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IMPROVED LINEAR RESPONSE FOR STOCHASTICALLY
DRIVEN SYSTEMS

RAFAIL V. ABRAMOV

Asstract. The recently developed short-time linear response dlguri
which predicts the average response of a nonlinear chagatiera with
forcing and dissipation to small external perturbatiomegally yields
high precision of the response prediction, althougfiesa from numer-
ical instability for long response times due to positive hyaov expo-
nents. However, in the case of stochastically driven dyoanune typ-
ically resorts to the classical fluctuation-dissipatiomiala, which has
the drawback of explicitly requiring the probability detysif the statisti-
cal state together with its derivative for computation,ethinight not be
available with s#ficient precision in the case of complex dynamics (usu-
ally a Gaussian approximation is used). Here we adapt the-8hee
linear response formula for stochastically driven dynanénd observe
that, for short and moderate response times before nurheratability
develops, it is generally superior to the classical fornwith Gaussian
approximation for both the additive and multiplicativecdtastic forcing.
Additionally, a suitable blending with classical formular flonger re-
sponse times eliminates numerical instability and provigie improved
response prediction even for long response times.

1. INTRODUCTION

The fluctuation-dissipation theorem (FDT) is one of the eostones of
modern statistical physics. Roughly speaking, the fluatnadissipation
theorem states that for dynamical systems at statisticalilegum the av-
erage response to small external perturbations can belatduhrough
the knowledge of suitable correlation functions of the utyrbed dynam-
ical system. The fluctuation-dissipation theorem has gvesttical use in
a variety of settings involving statistical equilibrium béths of identical
gas or liquid molecules, Ornstein-Uhlenbeck Brownian wratimotion of
electric charges, turbulence, quantum field theory, chanpiesysics, phys-
ical chemistry and other areas. The general advantagedaw\by the
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fluctuation-dissipation theorem is that one can succdggiuédict the re-
sponse of a dynamical system at statistical equilibriunmtaritrary small
external perturbation without ever observing the behawefdhe perturbed
system, which fiers great versatility and insight in understanding behav-
ior of dynamical processes near equilibrium in numerousrgific applica-
tions [10/16]. In particular, there has been a profoundr@sieamong the
atmosphericean science community to apply the fluctuation-dispati
theorem to predict global climate changes responding tiatian of cer-
tain physical parameters [6-8)11+15/18, 22], where the R&¥Ibeen used
largely in its classical formulation [25]. A vivid demonation of high pre-
dictive skill in low-frequency climate response despiteistural instability
of statistical states is given in [21].

Recently, Majda and the author [3-5] developed and testedeal com-
putational algorithm for predicting the mean response aflinear func-
tions of states of a chaotic dynamical system to small chamgaternal
forcing based on the FDT. The majoffiittulty in this situation is that the
probability measure in the limit as time approaches infimtyhis case is
typically a Sinai-Ruelle-Bowen probability measure whissupported on
a large-dimensional (often fractal) set and is usually thsbéutely contin-
uous with respect to the Lebesgue measure [9,29]. In thexbot Axiom
A attractors, Ruelle [27, 28] has adapted the classicaltaions for FDT
to this setting. The geometric algorithm (also called therstime FDT, or
ST-FDT algorithm in[[3=5]) is based on the ideas|of [26, 28] takes into
account the fact that the dynamics of chaotic nonlinearefdissipative
systems often reside on chaotic fractal attractors, whereslassical FDT
formula of the fluctuation-dissipation theorem often fadsproduce sat-
isfactory response prediction, especially in dynamicglmes with weak
and moderate chaos and slower mixing. It has been discoverf&35]
that the ST-FDT algorithm is an extremely precise respoppecximation
for short response times, and can be blended with the cld$9IET algo-
rithm with Gaussian approximation of the state probabdignsity (quasi-
Gaussian FDT algorithm, or gG-FDT) for longer response sitoalleviate
undesirable #ects of expanding Lyapunov directions (which cause numer-
ical instability in ST-FDT for longer response times). it developing
the ST-FDT response algorithm for practical applicatians|2] the au-
thor designed a computationally inexpensive method foFBT-using the
reduced-rank tangent map, andlin [1] the ST-FDT algorithadispted for
the response on slow variables of multiscale dynamics, minaproves its
computational stability and simultaneously reduces cdatmnal expense.
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However, dynamical systems describing real-world prezesse often
driven by a stochastic forcing. In this setting, the tramhail approach is
to use the classical FDT algorithm, which computes the tinesponse to
small external forcing as a correlation function along gkamong-term tra-
jectory. Typically, it is assumed that the single long-térajectory samples
the statistical equilibrium state of the model, howeveitatle generaliza-
tions for dynamics with time-periodic forcing can also bedma23]24].
A significant drawback of the classical FDT approach is tkecompu-
tational algorithm requires the statistical state prolighilensity together
with its derivative to be explicitly computed, which is tgpily not possible
for complex nonlinear systems. Usually, an approximatsonsed, such as
the Gaussian approximation with suitable mean state andriemce ma-
trix [BH5]. In this case, if the actual statistical stateasfrom the Gaussian,
the predicted response is usually considerabffecgént from what is ob-
served by direct model perturbation (so called ideal resp§&+5]).

