RADEMACHER PENALTIES
AND STRUCTURAL RISK MINIMIZATION

Vladimir Koltchinskii

We suggest a penalty function to be used in various problems of structural risk minimization. This
penalty is data dependent and is based on the sup-norm of the so called Rademacher process indexed by
the underlying class of functions (sets). The standard complexity penalties, used in learning problems and
based on the VC-dimensions of the classes, are conservative upper bounds (in a probabilistic sense, uniformly
over the set of all underlying distributions) for the penalty we suggest. Thus, for a particular distribution of
training examples one can expect better performance of learning algorithms with the data-driven Rademacher
penalties. We obtain oracle inequalities for the theoretical risk of estimators, obtained by structural mini-
mization of the empirical risk with Rademacher penalties. The inequalities imply some form of optimality
of the empirical risk minimizers. We also suggest an iterative approach to structural risk minimization with
Rademacher penalties, in which the hierarchy of classes is not given in advance, but is determined in the data-
driven iterative process of risk minimization. We prove probabilistic oracle inequalities for the theoretical risk

of the estimators based on this approach as well.

Index Terms: Structural Risk Minimization, Iterative Structural Risk Minimization, Rademacher Penalty,

Oracle Inequalities, Empirical Process, Classification

1. Dimension based penalties and Rademacher penalties in risk minimization. Let Y be a
{0, 1}-valued random variable (label) to be predicted based on an observation of another random variable X
taking values in a measurable space (S,.4). A decision rule is a measurable set C' € A, or, equivalently, the
measurable function g = I, where

0 otherwise.

The risk of the decision rule C is defined by L(C) := P{Y # Ic(X)}). It is well known that the optimal
decision rule (the one that minimizes the risk on A) is given by

Copt = {az P{Y =0|X =2} <P{Y =1|X = x}}.

To determine the set Copy one has to know the joint distribution of (X,Y"). Most often, this distribution
is unknown and determining the decision rule is to be based on the sample ((X1,Y1),...,(X,,Ys)) of
independent copies of (X,Y") (the training data). Given a class C of decision rules, the estimate of the
?optimal” decision rule is determined by minimization of the empirical risk C,, := argmin{L,(C) : C € C},
where L, (C) is the average classification error of the decision rule C' on the training data:

Ln(C) =01 Itvyzro(x,)y-
j=1

This is the well known method of empirical risk minimization frequently used in the problems of concept
learning (pattern recognition, statistical classification) at least since the landmark works of Vapnik and Cher-
vonenkis (1971, 1974) (see also Vapnik (1982, 1995, 1998), Devroye, Gyorfi and Lugosi (1996), Vidyasagar
(1997)). It plays also an important role in computational learning theory (Valiant (1984), Blumer, Ehren-
feucht, Haussler and Warmuth (1989)).

The choice of the class C of decision rules poses a hard problem. Most often, the available prior informa-
tion about the unknown distribution of (X,Y") is not enough to determine a reasonable class C that contains
Copt- In an attempt to make the minimal risk mincecL(C) smaller, one can try to choose very large class
C. This results in poor approximation of the risk L by the empirical risk L,, on the class C. In such cases,
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the solution C'n of the empirical risk minimization problem does not have to be close to Cop¢ and the risk
of this solution does not have to be small. This leads to the necessity to take into account the ”complexity”
of the class C. The standard way to measure the complexity is based on the notion of V' C-dimension of the
class. Given a finite set F' C S, denote AC(F) := card({FNC : C € C}) and

m(C,n) :=sup{A°(F): F C S, card(F) =n}, n > 1.

Then the V C-dimension of the class C is defined as V/(C) :=sup{n > 1: m(C,n) = 2"}.

Consider now a nondecreasing sequence {Cx }n>1 of classes of decision rules (a sieve). Vapnik’s method
of structural risk minimization is based on minimizing the so called penalized empirical risk:

C = argmin{L,(C) : C € éN}, N :=argmin{N > 1: érélcn L, (C) + pen(n; N)},

where pen(n; V) is the complexity penalty of the class Cy. A standard choice of the complexity penalty is
as follows:

(1.1) pen(n; N) := \/10g(468m(§z;,n2)) N

which is, roughly, const \/(V(Cn)logn + N)/n (see, e.g., Lugosi and Zeger (1996)). This particular choice is
based on the following bound (due to Devroye) for the deviations of the empirical risk from the theoretical
one uniformly over a class C of the decision rules:

(1.2) P{sup|Ln(C) — L(C)| > €} < 4e*m(C,n)e~2"".
ceC

Lugosi and Zeger (1996) established the following bounds for the estimator C :

Y —ne?/2 8 .2\ —ne2/8
(1.3) P{L(C) Clélch L(C)>e} <e + 4e®m(Cy;n?)e ,

which holds for all € > 4pen(n; N), and

(1.4) EL(C) ~ Lo < nf [ inf L(C)~ Lo+ \/IGV(CN) logn + 8V + 1)

N>1lcecy n

where Lo := infy>1 infoeey L(C).

Given a class C of decision rules and a number Ly € (0,1/2), let P(C; Lo) be the set of all distributions of
(X,Y) such that L(C) > Lo for all C € C. Suppose that V(C) > 2. Devroye, Gyorfi and Lugosi (1996) gave a
minimax lower bound for the risk of arbitrary empirical decision rule, based on the data (X1,Y1),...,(X,,Y,)
(see their Theorem 14.5). Namely, for any such a decision rule C, there exists a distribution of training
examples from the set P(C; Ly) such that

Lo(V(C) = 1)

) Y — Lo > e 8
(1.5) EL(C) — Lo > e s

for all n > (2Lo)~*((1 — 2Lo) 2V 9)(V(C) — 1).

Let {Cnx} be an increasing sequence of VC-classes such that {V(Cn)} is strictly increasing and for
some constant D > 0 V(Cny1) < DV(Cyn), N > 1. Let {05} be a sequence such that oy | 0. Let P :=
P{{Cn};{0n}; Lo) be the class of all distributions of (X,Y") such that 0 < infcecy L(C) — Lo < dn, N > 1.
It follows from (1.4) and (1.5) that with some constants A, B > 0

A . V(Cn)logn
(1.6) spEL(C) ~ Lo < A jnf [5N + f]
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and

. ~ . V(Cn)

. — > .

(1.7 1rcgf s%pIEL(C) Ly > Bz\lrnzf1 [6N + - ]

Thus the estimator C , obtained using the structural risk minimization approach, is optimal in the minimax
sense up to a logarithmic factor and up to constants.

