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Abstract

Theorem: There is a complete sentence ¢ of L., ., such that ¢ has maximal
models in a set of cardinals A that is cofinal in the first measurable 1 while ¢ has
no maximal models in any x > pu.

In this paper we prove in ZFC the existence of a complete sentence ¢ of L, ., such
that ¢ has maximal models in a set of cardinals A that is cofinal in the first measurable
1 while ¢ has no maximal models in any x > p. In [BS2x], we proved a theorem with
a similar result; the earlier proof required that A = A<*, and that there is an S C Sg}o,
that is stationary non-reflecting, and ¢g holds. Here, we show in ZFC that the sentence
¢ defined in [BS2x] has maximal models cofinally in p. The additional hypotheses in
[BS2x] allow one to demand that if IV is a submodel with cardinality < X of the Fy-
maximal model, N is K-free (See Remark 4.1); that property fails for the example
here. The existence of such a ¢ which is not complete is well-known (e.g. [Mag16]).

This paper contributes to the study of Hanf numbers for infinitary logics. Works
such as [BKS09, BKS16, BS19, KLH16] study the spectrum of maximal models in the
context where the class has a bounded number of models. We list now some proper-
ties that are true in every cardinality for first order logic but are true only eventually
for complete sentences of L., ., or, more generally, for abstract elementary classes,
and compare the cardinalities (the Hanf number) at which the eventual behavior must
begin. Every infinite model of a first order theory has a proper elementary extension
and so each theory has arbitrarily large models. Moreover, the amalgamation property
holds for every complete first order theory. Morley [Mor65] showed that every sen-
tence of L, ., that has models up to J,, has arbitrarily large models and provided
counterexamples showing that cardinal was minimal. Thus he showed the Hanf num-
ber for existence of L, .,-sentences in a countable vocabulary is J,,, . Hjorth [Hjo02],
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by a much more complicated argument, showed there are complete sentences ¢,, for
a < wi such that ¢, has a model in X, and no larger so the Hanf number for complete
sentences is N,,,. Boney and Unger [BU17], building on [Shel3] show that the Hanf
number ‘for all AEC’s are tame’ is the first strongly compact cardinal. They also show
the analogous property for various variants on tameness is equivalent to the existence
of almost (weakly) compact, measurable, strongly compact). The result here shows in
ZFC that the Hanf number for extendability (every model of a complete sentence has a
proper L, .,-elementary extension) is the first measurable cardinal. However, [BB17]
show that an upper bound on the Hanf number for amalgamation is the first strongly
compact. The actual value remains open.

Section 1 provides some background information on Boolean algebras. Section 2
is a set theoretic argument for the existence of a Boolean algebra with certain specified
properties in any cardinal A of the form A = 2# that is less than the first measurable;
this construction is completely independent of the model theoretic results. Then we
make the connection with model theory. In particular, we link the construction here
with the complete sentence ¢ from [BS2x]. Section 3 builds several approximations
to the counterexample. Subsection 3.1 introduces the most basic class of models K _;
and explains the connections with [BS2x]. Subsection 3.2 builds on this result to find
a Py-maximal model in K _; with cardinality A satisfying certain further restrictions.
Finally in Section 4, the class Ko of models of the complete sentence from [BS2x]
is repeated. The Fy-maximal model from Section 3.2 is converted to the Py-maximal
model of K 5. From this, it is easy to find a maximal model in K5 of roughly the same
cardinality.

The first author acknowledges helpful conversations with Joel Berman, Will Boney,
Ioannis Souldatos, and especially Sherwood Hachtman. We are particulary grateful for
an extremely helpful referee report.

1 Preliminaries

This paper depends heavily on [BS2x] which contain a fuller background and essen-
tial material on Boolean algebras. In particular, the incomplete sentence with maximal
models cofinal in the first measurable is described there and the construction of the
desired complete sentence; in this paper we show in ZFC that sentence has maximal
models below the first measurable. We repeat in this section the main slightly nonstan-
dard definitions from Boolean algebra and some immediate consequences.

Definition 1.1 1. A Boolean polynomial p(vy, . . . , vy ) is a term formed by the com-
positions of the \,V,~',0, 1 on the variables v;; a polynomial over X arises
when elements of X are substituted for some of the v;.

2. For X C B and B a Boolean algebra, X = Xp = (X)p denotes the subalge-
bra of B generated by X.

3. A setY is independent (or free) over X modulo an ideal Z (with domain I) in a
Boolean algebra B if and only if for any Boolean polynomial p(vo, . . ., vi,) (that



is not identically 0, i.e. non-trivial), and any a € (X)p —Z, and distincty; € Y,
(Yo, yx) Na & T.

4. A'Y which is independent over X modulo I is called a basis for (X UY U I)
over (X UT).

In this context, ‘independent from’ may sometimes be written ‘independent over’.
These are distinct notions for forking independence.

Observation 1.2 [f7 is the 0 ideal, (i.e., Y is independent over X),
1. the condition becomes: for any b € (X)p — {0}, B = p(yo,...,yx) ANb> 0.
2. or, there is no non-trivial polynomial q(y,x) and b C X such that q(y,b) = 0.

That 2) implies 1) is obvious. For the converse, put a counterexample q(y,b) =0
in disjunctive normal form. Then for each disjunct (i.e. each constituent conjunction)
¢ (y,b) = 0 (not all variables of q may appear in ¢'.) We can replace those b’s
that appear in q' by a single element b of (X) to get a ¢ (y,b) = 0, ¢ contradicts
condition 1).

With Observation 1.2 we obtain an analog for Boolean algebras of the notion of
dependence in vector spaces in rings or fields. {yo,...,yx} are dependent over X if
some non-trivial polynomial p(vy, . . ., vk, Wo, . . . Wy, ) and some b from X, p(y, b) =
0. This yields that if By is freely generated over B;, all atoms in B; remain atoms
in By. If not, there would be an atom a of b; and a term o(bs,bq) with Op, <
o(ba,b1) < aand o(by, by) € By. Butthen By = o(ba, by)Aa = 0; this contradicts
the freeness assumption. Note however that this notion of dependence (a depends on
X if and only if a € (X)) does not satisfy the exchange axiom. See [Gri79, Chapter
5] for the strong consequences ff this dependence relation satisfies exchange.

There is no requirement that Z be contained in X. Observe the following:

Observation 1.3 1. If T is the 0 ideal, (i.e., Y is independent from X), the condi-
tion becomes: for any a € (X)p —{0}, B = p(yo, - .-, yr) Aa > 0. That is, ev-
ery finite Boolean combination of elements of Y meets each non-zero a € (X) .

2. Let m map B to B/I. If ‘Y is independent from X over I’ then the image of Y
is free from the image of X (over Q) in B/Z. Conversely, if 7(Y') is independent
over m(X) in B/Z, for any Y' mapping by 7 to w(Y'), Y is independent from
X overZ.

So, if X is empty, the condition ‘Y is independent over I’ implies the image of Y
is an independent subset of B/T.

3. If asetY is independent (or free) from X over an ideal T in a Boolean algebra
B and Yy is a subset of Y, then Y — Y} is independent (or free) from X U Y)
({(X UYy)B) over the ideal T in the Boolean algebra B.



2 Set theoretic construction of a Boolean algebra

We define a property B(\), which asserts the existence in A of a Boolean algebra that is
¢ uniformly N;-incomplete’. We then show certain condition on A imply B(\). So this
section has no model theory. The arguments here are similar to those around page 7 of
[GSO05]. We connect this construction with our model theoretic approach in Section 3.

Definition 2.1 (H()\)) denotes: There are a Boolean algebra B C P(\) with |B| = A
and a set A C “B such that:

i) A has cardinality \ and if A = {A,, : n € w} € A then for a < X for all but
finitely many n, o & A,,.

ii) B includes the finite subsets of \; but is such that for every non-principal ultra-
filter D of X\ (equivalently an ultrafilter of B that is disjoint from \<*) for some
sequence (A, :n € w) € A, there are infinitely many n with A,, € D.