On the other hand, the ST-FDT response algorithm is obsetvéxd
consistently superior to the classical FDT with Gaussigar@gmation for
deterministic chaotic dynamical systems with strongly-@aussian statis-
tical states for response times before the numerical iilgyabccurs. In
this work we adapt the ST-FDT linear response algorithm todes with
stochastically forced dynamics (further called stoclkaSti-FDT, or SST-
FDT). Below we observe that the SST-FDT response algoritittapted to
stochastically driven dynamics and blended with the gG-RERjbrithm to
avoid numerical instability, is also generally superiothe classical FDT
with Gaussian approximation of the statistical state fothkibe additive
and multiplicative noise, just as the ST-FDT algorithm ir%Bfor chaotic
deterministic systems. The manuscript is organized agvisll In Section]2
we develop the SST-FDT formula for general time-dependechastically
forced dynamics, and design a practical computationalrikgo for au-
tonomous dynamics with invariant probability measure. ént®n3 we test
the new algorithm for the stochastically driven Lorenz 96deid19, 20].
Sectiori 4 summarizes the results of this work.

2. FLUCTUATION-DISSIPATION THEOREM FOR STOCHASTICALLY DRIVEN SYSTEMS
Here we consider an It o stochastitetiential equation (SDE) of the form
(2.1) ax = f_(x, t)dt + o (X, t)dW,,

wherex = x(t) € RN, f, : [RNxT] - RN, o : [RV® x T] — RN are
smooth nonlinear functions, aMi; is the K-dimensional Wiener process.
Additionally, f depends on a scalar parameterWe say that the SDE in
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(2.3) isunperturbedf a = 0, or perturbedotherwise. We also adopt the
notationf = f, with the assumption

22 8,0 Dlaco = BOIC),

whereB(x) is anN x L matrix-valued function, angl(t) is aL-vector valued
function. The practical meaning of the above assumptiohb&tome clear
below.

Let A(x) be a nonlinear function of, and letEY! [A], wheret > 0 is the
elapsed time aftetp, denote the expectation éfat timety + t over all re-
alizations of the Wiener process [n (2.1), under the coowdithatx(tp) = X
(with the short notatioE°; [A] = EQ'[A]). Let A at the timety be dis-
tributed according to a prbbability measukg that is, the average value of
A at timety is

23) (i) = () = [ A0,

where g, (x) denotes the measure of the infinitesimal Lebesgue volume d
associated witkx. Then, for timety + t, the average oA for the perturbed
system in[(2.11) is given by

@4 Palo+) = (EEIA) = [ BEL (A G0,

In general, for the same initial distributi@g, the average valu@\), (t + t)
depends on the value of Here, we define thaverage responsgA), (to+t)
as

(2.5) HA)(to+1) = fRN (]EE?; [A] - EP! [A]) dog, (X).