A natural measure of complexity of the class C of decision rules in the problems of empirical risk mini-
mization is the accuracy of empirical approximation on the class C, defined by ||L,, — L||¢ := supcec |Ln(C) -
L(C)|, or as the expectation of this quantity. The bound (1.2) is uniform with respect to all the distributions
of (X,Y) and therefore it does not have to be optimal for a particular distribution. Also, the constants in
this bound are not best possible and the V' C-dimension of the class C of decision rules is often unknown and
has to be replaced by its upper bound (this is the case, for instance, for some classes of neural networks).
This hierarchy of non-optimal upper bounds leads to the fact that the penalty function pen(n,N), defined
by (1.1), is often much larger than the ”ideal” penalty E||L, — L||¢,- The ”ideal” penalty, however, can not
be used in practice since the distribution of (X,Y") is unknown. Therefore, rather conservative upper bounds,
described above, are to be used instead.

In the recent literature on nonparametric estimation, an approach quite similar to the structural risk
minimization is often referred to as the method of sieves. Birgé and Massart (1996), Barron, Birgé and
Massart (1999) have studied rather thoroughly the penalty functions to be used in the problems of adaptive
estimation on sieves. They used powerful Talagrand’s concentration and deviation inequalities for empirical
processes (Talagrand (1996a,b), Ledoux (1996), Massart (1999)) to obtain the so called oracle inequalities for
the theoretical risk of their estimators. The method of oracle inequalities has become a rather popular way
to prove optimality properties of nonparametric statistical estimators (see Johnstone (1998)). The Birgé-
Massart penalties are also based on the dimensions of the classes of functions (metric entropy dimensions or
VC-type dimensions). Their approach works rather well in some examples of sieves that frequently occur in
the problems of nonparametric regression and density estimation (for example, for nested families of Sobolev
ellipsoids). In such cases, the Birgé-Massart penalties provide rather sharp upper bounds for the accuracy
of empirical approximation. This is not always the case, however, in the problems of concept learning. In
these problems, the dimension based penalties often overestimate the value of E||L,, — L||¢, which imposes
unnecessary restrictions on the complexity of the classes of decision rules and results in prohibitively large
sample sizes required to guarantee a reasonable accuracy of learning.

In this paper, we suggest a data based penalty, defined by p(n; N) := R,,(Cn), where

(1.8) Ro(C) = sup|n Y ril{y,r10(x,))
cecl o

{rn}n>1 being a Rademacher sequence (i.e. a sequence of independent random variables taking values +1 and
—1 with probability 1/2 each), independent of {(X,,,Y,,)}. We call such a penalty the Rademacher penalty.
The quantities similar to R,(C) have been frequently used in the so called symmetrization inequalities for
empirical processes (see Lemma 2.4 below). The method of Rademacher symmetrization, known in many
areas of Analysis and Probability, was brought to the empirical processes theory by Koltchinskii (1981),
Pollard (1982), and, especially, Giné and Zinn (1984). It allowed them to simplify substantially the proofs
of the original Vapnik and Chervonenkis (1971, 1974) results and to develop the techniques of uniform
bounds for empirical processes to the level they could be used to prove uniform versions of the central
limit theorem (see Dudley (1999) and van der Vaart and Wellner (1996) for thorough account of these
developments). Despite the theoretical importance of the Rademacher symmetrization, its use as a tool of
statistical inference has been rather limited. Using R, (C) as a (computable) measure of the accuracy of
empirical approximation on the class C is actually a special case of the so called weighted bootstrap (see van
der Vaart and Wellner (1996)). Recently, Koltchinskii, Abdallah, Ariola, Dorato and Panchenko (1999) used
similar quantities in statistical learning problems that occur in control theory.

It is easy to check that computing the Rademacher penalty is equivalent to the solution of empirical
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risk minimization problem for "randomly relabeled” sample. Indeed, we have

R, (C) = sup [n’l En: rjf{wzc(xn}] V (— Inf, ["’1 En: rﬂmﬂc(xj)}] ) ,
j=1 i=1

S0, it is enough to compute separately the supremum and the infimum above. Let us consider, for instance,
the supremum. We have

> orilyzexyy = Y, A=Io(X)+ > Io(X))-

j=1 rj=+1,Y;=1 r=+1,Y;=0
n
- ) A-Ie(X)) - Y Ie(Xp = Y i+ oile(Xy),
ri=—1,Y;=1 rj=—1,Y;=0 Jj=1,..n:Y;=1 j=1
where o, := —(2Y; — 1)r;. Thus, maximizing 2?21 riliy;210(x;)y over C € C is equivalent to maximizing

Y51 0ilc(X;). Next, we have

ZUjIC(Xj): Z Io(X;) - Z Io(Xj) =

o;j=+1 o;j=—1

== > Io(X) - > (I-Io(X)) +card{j=1,...,n:0; = +1},

o;j=—1 o;j=+1

Hence, the problem can be reduced to minimizing

Z Io(X;) + Z (1-Ic(X;)) = ZI{YJ-#IC(X]-)}’
j=1

oj=—1 o;j=+1

where Y; = 0 iff 5; = —1, and Y; = 1 otherwise. The above argument also shows that R,(C) can be viewed
as a measure of ”separation power” of the class C of decision rules. Indeed, if the value of R, (C) is large, the
class of decision rules C would separate the ”positive” examples from the ”negative” ones with a small error
even if the labels were assigned at random. This indicates that the class C is too large (a reasonable class of
decision rules should separate the positive examples from the negative ones in the case of correct labels, but
should not do this when the labels are randomly misplaced).

In the next section, we describe more general version of structural minimization of empirical risk with
Rademacher penalties. This version also applies to the problems of function learning and regression. We
prove probabilistic oracle inequalities (of the same type as (1.3), (1.4)) that give upper bounds for the
(theoretical) risk of the functions that approximately minimize the penalized empirical risk. The inequalities
show some form of optimality of the procedure of structural risk minimization with Rademacher penalties.
In a special case of the sieve formed by VC-classes of sets (concepts), the decision rule, obtained by the
method of structural risk minimization with Rademacher penalties, has the optimal value of risk (up to a
multiplicative constant).

One of the problems with the implementation of the method of Rademacher penalization is the necessity
to compute the penalties, which, as we have shown above, is equivalent to solving precisely the problem of
minimization of the empirical risk for randomly relabeled data. In many cases only approximate solution
of this problem is available and the accuracy of approximation is not known precisely. We consider in the
last two sections a possible way to get around these difficulties. Namely, we develop in these sections a
method of iterative structural risk minimization with Rademacher penalties. Instead of using the hierarchy
of function classes given in advance, this method allows one to determine finite data dependent pools of
functions in the data-driven process of empirical risk minimization. The Rademacher penalties are now
computed by maximizing the Rademacher process over these finite pools of functions. This resembles the
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recent work of some other authors on developing more flexible data-driven versions of risk minimization
(such as ”simple empirical covering” of Buescher and Kumar (1996), ”structural risk minimization over data-
dependent hierarchies” of Shawe-Taylor, Bartlett, Williamson and Anthony (1996), ”self-bounding learning”
of Freund (1998)). It is also worth mentioning that popular boosting algorithms are, in fact, methods of
iterative structural minimization of risk. They are known to produce classifiers of rather high complexity
and with small classification error, seemingly overcoming the standard difficulties related to overfitting the
data. This could be due to the fact that the right measure of complexity for such iterative risk minimization
algorithms should be data dependent and based on the functions actually involved in the iteration process
rather than on VC-dimensions of the huge classes of classifiers of which the actual iteration pool is only a
small part. We prove probabilistic oracle inequalities, showing some form of optimality of iterative structural
risk minimization.