We may say that (B, .4) witness uniform N;-incompleteness.

Theorem 2.2 (ZFC) Assume for some pu, A\ = 2% and X is less than the first measur-
able, then B(\) from 2.1 holds.

We need the following structure.

Definition 2.3 1. Fix the vocabulary T with unary predicates P,U, a binary pred-
icate C, and a binary function F.

2. Let (Cy : a« < A) list without repetitions P (u) such that Cy = () and also let
<fo¢:,u <a< A> list *w.

3. Define the T-structure M by:

(a) The universe of M is \;

(b) PM = w; UM = pi;

(c) C(x,y) is binary relation on U x M defined by C(x, «) if and only x € C.,.
Ig-(z)\fle. that C is extensional. lLe., elements of M uniquely code subsets of

(d) Let F' (o, B) map M x UM — PM by FM (o, B) = fo(B) for a < A,
B <

(e) FM(a,) =0fora < Xand B € [u, \).

We use the following, likely well-known, fact pointed out to us by Sherwood Hacht-
man.

Fact 2.4 Let D C P(X) and suppose that for each partition Y C P(X) of X into at
most countably many sets, |D NY'| = 1. Then, D is a countably complete ultrafilter.



We need the following lemma about M before finding a Boolean algebra B in M
that satisfies H. We lay the basis for the notion of P-maximality, a counterexample to
maximality must occur in a give predicate P (Definition 3.2.1).

Lemma 2.5 If X is less than the first measurable cardinal and \ = 2" for some u
there is a model M, with |M| = ), and a countable vocabulary with P™ denoting
the natural numbers such that every first order proper elementary extension N of M
properly extends PM.

Proof. Fix M as in Definition 2.3. We first show that any proper elementary ex-
tension N of M extends U™. Suppose for contradiction there exists o/ € N — M but
UN = UM, By the full listing of the C,,, thereisa 8 € M with {z : N = C(z,8)} =
{z : N E C(z,a’)}. This contradicts extensionality of the relation C in N; but C is
extensional in the elementary submodel M.

Now we show that if UM C U and PM = PV, then there is a countably com-
plete non-principal ultrafilter on p, contradicting that p is not measurable. Note that
the sequence (f,: p < a < A) can be viewed as a list of all non-trivial partitions
of 41 into at most countably many pieces. Let v* € UN — UM, For a € N, denote
F{ (o, v*) by ng. Since PM = PN n, € M. By elementarity, fora« € M,n € UM,
FyY (a,n) = F(a,n) = fa(n). Now, let

D={aCUM: 2#0ANBacM)zD f;(n)}.

We show D satisfies the conditions from Fact 2.4. Let W be a partition, indexed
by fo. Then f1(ny) # 0 and is in D. Suppose for contradiction there are zo # 71
in W that are both in D. Then, there are «; € M such that x; € W N D contains
fot(ng,) fori = 0,1. So, N |= F(ay,v*) = ng, fori = 1,2. Since o; € M and
M < N, M E Jz(F(ao, z) = ngy A F(ai,x) = ng,. So, by Definition 2.3 (d),
for any witness a in M for this formula, a € xg N x1; but xg N x1 = () since W is a
partition.

Finally, D is non-principal on UM since if it were generated by an a € U™,

D={zCU:Ba)zD f;'(na)} ={x CU:acuz}.

Since {a} € D, for some ag € M, {a} = f;(nqa,). Note that og € M, because
the definition of D is about the model M. Thatis, M | 3lyF(ag,y) = na,. But
N = F(a, a) = ng, A F(ag,v*) = ng,. This contradicts the assumption M < N
and completes the proof. s 5

The following claim completes the proof of Theorem 2.2

Claim 2.6 IfB is the Boolean algebra of definable formulas in the M defined in Defi-
nition 2.3, there is an A such that (B, A) is uniformly R, -incomplete so B(X) holds.

Proof. We may assume 7 has Skolem functions for M and then define B and A as
follows to satisfy F.(ii). Let B be the Boolean algebra of definable subsets of M. Le.,

B ={X C M: forsome 7-formula ¢(x,y)and b € 83 M, $(M,b) = X.}



Note B is a Boolean algebra of cardinality A with the normal operations. We define
the Skolem functions a little differently than usual: as maps 0y = Og(zw,y) from
M" 1 to M for formulas ¢(x,w,y) such that ¢(o,(b,a),b,a). Here lg(y) = n.
Then, we specialize the Skolem functions by considering the unary function arising
from fixing the y entry of o4(w, y) to obtain o4 (w, a).

AW = o < Az ¢(0} (a,a),a,a) A P(oY (a,a)) Aol (a,a) £ n}
U {a<A: n=0A=P(o} (o, a)).

Then let Zad,(w,a) = <Az¢(w’a) :n < w) and

(*) A={A4,,(w,a): forsome y-termoy(w,y) and a € e s}

Note |A] = A = \“ as for each @ € M and each of the countably many terms
oy(w,a), Z%(z,w,a) is a map from w into B. For each a, for each 0 < m < w and
A= Za¢(a7b), the set {m: o € A,,,} is finite, bounded by o4(c, a). Thus, clause i)
of H is satisfied.

We now show Clause ii) of HH. Let D be an arbitrary non-principal ultrafilter on A
and where ¢(v,y) varies over first order T-formulas such that y and a have the same
length, define the type pp(z) = p(x) as:

p(x) = {o(z,a): {a € M: M |= ¢(a,a)} € D}.

Since D is an ultrafilter, p is a complete type over M. So there is an elementary
extension N of M where an element d realizes p. Let N be the Skolem hull of M U{d}.
Since D is non-principal, so is p; thus, N # M. By Lemma 2.5, we can choose a
witness ¢ € PN — PM_ Since, N is the Skolem hull of M U {d} there is a Skolem
term o(w,y) = o4(w,y) and @ € M such that ¢ = o™V (d, a). Since ¢ & M, for each
ne PM NN, ctksoNEN,.,o(da)#kso\,_,o(x,a)#kisinp.
That is, for each 0, Ay, (w,a) isin D. Lo

3 Three Classes of Models and an Approximate Coun-
terexample

In this section we define the model theoretic classes that produce first an amalgamation
class K _; of finite structures (Section 3.1 then the class Ko (Definition 3.3.2) of
models of a complete L, ,-sentence. Using Theorem 2.2, we build in Subsection 3.2
a model M, in K _; with cardinality A\, which is FPy-maximal. Subsection ?? defines
the classes K'; and K which give us the complete sentence. In Section 4 we modify
M, to a Py-maximal model in K5 and then construct the required maximal model in
K.

3.1 Finitely generated models

We include, as needed, definitions of the classes of model K, K, K> introduced
in [BS2x]. For each i, K"y denotes the class of finitely generated members of K;.



Definition 3.1.1 7 is a vocabulary with unary predicates Py, Py, P>, Py, binary R,

AV,

< unary functions —, G, constants 0,1 and unary functions F,,, forn < w. <is

a partial order on PM and the Boolean algebra can be defined from it.

We occasionally use the notations (V°°n) and (3°°n) to mean ‘for all but finitely
many’ and ‘for infinitely many’ respectively. It is easy to see that K _; is L, -
axiomatizable but far from complete. We denote the power set of X by P(X).

Definition 3.1.2 (K _) M € K 2;1*0 is the class of finitely generated structures M
satisfying the following conditions.

1.
2.

PM, PM_ PM partition M.

(PlM, 0,1,A,V,<,” )isaBoolean algebra (~ is complement). We also consider
ideals and restrictions to them of the relations/operations except for complement.

. R C PM x PM with R(M,b) = {a : RM(a,b)} and the set of {R(M,b) : b €

PM} is a Boolean algebra. f™: PM — P(PM) by fM(b) = R(M,b) is a
Boolean algebra homomorphism into P(PM).
Note that f is not' in T; it is simply a convenient abbreviation for the relation

between the Boolean algebra PM and the set algebra on Py by the map b —
R(M,D).

