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Abstract

Many real-world numerical models are notorious for the time-scale separation of
different subsets of variables and the inclusion of random processes. The exist-
ing algorithms of linear response to external forcing are vulnerable to the time-
scale separation due to increased response errors at fast scales. Here we develop
the linear response algorithm for slow variables in a multiscale deterministic or
stochastic dynamical system, which has improved numerical stability and reduced
computational expense.

1 Introduction

Recently, Majda and the author [1-4] developed and tested a novel compu-
tational algorithm for predicting the mean response of nonlinear functions of
states of a chaotic dynamical system to small change in external forcing via the
Fluctuation-Dissipation Theorem (FDT). This geometric algorithm (also called
the short-time FDT (ST-FDT) algorithm in [2—4]) takes into account the fact
that the dynamics of chaotic nonlinear forced-dissipative systems often reside
on chaotic fractal attractors, where the classical quasi-Gaussian formula of the
fluctuation-dissipation theorem often fails to produce satisfactory response pre-
diction, especially in dynamical regimes with weak and moderate chaos and
slower mixing. It has been discovered that the ST-FDT algorithm is an extremely
precise response approximation for short response times, and can be blended
with the classical quasi-Gaussian FDT algorithm (qG-FDT) for longer response
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times to alleviate negative effects of expanding Lyapunov directions. Addition-
ally, in [1] the author developed a computationally inexpensive method for ST-
FDT using the reduced-rank tangent map.

However, in multiscale dynamical systems with time scale separation the FDT
methods can be vulnerable to the presence of the fast variables, especially when
the response needs to be computed only for slow model variables (such as those
in a climate system), due to increased response errors at fast scales. Moreover,
it is often the case that there are only a few slow variables in the model and a
large number of fast variables. Even if only the response of the slow variables is
needed, the ST-FDT response operator has to be computed for all variables in the
model, which can be computationally expensive (or even practically impossible
for models with large sets of fast variables).

In the work, we develop a new response algorithm based on averaged dynamics
of multiscale ODEs and SDEs [10, 12,13]. The new method allows to compute
the response operators directly at slow scales using existing FDT formulas, with-
out involving fast scales at all, which improves numerical stability and reduces
computational expense. In addition, the new approach allows to use the geomet-
ric response formula for slow variables of multiscale models with stochastically
driven fast variables.

2 Averaged systems

Consider a dynamical system of the form

x = f(x,t)+h(ytt/e),

1
v = %g(y, tt/e) +q(xytt/e), v
where x = x(t) € RN, y = y(t) € RN, f is a smooth nonlinear function, while
the nonlinear functions g, 1 and g may optionally have stochastic terms. The con-
stant parameter 0 < ¢ < 1 sets the time scale separation between x(t) and y(t)
into slow and fast variables, respectively. Observe that the explicit time depen-
dence in (1) is treated as if there are two time scales — the slow time scale t and
the fast time scale t/e. This explicit time scale separation reflects the physical
forcing originating from different sources; for instance, in the weather/climate
dynamics this separate time-scale dependence could be drawn between the sea-
sonal changes, as the axis of the Earth inclination changes its orientation relative
to the Sun because of its motion around the Sun, and the daily changes due to
the Earth’s own rotation.

Next, we rescale the time in (1) as t = ef. For the rescaled time f, the dynamical



system in (1) becomes

x =ef(x,t) +eh(y,t,f),

. . s (2)
y =gt t)+eq(x,ytt).

Above, as the parameter ¢ — 0, the original unrescaled time t can be approxi-
mately treated as the constant parameter relative to f. Following [10,12,13], we
write the averaged system of equations for (2) as

X =ef(%,t)+eh(t),

. . 3)
yr = 87,1, 1),

where the term /(t) is given by

- oS

h(t) = Jim = A h(g:(2),t, £)dE. (4)
For h(t) we further assume that it does not contain stochastic terms, as the
stochastic terms in & from (1) have been eliminated due to time averaging.
Rescaling the time back, for the slow variables we obtain

x = f(x,t)+ h(t). (5)

For identical initial conditions and starting time fo, and the time interval ¢ ~
1, the solution of (5) constitutes an approximation to the solution of the first
equation in (1) [10,12,13].

