma 9.4.1, Theorem
9.4.2. and Problem 9.1) and the statement should probably be considered
folklore knowledge.
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Theorem 1.1. Let (e,)5, be a normalised unconditional Schauder basis

for a Banach space X. Then the following conditions are equivalent.

(1) Any block subspace is complemented.
(2) Any block subspace [x,]32, is complemented by a projection P such
that

Pz = i zy (2)xn,
n=1

where x} € X* satisfy supp z;, C supp .
(3) If (2,)52, and (y,)22, are normalised block sequences of (e,,)52, with

T <Y1 <To <Yy < ...,

then (In>zo:1 ~ (yn)zo:r
(4) If (x,)02, is a normalised block basis, then (,)32; ~ (Tpy1)22,.

(5) If (x;)32, and (y;)32, are normalised block sequences such that

max(supp «; Usupp y;) < min(supp ;1 U supp Y1)
for all i, then (z;)52, ~ (y:)2;.
(6) For all normalised block bases (1,)%,, if k, € supp z, for all n,

n=1-
then (ex, )22, ~ (2,)5.

Moreover, if the above properties hold, then they do so uniformly, e.g., in
(4) there is a constant C' such that for all normalised block bases (x,)>2 ,

we have (2,)5%; ~c (Tn11)52,.

An unconditional basis satisfying the above equivalent conditions will
be said to have the shift property. This is a natural weakening of perfect
homogeneity, i.e., that all normalised block bases are equivalent, which was
shown to be just a reformulation of being equivalent to the standard unit
vector basis of ¢y or £,, 1 < p < oo, by M. Zippin [12]. Let us also note
that the shift property is stronger than what is called the block property in
(6], which is the requirement that every block sequence is equivalent with
some subsequence of the basis. Finally, we remark that the shift property is
obviously hereditary, that is, any normalised block basis of an unconditional
basis with the shift property will itself have the shift property.

Moreover, while the canonical bases of both Tsirelson’s space and its dual
have the shift property, only one of them contains a minimal subspace, i.e.,
an infinite-dimensional subspace that embeds into all of its further infinite-
dimensional subspaces. On the other hand, recall that a space E is locally
minimal [3] if there is a constant K such that for all finite-dimensional
F C E and infinite-dimensional X C FE, F Cg X, i.e., F embeds with
constant K into X. As was pointed out in [3] (Proposition 6.7), the proof
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of Theorem 14 in [2] essentially shows that any locally minimal space with
a basis having the shift property is minimal.

The goal of the present paper is not to study the shift property per
se, but rather to characterise the separable reflexive spaces that embed
into a Banach space having a Schauder basis with the shift property. This
will require some rather sophisticated techniques developed by E. Odell
and T. Schlumprecht in a series of papers (see, e.g., [5, 8]) and that we
shall summarise and slightly develop here. As a first application of their
techniques, they characterised in [8] the separable reflexive Banach spaces
embedding into an ¢,-sum of finite-dimensional spaces for 1 < p < oo and

their result was further improved in [10] to the following statement.

Theorem 1.2 (see [8, 10]). Let E be a separable reflexive Banach space
such that any normalised weakly null tree T in E has a branch (x;)32, € [T
equivalent with all its subsequences. Then E embeds into an {,-sum, 1 <

p < 00, of finite-dimensional spaces.

The result we shall obtain here has a weaker, though similar sounding
hypothesis, but its conclusion is perhaps more satisfactory, since it provides
a basis rather than a finite-dimensional decomposition.

Theorem 1.3. Let E be a separable reflexive Banach space such that any
normalised weakly null tree T in E has a branch (x;)52, € [T] satisfying
(29i-1)32, ~ (2;)2,. Then E embeds into a reflexive space having an un-
conditional basis with the shift property.

If the reader is not familiar with the techniques of Odell and Schlumprecht,
this should not be a hindrance to understanding the present construction,
as we shall take certain of their technical results as black boxes that are
directly applicable in our situation.

Without further introduction, let us commence the technical part of the
paper by proving Theorem 1.1 for the record and the convenience of the
reader.