. Pfﬁl is the set containing each join of n distinct atoms from PM; PM is the

union of the P% and so is an ideal. That is, PM is the set of all finite joins of
atoms.

There is an element b* € PM such that PM = {c : ¢ <M b,}. Note that b, is
not a function symbol in T.

. G is a bijection from P3" onto P} such that R(M,G}!(a)) = {a}. (Note

that P} = 0 is allowed.

. PM is finite (and may be empty). Further, for each ¢ € P} the FM(c) are

functions from P} into PM. Note that it is allowed that for all but finitely many
n, FTZLW(C) = Ole.

. (countable incompleteness) If a € P} and ¢ € Py" then (V>°n) a &y F (c).

As, a A FM(c) = 0. Since a is an atom, this implies \, . {z: (Gi(z) €
FM(c)} =o.

. PM is generated as a Boolean algebra by PM U{FM(c¢):c€ P, ncwluX

where X is a finite subset of PV,

Definition 3.1.3 1. K_; is the class of T structures M such that every finitely gen-

erated substructure of M is in K;ig. K1 is the members of K_, with cardi-

o
nality p.

IThe subsets of P(f” are not elements of M.



2. Wesay M € K_1 is atomic if P is atomic as a Boolean algebra. That is, PM
is dense in B .

3.2 A Fy-maximal model in K _;

In this section we invoke Theorem 2.2 to show (Theorem 3.2.6) that we can construct
Py-maximal structures in the class K _; of appropriate cardinality below the first mea-
surable.

Definition 3.2.1 We say M € K_; is Py-maximal (in K_1)if M C Nand N € K_,
implies PM = PY.

The notion uf(M) is the crucial link between Section 2 and Pp-maximality.
Lemma 3.2.4 is central for Theorem 3.2.6 and is applied in Theorem 4.9.

Definition 3.2.2 (uf (M)) For M € K_;, let uf(M) be the set of ultrafilters D of the
Boolean Algebra P} such that D N P4,M1 = () and for each ¢ € PM only finitely many
of the FM (c) are in D.

For applications we rephrase this notion with the following terminology. For any
M e K_jandd € P}, let SY (D) = {n: FM(d) € D}. Souf(M) = 0 if and only
if for every ultrafilter D on PM, there exists a d € P} such that S C]l‘/f (D) is infinite.

We use the following standard properties of a Boolean algebra B and ideal I in
proving Lemma 3.2.4 and deducing Claim 3.2.9 from Definition 3.2.8.

Fact3.2.3 1. bAc e Iimpliesb/I and c/I are disjoint.
2. bAcelimpliesb/I =c/I
3. b—ce Iimpliesb/I < c/I.

For our collection of structures K _;, we can characterize Py-maximality in terms
of ultrafilters.

Lemma 3.24 An M € K _; is Py-maximal if and only if uf (M) = 0.

Proof. Suppose M is not Py-maximal and M C N with N € K_; and d* €
PY — PM. Then {b € M : RV (d*,b)} is a non-principal ultrafilter Dy of the Boolean
algebra PM [BS2x, 3.3.11]. To see Dy is non-principal suppose there is a by € PM
such that Dy = {b € M : by < b}. Note by = G}/ (a) for some a € PM. But
N | GY(d*) # by, contradicting {d*} € Dj.

For each ¢ € P2M , since N € K _j, by countable incompleteness (clause 7 of
Definition 3.1.2), for all @ € P{¥ and all but finitely many n, G (a) £ FY(c). Since
FN(c) = FM(c), only finitely many of the F/(c) can be in Dy, which implies Dy €
uf(M). By contraposition we have the right to left.

Conversely, if D € uf(M), we can construct an extension by adding an element
d € PY satistying R (d,b) iff b € D. Let P{¥ be the Boolean algebra generated by



PMU{G1(d)} modulo the ideal generated by {G (d)—b : b € D}; this implies that in
the quotient G (d) < b. (Compare Fact 3.2.3). Let Py¥ = PM and F)(c) = FM(c).
Since D € uf(M), it is easy to check that N € K _;. Oz 0.4

We now introduce the requirement that the Boolean algebras constructed will, when
the atoms are factored out, be free. Moreover, There is a set Y C P2N with |Y| =
A such that different ¢ € Y generate coinitially disjoint collections of F)V(c) as ¢
varies. This strong requirement is used inductively in this section to construct the first
approximation. The correction in Section 4 loses this disjointness (and thus freeness).

Definition 3.2.5 (Nicely Free) We say M € K_; is nicely free when |PM| = X\ and
there is a sequence b = (b, : v < \) such that

(a) by € PM — PM;
(b) (bo/PM: a0 < \) generate PM | PM freely;

(c) thereis asetY C PM of cardinality \ and a sequence {u.: c € Y) of pairwise
disjoint sets of distinct ordinals such that, for c € Y, setting u. = {FM(c): n <
w}, (uc : ¢ €Y partitions a subset of the basis (mod atoms) (by: e < X).

Nicely free is quite distinct from the notion K;-free introduced in [BS2x]. There
are maximal nicely free models but there are no maximal K ;-free models. Note that
condition Definition 3.2.5.c asserts that a subset of P partitions a subset of the basis.

Here is the main theorem of Section 3. The hypotheses A = 2* and A is less than
the first measurable cardinal were used essentially as the hypotheses for proving H(\),
the existence of a uniformly R -incomplete Boolean algebra. But here we use () and
don’t rely again on \ being less than the first measurable cardinal. The argument here
does depends on A = AX°, which follows from A\ = 2*. By constructing a nicely free
model, we introduce at this stage the independence requirements, needed in Section 4
to satisfy Definition 3.3.1.6, on the F,(c).

Theorem 3.2.6 If for some pu, A = 2" and ) is less than the first measurable cardinal
then there is a Py-maximal model M, in K _1 such that |RM = A(fori=0,1,2),
PIM* is an atomic Boolean algebra, uf(M,) = 0, and M, is nicely free.

Proof. We first construct by induction a Py-maximal model in K ~1. The property
B(\) (Definition 2.1) appears in the construction to satisfy Specification (f) and is used
in the proof that the construction works in considering possibility 2. We choose M., D,
and other auxiliaries by induction for € < w + 1 to satisfy the following specifications
of the construction.

Construction 3.2.7 (Specifications) (a) Fore < w+1, M, is a continuous increas-
ing chain of members ofK)T1 with each PlMe atomic and PlM“+1 = P1M“ ;

(b) Forall e <w, |PM<| = Xand P+ = PM“* fori =0, 1;

(c) Foralle <w +1, PlMﬁ/P4M€ is a free Boolean algebra;



(d) (i) Ife <w, D. € uf(M,).

(ii) If e = 0, then b_1 = (b_1 o: a < \) is a free basis of P° /P, listed
without repetition, and (FMo(c): n < w,c € Py™0) lists (b_1 o: a < \)
without repetition.

(iii) ife = ( + 1 < w then there is a free basis by = (an/P‘lM‘: a < A of
PM</PM<_ Note be o, € PMe — P

(e) ife =w + 1, for each d € “’(PlM‘“+1 - Piw‘““) such that for each a € P
satisfying that all but finitely many n, a ¢ R(M,,,d,), there is a ¢ € PQM““,
F(¢) = dp; (We will in fact have that P}“*' = PM< and P+ =
pMe )

f) e=C+1<w:

Let B and A be as in Definition 2.1. There is a 1-1 function f. from A onto Pf{e

such that:
i) forevery X € B (from B) thereisab =bx € PlMﬁ such that
{0 < At fu(a) <ar, by} = {a < Aca € X}
ii) for each A = (A, :n < w) € Athere is a c € P3* such that for each n:

Ay = {a < Aifel) <. FM(0)).