2. Oracle inequalities for structural risk minimization with Rademacher penalties. Let
(S, A) be a measurable space and let {X,,},>1 be a sequence of i.i.d. observations in this space with common
distribution P. We assume that this sequence is defined on a probability space (2, X, P). Denote P(S) :=
P(S,.A) the set of all probability measures on (S, .4). Let P,, be the empirical measure based on the sample
(Xl,...,Xn) .

n
_ 1 z€A
P,=n"" Ox. here §,(A) :=
ni= ; x;, where 0 (4) {0 otherwise.

Given a probability measure p on (S;A4) (e.g. P or P,) and a p-integrable function f, we define p(f) :=
/. ¢ fdp, and in what follows we frequently identify p with the mapping f ~— u(f). Given a class F of
measurable functions from (S, .4) into [0, 1], we denote

An(F) =Py = Pl and Ry (F) :=In™" Y riox; |7
j=1

Here || - || 7 stands for the norm of the space £*°(F) of all uniformly bounded real valued functions on F :
1Yz == supper [Y(FI, YV : F > R.

To avoid dealing with complicated measurability issues that frequently occur in the theory of empirical
processes, we assume in what follows that the classes of functions we are working with are countable. However,
all the results of the paper are true if this assumption is replaced by standard assumptions of empirical
measurability of the classes, the probability measure PP is replaced by outer probability, expectation E is
replaced by outer expectation, etc. (see Dudley (1999) or van der Vaart and Wellner (1996) for the discussion
of these issues).

Consider a family {F,, : m € M} of classes of measurable functions from (S,.4) into [0, 1] (a sieve).
The set M is supposed to be countable. We assume in what follows that for different classes in the sieve one
can use different sample sizes. We denote these sample sizes {n,, : m € M}. Let {¢,, : m € M} be a set of
positive real numbers. We define an ”ideal” penalty function by

6t + 2
VIm

(2.1) Z(m) :=Z(m;{Fm,Nm,tm : m € M}) :=5EA,, (Fn)+

and an empirical Rademacher penalty function by

3t

Vit

(2.2) Em) := EM;{Fm,nmytm : m € M}) :=2R,,  (F) +

Given § > 0, we define a random variable . € M and an estimate f = f5 € Fr (M and f depend on
the data {X; : j =1,...,nm }mem), such that

(2:3) Jat [ inf Py, (f) +E0m)] +02 P, () + EG).



In the setting of Section 1, the space S is to be replaced by S x {0,1}. The sieve in this case is the
family {Fn : N > 1}, where

Fr={fe:Celn}, N 21, fola,y) = Lyprowy © € Sy € {01}

2.1. Theorem. The following inequalities hold:

(2.4) i {P(f) > inf [ inf P, (f)+Em)] +5} < m; exp{——tfn}
and
(2.5) pZ‘;%)P{P(f) > inf [ inf P(f)+Z(m)] +5} < 2%4 exp{~22,)

The proof uses a well known exponential inequality for martingale difference sequences (see, e.g., Ledoux
and Talagrand (1991), Lemma 1.5, or Devroye, Gyorfi and Lugosi (1996), Theorem 9.1). This inequality is due
to Azuma (1967). Yurinski (1974) suggested a martingale representation of the norms of sums of independent
random vectors and opened a way to use this type of inequalities in Probability in Banach spaces. They
also found a number of applications in the local theory of Banach spaces (Milman and Schechtman (1986)).
Koltchinskii (1985, 1986) applied these inequalities to empirical processes and random entropies, Rhee and
Talagrand (1987) used them in their study of NP-complete problems, McDiarmid (1989) considered a broad
range of applications in graph theory and combinatorics, Devroye, Gyorfi and Lugosi (1996) used them
in the problems of pattern recognition. Talagrand (1996a, 1996b) has developed much more powerful and
sophisticated technique of concentration inequalities that have already been applied to the problems of
adaptive nonparametric estimation (Barron, Birgé and Massart (1999)).

More specifically, the following corollary of Azuma’s inequality will be used (see Devroye, Gyorfi and
Lugosi (1996), Theorem 9.2). Let (A, A) be a measurable space and let g be a measurable function from A™

into R, such that with some constants ¢; >0, i=1,...,n
: <
l9(z1, i1, Ty Tty o5 Tn) — (@1, Ti1, T, Tig1, -, Ta)| o,
for all zy,...,%x—1, %, 5, Tip1, ..., xn € A, i =1,...,n. Let Y1,...,Y, be independent random variables

with values in (A, .A). Then for alle >0
]P{g(Yl,...,Yn)—Eg(Yl,...,Y)>s}<exp{ 2}
Z] 1 j

and

IF’{]EQ(Yl,...,Yn)—g(Yl,...Y)>6}<exp{ Z Z}
j=1 .7

These inequalities immediately imply the following lemmas.

2.2. Lemma. For all € > 0,
P{A,(F) > EA,(F) + &} < exp{—2¢n}

and
P{EA,(F) > Ap(F) + e} < exp{—2¢?n}.

2.3. Lemma. For all € > 0,
P{ERn(F) > Bn(F) + £} < exp{—c"n/2}

nd
! P{R,(F) > ER,(F) + ¢} < exp{—e’n/2}.
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2.4. Lemma. For all € > 0,
, 2 .
P{A,(F) = 2R, (F) > E[A,(F) — 2R, (F)] + 3¢} < exp{—18c?n/25} < exp{—gszn}

and
P{A,(F) + 2Rp(F) > E[A,(F) + 2R, (F)] + 3¢} < exp{—18e?n/25} < exp{—§52n}.

Note that inequalities similar to the ones of Lemma 2.4 can be also obtained by combining the bounds
of Lemma 2.2 and Lemma 2.3, but this leads to the worse values of constants. [This improvements of the
constants was suggested to the author by Don Hush and Clint Scovel, see also Hush and Scovel (1999)].