Proof. The implication (1)=(2) follows directly from Lemma 9.4.1 in [1], so
we shall not repeat the proof here.
(2)=-(3): Suppose (2) holds and (z,,)5°; and (y,,)$>, are normalised block
sequences satisfying
<Yy <Te<Yp<....
Assume that a,, are scalars such that 220:1 an, T, converges and choose s, >
0 converging to 0 such that also >, S2ay, converges. To do this, one just
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| >, ai|| < & and set

=27Pfor all k, <1 < kpyq. Put w, = x, + s,y, and find w; € X* such

chooses ki1 < ky < ... such that for all n,m > k,,

that supp w; C supp w, and

Pz = iw;(z)wn
n=1

defines a bounded projection onto [w,]3* ;, whence sup||w}| < co. Then

n=1»
P(Z Z_:l‘n) = Z—Zp(xn) = Z Z—:w;*l(mn)wn = Z Z—Zw (2) (2 +8nYn)
n=1 n=1 n=1 n=1

and so the last series is norm convergent. By unconditionality, it follows
that the series >~ 7 | a,w}(x,)y, is norm convergent too. Thus, as
Wy, (2n) = wy,(wn) — Wy (8nYn) = 1 — spwy, (Yn) o 1,
using unconditionality again, we find that also > 7 a,y, is norm conver-
gent. A symmetric argument shows that if > 7  a,y, converges, then so
does >~ | a,z,, whence (z,,)22; and (y,)52, are equivalent.
(3)=-(4): Assume that (3) holds and that (z,)%°, is a normalised block

sequence. Then using (3)

(132%1)20:1 ~ ($2n)2°:1 ~ ($2n+1)20=1

which is the dis-
is equivalent to the se-

By unconditionality, it follows that the sequence (x,)2 ,,

joint union of the sequences (zg,_1)%; and (x2,)%° ,

quence (Z,41)5, which itself is the disjoint union of the sequences (xg,)°

and (2,11)5%.

(4)=(5): If (z;)$2; and (y;)32, are normalised block sequences such that

n=1

max(supp x; U supp y;) < min(supp ;1 U supp ¥i+1),

then both wy,4ys,x3,v4,... and xs,¥ys3, T4, ys,... are normalised block se-
quences, whence (z2;-1)52; ~ (y2;)2; and (29;)2; ~ (Y2i41)32;. By un-
conditionality, it follows that (z;)52; ~ (yis1)52; ~ (¥:)%2,

(5)=-(6): Trivial.

(6)=-(1): If (6) holds, then it does so uniformly, that is, there is a constant
C such that (x,)22, ~c (ex,)s2, whenever (z,,)5°, is a normalised block
basis and k,, € supp x,. This can easily be seen, as otherwise one would be
able to piece together finite bits of sequences with worse and worse constants
of equivalence to get a counter-example to (6). Let also K, be the constant
of unconditionality of (e,)>2 ;.

Suppose (x,)2 ; is a normalised block sequence and let I} < I, < I3 <.

be a partition of N into successive finite intervals such that supp x, C In.
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Find also functionals ) € X* of norm < K, such that supp z;, C supp z,
and z (x,) = 1. We claim that

P(z) =Y ai (=)

defines a projection of norm < K2C? from X onto [x,]>2,. To see this,

[e.e]

1 GnZn, Where the z, are normalised

suppose z € X and write z = )
block vectors such that supp z, C I,. Modulo perturbing z,, and z, ever
so slightly to get supp x, = I, = supp 2, and picking k, € I,, we see
that (2,)02, ~c (er,)i; ~c (2,)02. So Y. a,x, converges and, by
unconditionality, so does Y ", @k (2z,)anx, = > i (2)x,. Therefore, P

is defined and satisfies

PG = 1Y wztehenll = |3 en)ansa]

o0 [e.e]
< K2 anwn|| < KZCH)D - anz|| = K2C?)|z)),
n=1

n=1

proving the estimate on the norm. U

Finally, let us also remark that unconditionality is already implied by
conditions (2), (4), (5) and (6) of Theorem 1.1. E.g., if a normalised basis
(en)e, satisfies (4) and (6,,)72, € {—1,1}*, then

(61, 01e2,0,02e3, 01020s¢4, . . ) ~ (9162, 0102e3, 0,0203€4, 01020504¢5, . . -),

and therefore, multiplying both sides with (6, 6104, 010203, 0102030, . . .), we
have

(01617 0262a 03637 94647 .. ) ~ (62a €3, €4, €5, .. ) ~ (617 €92,€3, €4, .. )

Since (6,,)52, € {—1,1}* is arbitrary, this shows that (e,)$%, is uncondi-
tional.