The meaning of the average responsé inl (2.5) is the folloviorghe same
initial average value oA it provides the dierence between the future aver-
age values oA for the perturbed and unperturbed dynamic$inl(2.1).

If  is small, we can formally linearizé (2.5) with respectitby expand-
ing in Taylor series around = 0 and truncating to the first order, obtaining
the following general linear fluctuation-response formula

(2.6) 5(AYalto+1) = f 0,E [A] dpy(x).
RN

where we use the short notation
Oe,

2.7 0,0 = — .

(2.7) = 0l
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2.1. Stochastic short-time linear response.To compute the general lin-
ear fluctuation-response formula [n_(2.6), we need a swaitalgjorithm for
O, EX'[A]. Let X(to + 1) = ¢2'x be the trajectory of[{211) starting atat
ty for a particular realization of the Wiener procé&, i,.q. Then, the

expectatiorE; [A] is given by

(2.8) Exa [Al = E[A(67'%)],

where the expectation in the right-hand side is taken wisipeet to all
Wiener paths. Therefore,

(2.9) 8QE§§JJ [A] = E[DA (¢t0,tx) 8a¢t0’tX] ,

where DA denotes the derivative & with respect to its argument. For
0.,4"'x, by taking the diference between the perturbed and unperturbed
versions of[(2Z.11) and linearizing with respecit@ta = 0, we have

dd, ¢t = (Df (¢°'X, to + t) dt + Do (6%, tg + 1) d\Nt0+t)><

(2.10)
X0 @O X + 3, T (901X, to + 1) i,

whereDf andDo are Jacobians df ando, respectively. The above equa-
tion is a linear stochastic fierential equation fod,¢'x with zero initial
condition (as aty both perturbed and unperturbed solutions start with the
samex). It can be solved as follows: let us first introduce the inaéigg
factorT®' (anN x N matrix) given by the solution of the equation

dTe! = (Df (6%, to + t) dt+
(2.11)
+ Do (62X, To + ) dWygJTOY, T =1,
and represend, ¢®'x as a product

(2.12) aa¢to,tx — TE?’tyto’t

X

wherey?! is anN-vector. Then, for the It o filerential ofd,¢!x we obtain

0,4 'x = ATyt + T2'dye" = (DF (4'X, to + t) dt+
+Do (¢, to + 1) AWy, ) TO Y0t + TO a2 =
= (Df (¢°'X, tg + t) dt + Do (@™, to + t) th0+t)><
X0pd' X + T dylot,
Comparing the right-hand sides 6f (2.10) and (2.13) we firadgh' satis-
fies
(2.14) Gt = (T "0 F () o+ D) dt, 327 =0,

(2.13)
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with the formal solution
t
(2.15) ylot = f (TO7) 10, f ($07x, to + 7) .
0
Therefore,¢'x is given by
t
(216)  9,0'x = f Tol(Tar) 19, f ($07x, to + 7) .
0
At this point, observe that the solutidf* of (Z.11) can be represented as
a product
(2.17) Tht = Tf;tgfi‘TTﬁ”T, T<Ht,
due to the fact that a solution df_(Z]11) can be multiplied hyagbitrary

constant matrix on the right and still remains the solutidren, [Z.16)
becomes

¢to,‘r X

t
(218) aa¢to,tx — f TtO+T’t_Taaf (¢t0’TX, to + T) dr.
0

For smoothf , ando in (2.1), ¢'x smoothly depends ox [17], and the
integrating factom ! is in fact the tangent map for the trajectafy'x:

0
(2.19) Tt = g

With (2.18), (2.9) becomes
t

(2.20)  9,EP'[A] = f E[DA(¢‘0’tx)TtO+T’t_T(9af(¢t°’7x,to+r)]dr.
0

¢to,‘r X

Recalling [2.2), we write the above formula as

t
(2.21)  9,E9'[A] = fo E| DA (¢°'%) Tty "B (6°7X) [n(to + 7)dI.
Then, the general linear response formuld inl(2.6) can hitenras

t
@2 oMo+ =a [ Resfiot e+ 1o
0

where thdinear response operatdRss+(to, t, 7) is given by

(2.23) Rss1(to,t,7) = E fR . DA (¢°'x) T;%;Zi_TB(gbto’Tx) doy, (X).