2.5. Lemma. The following inequalities hold:

1
SER(F) — —E||n_12r] (Ox; — P)||lr < EA(F) < 2ER,,(F).

2\/_

Lemma 2.5 gives symmetrization inequalities for empirical processes. The proofs of the last two in-
equalities can be found, for instance, in van der Vaart and Wellner (1996). The proof of the first inequality
is obvious:

ER,(F) <Elln™" > r;j(6x, — P)llz+Eln™" > rj| <

j=1 j=1

n n
<Elnt Y ri(0x, — P)llr + B2t S rg ) = Bl 12% Pl + 7

j=1 j=1
Proof of Theorem 2.1. The following bound is obvious (since f € Fs,):
(2:6) P(f) < Pu, () + A, (Fin),

and using the first bound of Lemma 2.4 and the inequality E[A(F,,) — 2R, (Fm)] < 0 (Lemma 2.5) we can

write

(2.7) ]P( U {Anm(}'m) > 2an(fm)+3tmn,;1/2}) <y exp{—gt;}.
meM meM

This implies that with probability at least 1 — >\, exp{—%tfn}, we have (by the definition of f, m)

P( ) < Py, (f) + 2R, (-7'—7?1) + 3tmn;11/2 _

~»

s

)+ &) < inf ot Py o (f) +Em)] + 9,

(2.8) =P (

and the inequality (2.4) follows.
To prove (2.5), note that, by the second bound of Lemma 2.4, we get

( U {2n(Fn) + 2Rn(F) Z]E[An(]-"m)+2Rn(fm)]+3tmn;f/2}) <) exp{—2t2,}.
meM meM

We also have (using the bounds of Lemma 2.5)

(2.9) ERy,, (Fm) < Ellny, Zm Pz, +npt/? < 2EA,, (Fn) +npt/2.



Therefore

P {An(Fn) +2B0(Fu) > SEAL(F) + Btun /2 + 2712} ) <
meM
(2.10) < Y ewl-2t)
= 3 m
meM

Using (2.8)—(2.10), we conclude that with probability at least 1 — 2"\, exp{—2t2,}, we have

P(f)< inf [ inf Py, () +E@m)| +6 <

< i i ~1/2 <
< inf [ inf P(f) + A, (Fu) + 2R, (F) + 3ty ] 40

< inf [ inf P(f) +5EA, (Fn) + 205/ + 6tpn /2] +6 =
meMLfeF,,

— inf [ inf P(f)+J(m)] )

meMLfEFm

which completes the proof.

Let &(z) i= 2= [7_ e™"/2du.

2.6. Corollary. The following inequality holds for all P € P(S) :

N 1 2
(2.11) EP(f) < inf [inf P(f)+Z(m)] +6+ 6v/67 m§4 = [1- @(ﬁtm)].

Proof. Given € > 0, let us replace t,, by t!, := ¢, + ent/?. Then I'(m) = Z(m) + 6¢ and £'(m) =

E(m) + 3e. The estimates 1m and f remain unchanged. In this case it follows from the inequalities (2.4) and
(2.5) that

’ £ _2 1/2y2
(2.4') P:l;;()S)IF’{P(f) > inf [inf Py, (f)+E(m)] +5+3a} < m% exp{—3 (tm +emy/*)’}
and

’ £ _z 1/2
(2.5 PZ%I()S)IP{P(J”) > inf [ inf P(f)+Z(m)] +6+6z—:} < 2m§/texp{ 2 (b +enl/2)2).

Define

€= (P(f)— inf [ inf P(f)+Z(m)] —6)/6.

mEM " fEFm,
It follows from (2.5’) that for alle > 0

P{¢t > e} =P{¢>c} <2 > exp{——(t +enl/?)?}.
meM
Integrating with respect to e from 0 to +o0o gives:
+
E¢ < Eet :/ P{¢t >e}de <2 ) / exp{—— (tm +ent/?)* de =
0 meM

8



—2 Y L/Mexp{—z(t £ oo = Vor S e [1 - B(—ety)]
Vi Jo 3" Vi V3

meM meM

and (2.11) easily follows.

In particular, assume that n,, =n and let C :=23" _\ exp{—2t2,} < +o0o. Then we have

6ty + 2

NG

Z(m) :=ZI(m;n) := 5EA, (F) +
Theorem 2.1 and Corollary 2.6 imply that

sup ]P’{P(f) > inf [ inf P(f)+Z(m)] +5+6z—:} < Cexp{—%&n}

PeP(S) mEM - fEF,
and
7 . . (3/2)vV67C
EP(f) Snigﬁ[fg%fm P(f)+Z(m)] +5+7\/ﬁ :

To be more specific, assume that M := N and take t,, := vy(logm)'/? with v > \/g Then C':=C,, =

2351 m~%7" I, in addition, EA,(Fn) < DWT(HP) with some D,,,(P) > 0 (this holds, for instance, if Fp, is
a P-Donsker class for all m > 1), then we have

P . . 5D, (P) + 6vy/logm + 2
pZ%?S>P{P(f) > éIéfN[fleIgm P(f)+ 7 ]+9 +65} <
2 2
(2.12) <, exp{—gs n}
and
N et 5D (P) + 6vy/Iogm + 2 (3/2)V6mC
(2.13) EP(f) < nl}IéfN [flexgm P(f) + 7 ] +0+ T”

The meaning of these oracle inequalities can be described as follows. Suppose there exists an oracle
who knows the distribution P of our data and who can compute any quantity related to this distribution.
Then we can ask the oracle to tell us the values of the quantities D,,(P) as well as the quantities 0,,(P) :=

infrer, P(f) —inf,,eninfrer, P(f), that characterize the approximation error of the minimal risk on the
D (P)

class F,,. Since characterizes the accuracy of empirical approximation on the class F,,, it can be used

as a complexity penalty. With such a penalty, a reasonable choice of m is
Dm(P)]
Voo
Thus, one can try to estimate the minimizer of the risk P by minimizing the empirical risk P,, on the class

Fin- Suppose for simplicity that 6 = 0. Then the oracle inequlities above tell us that if the sample size n is
large enough, namely, n > %6% log %, then for all P € P(S) with probability at least 1 —

A - . . 5D, (P) + 6vy/logm + 2
PO = P < e lom (P Vi

m = argmin[d,, (P) +

]+6s.

Moreover, for all n and all P € P(S)

B[P~ i, g ()< i[5 () + 2oL E OB L2y | (/20



Thus, using Rademacher penalization allows us to obtain the solution of empirical risk minimization problem
that is almost as good (up to constants and a couple of relatively small extra terms) as the one suggested
by the oracle.

Being even more specific, one can assume that for each m the class 7y, := {I¢ : C € Cp,}, where C,, is
a VC-class of sets. In this case, using well known bounds for the expectation of the sup-norm of empirical
process and the bounds on uniform entropies of VC-classes (see, e.g., van der Vaart and Wellner (1996),
Theorem 2.6.4), one can easily prove that for all P € P(S) we can choose D,,(P) < D\/V(Cy,) with some
numerical constant D > 0. This allows us to conclude that in the context of the classification problem
discussed in section 1 (see (1.6), (1.7)), we have

~ V(C
inf supEL(C) — Lo = inf [5N Iy N)}
c P N>1 n
and the best possible (in the minimax sense and up to a constant) asymptotic rate of convergence is attained
for the decision rule obtained via structural risk minimization with Rademacher penalties.