At this point, consider the system in (1) perturbed at slow variables by a small
deterministic forcing w(x)Jdf (¢):

1= flx,t) +h(y t,t/e) +w(x)of(b),

1 (6)
y= 8 tt/e) +aq(xytt/e),

where w : RNy — [RN x RX] is a matrix-valued function of x, while f : T — RK
is a vector-valued function of time ¢ for some integer K. Following the same steps
as above, one obtains the averaged system for the slow variables of (6) as

X = f(x,t)+h(t) +w(x)5f(t). (7)

Just as for the unperturbed system of equations, for identical initial conditions
and starting time o, and for the time intervals ¢ ~ 1, the solution of (7) consti-
tutes an approximation to the solution of the first equation in (6). Note that due
to the initial arrangement of terms in (1), the averaged time-dependent forcing

h(t) is identical for both (5) and (7), and does not depend on the slow variables



x, which are key properties for the linear response formulas developed further
in this work.

For convenience, henceforth by ¢+ we will denote the elapsed interval of time
starting at ty. Observe that the averaged dynamics in both (5) and (7) do not
contain stochastic terms, and, therefore, generate the flows (]_)toft and (ﬁ*to't, re-
spectively, such that, for x(t)) = %o, %(to +t) = ¢'o'%y corresponds to the so-
lution of the averaged equation in (5), and ¥*(t) +t) = ¢§*'o!x( corresponds to
the solution of the perturbed averaged equation in (7). We extensively use this
observation in the next section.

3 Fluctuation-dissipation theorem for slow variables

Recently, Majda and Wang [9] developed a comprehensive linear response frame-
work in the case of non-autonomous dynamics with time-periodic forcing (which
also applies for general non-autonomous dynamics). Here we derive the ap-
proximate fluctuation-dissipation theorem for the slow variables of the multi-
scale dynamical system in (1) and its perturbed version in (6) for general non-
autonomous dynamics, based on the averaged formulas (5) and (7), and then
describe the practical FDT formulas for non-autonomous dynamics with time-
periodic forcing and autonomous dynamics with invariant probability measure.

We start with a general assumption that the non-autonomous dynamical sys-
tem in (1) posesses, for a suitable set of initial conditions, the family of time-
dependent probability measures p;, such that for any observable A(x) its average
value (A)(t) is given by

(A)(1) = pi(A) = [ Alx)pi(d). ®
Similarly, for (6) we assume the existence of pj.

At this point, assume that the small forcing in (6) is “turned on” at time f.
Observe that 6f(tp +t) = 0 when t < 0, and, since (6) is the same as (1) for
t < 0, we apparently have p?‘0+t = ptp4t for t < 0. For t > 0, p;"OH and P4+
depart from each other. Thus, we define the average response of A(x) to the small
forcing in (6), starting at ¢, as

Spty+t(A) = 5, 1(A) — ptg+(A). )

Observe that, for t ~ 1, pty1+(A) = ps,(A o §'F), and pf | (A) ~ pr(A o *foh).
With this, we now define the approximate average response of A(x) to the small
forcing in (6), starting at time £, as

50to+1(A) = pro (Ao gt — Ao ploh), (10)



where ¢'o! and §*ot are the flows generated by (5) and (7), respectively. Upon
linearization, the response is given by

Spryi(A) = [ VA 35§ 0y, (dx), (1)
where 54_>t0'tx is given by
sty = grloty — ploty, (12)

Following a standard derivation for 5q3t0'tx (see, for instance, [1,11]), we find that
it obeys, after subtracting (5) from (7), expanding in Taylor series with respect to
5¢'tx and dropping higher order terms,

%W“”x = J(§'"x, to + £)0" x +w (0 x, t + 1)3f (to + 1), (13)
6¢'x =0,

where | = D f is the Jacobian of f from (1). In order to produce a computation-
ally tractable formula for the solution of (13), we denote the tangent map of the
averaged flow ¢*x from (5) as

Tht — %cf)to’tx. (14)

Substituting ¢'o'x into (5) and differentiating it with respect to x, we obtain the
evolution equation for the tangent map in (14)

Tl = (@0t b+ OTI, (15)

which can be solved numerically for Tio’t (see [1-4]), and, by the chain rule, we
also have

d . . _
siTooes = 1(§"0x b+ OTHIT. (16)
Then, the solution of (13) is given by
o¢!x / Tooer Tw(¢ x)éf (o + T)dr, (17)

which we check by direct substitution:

t
(5¢t0’x— J Tf0+” Tw(PTx)f (tg + T)dT =

ot 4>f0T
_ ot zho b / Tlo+T =T, (o, T
T¢t0t ZU( )5f(t0 + t + at (PtOT w( )5f(t0 + T)d (18)
It 1) [ THT (oSt + T+