Further we refer td (2.23) as tlsechastic short-time fluctuation-dissipation
theorem algorithmor SST-FDT algorithm. The reason is that in practice the
computation of the tangent map n (2.11) for latgeecomes numerically
unstable because of exponential growth due to positivelulyapexponents
(just as observed in [1+5] for deterministic chaotic dynashi Note that if
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the stochastic forcing is removed from (2.1), the SST-FDspomse opera-
tor becomes the usual ST-FDT from [1-5]. Apparently, (P 128juires the
average with respect {@,. If p;, is not known explicitly, there are some
opportunities to replace the-average with time average, particularly for
the autonomous dynamics with being the invariant probability measure,
and also for non-autonomous dynamical systems with exgihee-periodic
dependence (as done In [23] 24] for classical FDT response).

2.2. Classical linear response.The standard way to derive the classical
linear response formula is through the Fokker-Planck eguidor, as it is
also called, the forward Kolmogorov equation) for the pdaéa system in
(2.7) by neglecting the terms of higher order than the phbdiion, as it is
done in [3+5,22, 24, 25]. However, for the sake of clarityehae show the
derivation of the classical FDT directly from (2.6). UndBetassumption
of continuity of py, with respect to the Lebesgue measure, thatdg(x) =

P, (X)dX, wherepy, is the probability density, we can also obtain a formal
general expression for the classical fluctuation-resptorssula. Using the
notations

Lepa(X,t) = _82)( S(f (X, t)e) + (% ® Gix) (oo (x,1)e),

(2.24) t
LK,CI(X’ to’ t) = 7—exp(f dT LFP,Q’(X’ to + T)) 5
0

which are, respectively, the Fokker-Planck and forwardnkajorov oper-
ators, we write the expectatid@’; [A] in the form

EGt [A] = f AW) Lo to, )5(x — )y =
(2.25) £

_ f Loy o DA@)S(X — y)dy = L1 (%, to, HAX),
RN

whered(x) is the Dirac delta-function, and the adjoint is taken wihpect
to the standard inner product under the integral. Then, éneigal response
formula with ¢y, (X) = py,(X)dx becomes

5(AN(to +1) = f 9, B9 [A] py(x)dlx =

R

(2.26) =a f O LT (X, 1o, YA(X) P (X)dX =

= f AX)00 Lk (X, to, 1) Py, (X)dX.
RN
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It is not difficult to show that the parametric derivative of an orderedexp
nential of a linear operatar, (x, t) is computed as

t
i‘i’exp(f dr L, (X, T)) =
oa f

:ft dT‘i‘exp(ft ds L,(x, s)) WTexp(fT ds L, (X, s)).
to T to

As a result, we obtain

(2.27)

t
{(Aa(to +1) = Ckf dr f L (X to+7,t = 1)
0 RN
(228) XA(X)GQLFP(X, o+ T)LK(X, to, T)ptO(X)dX =

t
=a f dr f BT [A] 0y Lep(X, to + 7) Pros(X)dX,
0 RN

wherepy..(X) is given by

(2.29) Pro+(X) = Lk (X, to, 7) Py (X).

Recalling [2.2), we recover the classical linear fluctuatiesponse formula
in the form

t
AN (to+1) = a f dr f Eo+T [A] x
(2.30) 0 &

t
X0oLep(X, to + T) Pros(X)dX = af Relass(to, t, 7)1(to + 7)dr,
0

where the classical linear response oper&@sis given by

0
(2.31) Rejasdto, t,7) = —-E f A(¢t°”’t‘fx)& - (B(X) Py (x))dx.