Carrying out the construction.

case 1: When € = 0, take PlMO as the Boolean algebra generated by a set P47Ml° of
cardinality A along with a set {b_1 o: av < A} of independent subsets of P(\). Let
(G1 be a bijection between a set POMO and Pﬁo. Set Piwo as the ideal generated by the
image of G;. Fora € PM° and b € PM, define RM°(a, b) to hold if G (a) < b. Set
PMo as a set of cardinality of A and let (FM0(c): n < w,c € PM) list (b1 4: a <
) without repetition. Thus, any non-principal ultrafilter on P is in uf(Mo).

case 2: For e = w, M, = |J,,., M,,. Since the set of free generators is extended
at the step, the union is also free mod Pi” .

case 3: If e = ( + 1 < w, the main effort is to verify clauses (c), (d), and (f) of
Specification 3.2.7. The element b¢ q, is the ba,, from Specification 3.2.7.£.(i).

Now, to construct M.:
(i) Recall that D¢ € uf(M¢).

(ii) choose as the new atoms introduced at this stage a set B C P(A) with B, N
M =0 and |B| = A

(iii) Let f. be a one-to-one function from A onto B, U P4,Mf.

(iv) Let (X, :v < ) list the elements of B (definable subsets of M 2.6) from H.(ii)
with Xy = 0.
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(v) Fix asequence {b¢ :a < A}, which are distinct and not in M. U B, and let IB%/C
be the Boolean Algebra generated freely by

P U{beaia < A} U{f(@):a <A}

Using Lemma 3.2.3, we apply the following definition at the successor stage. Here
we take an abstract Boolean algebra IB/C and impose relations to embed PlM ¢ in a quo-
tient IB%’C' of IB%/C.

Definition 3.2.8 (Ideal) Let I be the ideal of IB/C generated by:

. . M,
(i) o(ag,...an) when o(xg,...%y) is a Boolean term, ag,...a,m € P; ¢ and

P1M< Eo(ag,...am) =0.
The next two clauses aim to show that in M /I¢, the element b ., is the bx_ from

Specification 3.2.7 fii). That is, {o < X: fe(a) <pnp. by} ={a < Aae X, }
Recall (Definition 2.1) that the X, enumerate B and are subsets of .

(ii) fe(co) —be when o € Xy and o,y < A

(iii) be~y A fe(a) when o € X — X, and o,y < A

To show the f(v) are disjoint atoms we add:
(iv) Forany f.(y) and any b € B/C either (fc(y) Ab) € I¢ or (fe(y) —b) € Ie.
(v) fe(m) A fe(y2) when i < y2 <A

(vi) fe(a) —bwhena < )\ fe(a) & P4’Mf and b € De.
This asserts: Every new atom is below each b € D¢ and is used at the end of
case 3 of the construction.

Let IBB'C/ = IB%'C/IC. Applying Fact 3.2.3, we see from Definition 3.2.8:

Claim 3.2.9 The structure PlM ¢ is embedded as a Boolean algebra into IB%Z by the map
b b/I; and

1. Fory <\ fc()/I; is an atom ofIB/C/;

2. Ifb e PlMC is non-zero, then b/1. >pr fc(v) for some v < A (Since £t
¢

induces an isomorphism of IB%Z into P(\)
We take a further quotient of B/C' Let
Je={beB:b/I 0% fe(7) = 0 forevery v < A}.

Then J; is an ideal of IB%’C extending I so b — b/J; is a homomorphism. Further,
fe(7) is an atom of IB%'C/JC for v < A. These atoms are distinct and dense in IB%/C/JC.
That is, B, is an atomic Boolean algebra.
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Notation 3.2.10 Let B, be B /.J; with quotient map, j(b) = b/ J;.

Now we define M, by setting P« = B, which contains PlM < Pff is the injective
image in PV of P4,Mf U B.. Fora € P} and b € P set RM<(a,b) if for some
v, a = fe(v)/Jc and fe(v)/Jc <p_b/Jc. Finally, let D, be the ultrafilter on pMe
generated by

DC U {je(_bCﬁ) iy < )‘} U {je(_fe(’)/)):’y < )‘}

By Claim 3.2.9, we have the cardinality and atomicity conditions of Specifica-
tion 3.2.7.(a) and (b); the definition of I guarantees, (c) and (d).(ii), (d).(iii). We ver-
ify M. € K _; below. The elements b, -, along with (our later) definition of F M (c)
show d.i), D, € uf(M,), (as no new F,,(c) is in D.); the elements of B, show D, is
non-principal as each complement of an atom is in the ultrafilter. Note that Specifica-
tion 3.2.7.(e) does not apply except in the w + 1st stage of the construction.

For Specification 3.2.7 (f) (i), let X be a set of atoms of M, and note that we can
choose bx by conditions ii) and iii) in Definition 3.2.8 of I.

We can choose P2M€ and FMe to satisfy Specification 3.2.7 (f) (ii). Fixan A € A
(as given by H). Fix a ¢ = ¢ and define, using the last paragraph, the F;M<(c) as ba,,,
so that for each n, 4,, = {a < A: fe(a) <pe FM-(c)}. These are the only new

ce PQA e,

Thus, it remains only to show that M. € K _;. Most of the cases are obvious. E.g.
for Definition 3.1.2.(8), just look at where the generators can be and recall countable
free algebras are atomless. Showing M. satisfies countable incompleteness, Defini-
tion 3.1.2.(7), is a bit more complex but we do so now.

() Ifa € P} and ¢ € P} then (V°°n) a £ar, FM(c).

If c € P, FMe(¢c) = FM € PM¢ and we know by induction that 4 holds for
a € P4]\74f. For a € P47Mf - Pﬁ?, Definition 3.1.2.5. and condition (vi ) on I, (from

Definition 3.2.8) imply a <, bforevery b € D¢. Asc € PQMC and D, € uf (M), all
but finitely many e, = FJ(c), are not in D¢. So for all but finitely many n, e,, € D.
Thatis, a <. €,,;s0a Ay e, = 0 as required.

If ¢ € PM< — P} then by our choice of P} and the FM<, there is an A, that
is enumerated by the FM<(c) and satisfies 4 by (i) of B (Definition 2.1.(i)). This
completes the verification of ¢ at stage € and so M, satisfies all the specifications of
the induction.

case 4: e = w + 1:

Only clauses (c) and (e) of Specification 3.2.7 are relevant. Define P2M < and FM-
to satisfy clause (e). Since PZ-Me = PZ-M“’ for 7+ = 0,1, specification c) is immediate.
This completes the construction.

The construction suffices.

Having completed the induction, let M = M, ;. Using specifications d) and a) of
3.2.7, it is straightforward to verify that M € K _; and the Boolean algebra is atomic.
By (b), PZ.M“ for i = 0, 1 have cardinality A. And by (f), the same holds for PQM “t
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We now show M is nicely free. Let b = (bj;: 8 < A) enumerate (by,q: n <
w,a < A) without repetition and such that {b_1 o : @ < A} = {by, : @ < A}. So
this picks out the first level P2 which is enumerated by the F,M°(c) for ¢ € szv fo and
n < w by case 1 of the construction.

Now, b satisfies the requirements in Definition 3.2.5 of nicely free. As, by Specifi-
cations 3.2.7. (c), (d) and since PIM is constructed as the union of the PlM", PlM / P4M
is generated freely by b/PM. Finally, clause c) of Definition 3.2.5 holds by clause
(d).ii) of Specification 3.2.7.

The crux is to show M = M,y is Py-maximal. For this, assume for a contradic-
tion:

(*) PM is not maximal; by Lemma 3.2.4, there is a D € uf(M,, 1) = uf(M,,).
For every n < w, is there a d € D such that R(M,,,d) N M,, = (?

Possibility 1 : For every n < w, the answer is yes, exemplified by d,, € D. Now

for each a € P, a ¢ R(M,,d,,) for all m > n. So the sequence d = (d,, : n < w)
satisfies the hypothesis of Specification 3.2.7.(e) and so there is a ¢ € P such that for
eachn < w, FM(¢) = d,,. Thus, recalling Definition 3.2.2, D & uf(M).

Possibility 2 : For some n < w, there is no such d,,; without loss of generality,
assume n > 0. We apply specification f) with ¢ = n. Recall that f,, is a 1-1 map
from A onto P4],V g Let g; be the following homomorphism from the Boolean algebra
PIMw+1 = PMeinto P(N) : g1 (b) = {a < A : fu(a) <B,, b} By Specification f.i)
of 3.2.7, the Boolean algebra B provided by M is contained in the range of g;.