It is also worth mentioning that the upper bounds (2.12) and (2.13) depend on the distribution P and,
for a particular distribution, they can be much sharper than the ”worst case” bounds, depending on the
VC-dimensions. On the other hand, these bounds can not be used in practice since the distribution P is
unknown. The inequality (2.4) (see also (2.4’)) provides a complementary data dependent upper bound on
the theoretical risk that can be used instead (and which is sharper than the distribution dependent bound,
given by (2.5), as it follows from the proofs).

3. Iterative structural risk minimization with Rademacher penalties. In this section, we
consider an abstract iterative procedure of empirical risk minimization. We use Rademacher penalties in
this procedure and obtain probabilistic bounds for the theoretical risk of the empirical risk minimizer. Our
approach has some similarities with recent work of Freund (1999) on self bounding versions of local search
minimization of empirical risk. Instead of using the sieve of function classes given in advance, as it is common
in the traditional approach to structural risk minimization and as we did in the previous section, we construct
here iteratively two nondecreasing sequences of finite pools of functions: the inner pools {]:" « }, that are used
to minimize the empirical risk P,, and the outer pools {]:"k+ }, that are used to compute the Rademacher
penalties Rn(}A"Er ). In addition to these two data dependent pools, we construct recursively three other
nondecreasing sequences of finite pools of functions, {F; }, {F}, {Z; }. These three pools are related to the
minimization of the theoretical risk and they depend on the unknown distribution P. The construction of the
pools is based on the notion of extension operator, that allows one, given a finite path through the space of
functions, to extend this path by adding a finite number of new functions, that are used in the process of risk
minimization. The extension operator is the main ingredient of our method and its choice would be crucial
for designing specific learning algorithms using the method. The pools are constructed in such a way that
the inclusions ;. C ;. C Fj, C F;7 C F; hold for all k with high probability. We obtain an explicit bound
for this probability, which enables us to prove the oracle inequalities for iterative structural risk minimizers.

To define things precisely, we need some elementary notions of graph theory. Let V and L be sets. V is
supposed to be countable. The elements of V will be used as vertices of the graphs below and the elements of
L will be used as labels assigned to the vertices. For a graph G, V(G) denotes the set of all vertices of G and
E(G) is the set of all edges. A tree is a connected graph with no cycles. A rooted tree is a tree with a fixed
vertex (the root). Given a tree G, an L-labeling of G is a mapping L : V(G) — L. A couple (G, L) is called an
L-labeled tree. Let vg € V(G) be the root of the rooted tree G. We denote V5(G) = {vo}, V1(G) the set of all
vertices of G adjacent to vy, ..., Vi(G) the set of all vertices of G connected to V with a path of length k. The
number h(G) := max{k : V;(G) # 0} will be called the height of the rooted tree G. We denote T'(G) the set
of all terminal vertices of G (the vertices of degree 1 that are not equal to vg). We set Tj,(G) := T'(G) NV, (G).
Clearly, Th(g)(G) = Vi(g)(G). We call the vertices in this set alive and the rest of the terminal vertices
dead. The set A(G) of all alive vertices is equal to Tj(g)(G) and the set D(G) of all dead vertices is equal to
T(G)\ A(G). For an L-labeled tree T = (G; L), we use the notations V(T), Vi, (T),T(T),Tk(T), ... that have
similar meaning. For a rooted tree G and v € V(G), we denote by G(v) the subtree of G rooted at the vertex
v. For an L-labeled tree 7, we use similarly the notation 7 (v).
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Next we define recursively an ordering on the set of all rooted L-labeled trees as follows. Given £L-labeled
trees 71, 72, we write 71 < 7y, iff
(i) the roots of 7; and 7> have the same labels;

(ii) card(V1(T1)) < card(V1(72)) and, moreover, there exists a one-to-one mapping ¢ from Vi (7;) onto
V' C Vi(Tz) that preserves the labels;

(iii) for any v € V1(71), we have T1(v) < T2(p(v)).
If 71 < 75 and T3 < 71, we say that the rooted labeled trees 71 and 75 are isomorphic and write 71 ~ 75.

Next we define an extension operator £ on the set of all £-labeled rooted trees. Let Fin(£) be the
class of all finite subsets of £. For all k > 1, define a mapping & : £* ~ Fin(£). Suppose that 7 =
((vo,l0), - -, (v, lx)), where l; := L(v;), is a path through the labeled tree from the root to a terminal vertex
vg. Let F := Epg1(lo, - .., 1k). Given w, £(m) is obtained by adding card(F’) new vertices (from the set V) to
the tree, connecting them with edges to vy and labeling them with different labels from F. In a special case
F = (), the path does not have further extension. We denote £(7T) the tree obtained from 7 by extending it
in the described way along all the paths from the root to all the alive vertices of 7. Clearly, there might be
many extentions £(7), but all of them are isomorphic rooted L£-labeled trees, so £(7) is well defined up to
an isomorphism.

We give below some examples of the extension operators that can be used in minimization algorithms.
To relate these examples to the risk minimization problems, one should think of the class of functions
parametrized by the set £ : F :={f(l,") : 1l € L}.

Example 3.1. Suppose that £ is a countable set and for each [ € £ there exists a finite neighbourhood
N(l) C L. For k > 0, define E,y1(lo,.-.,lx) := N(lg). This defines an extension operator &, which will be
called a local search operator (because of its connection to the local search minimization algorithm). Starting
with a trivial labeled tree 7y with one labeled vertex (the root) (vo,lp), one can define recursively a sequence
of labeled trees with root vg : Ty := E(Tk—1), k=1,2,....

Example 3.2. Assume now that £ := Z? and that each point | € Z? is provided with a finite neigh-
bourhood N(I) C Z*. We define & (Iy) := N(lp) and for k > 1

2 =l I} il # e
Ertrllos s le) = { N(lg) otherwise.

This defines another extension operator, which will be called an extension according to the previous pattern.

Example 3.3. This is a more sophisticated version of the previous example. Suppose that £ := R%.
Let N ¢ RY, N 3 0 be a finite set (a "neighbourhood” of 0). Let {0;};>1 be a sequence of positive
numbers such that ¢; | 0. The mappings & will be defined as follows. For £ = 1, &1 (lp) = lo + 01.V.
Suppose that k& > 1. We define Ept1(lo, .-, k). I Ik # le—1, Ek+1(lo, .-, k) := {20k — lp—1, 1 }. Otherwise,
if lk = lk,1 75 lkfz, we set, 51€+1 (lo, e ,lk) = lk + (51N More generally, if lk = lk,1 =...= lk,j 75 lk,jfl,
we set Egt+1(lo,--.,Ik) := g + 6;N. This defines an extension operator that is closely related to some well
known minimization algorithms. Given a sequence (lo,...,l) of points from R?, we say that l; is a double
point in this sequence iff I; = [;_;. If the double point occurs in iterative minimization process, it means
that the iterations got stuck at this point (for instance, close to a local minimum). The extension operator
described above reduces in such a case the size of the iterative step, trying to approach the minimum closer.