RN
Observe that, unliké_(2.23), i (2]31) one has to krmmyy.(x) for all re-
sponse times explicitly to performftierentiation with respect to. Usually,
an approximation is used, such as the Gaussian approximidtig].

2.3. Special case for autonomous dynamics with ergodic invariamprob-
ability measure. Here we consider the case whdrando in (2.1) do not
explicitly depend on (althoughf , does witha # 0), and we choose, = p
to be an ergodic invariant probability measure forl(2.1).this situation,
one can replace the averaging with respect to the measwith averaging
over a single long-term trajectory which starts with anigitonditionx in
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the support op:
1 r
Rss(to,t,7) = E lim = f DA (¢t p1-55x) x
r—oo [ 0
XTOTET B (497 5%X) ds,

¢to,‘r ¢10— SSy

(2.32)

where, without loss of generality, the starting is titge- s, that is, the
averaging occurs over the endpoints¢&fssx. Combining the solution
operators, we obtain

1
RSST(tO, t, T) =EIlim F f DA((ﬁtO_S’SHX) X
r—oo 0

XTS+T,t—T B (¢t0—s,s+rx) ds.

¢t0—SS+TX
Since the averaging over all independent realizationseof¥fener process

is needed, we can average over many statistically indepéonbanks of the
Wiener path along a single long-time trajectory by settijng s— 7:

(2.33)

1
@38 Resitn)=lim [ DAGTNTELBE X ds
r—oo 0

Finally, replacingx with ¢®—"x (which for finite r is also in the support of
p), we find that

: 1 ' 0,S+t—7 t-7 0,
(2.35) RSST(t,T):rIIDOFfC; DA (¢°* x)Tj;QSXB(¢ °X) ds,
or, denotingx(s) = ¢°5x,
.
(2.36)  Rssr(t.7) = lim = f DA(X(s+t - ) TSS7B (x(9)) ds.
r—oo 0

r

Now, the linear response formula in_(2122) and the respopseator in
(2.23) become, respectively,

t
5(Aalto +1) = o f Rssi(t - Di(to + ).
(2.37) 0

Rss(t) = lim % fo DA(X(s+ D) TSl B (x(5)) ds.

In a similar fashion, for the classical linear responsé iB@2we note that
the Fokker-Planck operatbgp does not depend dnand both the forward
Kolmogorov operatox and its adjoint do not depend @ Taking into
account thapy,.-(x) = p(x), wherep(x) is the invariant probability density,
we write

@38)  Ressd) =B [ G0 (BOIPOX
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or, after replacing th@-average with the average over the long-term trajec-
tory,

r 9 (B
(239)  Resdt) = ~Elim % fo Ax(s + )2 (FJ);E(S()S))F))(X(S))) i

Here the expectation can be removed since the averagingdierent
Wiener paths will automatically occur as the long time agera computed.
As a result, we obtain

5 (B(X(9))p(x(9))) ds
p(x())

240)  Ruasdt) =~ Jim T [ Ax(s+0)

3. APPLICATION FOR THE STOCHASTICALLY DRIVEN LORENZ 96 MODEL

The 40-mode deterministic Lorenz 96 model (L96) has beenduiced
by Lorenz and Emanuel [19,20] as a simple model with largedeatures
of complex nonlinear geophysical systems. The deternninisirenz 96
(L96) model is given by

(3.1) Xn = Xo1 (Ko — Xn2) = Xn+ F, 1<k<N,

with periodic boundary conditions given B%..n = X,, whereN = 40,
andF being a constant forcing parameter. The modelinl (3.1) igydes
to mimic midlatitude weather and climate behavior (in paar Rossby
waves), so periodic boundary conditions are appropriate demonstrated
in Chapter 2 of[[2R2] that the dynamical regime of the L96 modsies
with changing the value of constant forcikg weakly chaotic dynamical
regimes withF = 5,6, strongly chaotic regime witk = 8, and turbulent
regimesk = 12 16, 24 with self-similar time autocorrelation decay.
Here we apply the stochastic forcing to the L96 model as