Let Z, denote the ideal of P} generated by P} — P,"{. Since D is non-principal,
Z,N D = (. Now, g; maps any b € P1M“ — Pfj‘” (and, thus, any b € PlM‘“ -7,
to a nonempty subset of \. Recalling Z, N D = (}, g; embeds the quotient algebra
PlM “*+! /T, into the Boolean Algebra P()\). Hence, D1 = g1(D) is an ultrafilter of the
Boolean Algebra rg(g;) and so Dy = Dy N B is an ultrafilter of the Boolean algebra
B. We show, for any oo < A, {a} & Ds. As, fn(a) € Pﬁ“ and so f,,(«) is not in D.
So {a} & D;. Thus, A — {a} € Dy andso A — {a} € Ds. So {a} & D, as promised.

Now we apply the second clause of H to the ultrafilter D,. Since we satisfied
specification f.ii) in the construction, we can conclude there is A = (4,,:n < w) € A
such that for infinitely many k, Ay is in Dy. Thus, u = {k: Ay € D} is infinite. We
will finish the proof by showing there is a ¢ such that © = u, (Definition 3.2.5) is the
set of images of the FM (¢).

Since we are in possibility 2), each Ay € B, Ay € rg(g1). So we can choose
di € PlM“ with g1 (di) = Ag. As A € Do, by the choice of Dy, Dy we have d, is in
the ultrafilter D from the hypothesis for contradiction: (¥).

We show the sequence d = (dj : k < w) satisfies the hypothesis of clause e of
Specification 3.2.7. First, di, € PlM @ — Pf v as D is a non-principal ultrafilter on
PlM“ so the first hypothesis is satisfied. Further, for every a € Péw‘“ all but finitely
many k, G (a) %, di because A € A, which implies by H ii) that for every
a < A, for some k,, we have k > k, implies a € Aj. Now by the definition of
g1, recalling g (di) = Ak, we have k > k, implies fi(a) % di (in PM<). So by
Specification 3.2.7. f.i), there is a ¢ € P,"" such that if for all k < w, FM"(c) = dy.
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So, for each finite k, d, € D and F,?/[““ (¢) = d. This contradicts D € uf(M,41)
and we finish. U306

3.3 K1 and K2

We now introduce some terminology from [BS2x]. We first describe the finitely gen-
erated models and then the extension to K 5, the models of the complete sentence.

Definition 3.3.1 (K 1<N0 Defined) M is in the class of structures K 1<No ifMe K zio
and there is a witness (n., B, b,.) such that:

1. b, € PM is the supremum of the finite joins of atoms in PM. Further, for some
k,U;<p P = {c: ¢ <b.} and foralln > k, P}, = 0.

2. B = (B, : n > n.) is an increasing sequence of finite Boolean subalgebras of
PM.

3. B,, 2 {ae PM:a<b.}=PM; the subset P U{FM(c): n < n.,c€
PMY generates B, .

Moreover, the Boolean algebra B, is free over the ideal PM (equivalently,
B,../PM is a free Boolean algebra®).

4. Unsp. Ba = PM.

5. PM is finite and not empty. Further, for each ¢ € P the FM(c) forn < w are
independent over PM.

6. The set {FM(c) : m > n.,c € PM} (the enumeration is without repetition) is
free from By, over PM, B, 2 PM and FM(c) A b, = 0 for m > n.. (In this
definition, 0 = OPIM.)

Indetail, let o (. ..z, . ..) be a Boolean algebra term in the variables ., (where
the c; are in P which is not identically 0. Then, for finitely many n; > n., and
a finite sequence of c; € P :

o(...EM(¢c;)...) > 0.

Further, for any non-zerod € B, withd ANb, =0, (i.e. d € B,, — Pj\%),

ol... Ffl\j(cl) ) Ad>0.
7. For everyn > n., B, is generated by B,,, U{FM(c) : n >m > n,,c€ PM}.
Thus PM and so M is generated by B,,, U P}M.

Note that the free generation in item 6 of Definition 3.3.1 is not preserved by ar-
bitrary direct limits and so is not a property of each model in K. In particular, as
M, is corrected to a model of K1, we check the freeness only for finitely generated
submodels as it will be false in general.

Recall some terminology from [BS2x].

2 A further equivalence: |Atom(Bn, )|/|PM | is a power of two.
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Definition 3.3.2 (K1, K5 Defined) 1. K denotes the collection of all direct lim-
its of models in K1<NO.

2. We say a model M in K is rich if for any N1, Ny € K1<NO with N1 C No and
Ny C M, there is an embedding of Ny into M over Nj.

3. Ko C K is the class of rich models.

Since K 1<N0 has joint embedding, amalgamation and only countably many finitely
generated models, we construct in the usual way a generic model, thus K5 is not empty.

Fact 3.3.3 There is a countable generic model M for K1 (Corollary 3.2.18 of [BS2x]).
We denote its Scott sentence by ¢. K o is the class of models of this ¢.

4 Correcting M, to a model of K

We now ‘correct’ the Fy-maximal model of K _;, M,, constructed in Section 3, to
obtain a Py-maximal model M (Definition 3.2.1) of the complete sentence constructed
in [BS2x], i.e. M € K. In Theorem 4.18 we modify M,, to construct a model
M € K with P C PM- and redefining the F,,, but retaining M [(PM U PM) =
M, [(P U PM+). The old values of F™+ will be used to divide the work of ensuring
each ultrafilter D is not in uf (M) by for each D, attending one by one to only those ¢
with infinitely many FM-(c) in D.

We now describe some of the salient properties of the model M obtained by ‘cor-
recting’ the M, of Section 3.

Remark 4.1 (The Corrections) 1. The domains of the structures constructed in
this section are subsets of M., the F,, are redefined so the new structures are
substructures only of the reduct of M to 7 — {F,, : n < w}.

2. In particular, for all the M considered here PM = PlM* and these Boolean
algebras have the same set of ultrafilters. However, uf(M) # uf(M,) as the
definition of uf depends on properties of the F,.

3. The set {FM(c) : ¢ € PM} is not required to be an independent subset in K _;.

4. Lemma 4.13 demands a sequence of finite Boolean algebras B, to witness
finitely generated substructures belong to K. (not required for K_1). The
stronger class of K -free structures [BS2x, Definition 3.2.11], which is closed
under extension by members of K1 and so has no maximal models plays no ac-
tive role in this paper. In particular, the final counterexample, Theorem 4.18, is
in K4 but is not K -free.

5. The proof is in ZFC. The proof in [BS2x] that a non-maximal model in \ makes
A measurable depends on <.

The main task of this section is to prove:
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Theorem 4.2 If \ is less than the first measurable cardinal, 280 < \ and for some p,
2 = X (whence \¥ = N), then there is a Py-maximal model in K 5 of cardinality \.

Conclusion 4.3, summarises the results of the construction in Theorem 3.2.6,
specifically to fix our assumptions for this section.

Conclusion 4.3 If A is as in Theorem 4.2 then there is a model M, with |M.| = A
satisfying:
pM-

1. PIM* is an atomic Boolean algebra and M, is Py-maximal. Further, | P; =\

fori=0,1.

2. P4Ml* is the set of atoms of M.,.

3. M, is nicely free (Definition 3.2.5); in particular, PlM* /Py* is a free Boolean
algebra of cardinality \.

In order to ‘correct’ M, to a model in K9, we lay out some notation for the index-
ing of the tasks performed in the construction, the generating set of PlM *, and the free
basis of the Boolean algebra PlM* / Péfw*.

Notation 4.4 We define a family of trees of sequences:
1. Forao < A\ let To = {()} U{am;n € <93} and T =, p Ta-
2. im(7,) is the collection of paths through T,,.