Before continuing with the proof of Theorem 1.3, let us note that, while
Theorem 1.3 characterises reflexive spaces embeddable into a space with a
basis having the shift property, we do not know of any significant charac-
terisation of the spaces containing a basic sequence with the shift property.
Using W. T. Gowers’ block Ramsey theorem from [4] and Lemma 6.4 of [3],
we can conclude that if X is a Banach space with a Schauder basis ()2,
then X contains a normalised block sequence (y,,)>, that either is uncon-
ditional and has the shift property or such that there is a non-empty tree T’
consisting of finite normalised block sequences of (y,,)2°; with the following

property:
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(a) if (z1,...,2m) € T and Z is a block subspace of [y,]>, then there

is z € Z such that (z1,...,2,,2) € T, and
(b) if (21, 22, 23, . . .) is an infinite branch of T', then (22,-1)5 1 % (22,)5% .
However, it is not clear what can be concluded from the existence of such a
tree T" and one would like to draw stronger or more informative consequences

from this.

Problem 1.4. Formulate and prove a dichotomy that characterises the Ba-
nach spaces containing a unconditional basis sequence with the shift prop-
erty.

2. SUBSPACES OF SPACES WITH AN F.D.D.

We fix in the following Banach spaces F C F and an F.D.D. (F;)2; of
F'. For each interval I C N, we let I(x) denote the canonical projection of
x € F onto the subspace ) _,_, F; and shall also sometimes write [Y ., F;](x)
for I(z) if there is any chance of confusion. So, if K denotes the constant
of the decomposition (F;):2,, then ||I]| < 2K for any interval I C N.

Fixing notation, if A is a set, we let A> denote the set of all infinite
sequences (a;)2; of elements of A and let A<> denote the set of all finite
sequences (ag,...,a,) of elements of A, including the empty sequence (). A
tree on A is a subset T' C A<* closed under initial segments, i.e., such that
(ay,...,a,) € T implies that (aq,...,ay,) € T for all m < n. When T is a
tree on A, we let [T'] denote the set of all infinite branches of T, i.e., the set
of all sequences (a;)2; such that (ay,...,a,) € T for all n.

To simplify notation, if A = (§;)3°, is a decreasing sequence of real
numbers §; > 0 tending to 0, we will denote this simply by A N\, 0. Similarly,
if M = (m;)2, is a strictly increasing sequence of natural numbers, we shall
denote this by M " co.

If B C SY¥ is a set of normalised sequences in F, we let

Ba = {(z:)2, € Sy | Iwi)2y, € BVi ||lz; — yill < 6}
and
Inta(B) = {(:){2 € S | V()2 € Sy (Vi lwi—will < 6 — (w02, € B) },

and note that Inta(B) = ~ (~ B)a, where the complement is taken with
respect to S¥.

Definition 2.1. Given A Y\ 0, a normalised sequence (z;)°, € S¥ is said
to be a A-block sequence if there are non-empty intervals I; C N such that

]1<]2<13<...
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and for every i,
Moreover, if M " oo, we say that (x;):2, is M-separated if the witnesses
I; € N can be chosen such that

mp < Il & Vi 3] Iz <my <My < Ii—‘—l‘

We let bbg a(F;) denote the set of A-block sequences in E and let
bbg aam(F;) denote the set of M-separated A-block sequences in E.

We notice that if K is the constant of the decomposition (F;)7°, and
()72, and (y;)°, are normalised sequences such that ||z; — ;|| < 0; for
all 4, then if (z;)2, is a A-block sequence, (y;)2, is a 4K A-block sequence
(with the same sequence of witnesses I} < I < ...).

Also, since A N\, 0 is a decreasing sequence, the sets bbga(F;) and
bbg aam(F;) are closed under taking subsequences, that is, if (z;)72, €
bbg am(F;), as witnessed by a sequence (;)2,, and A C N, then (;);ca
witnesses that (2;);ca € bbg a a(F;). Lemma 2.3 below essentially improves
this to closure under taking normalised block sequences.

Lemma 2.2. Suppose E is a subspace of a space F' with an F.D.D. (F;)$2,.
Let B C S% be a set of sequences invariant under equivalence. Then there
is a A\, 0 such that

]BA N bbE’A(Fz) Q IHtA(]B)

Proof. Pick a A N\, 0 depending on the constant of the decomposition (F;)2,
such that if (y;)$°, is a normalised block sequence in F' and (v;)°, is a
sequence in F' satisfying ||v; — il < 50; for all ¢, then (v;)32, ~ (v:)2;.
Assume also that 9; < % for every 1.