Example 3.4. This example is related to some minimization techniques that are suitable for functions
of many variables whose graph has the shape of a ravine (the minimization method goes back to Gelfand and
Tsetlin). Namely, such an algorithm starts at any point and employs a version of steepest descent method
to reach the bottom of the ravine. Then, another point is picked up (far enough from the first one) and the
steepest descent method is used again to hit the bottom of the ravine. The two points at the bottom are
connected with the segment of straight line and a point in the segment (far enough from the both ends) is
picked up. The steepest descent to the bottom starts at this point. Thus, we have now three points at the
bottom. The second one and the third one are used to repeat the iterations, and so on.

We define the corresponding extension operator as follows. Suppose that £ := R? and that we are given
a mapping R? 5 [ — I' € R? (the point I’ is ”far enough” from the point /). Similarly to Example 3.3, we
define a finite "neighbourhood” N of 0. As before, & (lp) = lp + N. If I; and lx_; are not double points
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(in the context of the minimization method described above, the double point occurs when the steepest
descent stops and we are at the bottom of the ravine), define 1 (lo, ..., k) = {20k — lp—1,1r}. If I is not
a double point but lx—1 is, set Exy1(lo,---,lk) = lx + N. Otherwise, if [}, is the first double point, we set
Ert1(loy .-, lg) == {ly}. Finally, if I}, is a double point and, for j < k, l; is the last double point before I,
we set lN:— 'yl + (1 =)l (v € (0,1) being a parameter of the algorlthm) and define &1 (lo, ..., 1) == {I}.

Example 3.5. In this example, the extension operator can change the dimension (or the complexity)
of the labels. The necessity to do this can occur, for instance, in neural networks learning (when one changes
the complexity of the network in the process of learning), and also in such learning procedures as boosting.
Assume that £ := U]Oil L;. Denote c¢(l) :=inf{j > 1:1€ L;}, I € £ (c(I) is the ”complexity” of ). Suppose
also that, for each j > 1, £U) is an extension operator on Lj-labeled rooted trees. Let I' be a mapping from
L into £ such that ¢(I'(1)) = ¢(l) + 1, | € L (for instance, if £; = R’/ and ¢(l) is equal to the dimension
of I, one can define I'(1) = (1,0)). We define an extension operator £ on L-labeled rooted trees as follows.
Given a sequence of points (lo,...,[lr) such that I, = lx_1, we set Ey1(lo,...,lk) = {T(lx)}. Otherwise,
if I, # ly—1, let s > 1 be the smallest integer such that c(l) = c(lp—1) = ... = c(lg—s+1) = @ # c(lg—s).
We define Ev1(lo, ..., lk) = gl (lk—s+1,---,1k)- In other words, as soon as the double point occurs in the
sequence, we increase the complexity of the space. We are extending the graph in this space until the next
double point occurs, and so on.

In addition to the extension operator, we need also a trimming operator, defined below. Given a rooted
tree G and a vertex v € V(G), we denote by C(G;v) (the trimming of G at the vertex v) the tree obtained
from G by eliminating the subtree G(v) (along with the edge that connects it to the rest of the graph). If
V Cc V(G), C(G;V) denotes the tree obtained from G by eliminating all the subtrees G(v), v € V' (and the
edges connecting the vertices v € V' to the rest of the graph). Given a labeled tree 7, we use quite similarly
the notations C(7;v) and C(T;V).

In what follows, a class F of measurable functions from (S, .4) into [0, 1] will be used as the label set
L, so we will deal with F-labeled trees. An extension operator £ on the set of all such trees is supposed to
be given and fixed. We will use the notation f, := L(v).

Let § > 0 and let {t; : £ > 1} be a nondecreasing sequence of nonnegative numbers. We define an
F-labeled tree Ty with one vertex, say, (vo, fo), set Fo := {f, : v € V(E(To))}, and then define recursively,

for k=0,1,2,...
Te41 =

Tk otherwise,

T, = {v € AE(T) : P(f,) 2 min P + 6},

.7'—194_1 = Fr U {fv NS V(E(,];H-l))}: Tk == th(Tk)

In other words, the iterative process of risk minimization starts with the initial function fy (the label of the
root of the tree). Then we use extension operator to create the pool of iterations Fy and to select from this
pool the functions (labels) with too large value of risk. We trim the extended tree £(7p) to get rid of these
functions (and the vertices they label) and we are getting the tree 77 as the result. Then the iterative process
continues recursively.

Clearly, the trees T; and the pools of iterations Fj can not be computed unless the distribution P is
known precisely. Therefore, we define below the empirical versions of these objects. We set

T =T, Ty = To, Fo = {fo:v € VET)}Fy = {fo:v € VIET)},
and then define recursively

T ::{qw(ﬁ*);fg)) T £ T 5o {qw(ﬁ);z})) it &(T,) # Ty

7? otherwise, T otherwise,

6Tk

TI:_ = {UEA(E(,f?_)):Pn(fv)ZI?:_i_nPn+6+4R ( \/—}
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T i={v € AE(T, ) Palfo) 2 min P +6 = 4Ru(F) = L},

Fra=Fru{fo v e VIETED ) Fipy = F7 U{fo 1 v € VIETI))}

S . A— N
T, = th(7—k+),7'k = th(ka).

These empirical rooted trees and the corresponding pools of functions (labels) can be computed recursively,
given the empirical data.

Finally, we define
T =To T =T

Fo = {fo v e V(IET)}, Fo = {fo:veV(E(T))},
T+ {C(S(Tlf);Tzf)) if ET AT — _ {C(E(E);Tk)) it E(Ty ) # Ty,
+ k+1°

LT T otherwise, To otherwise,

T = CETN T, Tagr = CET, 1Ty ),

TF = {0 € AE(TH) : P(fo) > min P+ 6 + 10EAL(EH) + 2 _F 4y
= v
T, :={v € A(E(T,)) : P(f,) > min P + 6 — 10EA,,(F) — w},

Fi ek vn
‘7:Ij_+1 = flj_u{fv tv e VI(E( k+1))} fk_+1 =F U{fu: UEV(‘C/‘(%JA))}
T,j' = th(T:),Tk_ = th(Tk—)'

Note that the choice of the parameter § in the definitions above could pose a practical problem. A
reasonable approach could be to use a prior upper bound on the accuracy of empirical approximation (for
instance, in terms of VC-dimensions) as the value of ¢.