+w (P x)of (tg +t) = J(P' x, to + )P x + w (Pt x)of (to + 1),



where we take advantage of the fact that T%"" Vs the identity map. With (17),

4>t0 gt
the linear response formula in (11) can be written as

t
5_Pt0+t(A) = /0 RST(tOI t, T)éf(t() +T>dT, (19)

where the averaged short-time linear response operator (AST-FDT) Rst(to, t, T)
is given by

Rsr(to,t,T) = / VA@ )T 5 (¢ x) prg (dlx). (20)
If the probability measure py, is absolutely continuous with respect to the Lebesgue’s
measure dx for any ty (which is usually the case for the stochastic g, h and g4 in
(1)), i.e. py,(dx) = pt,(x)dx with py,(x) being a smooth probability density func-
tion, then, using the approximation pt,(A o ¢*) ~ p;,++(A) for t ~ 1, one can
integrate the formula in (20) by parts, obtaining the classical FDT formula

Rcluss(tOIt T /A plotei=t )le( ( )pfo-i-T(x))dx' (21)

At this point, for practical computation of the linear response operators we need
to convert the above formulas from measure averages to time averages over a
long-term trajectory of (1). In order to accomplish this in the presence of explicit
time dependence in (1), here we assume that the family of probability measures
pt is T-periodic, such that for any observable A(x), where x is the set of slow
variables in (1), and any fp and integer m

Pty (A) = Pryrmt (A), (22)

which can usually be achieved in the case of a periodic dependence of f and
g on time (see Majda and Wang [9] for more details). Under this assumption
of periodicity, the averaging with respect to p;, above can be replaced with the
T -averaging over the solution series of (1) as

Rsr(to,t,7) = lim — Z VA(@O "ty (tg + mT)) x

" Té?ﬁﬁf?f Tty ),
and
R to, t, - — i L A ttot+mT +1,t—T to T
class(O T) IEIOOM Z ( +m +T)

x div(w(x (t0+mT+T))pt0+T( x(to +m7T 4+ 1))).

(24)

For practical purposes of computation, ¢ can be replaced with the time series
x(t) from (1) above and in (15). The direct substitution of the time series from



(1) yields

M
Rer(fo,t,7) = A%iinmﬁ S VA(x(t +t+mT))x o)
m=0

o+ T b —
X Tx%:)TTer;)w(x(to +1+mT))

and

1 M
Repass(to, t,T) = — lim M Z A(x(tg+t+mT))x
=0

M—o0 (26)
X Qclass (x(tO + T+ mT)/ to + T)/
where Q,s5(x, t) is given by
Qclass (xr t) = div(w(x)) +wV log Pt(x)' (27)

Note that here we need to have an approximation of p;,, at all T over which
the computation proceeds in (19) (which in practice is a finite set due to time
discretization), even though the response is computed from the initial state at t.
For the special case when p; is Gaussian, i.e.

pu(x) = (27) N 2 det(o(0) exp (50 ) e 20 x - i) ) @8)

where ¢2(t) is the time-dependent covariance matrix of p;, the quasi-Gaussian
FDT formula is

M
RyG(to,t,7) = — Jim % 3 Alxlto +-4mT))» 2
X Qqc(x(to +T+mT), o+ 1),
where Q,c(x,t) is given by
Qqc(x, ) = div(w(x)) + w(x)o () (x — pe(x)). (30)

For the authonomous case (i.e. without explicit time dependence in (1)), we have
¢t = ¢! and, assuming that p;, = p is the invariant probability measure for
(1) [1-4], obtain

Soi(4) = [ Rsr(t =)o + 1),

L (31)
Rgr(t) = lim - A VA(x(t+ T))T;(T)w(x(r))dr.

S—00 §



Similarly, for the classical and quasi-Gaussian FDT, and p,(x) = p(x) we obtain

.1
Rclass(t) = - Sh_>no1° g 0 A(x(t + T)) X (32)

x [div(w(x(7)) + w(x(7))Vlog p(x(7))] dr,

and

Ryo(t) = — lim ~ [ A(x(t + 1))
5= 5 o (33)

x [div(w(x(f)) +w(x(1))o 2 (x(1) — p(x)} dr.