(3.2) Xy = [Xca(Kipr — Xi2) — Xy + F] dt + (0-(X))k(dWy)x,

whereo : RN — RN is a vector-valued function of, W is aN-dimensional
Wiener process, and\(&)y is thek-th component of W (that is, défectively
o is a diagonal matrix multiplying the vectoys). As the stochastic Lorenz
96 (SL96) model above does not depend explicitly on timedpkéor the
Wiener noise), we can assume that it has an invariant priiyaiieasure
P

In this work, we perturb the SL96 model in (B.2) by a small paetera
as

(B8.3) Xk = [Xee1(Kr1 — Xi—2) = X + F + ami] dt + (o7 (X))k(dW)x,
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wheren € RN is a constant forcing vector perturbation, which is “turoed
at timet, = 0. With the invariant probability staje and the perturbation
given in [3.3), the general response formuldinl(2.6) become

(A (t) = aR(O)n,

R() = fo t R(7)dr,

where subscripts foR andR are omitted as both the SST-FDT and clas-
sical response operators apply. We also set the obserdéhle= x, that

is, the response of the mean state is computed. As an ap@taimfor
the invariant probability density for the classical respgnwe choose the
Gaussian distribution with the same mean and covariandeeaactual in-
variant probability measure, which are determined by ayiagpalong the
long-term time series of unperturbéd (3.2), and, thushéarrtall it quasi-
Gaussian FDT (qG-FDT) as inl[3-5]. In this setting, the stione and
guasi-Gaussian linear response operators become

1
Rss1(t) = lim Ff TS
—00 0

(3.4)

(3.5) ‘
Rya(t) = lim %f X(s+ t)CH(x(s) — X)ds,
r—eo 0

wherex andC are the mean state and covariance matrix of the long-time
series of unperturbe (3.2).

3.1. Blended SSTqG-FDT response. Following [3,/5], we also compute
the blended SSG-FDT response as

(3.6) Rssyqa(t) =[1 = H (t - teutar)] Rss(t) + H (t = teutar) Rya(t),

where the blending functioHl is the Heaviside step-function. The cut-o
time teutor IS Chosen as

(3-7) teutat = /1—31,

where 1, is the largest Lyapunov exponent (for details se€e [3, 5])isTh
cut-of time allows to switch to th&®c just before the numerical instability
occurs inRs s, and, thus avoid the numerical instability. For constatgex
nal forcing and the Heaviside blending step-function thentded response
operators become

teutoff t
(3.8) Rss7eo(t) = f Rss(7)dr + f Rqc()dr.
0

teutoff
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3.2. Computational experiments. Below we perform computational ex-
periments in the following setting:

(3.9)

(3.10)

e The number of variables (model siz¢)= 40
e Constant forcing= = 6. The L96 model is observed to be weakly

chaotic in this regime[ |35, 22], and we would like to compare
the responses for weakly chaotic deterministic dynamiak tae
stochastically driven dynamics
The tangent mapg ! in (2.11) is computed in the same fashion as
in [1-5]
Forward Euler numerical scheme with time stdp= 0.001 for both
(2.11) and[(3.2)
The linear response is tested for the following settingshef dto-
chastic ternv:
— o = 0 (fully deterministic regime without stochastic forcing)
— o = 1 (additive noise)
— ok = 0.2X%, ok = 0.5X, (multiplicative noise)
We compute the linear response opera®4sr, Rqc andRssvyqe:
which are given by[(3]4) and _(3.8), and compare them with the
ideal response operatfigea, Which is computed through the direct
model perturbations [1+5]

e The time-averaging is done along a time series of 10000 timits u
e The ideal response operatRges IS computed via direct perturba-

tions a 10000-member statistical ensemble
The comparison of the FDT response operators with the ideal r
sponse operator is carried out by evaluatingltheclative error