Now, suppose (z;)72; € Ba Nbbga(F;) and let (u;)72, be a normalised
sequence in E such that ||z; —u;|| < d; for all . We must show that (u;)°, €
B, which will imply that (z;)32, € Inta(B).

By assumption on (z;)2,, we can find (z;)2, € B and intervals [; <

I} < ...such that ||z; — z]| < §; and ||;(z;) — ;]| < 6; for all i. Letting
Yi = Mol

simple calculation using §; < % gives ||z; — ;|| < 49;, whence ||u; —y;|| < 56;
and ||z; — ;]| < 5d;. It follows that (u;)2, ~ (y:)52, ~ (2:)32, € B and so
also (u;)2, € B. O

we see that (y;)2; is a normalised block sequence in F' and a

Lemma 2.3. Suppose E is a subspace of a space F' with an F.D.D. (F;)$2,
and © = (0):2, \, 0. Then there is " = ()2, \, 0 such that for any M , 0
and (:L‘z)»?il S bbE,F,M(E);



8 C. ROSENDAL

(1) ()2, is a normalised basic sequence, and

(2) any normalised block sequence (2;)32, of (x;)72, belongs to bbg e (F}).

Proof. Let K be the constant of the decomposition (F;)2;. As in the proof
of Lemma 2.2, there is some A = ()32, N\ 0 such that if (z;)°, € bbg(F}),

as witnessed by a sequence of intervals (1;)$2,, then

@21~ ()

Let now I' \, 0 be chosen such that 12K2 "> ~; < 6, and v, < A, for
all m.
Now suppose (z;)2, € bbgr v (F;) for some M " oo, as witnessed by

a sequence of intervals (7;)72,. Then (z;)32, € bbga(F;) and hence is 2-

I,L':B,L'
I Zizill J ; 1’

equivalent to the normalised block basis whence (z;)52, is itself
a basic sequence.
Suppose also that z = " a;x; is a block vector. We claim that if we

let J = [min I,,, max I,,], then

172 = 2| < 6nll2]];

which is enough to obtain condition (2). To see this, notice first that for

1="n,...Mm,

| Ja; — x| =1, min I, — 1](z;) + [max I,,, + 1, 00[(;) |

H[l min I, — 1](z; — Lix;) + [max I, + 1, 0o[(z; — leZ)H
(1, min I, — 1)(z; — Liz;)|| + ||[max L, + 1, 00[(z; — Liz;)||
Kllz; — Lizs|| + 2K ||x; — Lz

NN

Since HPI H 2K and (x;)32, is 2-equivalent to <”Ii?”> , we have
’L K2 7/71

ol = s o7l < 2K Yozl < )Y

n<i<m n<i<m ||I 1
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and therefore
m

i=n i=n

m
<Dl [[Jxs — i
i=n

< sup |ayl - 23[{%

n<i<m i—n

<12K2H Xm:aﬂ?iH zm:%'

m
<Ol D @iz,
i=n

which shows that ||Jz — z|| < 6,]|z]|. O

Definition 2.4. Given A X\ 0, a A-block tree T is a non-empty tree on Sg
such that for all (zq,...,x,) € T the set

{yeSE|(x177xn7y)€T}
can be written as {y;}°,, where for each ¢ there is an interval [; C N
satisfying

o || Ly — yill < 01,

e min [, — oo.
1—00

Now, an easy inductive construction shows that any A-block tree T
contains a subtree 7" C T such that any infinite branch in 7" is a A-block
sequence, i.e., [T'] C bbg a(F;). So, without loss of generality, we can always
assume that any A-block tree satisfies this additional hypothesis.

We recall the following result from [10], which is proved using infinite-
dimensional Ramsey theory. A similar statement for closed sets was proved
earlier by Odell and Schlumprecht in [8].

Theorem 2.5. Let B C S% be a coanalytic set. Then the following are

equivalent.
(1) A \ 0 IM / (0.9) bbE‘,A,M(Fi) g IIltA(IB),
(2) AA \, 0 such that any A-block tree has a branch in Inta(B).

Definition 2.6. A weakly null tree is a tree T on Sg such that, for any
(x1,...,2,) €T, the set

{yGSE | (xh'"axnay) GT}

can be written as {y;}:2; for some weakly null sequence (y;)52;.
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We recall also a statement from [10] that sums up some of the elements
of the construction of Odell and Schluprecht from [8] that we shall use in
the following.