Combining the requirements for constructing M, (Specification 3.2.7) and the Def-
inition 3.2.5 of nicely free, we have

Claim 4.5 (Fixing Notation) Since M, is nicely free, without loss of generality, we
may assume:

1. The universe of M, is X and the O ofPlM* is the ordinal 0.

2. We can choose sequences of elements of PlM *, b= (b,: n € T) so that their im-
ages in the natural projection of PIM *on PIM </ Piw * freely generate PIM </ Piw *.

3. Foreverya € P47Ml* and the even ordinals oc < ), there is an n such that for any
v € T, 1g(v) > nimpliesa Av = 0.

Proof. The only difficulty is deducing from c) of Definition 3.2.5 (nicely free) that
3) holds. For that, we can insist that for each even «, for some ¢ € PQM* A aynin <
w} enumerates u. = {FM(c) : n < w} (from Definition 3.2.5.c). Now for a > 0,
let (by:n € Ta \ {()}) list {b,, 1, : n < w} without repetition and (b, : € To) list

{b],: n < w}. By Definition 3.1.2.7 (K _;) we have: for every a € P%* for all but

finitely many n, a A b,,,,, = 0pn.; whence for even « all but finitely many of the
1

v € Tq satisfy a A b, = 0par.. Uas
1

Note that Claim 4.5 provides a 1-1 map from PQM* to ordinals less than A\. We in-
troduce the collection of models that is the starting point for the following construction.
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Definition 4.6 (M, Defined) Let M' = M) be the set of M € K _y such that the
universe of M is contained in \, the universe of M., and fori < 2, (ori =4 or (4,1))
PM = pM- M(PM U PMY = M, [(PY U PM*) while P will not equal Py

The posited M, differs from any M € M only in that P! may be a proper subset
of PM* and the newly defined F*/(c) (usually) do not equal the FM~(c). We now
spell out the tasks which must be completed to correct M, to the required member of
K. The FM-(c) are used as oracles.

Definition 4.7 (Tasks) 1. Let Ty, the set of I-tasks, be the set of pairs (N1, N)
such that:

(a) N1 C© Ny C A
(b) Ni,No € KLy,
(¢c) N1 C M for some M & M. More explicitly, P} C P} and Ny [(PM U
PM) C M, and (FM|P)N) = FN for each n.
2. Let T'y, the set of 2-tasks, be the set of c € PQM*.
3. T=T,UTs,.
4. Let (to: o < A) enumerate T.
Note |T1| = |T'2| = |T'|.

Definition 4.8 (Task Satisfaction) The task t is relevant to the structure M if M €
M, and i) if t is I-task (N1, N2) and Ny C M or ii) if t is a 2-task c and ¢ € P
We say M € M satisfies the task t if either:

A) t = (N1, N2) € T (so Ny C M) and there exists an embedding of Na into M
over Nj.

B) t = ¢, wherec € PQM*, is in Ty and for every ultrafilter D on PM, such that for
infinitely many n, FM=(c) € D, there is a d € P! such that for infinitely many
n, FM(d) € D.

Recall Definition 3.2.2 of uf(M) and Lemma 3.2.4 connecting uf(M) with P,-
maximality of M.

Claim 4.9 If M € M satisfies all tasks in T and is in K1 then M is Py-maximal
and, in particular, satisfying the tasks in Ty guarantees it is in K.

Proof. For Py-maximality of M, it suffices, by Lemma 3.2.4, to show uf(M) =
(. But, since uf(M,) = 0, for every ultrafilter D on P}* there is ¢ € P;"* with
SM+*(D) infinite (Definition 3.2.2) and satisfying task ¢ means there is d € P such
that S37(D) is infinite and so D is not in uf(M). Since M and M* have the same
ultrafilters, this implies uf(M) = (), as required. The second assertion follows by
realizing that satisfying all the tasks in T'; establishes the model is rich, which suffices
by Fact 3.3.3. Lo
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Definition 4.11 lays out the use of the generating elements b,, in correcting the F*
to require independence while maintaining that infinite intersections of members of the
ultrafilter under consideration are empty. The infinite sequence 714 will guide the choice
of FM(d).

The following facts about the relation of symmetric difference and ultrafilters are
central for calculations below.

Remark 4.10 Recall that the operation of symmetric difference is associative.

1. Suppose B, C By are Boolean algebras with a € By, and by # c1 are in B,
and {by, c1 } is independent over B, in B.
The element (by A c¢1) A a € By is independent over By. More generally, if
{bi,c; : i < w} are independent over By, {a; : i < w} C By, e; = b; A
¢i A ajeand f; = b; A ¢ then each of {e; : i < w} and {f; 1 i < w} are
independent over B;.

2. Let D be an ultrafilter on a Boolean algebra B.

(a) Fora,be D,
(a € Diffbe D)ifandonly ifa A b & D.
(b) If ap, a1, az € B are distinct then at least one of a; & aj € D.

(c¢) More importantly for our use later, it is easy to check:
(ag € D iﬁ”al eD)

iff
(ag A a; Aag) €D < ag €D.

3. Ifaisanatom, a Nbg =0and a ANby =0, thena A (bg A by) = 0.

Proof. 1) If the element (b A ¢) A a € By is not independent over B; there is
a polynomial p over B; with p((b A ¢) A a) € By. But then, by Observation 1.2,
p(z,y) = p((x A y) A a)is also a polynomial over B; witnessing {b, ¢} is dependent
over B;. In the more general case any polynomial witnessing dependence in n of the
e; (f;) give a polynomial in 2n of the a;, b;, ¢; witnessing dependence of the original
set.

2) For a), if, say a € D and b ¢ D, then a — b and hence a A b € D so we have
‘left to right’ by contraposition. If both are in D, so is their meet which is disjoint from
aAbsoaAbég D.Sincea™ Ab~ =a A b, we have the result if neither is in D.

b) holds since the intersection over all pairs ¢, j < 3 of the a; A a; is empty. And
¢) is propositional logic from a) and b).

3a<(by ANby) < (by Ab])<(bpAbi)”.Asaisanatom,aA (by A by) =0.
Ua.10

We define a class Ml; C M such that for each d € P)¥ € M, there is an ordinal
g, a tree of elements of P, indexed by sequences in (7,,) C <“3, a target path 74
through that tree and a sequence aq,,, Whose indices are not in 7, but which satisfy
that each a € Pﬁ* = Pﬂ is in at most finitely many ag4,,. In the construction (Theo-
rem 4.18) of a model in My, 7, guides definition of the sequence FM (b,,). The aq,,
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are introduced to make Definition 4.11.B uniform. In cases 2 and 3 of Theorem 4.18
aq,n is always 0. In case 4, where the FTZLV[ (d) are defined as M is corrected from M.,
agn = FM+(d). The result is the values of the F/2(d) are both independent over a

finite initial segment and satisfy A\, _, FM(d) = (). The next definition abstracts from

this construction to identify the key ideas of the proof that if M € M, then M € K
(Lemma 4.13). The notation (Z) denotes the Boolean subalgebra of P} generated by
Z.

Definition 4.11 (M; Defined) Ler My be the set of M € M such that there is a
sequence w = {(ag,Md,adn): d € PM n < w) witnessing the membership, which
means:

A (a) Foreachd € PM, ag < \is even and dy # do implies ng, # na,. (In
case 4 of Lemma 4.18, many d,, have the same c,,.)
(b) (aa) <na € lim(7Tq,).
B For eachn < w, the g, are in PM* = PM and for each d € P}, there are®

distinct v1[d, n] and vo[d, n| that extend ng|n, v;(0) = ag, and have length n+1
such that:

(a) For everyn,
Frjlw(d) = (byl [d,n] A bw[d,n]) A agn;

(b) for each a € Pﬁ* and each d € P, there are only finitely many n with
a SPM* ad.n-
3 :

C For each finite Y C PM there is a list (d, : £ < |Y|} of Y such that:

(a) The dy list Y without repetition and oy = 4,
(b) Ifiy < iz <i3 <|Y|and o;;, = a, then a;, = .
(c) Thereis*ak, = k%’ such that

i. Fori# j, both less than n, n; |k} # n; ki .

ii. Let o,y abbreviate oq,, and set W C PlM* to be:

W = {agn:k<|Y|An<w} (1)
U{EM(dy) i < Y|,k <k}
Then W is included in the subalgebra ]B%g/ of PM generated by
{bo: N\ (nilk]) gwfori <|Y[}U{by} U P,
i<n

Note that the BY. is a cocountable subset of P (the complement is contained in
finite set of countable trees).