Advantages of the averaged FDT algorithm

e By design, the algorithm is a direct and straightforward application of the ex-
isting (and, possibly, future) FDT methods separately onto the slow variables,
which guarantees easy practical implementation;

e There is a significant computational advantage in the case of Ny < Ny, since
all the FDT formulas (including the tangent map) are computed for slow vari-
ables x only (even though the time series x(¢) has to be computed from (1));

e The tangent map T. is not too sensitive to the presence of large Lyapunov
exponents at fast variables y, and the numerical stability of its computation is
largely restricted by the characteristic Lyapunov time of the slow variables x;

e Remarkably, the AST-FDT formula in (25) can be used with stochastic dy-
namics in (1), which means that the blended response algorithm from [2,4],
computed for averaged FDT approximations above, can also be used with
stochastic dynamics;

e Only the AST-FDT formula in (25) constitutes an averaged linear response
approximation for ¢ ~ 1: observe that the classical formula in (26) is formally
a valid linear response approximation for times beyond 1 since it does not
contain the averaged tangent map;

e Therefore, if the blended response algorithm [2,4] for AST-FDT has the blend-
ing cut-off time ~ 1, the averaged blended FDT response approximation is
formally valid for times beyond 1.

4 Numerical setup and results

In this section we present some preliminary tests of the new linear response
algorithm for a model with time scale separation.



The full Lorenz 96 (L96) model [5-7] is given by

) )
X = Xp—1(Xpp1 — Xp—p) —dXe +F =AY Yy,
=1
1 (34)
Vi1 (Ve j—1 — Yijeo) — dYy; + F] + AXg,

e>0,A>0,

Y R
k,j e

where 1 < k <K, 1 <j < ]. Originally in [5-7] there is no F term in the equation
for Y-variables in (34), however, in its absense the behavior of Y-variables is
strongly dissipative [1], and here we add F in the right-hand side of the second
equation in (34) to induce strongly chaotic behavior of Y-variables with large
positive Lyapunov exponents. The following notations are adopted above:

e X is a set of slow variables of size K. The following periodic boundary condi-
tions hold for X: Xirx = Xk

Y is a set of fast variables of size K x J. The following boundary conditions
hold for Y: Xk—i—K,j = Xk,j and Xkrj+] = Xk+1,j'

F is the external forcing parameter;

d is the dissipation parameter, set to 1 for F # 0, and 0 for F = 0;

¢ is the time scale separation parameter;

A is the coupling parameter.

In the case of zero F and d, the full L96 model in (34) preserves the quadratic
energy of the form

J

K
E=%Z <X§+2Y,§j>, (35)

k=1 j=1

and possesses the Liouville (incompressibility) property such that the equili-
birum statistical state for (34) approaches the classical Gibbs equilibrium state
with zero mean state and uniform energy spectrum as the number of variables
tends to infinity. As a result, the classical FDT formula with Gaussian p(x)
(which we call the quasi-Gaussian FDT, or qG-FDT) is a good response approxi-
mation for the L96 model without forcing and dissipation.

Here we study the response of the mean state p(X) of the slow variables, such
that A(X) = X, of the L96 model to a small constant external perturbation
5f € RX (such that w = I). Under the above assumptions, the linear response
for the slow variables of the full L96 model without forcing and dissipation is



given by

50r(X) = R(DSf
S t

Rep(t) = tim ~ [ dr / Th o dr,
0 0

_ T (36)
Rr(t) = lim - [ dr / Ty dr,
0 0

S§—0 §

Rog(t) = — lim ! Os dt /OtX(r—l— )2 (X(1) — p(X)) dr,

S— §

where 02 is the statistical covariance matrix. Below we study the errors in re-
sponse produced by the response operators Rsr, Rsr and Roc- The errors are
determined by comparison with the full ideal response operator R;, which is
obtained by perturbing the model and measuring the response directly [2—4, 8].
The following parameters are used in the computation:

K =8, | = 8 (72 variables in total);

e = 0.1 (weak time scale separation), ¢ = 0.01 (strong time scale separation);

e A = 0.1 (weak coupling), A = 0.5 (intermediate coupling), A = 1 (strong
coupling);

No forcing and dissipation, the time series are generated on a constant energy
sphere of radius 1;

e Forced-dissipative case, F = 6,d = 1.