We consider below two approaches to the problem of empirical risk minimization, based on the iterative
pools of functions defined above. In the first approach, the number of iterations N is given in advance and
we define fN = argminﬁl\; P,,. In the second approach, the Rademacher penalty is used to determine the
number of iterations in a way close to optimal. Namely, we define, for 1 < N < oo and for o > 0, a random
number k such that

37 3
minPn—|—2Rn.7: + —L < inf [min P, + 2R, + k40
i )+ < dut L (F)+ )

and set fN := argmin 3 P,.
k

The following theorems give probabilistic oracle inequalities for the empirical risk minimizers defined
above.

3.1. Theorem. Forall N > 1

. L3 al A
3.1 sup P P(fy)>minP, + 2R, (Ff)+ =Xt <6 exp{—t3/2
(3.1) s B{P(7) ui F+ £ 3 expl~ti/2)
and

z 27 al
3.2 sup P P(fy) > minP +2EA, (FH)+ =Xt <6 exp{—t2/2}.
(3.2) s H{P(Fw) i () + A} <63 expi—t}/2}
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3.2. Theorem. Forall N, 1 < N < o0,

. R 37+ N
3.3 sup P{P > inf [min P, + 2R, (F )+ =L]+0} <6 Y exp{—t7/2
(3.3) Lo {P(f) (4t B+ ]+ o} kz (~2/2)
and
: 67, + 2 N
3.4 sup P3P > inf [min P + 5EA,(F) + —X +07r <6 exp{—t2/2}.
@4 swp P{P(y) ,dpf i (i) + =E =] o) < > exp{~fi/2)

The meaning of these results can be explained as follows. Define

0k (P) := min P — inf min P.
Fy izl Fo

This quantity gives the accuracy of approximation of the "minimal” theoretical risk at kth iteration. If we
use P, instead of P in the iteration process (but, miraculously, we are getting the correct pool of functions
F,. ) and we stop at the k-th iteration, the error could become as much as 6 (P) + A, (F,, ), which is less
than &y, (P) + A, (F;"). If there were an oracle who could tell us what is the value of &;(P) and what is
the average accuracy of empirical approximation I[*]An(]-"k+ ) for the ”theoretical” outer iteration pool, then,
by choosing the number of iterations properly, we could achieve the average accuracy of the empirical risk
minimization of the order infi<p<n[6x(P) + EA,(F)).

Let v > /2 and define C, := 63, -, m=7" /2. We set t), := vVlogk + ¢t with ¢ > 4/2log % For
simplicity, assume that o = 0. Then, it follows from the bound (3.4) that for all P € P(S) with probability

at least 1 — «
6vvlogk +t+ 2
N

Despite the fact that the oracle is not involved, the iterative structural risk minimization method allows us
to achieve almost the same accuracy as with the help of the oracle (up to constants and some extra terms,
that are relatively small) with guaranteed probability. This bound, of course, is more of theoretical interest,
it demonstrates a form of optimality of the method. On the other hand, it follows from the bound (3.3) that
for all P € P(S) with probability at least 1 — «

S ‘ .
Pfx) = ighminP < inf [54(P) + SBAM(F]) +

]

f i : . 3vvlogk
< + 2IVIOs
P(fn) < 1§1£1£N[rjggnPn 2R (F) + = ]

The expression in the right hand side can be computed based on the data, providing a conservative, but
quite reasonable, confidence bound for the risk of the estimator fy.

4. Proofs of the oracle inequalities for iterative structural risk minimization. The following
lemmas describe the properties of iterative trees and pools and they are the key ingredients of the proofs of
Theorems 3.1-3.2.

4.1. Lemma. Define
l:=max{j:h(Ti) =k, k <j},
("= max{j (T, ) =k, k< g} = max{f: h(T) =k, k <},

[T :=max{j: (T, ) =k, k<j},IT :=max{j:h(T;") =k, k<j}.

Then
To=To k21T, =T, k21,5 =T, k=17,

N NS .
Ty =T, k>, T =T5, k>1%.
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Proof. Let us prove that
(4.1) Te =T-, k>1".

Clearly, this is the case when £(7,2) = 7, (in this case the tree does not grow further). Suppose that
E(T,Z) # T,-. 1t easily follows from the definitions of the trees that, for all j, h(7;7) < j (since each iteration
increases the height of the tree at most by 1). Clearly, we have h(7,Z, ) = h(7,Z) = I, which means that

=+1
- = AE(TC )) (all alive vertices of £(7,Z) are going to be trimmed and the tree is going to stop growing)
and hence 7~ = 7,”. Then, since Frcrt 41> We get
T, = {0 € AU, ) s () > min P46~ 10, (7, - i)
., =V E — v) > min P+0 — =
I=+1 1= +1 = I=+1 NG
{v € AE(T)) : P(f) Pt s 0EALFE,,) - 2t
ERUAS _ v) > min - —F D
l ]:l " =41 \/ﬁ
1277 +4
> {v € AE(T2)) : P(fy) > min P+ 6 — 10EA, (F) - Tl—} T,
F

vn

It follows that T, , = A(E(7,2)) = 1,7, which implies 7", = 7,7, and (4.1) follows by a simple
induction.

The proofs of other relationships are quite similar, only with slight modifications. For instance, to prove
that

—

(4.2) T =TI, k>0t
assume that & (771) # 7'+ (otherwise (4.2) is obvious) and note that h(7;iJr D= h(7'+) = [*, which means
P 7t + At + _ i+
that 77} = A(E(7;+)) and hence 7;++1 7}+. This implies that ]—" .7-"l++ and since .7-" C ]-"l++1, we get
+ + : + 6%;%1
Tl++1 ={ve Al (’7;+_H)) : Pp(fy) > min P, + 0+ 4R, (}"H_H) 7 1=
I++1
A e,
= {v € AE(T)) : Pulfo) > min P+ 8+ 4R, (F) + —74} D
o vn
. . 6 .
O {v € A(E(TY)) + P(fo) > min P, + 6 + 4R, (F)) + 1 = T+ = A(E(T1)).
73 \/_ !
i+
Hence T%H = A(E (7; )= Tlt, which implies 7;I+2 = 7;I+1, and (4.2) again follows by a simple induction
argumen

Lemma 4.1 immediately implies that
WMTi) = kALRTE) = kAT R(TT) = kAT W(TT) = kAT W(T,T) = kAL

and hence
=t F=t =t FE=t P =t
Tk = UVkAL T, = UpAl+> T = UkAl= T = Uppj+s T = Upai—-

15



4.2. Lemma. Let N € {1,2,...,00}. Define

+ +
— S\ — ) +y _ + T +y _ + T
E:= {w.Vk_l,...,N.|Rn(]7k) ER(FD < s A7) ~BALF] < T,
Tk
|Ru(Fi) — ERn(Fi)| < %}.
Then
N
(4.3) P(E) <6 exp{—t;/2}.
k=1

and on the event E

(4.4) VkZl,...,N:’E_-<7A7€_-<77€.<7A7€+_<77€+7
(4.5) Vk=1,...,N:F, CFy CF.CFr cFf

Proof. Lemma 4.1 implies that for k = 1,...,l 7, =t} and for &k > [ 7, = ¢; and Fy = F;. Similarly,
fork=1,...,I" 7t =t and for k > [T 7,7 = t;+ and Fy, = F+. Therefore,

A -+
B = | {1an@F) — BALEN] 2 ton 2 U {IBa(FD) - BRAFD| > ten 2}
k=1 k=1

1
U U{1Ba(F0) = ERa(F0)] > ten™"/2}.
k=1
It follows from lemmas 2.2, 2.3 that forall k =1,...,1T

(4.6) P{|An(F) —EAL(FD)| > ten™ '/} < 2exp{-2t;},

(4.7) P{|R.(F) — ER,(F)| > tin Y/} < 2exp{—t}/2},
and for all k =1,...,1
(4.8) P{|Rp(F1) — ER, (Fr)| > trn~/?} < 2exp{—t2/2}.