We will apply the following lemma three times to show that for M € M, the set
{FM(c)} is countably incomplete (witnessing Definition 3.1.2.7).

e, 1 [d, n] depends on d and n.
4See proof of goal in Lemma 4.18.
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Lemma 4.12 For any «, if p # v are in T, and c is an even ordinal +y, then for all but
finitely many n
al (b, Ab, A agy)=0.

Proof. Recall from 4.5.3, that for every a € P4],V [1* and the even ordinals o« < A, there
is an n, such that for any v, p € 7T, with lg(v) > n and Ig(p) > n, a Ab, = 0
and a A b, = 0. When a4, = 0 the result is immediate from Lemma 4.10.3. When
Qdn = FM-(¢), since v is even, and applying Claim 4.5, it follows that for every
a € P4,Ml* , and large enough n, we have the result. 419

We will show in Lemma 4.13 that members of Ml, are in K; and then in Theo-
rem 4.18 that there are structures in M that are in K5. Two main features distinguish
K from K _;. The F,,(d) retain the ‘countable incompleteness’ property from K _;
but also must be independent; M € K7 when M is a direct limit of members of K 1<No'

Lemma 4.13 If M € My, then M € K.

Proof. Suppose M € My. Let Y € PM and X C PM be finite; we shall find
N = Nxy € K1<N0 such that Y U X C N C M; this suffices. As, K is defined to
be the collection of direct limits of finitely generated structures’ in K 1<N0.

Our two main goals in this proof are to find an N, n,, b, in which i) the F,ﬁ‘/[ [N
satisfy property 6 (independence) of Definition 3.3.1 over a B,,, and property 7 of
Definition 3.1.2 and then ii) construct a sequence of finite Boolean algebras (B,, : n >
n.) with N = J, _,, By, that witness 2 and 3 of Definition 3.3.1.

The finite k; = k) specified in Definition 4.11 depends only on Y; in the next
definition we increase k; to a kf = k{*¥ and using the definition of M, show the
F}M(d) are independent over X for k > ki¥¥.

We build two increasing chains of length |Y| of subboolean algebras. The B, will
be cocountable, while the IF, will be countable. The existence of kY satisfying the
conditions of Definition 4.14 is proved in Fact 4.15.

Definition 4.14 (k1) Let the sequence (a4, na,q): d € PM k < w) witness M €
My as in Definition 4.11. Let (d; : i < n) enumerate Y without repetition and denote,
Sfori < n, ng, byn; and ag, by o;. Without loss, the (n;(0): i < n) are non-decreasing.
Fix ky = kXY such that

1. kXY > kY (see Definition 4.11.B)

2. (iTkXY 1 i < n) are distinct for i < n.

3 kXY > max{lg(v) : b, € (X U{FM(d;):i <|Y|,k <k{}
4. We consider the following sets determined by X UY .

(a) F<o=Fo=XU{FM(d): i <|Y|=nk <k}
(b) For1 < (< |Y|, Fo={FM(d) : k> k}V};

SNote there is an common substructure of M containing any finite collection of finitely generated (as in
this argument) substructures of M.
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() Faop1 =F<qUFp;
(d) F* = (F<¢)ar.

By = {bv: \ ilkY) vfori<+1}0{by}UPM.
<i<n

Note that By D BY since kXY > kY. B,,. will be F” and N will be F"~'. Note

that while the B are cocountable, the F';, are countable.
Since X and Y are finite we now choose ki*Y to satisfy conditions 1-3 of Defini-
tion 4.14; we now show the other conditions are satisfied.

Fact 4.15 There is a ki = kXY such that for each {, F is contained in IB_KXY.

Proof. Recall (Claim 4.5) that M, is free on the {b, : 7 € 7} modulo the P}~
Choose kXY larger than the length of any v such that for some 2 € X b, is a generator
in a minimal representation of z or v(0) € @ = {ay, ... ay—1}. Then,

FoC({b,:veT,lg) <kXYPU{by}uPM C By

As {increases F}M (d;) for i < ¢ are admitted to B: and so Fy C B%y. Os15
To establish goal i) we need the following claim.

Lemma 4.16 Foreach 1 < ¢ < n, Fy is independent over IB%‘; mod PM.
Proof. We prove this claim by showing by induction on £ < |Y| = n:

(©0) Fo={FM(d;): k> kY andi < ¢}
is independent in PM over Bﬁ(_; mod P,

For 1 < ¢ < |Y/|, the induction on ¢ shows incrementally, at stage ¢ + 1, the
independence of the by, , with r > k¥ over IB%@. By Claim 4.5.2 and the choice of
r > k'Y, the {b, (4, : 7 > k{*"'} are independent mod P}. Thus (using the f;
from Remark 4.10) the infinite set {b,,(4,.n & buya,.n)): @ € {0,1},n > k{Y) is
independent over B} *. By Definition 4.11.C) the {ag, r: k> kY } arein B, . Recall,

Féw(de) = (bul [de,n] A bl/z[dg,n]) Aag,n-

So, Lemma 4.10.2 (now using the e;) implies F', is independent over IB%@. Since inde-
pendence is transitive (Lemma 1.3.3) F'y is independent over Bg,. 416

By Lemma 4.12, for sufficiently large n, a £ F(dy). So the countable incom-
pleteness condition in the definition K _; is satisfied. This completes goal i). To
accomplish goal ii) and finish the proof of Lemma 4.13 by satisfying conditions 2-4 of
Definition 3.3.1, we must define appropriate P}V and find a sequence of finite Boolean
algebras B,, witnessing that N € KL . Let PN = F" . We have PV is freely
generated (modulo the ideal generated by the atoms of B,,,) by a countable set over
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B,, = F°. Let b, be the supremum of the atoms in B,,,, and P}¥ the predecessors of
b..

For m > n,, let B,, be generated by B,,, and the first m elements of this generating
set. Then P{¥/P} is atomless. Set P’ = {(G})"'(a) : a € P} N P and
P2N =Y, thus P4]Y1 C B,,. Moreover, since M satisfies Definition 4.11.B.c, N
satisfies Definition 3.1.2.c the FV(c) witness incompleteness). Boolean algebras are
locally finite and we can recognize whether (X ) is free if by whether it has 2/X1 atoms.
Thus, we can refine the sequence B,, to finite free algebras to witness that M € K.
Us13

Now we show M is non-empty and at least one member satisfies all the tasks. In
case 4) of this argument we address the requirement that uf(M,) = ) and so uf(M) =
() as well. We need the following observation because as the construction proceeds, an
N1 may become a substructure of Mg because some value of an F}, is newly defined

. M
on a point of P, 7.

Notation 4.17 We can enumerate T as (to: o < \) such that each task appears A
times, as we assumed in Hypothesis 4.3 that A = \X°.

For Theorem 4.18, to realize all the tasks, A > 280 would suffice; the requirement
in Lemma 2.5 that A = 2* is used to get maximal models. The object of case 3) is
to ensure that the final model is rich (existentially complete); case 4) shows uf (M) =
uf(M,) = 0. After addressing each task a final section on witnesses verifies the M €
M.

Theorem 4.18 There is an M € M, that satisfies all the tasks, is in Ko, and is Py-
maximal.

Proof. As we construct M, we show at appropriate stages that tasks from 7'; and
T are satisfied. Then we show each stage « the goal: M, € M. We choose M, by
induction on o« < X such that:

1. w, witnesses M, € My (Definition 4.11). And for 8 < «, w, extends wg.
That is, for d € PQMﬁ, ag[Wa] = ag[wgl, na[wa] = na[wgl, and ag n[wa] =
adn[wp] .