Rept — Rideal
Lg-errOI’: || | ea”,
1Rideall

and the correlation function

(Reot, Rideal)

[ReoTlllRigeall”

where (, -) denotes the standard Euclidean inner product. Observe
that thel, error shows the generalftkrence between the FDT and
ideal responses, while the correlation function shows Kteng to
which the responses are collinear (that is, how well thetionaof

the response is determined, without considering its madajt

Corr=

In Figure[1l we display thé., relative errors between the ideal response
operator and the FDT response operators, together witmthesic error
in the ideal response operator (which is the result of slgimtlinearity in
the ideal response due to small but finite perturbations)se®e that in



IMPROVED LINEAR RESPONSE FOR STOCHASTICALLY DRIVEN SYSTEM 13

Errors for SL96 model, N=40, F=6, 6,=0 Errors for SL96 model, N=40, F=6, g,=1
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Ficure 1. Ly-errors of the response operators for SL96
model,N = 40,F = 6. Straight dotted vertical line denotes
the blending cut-fi time for SSTqG-FDT.Rijea denotes the
intrinsic error in the ideal response due to slight nonliitga

the fully deterministic regimeK = 6, o = 0) the SST-FDT response pro-
vides a very precise prediction until the tirhe: 3, and then the errors in
the SST-FDT grow exponentially rapidly, which is due to tlusipive Lya-
punov exponents and numerical instability in the tangeri.n@n the other
hand, the qG-FDT response is not precise (reaching about§Qe time

t = 1.5), due to the fact that the invariant probability measusoeisted
with the deterministic regime is highly non-Gaussian, arasnprobably
not continuous with respect to the Lebesgue measure (thatdees not
even possess a density). Remarkably, if we look at the sstichHy driven
regimeso, = 1 (additive noise) and, = 0.2X,, ox = 0.5X, (multiplica-
tive noise), we see that the behavior of both the SST-FDT &&DT re-
sponses is qualitatively the same as in the fully deterriiisgime, even
though the dynamics is qualitativelyftérent. Apparently, the level of noise
in the two stochastically driven regimeg = 1 andoy = 0.2X, is insuf-
ficient to “smooth out” the invariant probability measureoagh for it to
resemble the Gaussian state and to destabilize the congputdtthe tan-
gent map. However, in the, = 0.5X; multiplicative noise regime, the
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Correlations for SL96 model, N=40, F=6, 0,=0 Correlations for SL96 model, N=40, F=6, 0,=1
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Ficure 2. Correlations of the FDT response operators with
the ideal response operator for SL96 modek: 40,F = 6.
Straight dotted vertical line denotes the blending diitime

for SSTqG-FDT.

errors in the initial qG-FDT response are reduced to abo%,40hich is
due to the fact that in this regime the invariant probabitiigasure is closer
to the Gaussian state because of strong noise. The blendgdG&EDT
response yields the lowest errors in all cases, due to itkcexgesign to
avoid numerical instability in the SST-FDT algorithm.

In Figure[2 we show the correlation functions for the sameuations.
Observe that, although significant-errors were observed for the qG-FDT
algorithm for the fully deterministic regimey = 0, its correlations with the
ideal response are generally on the level of around 0.7 jwhkiemarkable.
Also, the correlations of the SST-FDT response with thelicesponse are
roughly 1 (nearly perfect correlation) before the numeiitstability mani-
fests itself. As for the blended SRJG-FDT response, the best correlations
are achieved in the stochastically forced regirmmgs= 1 (additive noise)
andoy = 0.2X%, o« = 0.5X, (multiplicative noise), were the correlations do
not become lower than 0.95 for all response times. For thg dgtermin-
istic casery = 0 the correlations of the blended S§G-FDT response are
about 0.8.
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SL96 model, N=40, F=6, 0,=0, response at T=1 SL96 model, N=40, F=6, 0,=1, response at T=1
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Ficure 3. Snapshots of the response operators for SL96
model atT =1,N =40,F = 6.