Proposition 2.7. Let E be a separable reflexive Banach space. Then there
is a reflexive Banach space F' O E having an F.D.D. (F;)$2, and a constant
¢ > 1 such that whenever A\, 0 and T is a A-block tree in Sg with respect
to (F;)2,, there is a weakly null tree S in Sg such that

[S] € [T]ac & [T C [S]ac
We can now assemble the above results into the following general lemma.

Main Lemma 2.8. Suppose E is a separable reflexive Banach space and
B C Sy is a coanalytic set, invariant under equivalence, such that any
weakly null tree on Sg has a branch in B. Then there are I' \, 0, M /" oo
and a reflexive space F O E with an F.D.D. (F;)$2, such that any element
of bberm(F;) is a basic sequence all of whose normalised block sequences

belong to B.

Proof. Pick first, by Proposition 2.7, a space F' containing F with a shrink-
ing F.D.D. (F})?2, and a constant ¢ > 1 such that, for any A N\, 0 and
A-block tree T in E, there is a weakly null tree S in E with
(2.1) [S] € [T]ac & [T] C [S]ac
Choose also, by Lemma 2.2, some A \, 0 such that

IBAC N bbE7Ac<E> g IntAcaB)-

We claim that any A-block tree has a branch in Inta(B). To see this,
suppose T' is a A-block tree and assume without loss of generality that
[T] € bbga(F;) € bbgac(F;). Pick also a weakly null tree S satisfying
(2.1). Then, as [S]NB # 0, also

0+ [T) N Ba. C [T] N bbg ac(F) N Bae C [T] N Intac(B) C [T] N Inta(B),

showing that 7" has a branch in Inta (B).

Applying Theorem 2.5, we find some © \, 0 and M " oo such that
bbgem(F;) C Intg(B) C B and, applying Lemma 2.3, the statement fol-
lows. U

3. KILLING THE OVERLAP

We are now ready for the proof of our main result, which is an application

of Lemma 2.8 and a delicate renormalisation procedure designated by killing
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the overlap that proceeds exactly by eliminating the overlap between two
distinct overlapping blockings of the F.D.D. (F})%2;.

The next proposition is Corollary 4.4 in [8], except that condition (5) is
not listed in the statement of the corollary. However, it can easily be gotten
from the proof, provided that one chooses, in the notation of the paper,

€ < (5,

Proposition 3.1. Suppose F' is a reflexive space with an F.D.D. (H;)2,,
E C F is a subspace and ¥ = (0;)2, \, 0. Then there are integers 0 =
ap < ay; < ... such that for all x € Sk there are a sequence (x;)3°, in E, a
subset D C N and numbers a;—1 < b; < a;, by = 0, satisfying the following
five conditions.

(1) v =37, i,

(2) Vi ¢ D |zl < oi,

(3) Vi€ D ||[Hb2._1+1 @...0 Hy,_1|x; — xz” < oil|zil|,

(4) Yi H[Hbiflﬂ @...0 Hp_1|x — sz < oy,

(5) Vi ||Hp,z|| < o3

Combining Lemma 2.8 and Proposition 3.1, we are now in a position to

prove our main result, Theorem 1.3.

Theorem 3.2. Suppose that E is a separable reflexive Banach space such
that any weakly null tree in E has a branch (x;)32, satisfying (xe;—1)32, ~
(29;)$2,. Then E embeds into a reflexive space with an unconditional Schauder

basis having the shift property.

Proof. Applying Lemma 2.8 to the set

B = {(2:)21 € SF | (w2i-1)321 ~ (22:)221 ),
we find I' \, 0, M oo and a reflexive space F' O E with an F.D.D.
(F})32, such that any element of bbg r a(F;) is a basic sequence all of whose
normalised block sequences (y;)52; satisty (y2i—1)22; ~ (Y2:)52,-

We claim that there is a constant C' > 1 such that (y2;-1)32; ~c (2:)52,
for any such normalised block basis (y;)2,. For if not, then, by concate-
nating finite bits of sequences, we would be able to produce some (u;)2, €
bbg r a(F;) and a normalised block sequence (y;)72; of (u;)52, failing (y2;—1)72, ~
(y2:)$2,, which is impossible.