2. PMo C PM- has cardinality at most || + 2%,

3. if a = § + 1 and tg is relevant to Mg, M, satisfies task ts.

case 1 If a = 0, set My = M, [(P* U P}M).
case 2 Take unions at limits.
case3 o =+ 1 and say, tg = (N1, Na). (Definition 4.7)

Task: We first verify task 3 + 1.

If N; is not embedded in Mg then the task is irrelevant and let M, = Mg and
wo = wg. Ifitis, let (d;: i < m) enumerate P;'> — P;'*. By induction, since
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Mp € M, there are witnesses wg = (aq,k, 14, q) (formally (adﬁ,k, ng, a§>) for
eachd € PM’S
Let U, = {0 : (3b, € Mp)[v(0) = 6]}. Clearly |U,| < |a| + 2%° and

() {aap: k<w,de Py} U{b,: (3de Py e T, } UPY: UPY
is included in the subalgebra of M, generated by the

{b,: 3B € Ua, p(0) = B} U {by} U Pﬁ*.

Choose (a;,n;) fori < m = |PN?| — |PN*| with 7;(0) = a; and each «; in
A — U,. Let M, extend P;"* by adding new (d; : i < m) from P}* to form
PMe_ For simplicity we write (ag,,14,) = (a, ;).

Since No € K y,, PlN ? is decomposed as a union of the finite free Boolean
algebras® (B? : i > n,N?) where, writing b, for bY2 and” n, for nl¥2, Nj is
freely generated over B = B,,, mod PN 2. We first identify acopy B’ of B. For
this, map atoms a € P4Nf P[fvll 1-1 into atoms a’ in P4 N P4 i . Choose an
increasing sequence of Bj, notin U, U{e; : i < m},forj < s, the cardinality of
a basis for B3, and sequences p; € 7}; such that the b, |2, i.e. b% p; (1)) chosen
from the free (mod the atoms) generators, determine exactly same subsets of the
a’ as the corresponding elements of B do of the associated a. This is possible
as any collection of such subsets is realized by A many collections of generators.
This enforces relations on b,, making B’ ~ B. Butthe {b, 1 : j < m,k > n.}

are independent from B’ mod Piw"‘ = P4 . In particular the image of b,,
b’ = bMa | is a finite union of atoms a’ in B’.

Recall that the domain of M|, is a subset of M., but M,, is not a substructure of
M, with respect to P, and the Fj,. Since the b,, [k for kK > n, are independent
mod P}’ and, as for the f; in Remark 4.10.1, we can define hs to embed the
Boolean algebra P2 into P+ over P} such that for k > n.

hg(F?(ci)) = by io A by, i
and make hg a T-map by setting (with each a4 1 = Opy, ):
Féwo‘(dL) (bm”(oAb kAlAOM —b kA()Ab )

To clarify notation, by setting® aq, = 0 for i < m, we declared:

FN2 (dy) = FYM(dy) = (by, 1100 b by, K1) B Opar.,

While the domain of No C ), the interpretation under N2 of relation symbols in 7 on ordinals not in
the domain of N has nothing to with the interpretations in M or Mg.

TTechnically, we are defining ni\/la. But the value is set once and for all at stage « so just call it by the
final name.

8The agq,y are dummies in this case to provide uniformity with case 4 in proving Lemma 4.13.
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By Lemma 4.12, for some n, for all k& > n, a ,{PM* F,iw”(di) so condition
1
4.11.B.2 holds.

And for each 4, applying Remark 4.10.1to fi = by, k0 A by, 11 the {FM* (d;)

kY < k < w} are independent and form a basis for a subalgebra N} of PlM*
over Ni. Thus, N}, € K 1<N0 and we have verified that task t g is satisfied.

case4 o=+ 1andtg € T;say,tg =c.

We define M. Define U, as in Case 3, but extending U, by the ordinal named
by cif ¢ ¢ Mpg. This extension guarantees that the F,i”* (c) are in BY.. Now
choose an even ordinal v in A — U,,. that

({by = n(0) = ~}) N (Ua) = 0.

To show M € K _; note that countable incompleteness (Definition 3.1.2.vii),
for every a € P,}*, for all but finitely many n, F)* (d,n) Aa = 0 pa,, follows
immediately from Lemma 4.12,

To define Fé\/f"‘ (dy), foreach n € lim 7 and k£ < w, choose iy < i1 < 2 that are
different from 7(k). Recalling ¢ = tg, let

Fljwa (dn) = (bnrlﬂo A bnrlﬂ'l) A (Fliv[*(c»

Thus, for the d € PQM” — PQM ?, chosen towards satisfying t g = ¢, we have set
(aak,ng, ) = (FkM (¢),dy,7). Thatis, aqr = F,iw (¢).

Task: We must show M, satisfies task tg. Since uf(M,) = (), for any non-
principal ultrafilter D, there is an e € P, such that the set SM+(D) =
{n: FMa(e) € D} is infinite (Definition 3.2.2). By the definition of the task
tg = ¢, there is a D where the given ¢ witnesses for D in uf (M.,). We show task
tg is satisfied for D by one of the d,), which thus is a witness to D ¢ uf(M,).

Define n” € lim(7,) by induction’: n”(0) = ~. By Remark 4.10.2 one of
the three elements b, ;y Ab(y ), for i # j and i, j < 3, must not be in D. Let
nP (1) be the other member of {0,1,2}. For k& > 1, suppose v = n” [k has
been defined. Again, by Remark 4.10.2 one of the three elements b,~ Ab,~;, for
i # jandi,j < 3, must not be in D. Let n” (k) be third of the symmetric
differences, which by Remark 4.10.2.c must be in D. For the infinitely many n
with F)/e(c) € D, we have FMe(d,n) € D.

Goal: M, € My: We show M, satisfies Definition 4.11. The descriptive por-
tions of Conditions A and B.i) of Definition 4.11 are clearly satisfied by the
construction; Condition B.ii) was shown in the proof of each case.

For condition C, choose any finite Y C P2M * and partition Y into Y7 = YﬂPQA 1

and Yo = Y — V7. Set ki as the least integer'® such that for all n; # 7. with
dye €Y, nalks # nelkt.

9This argument is patterned on the simple black box in Lemma 1.5 of [She], but even simpler.
10Naturally this is only relevant when ag = cve but than can happen in case 3 and must happen in case 4.
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For those d € Y7, we just leave w, = wg. For d € Y5, the two cases differ
slightly.

In case 3, d € PMe — PQMﬁ = Y5, we (implicitly) defined wy (o) = (0, ng, ag)-
In case!! 4 the elements of Y> are among the 2% d,, with 1(0) = ~. For them,
wa(a) = (F" (), na,7)-

For Condition 4.11.C, note, every element of W is in the ({b,;v(0) € U,})
and so in Boy. For d € Y7 this follows since d € PQMB implies ag € U,. In
case 3, the ag, ,, are all 0 and the F2(d) for i < n and n < w are all Boolean
combinations of elements b, with v < n; [ k1.

The difference for case 4 is in verifying the aq4,,, are in U,. Now if admn[wa] =
FM-(¢) is b, then v(0) € U, by the revised definition of U, in case 4 and so
Ad.n € BO.

Now, let M = |J,,_ Ma. Then, M € My, |Pj| = X, and each task has been
satisfied. So M € K.

Oa1s
Now by Claim 4.9, we finish.

Conclusion 4.19 The M € Ko constructed in Theorem 4.18 Py-maximal and all
|PM| = \. As in [BS2x, Corollary 3.3.14], for every X less than the first measur-
able, since M € Ko implies |M| < QPOM, there is a maximal model M € K5 with
2 < M| <22,

Question 4.20 1. Is there a k < u, where p is the first measurable, such that if a
complete sentence has a maximal model in cardinality k, it has maximal models
in cardinalities cofinal in j1?

2. Is there a complete sentence that has maximal models cofinally in some r with
3, < K < pwhere puis the first measurable, but no larger models are maximal.
Could the first inaccessible be such a k?
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