In addition to displaying the errors and correlations betwtne FDT re-
sponse operators and the ideal response operator, in Ei§#fewe show
the instantaneous snapshots of the linear response opgesaitonesT = 1,

T = 2 (which are before the SEJG-FDT cutdtf time) andT = 5 (which is
after the SSHQG-FDT cutdt time). Although the linear response operator
at a given time is an 4040 matrix, it has the property of translational invari-
ance (just like the L96 model itself), and, thus, can be ayentaalong the
main diagonal with wrap-around aliasing of rows (or colujint a single
vector. These averaged vectors are displayed in Figutés@bServe that
for the early times of the respon3e= 1, 2 the SSTqG-FDT response is
virtually indistinguishable from the ideal response. Astfte qG-FDT re-
sponse, its best performance is observed in the case ofistroltiplicative
noiseoy = 0.5X,, where the discrepancies between the gG-FDT and ideal
response are not much larger than those between th&SSHDT response
and the ideal response. This is probably the consequenhbe @t that the
strong multiplicative noise changes the invariant prolitgidensity of the
SL96 model to the point where it is relatively close to the &aan. For
other regimes, by the response time-= 2 significant errors develop in the
gG-FDT response to the right of the main response diagownakhE longer
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SL96 model, N=40, F=6, 0,=0, response at T=2 SL96 model, N=40, F=6, 0,=1, response at T=2
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Ficure 4. Snapshots of the response operators for SL96
model atT = 2,N =40,F = 6.

response tim@ = 5 and all regimes the blended S§G-FDT response
is very similar to the ideal response, while the qG-FDT reseoagain de-
velops large discrepancies to the right of the main respdresgonal for
ok = 0,1,0.2X,. For the strong multiplicative noise regime, = 0.5Xy,
and response tim€ = 5, the qG-FDT yields lower errors than in the other
regimes, but is still less precise than the 83-FDT response.

4. SUMMARY

The classical fluctuation-dissipation theorem, by its giesis suitable
for computing the linear response for stochastically drisgstems, as it as-
sumes the continuity of the probability measure of the stiatil ensemble
distribution with respect to the Lebesgue measure (whiguaranteed in
many stochastically driven systems). However, the drawbéthe classi-
cal fluctuation-response formula is that it requires thdphuility density to-
gether with its derivative (or their suitable approximaspexplicitly in the
response formula. Unfortunately, for complex systems wigimy variables
such an approximation might not be necessarily availalie reguired pre-
cision.
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SL96 model, N=40, F=6, 0,=0, response at T=5 SL96 model, N=40, F=6, 0,=1, response at T=5
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Ficure 5. Snapshots of the response operators for SL96
model atT =5,N =40,F = 6.

In this work, we develop the stochastic short-time fluctuatilissipation
formula (SST-FDT) for stochastically driven systems whddes not re-
quire the probability measure of the statistical state ef slgstem to be
known explicitly. This formula is the analog of the generakhlr response
formula [3-+5] 8, 28] for chaotic (but not stochastically/) nonlinear sys-
tems. We demonstrate that, before the numerical instakiiie to posi-
tive Lyapunov exponents occurs, the SST-FDT for the stdatadly driven
Lorenz 96 model is generally superior to the classical FDinfda where
the probability density of the statistical state is appnoied by the Gauss-
ian density with the same mean and covariance (qG-FDT). ¥dte new
SST-FDT formula for the L96 model with stochastic forcing fmth the
additive and multiplicative noise, and observe that the-BBT response
formula is generally better than the qG-FDT in both the eamd correla-
tion comparison, before the numerical instability developthe SST-FDT
response. Additionally, the blended S§&-FDT response with a simple
Heaviside blending function clearly performs on top of btith qG-FDT
and SST-FDT in all studied regimes. The results of this warggest that
the SSTgG-FDT algorithm can be used in practical applications it
chastic parameterization, such as the climate changegpicedi
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