Since it suffices to prove the conclusion of the theorem for a cofinite-
dimensional subspace of E, by considering the cofinite-dimensional sub-
spaces Fo 41 DB Fpy o ® Fpy13® ... and E'N (leH D 12D 13D, .. )
of respectively F' and F, we can, without loss of generality, assume that
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my = 0 and thus not worry about the initial offset by m; in the definition
of M-separation (cf. Definition 2.1).

Pick (u;)2; € bbgram(F;). Then, for any choice of signs ¢; € {—1,1},
also (€;u;)2; € bbgra(F;) and hence (€;-1ugi—1)5%, ~ (€2;u9;)52,. It follows
that (ug;—1)$2, is a basic sequence, equivalent to (eg;uz;)2, for any choice of
signs ¢; € {—1, 1}, and thus must be unconditional.

Now [ug;—1]32; can be equivalently renormed so that (ug;—1)2, is 1-
unconditional and, by a result of A. Pelczynski [9], this renorming extends
to an equivalent renorming of F'. So, without loss of generality, we shall
assume that (ug—1)72; is l-unconditional and has the shift property with
some constant C. Moreover, as E is reflexive, it follows by a theorem of
R. C. James (Theorem 3.2.13 in [1]) that (ug_1)$2, is both shrinking and
boundedly complete.

We let v; = ug;41, whence (v;)$2, is the subsequence of (ug;_1)5°, omitting

the first term. Choose also g; < 79;_1 such that z;‘zl o; < where

1
24KC?)
K denotes the constant of the decomposition (F;)$2,.

Since (u;)2, is an M-separated I'-block sequence, N can be partitioned

into successive finite intervals
i< <R < Li<lhh<Ry < L3<Iz<Ry <...
such that

(a) [[Zi(vi) = will < y2ip1,
(b) for every i > 1 there is a j such that [m;, m;i1]

CL;
C R;.

(c) and for every i there is a j such that [m;, m; ]

Hi: Z F1ja

jeL,UL,UR;

Moreover, for

let (a;)$2, be given as in Proposition 3.1 and set
Ai = Ha¢,1+1 EB e EB Hai'

We define a new norm || - || on span(|J;°, 4;) by setting

Iyl = || - I 4sylve,
i=1

Since (v;)$°, is 1-unconditional and the scalar ||A;y|| is real, || - || is indeed a

norm and we can therefore consider the completion V = spaml'l ( U2, AZ-).
Moreover, we claim that the mapping

T:xEEHZAixEV
i=1
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is a well-defined isomorphic embedding of F into V.
To see this, suppose x € Sg is fixed and let (z;)5°,, (b;)3°, and D C N
be given as in Proposition 3.1. Let also

Bi=Hy .1 ®...®H,_ ;.

Then the decomposition F' = F} @ F5 @ F3 @ ... blocks as
F=A1 A, dA;d ...

=By ®Hy, ®By ® Hy, B3 ® Hp, ...,
where, moreover,
A; € B;© Hy, ® By
and, letting Ay be the trivial space {0},
B, C A1 A

It follows that with respect to the ordering of the original decomposition
(F})32,, we have

(3.1) By <Ly <Iyy <Ry <By< Ly, <Ip, <Ry, <Bsg<....
Now, by condition (4) of Proposition 3.1,
1 Biz|| = [|lzill| < [|Biaw — @il < o,
and so, using condition (5) of Proposition 3.1, we have
| Asz|| <2K||[B; @ Hy, @ Bisi)z||
<2K (| Biall + | Hyall + | Benral)
2K (||zill + [z || + 303).

Note also that
[z:|| < || Biz|| + 07 < 2K[[Aiaz|| + 2K Az || + 03,
and, by condition (3) of Proposition 3.1, for any i € D, we have
| Bizi — x| < oillas|| < vaimallzll.

List now D increasingly as D = {d;,d,ds,...} and note that, as 2i <
dei +1,
[ bg, (Vog,) = Vg, || < Yabg,+1 < 72i-
Therefore, by the ordering (2) above, we see that
X4, Zd, Ty Td, )
T Uby. s y Ubg, s yUbg,s T 70 - -
<||xd1|| “ ||md2|| 2 de:’,H “ ||md4||

is an M-separated I'-block sequence, as witnessed by the sequence of interval

projections
Bd1 ) ]bdl y dea Ibd27 B37 Ibd37 B47 ceey
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and hence (Hx ”)lGD ~c ( ).GD. Furthermore, as (v;)$2; has the shift prop-
erty with constant C' and by < a; < by < as < ..., we have

o0

(3'2) (Ubiﬂ)z?il ~C (Ubi)z?il ~C (Uai)z?il ~C (Ua¢+1>i:1

and therefore (ﬁ)Z D
> igpllwill < X2igp oi < 00, it follows that also D 77 |24 ve, and D272 |21 ]|va,

converge. Since ||4;z]| < 2K (||| + ||zis1| + 30;) and (v;)5%, is uncondi-

~cz (va,), cp- Since now >, x; converges and

tional, we finally see that the sum ) ° || A;z||v,, converges and hence that
Tex =37 Ax eV is well-defined.