Here we call A = 0.5 an intermediate coupling, however, for the L96 model its
is in fact strong. The reason is the following: observe that, for the case without
forcing and dissipation, the absolute value of every Xy and Y ; cannot be greater
than 1. Therefore, the quadratic term (which consists of slow variables) in the
first equation in (34) provides rather weak contribution, while the linear term
F — dX} is zero. On the other hand, the contribution from the fast variables
in the same equation is the sum of | = 8 fast variables, which can be much
greater than the contribution from the slow variables even when A = 0.5. Similar
argument can be made for the forced-dissipative set up: in this case both X} and
Y ; variables have a nonzero mean state. The mean states of X; cancel out in the
nonlinear part for the slow variables, while the mean states of Y; ; add up in the
sum of the fast variables in the first equation in (34), thus on average providing
a strong contribution from the fast variables.

During the course of computations, the observed speed-up of AST-FDT over
standard ST-FDT was about 200 times. In Figure 1 we show the relative errors
between the ideal response operator and the ST-FDT, AST-FDT, and qG-FDT re-
sponse operators for the slow variables of the L96 model without forcing and
dissipation for two values of the time scaling parameter ¢, 0.01 and 0.1, and two
values of the coupling parameter A, 0.1 and 0.5. Observe that the error and blow-
up time of the ST-FDT operator strongly depends of the value of &: for e = 0.1

10
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Fig. 1. The relative L, errors between the ideal and various FDT response operators for
the L96 model without forcing and dissipation.

the blow-up time is roughly 1.5 time units, while for ¢ = 0.01 it is about 0.2
time units. This happens due to the fact that the Lyapunov characteristic time
for the full set of variables X x Y is roughly ten times shorter for ¢ = 0.01 than
that for ¢ = 0.1 (the fast variables are roughly ten times “faster”). The qG-FDT
response operator is “exact” for the L96 model without forcing and dissipation
as the equilibrium state of the model approaches the Gaussian distribution, and
produces the smallest error among the computed FDT response operators. In
the case of the weak coupling A = 0.1 the AST-FDT operator produces com-
parable errors to the qG-FDT operator for both the weak (¢ = 0.1) and strong
(¢ = 0.01) time scale separation. Remarkably, in the case of the intermediate
coupling A = 0.5 and weak time scale separation ¢ = 0.1 the AST-FDT operator
produces significantly larger errors than the qG-FDT operator, but as the time
scale separation becomes strong (¢ = 0.01), the AST-FDT becomes roughly as
precise as the qG-FDT operator.

In Figure 2 we show the relative errors between the ideal response operator and
the ST-FDT, AST-FDT, and qG-FDT response operators for the slow variables of
the L96 model with F = 6 for two values of the time scaling parameter ¢, 0.01 and
0.1, and three values of the coupling parameter A, 0.1, 0.5 and 1. Again, observe
that the error and blow-up time of the ST-FDT operator strongly depends of
the value of &: for ¢ = 0.1 the blow-up time is roughly 1.5 time units, while

11
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Fig. 2. The relative L, errors between the ideal and various FDT response operators for
the L96 model with F =6 and d = 1.

for ¢ = 0.01 it is about 0.2 time units, which happens due to the fact that the
Lyapunov characteristic time for the full set of variables X x Y is roughly ten
times shorter for ¢ = 0.01 than that for ¢ = 0.1 (the fast variables are roughly
ten times “faster”). The qG-FDT response operator does not produce a good
response approximation for all considered values of € and A, which is due to the
fact that the equilibrium statistical state of the model is no longer Gaussian. On
the other hand, for weak and intermediate coupling A = 0.1,0.5 the AST-FDT
operator yields small errors for weak time scale separation (¢ = 0.1) and further
improves for strong time scale separation (¢ = 0.01). For the strong coupling A =
1, the AST-FDT operator again provides the smallest errors among all compared
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operators until the time T = 1.8, however later exhibits relatively early blow-up
(as compared to A = 0.1,0.5 where no blow-up is observed).

5 Conclusions

In the work we developed a new response algorithm based on the approximate
averaged dynamics of multiscale ODEs and SDEs. The new method allows to
compute the response operators directly at slow variables using existing FDT
formulas, improving numerical stability and reducing computational expense,
as well as allowing to use the geometric AST-FDT algorithm for the response
of slow variables in multiscale models with stochastically driven fast variables.
The new method is tested on the multiscale Lorenz 96 model with explicit time
scale separation of variables through a small parameter ¢. The model is run in
two regimes: one is without forcing and dissipation, where the quasi-Gaussian
FDT provides a valid approximation; another regime is with forcing and dissi-
pation, where the AST-FDT approximation is necessary to calculate a good ap-
proximation to the linear response. In both cases, the new AST-FDT algorithm is
observed to be superior to the standard ST-FDT in both numerical stability and
computational expense.
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