Then (4.6)—(4.8) imply the bound (4.3).
We will show that on the event E, for any 0 < k < N — 1, the conditions

(4.9) T =T <T<T " <T" i<k
and

(4.10) Fr CFrCFCF CcFhj<k
imply that

(4.11) k1 = 77;1 < Tit1 < 7;11 = 7;:1

16



and
(4.12) Fipr € Fopr C Frnn CFL CFEL
Since Ty =T =To =Ty =75 and Fy = Fy = Fo = F = F; this would imply that

EC{szl,...,N:ﬂ;<7:*<776<7Z+<779+}ﬂ

ﬂ{szl,...,N:f;cﬁ,; cfkcﬁ,jcf,j}

and the result would follow from the bound (4.3).

First we establish (4.11). To this end, we only prove that 7, , < 7;;1 (the proof of other relations
is quite similar). If [~ < k, the conditions (4.9) and Lemma 4.1 imply that 7,7, = 7= < 7= < T3,
(the relation 7~ < 7,7, holds, obviously, for all j < k + 1). Thus it is enough to consider the case when
[~ > k and, hence, h(7,”) = h(7,”) = k. In this case the assumption 7, < 7, immediately implies that
E(Ty ) =E(T, ) K E(T,) =T, , then obviously Tg41 < 7, ;. Otherwise, it follows that the set A(E(7,7))

can be identified with a subset of A(E(7,)), so that the labels coincide, i.e. there exists a one-to-one map

@ from A(E(T,)) onto V C A(S(ﬁ;)) such that f, = f,(y)-
Note that (4.9) implies h('f;j) < h(7,F), which in turn implies

N R
Tk = th('tj—) S th(T,:r) = Tk .

If ve A(E(T, )) and

1277 +4
P(f,) <minP 4 6§ — 10EA,,(F;F) - —k—
(f) .7:,:— ( Ic) \/ﬁ
then on the event F (using the fact that ;" C F7), we get
, o 12rf 44 N
Po(fow)) = Pu(fy) <min P, + 0 — 10EA, (F[) — —%=— + 2A,(F;) <
Fi vn
107, +4
< min P, + 0 — 8EA, (FF) — —E— <
_H;_En n n(]'—k) \/ﬁ =
< min Py, + 6 — AER, (F}) — W% in P, 46— 4R (FH - T <
= }_: n n k \/ﬁ = }_: n n k \/ﬁ =

. fy _ 67
<min P, +0 — 4R, (F|) — —F=

Fr Vvn'
Hence, on the event E, (A(E(T, )\ T, ) C A(S('f;c_)) \Tk_, which implies that
T = CETIRTT) < CETORT) = Tk

Next we prove that (4.9) and (4.10) imply (4.12). Since the proofs of all inclusions are similar, let us prove
only that Ff,, C Ff, . Clearly, h(7;") < h(T;7) <j,j < k+1.IfIT > k+1, then (7)) = M(TE,) = k+1
and the fact (previously proved) that 7:11 < 75, implies 5(77;1) < E(TE 1) It follows that

{fo:0 € VETHDY o v e VIETED))
By the definition of the classes ]:",jﬂ, ]-",jﬂ and the induction assumption, it follows that .7};;1 @ }",jﬂ.
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Otherwise, if T < k + 1, we have by Lemma 4.3, that ’f;"' = T"' j > IT. Therefore,
E(Tity) = E(T) = .. = £(T7F),

which implies 7., = 7 = ... = F;". By the induction assumption, we have F;" C F;". Also, F;" € F;f, |
for I < k4 1, so, we conclude that .7:',:;_1 = ]—A'[" - ]—T C ‘7:/;:-1

O

Proof of Theorem 3.1. On the event E (see Lemma 4.2), in view of (4.5), we have Fy C Fn C
F C Fi and
™~ = th(Ty) < T = bhiy < N = bty

Therefore, the following bounds hold (recall Lemma 2.5):

P(fn) < Pa(fn) + An(FR) < min P, + An(F) <

< min P, + EA (}—N)+T—N<minp +2ER,(FN) +

TN

3TN 37t
< min P, + 2R, (F, + 2K < min P, + 2R, Ffy+ 24
= _7:‘1\_] n ( N) \/— }__ ( N) \/’I_l

which, by Lemma 4.2, implies (3.1). Similarly, we have

P(fn) € Pa(fn) + An(Fy) S min Py + An(Fy) <

A 2
<min P+ 2A,(Fy) <min P + 2A,(Fw) §n}inP+2EAn(.7:;)—l—L,
Fy Fx Fy vn

which implies (3.2) by Lemma 4.2.
m|
Proof of Theorem 3.2. Again we claim that on the event E forallk =1,...,N }A',; CFr C f,:r C ]:,:r
and
T =t <t =t e, <7 =t :
k h(Tk) = Tk T =Tk R(T)

Hence, we get

P(fn) < Pu(fn) + An(F, )<121_nP + An(F)-

Since also on the event F for all k =1,..., N,

3
T S 2T+

k §2]ERn(fk)+\/ﬁ

An(Fy) < EAL(Fp) + %

we get
3A+

A 37 T
P(fN)gn}i_nPn+2Rn(]-")+—<m1nP + 2R, (F) + £

N v

<

k

< inf [minP, + 2R, (f+)+—]+a

1<k<N' f= LD

and (3.3) follows by Lemma 4.2.
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To prove (3.4), note that on the event E

-~ 37A'+ 37.+
i I )+ ZE]< i -+ + k<
151,§£N[r%nPn+2Rn(fk)+ \/ﬁ]_1§££N[rgllznP+An(fk)+2Rn(}'k) NI
< inf [min P+ EAL(F) 4 2BR, (FF) + 05 <
T LI<kSNT - Ak g N
67’,:'4—2

< . . +
< 1§1£1£N[r2’1c_nP + 5EA,(F1) + N

where we used the bound of Lemma 2.5.

B

m}
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