By the same mode of reasoning, one verifies the following sequence of

11|

inequalities.

oo
lzll =[| D il
=1
< Sl
<2 I
<C|| X laillo,
€D
o0
<C?|| X llilva,
=1

i

i

+ > il
i¢D

+ Z g;
i¢D

<02H z; (2K || Ai_1z|| + 2K || Az || + 02)va, || + }1

<2KCZ|| Z | Aic1z||vg, || + QKCQH Z | Az ||va, || + 2 ZUZ . 1
=1 i1

L2ECHC+ 1) Z | Aszva, || + %

1
AKCTo] + .

Thus, as ||z]| — 3 = ||z, we have ||z| < 8KC3||Tz|. A similar argument
shows that || Tz|| < 5K C3||x||, whereby T is an isomorphic embedding of F
into V.

We shall now show how to embed V' into a space with a basis having the
shift property, which will finish the proof of the theorem. First, to simplify
notation, we let w; = v,,. Fix also k; > 1 such that A; embeds with constant
2 into Z; = (%, Then V clearly embeds with constant 2 into Z = > °, Z

equipped with the norm

Iyl = || > 1 Ziglws|
=1
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Moreover, since (w;)2, = (v4,)52, is both shrinking and boundedly com-
plete, Z is reflexive. To conclude the proof of the theorem, it thus suffices
to apply the following lemma. O

Lemma 3.3. Suppose that (w;)2, is a 1-unconditional basis with the shift

property and Z; = (% for every i. Then Z = Y ;> Z; equipped with the

norm

Iyl = || > 1 Ziy s
=1

admits an unconditional basis with the shift property.

Proof. For each i, we let (ef, €, ... e} ) be the standard unit vector basis
for ¢% . Then

(fi)i2) = (€], €3, ... €4, € €5, ... €h,...)
is a 1-unconditional basis for Z, which we claim has the shift property. To
see this, suppose (y;)32; is a normalised block sequence of (f;)32; and set
r; = minsupp y;. We need to show that (y;)5°, ~ (f,)52,.
For this, we let

teAedj vy e Z

and note that for all j there are at most two distinct ¢ ¢ A such that
Zjy; # 0. We can therefore split ~ A into two sets B and D such that
for all j there is at most one ¢ from each of B and D such that Z;y; # 0.
By unconditionality of (f;)$2,, to see that (y;)3°, ~ (f,)2,, it is enough to
show that (1;)ica ~ (fr)ica, Wi)ien ~ (fr.)ien and (y)iep ~ (fr,)ien- Since
the cases B and D are similar, let us just do A and B.

For each i € B, let n; and m; be respectively the minimal and maximal j
such that Z;y; # 0, whence y; = Z,,,y; + ...+ Zp,y; and n; < m; <nj < m;
for 2+ < j in B. In particular, this means that if

2= 1 Zillw;,
Jj=n;
then (2;);ep is a block sequence of (w;)$2; and

il = | S 1 Zgwillws|| = Nyl = 1.

Jj=n;
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As (w;)$2, has the shift property, this means that (z;)iep ~ (Wn,)ics ~
(fr,)ies- On the other hand, if (A\;)$2; € coo, then

I 2wl =1 D0 12wl

i€eB i€B j=n;

=1 D1 1 Zwilw

i€B Jj=n;

=D I\l

i€B

Since (2;)iep is unconditional, it follows that (v;)ics ~ (2i)ics ~ (fr,)icB-

We now partition A into finite sets a; by setting
1€ a; <= Y; € Zj.

Then for all (X;)52, € oo

I Ml = [ o> dawilfw
i€A j=1 ica;
=1 (sup|Ail)w;
j=1 1€a;
=D 1D Al
j=1 i€a;
=[xt
€A
So (Yi)iea ~ (fr,)ica, which finishes the proof. O
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