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1. INTRODUCTION
We consider the Navier-Stokes equation (NSE) on a 2D torus T? = [0, L]?
(1.1) {ut+(u~V)u—I/Au+Vp:f

V-u=0,
with an external forcing f. The unknowns are u, the vector velocity field, and p,
the scalar pressure function. We consider finite energy initial data, and the forcing
f is assumed to have zero mean. The vorticity w = V X u = curlu satisfies the
equation

(1.2) wy +u - Vw = vAw + curl f.

The purpose of this paper is to estimate the number of degrees of freedom of
solutions to the 2D NSE. More precisely, we prove that its mathematical analog,
the number of determining modes, is bounded by the Kraichnan number squared
/<;727, consistent with Kraichnan’s theory of two-dimensional turbulence [38].

The notion of determining modes was introduced by Foias and Prodi in the
seminal work [28] where it was shown that high modes of a solution to the 2D
NSE are controlled by low modes asymptotically as time goes to infinity. Then the
number of such determining modes N was estimated by Foias, Manley, Temam,
and Treve [27] and later improved by Jones and Titi [35, 36]. We refer the readers
to [16, 17, 22, 23, 24, 26, 29, 30, 31, 32, 40, 41] and references therein for more
background and related results.

In the remarkable work of Jones and Titi [36], the number of determining modes
N was estimated as

(1.3) N <G,

where G is the Grashof number that measures the size of the force f in terms of
the L? norm, see Section 3. On the other hand, the Hausdorff dimension of the
1
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global attractor A for the 2D NSE, an alternative interpretation of the number of
degrees of freedom, was estimated in [17] as

(1.4) dimpA < G35 (1 +log G).

Remarkably this bound has been proved to be optimal up to a logarithmic correction
[1, 39], even though the optimality is still an open question in case of a force with
a fixed shape, i.e., when f = |f|g for some fixed g. Nevertheless, this suggests
that the number of degrees of freedom of two-dimensional turbulent flows can be
of order G3. This leads to the following

Conjecture 1.1. For two-dimensional turbulent flows, the number of determining
modes is bounded by G3.

Heuristically, as suggested by the Landau and Lifschitz description of the number
of degrees of freedom of a turbulent flow, the modes in the inertial range should
determine the behavior of solution of the NSE. In the three-dimensional case, this
indicates that Kolmogorov’s dissipation wavenumber cubed 537 defined in terms of
the average energy dissipation rate, should be an appropriate bound for the number
of determining modes, which was proved in the time averaged sense employing the
wavenumber splitting framework developed in our previous works on the 3D NSE
[7, 9]. Even though the bound on the time-average of the number of determining
modes validates Kolmogorov’s predictions, no pointwise bound on the number of
determining modes has been obtained yet. This is partially due to the fact that
the solutions of the 3D NSE can potentially blow up, but there are other serious
obstacles as well.

In the two-dimensional case, Kraichnan’s theory of turbulence suggests that the
wavenumber &, (Kraichnan’s number), defined in terms of the average enstrophy
dissipation rate 7 (see Subsection 3.2), indicates the end of the inertial range where
the enstrophy cascade occurs. Hence, it is natural to conjecture that

Conjecture 1.2. For two-dimensional turbulent flows, the number of determining
modes is bounded by KJ%.

In this paper we prove Conjecture 1.2 for every solution of the 2D NSE, while
Conjecture 1.1 for non-intermittent (experimentally observable, see Section 3) solu-
tions. We show that there exists a number A (see Section 4), which is a determining
wavenumber in the sense that if the difference of two solutions projected on the
modes below A converges to zero, then the whole difference goes to zero in L?. In
particular, if two solutions on the global attractor (see Section 3) coincide below A,
they are identical. More precisely, we prove

Theorem 1.3. Let u(t) and v(t) be solutions of the 2D Navier-Stokes equations
(1.1). Let Q be such that A= Ag. If

(15) Jim [Ju(t)<q — v(t)<qll: = 0.
then
i u(®) = o(t) 2 = 0

Here A = Ao = 29/L is the determining wavenumber, and u<g denotes a
projection on the modes below this wavenumber (see Subsection 2.2).
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The number of determining modes in two-dimensions is N = A2, which we prove
satisfies the following estimate

(1.6) N =2 Sk S koG, ko =2n/L,

with a small correction when d in close to zero (but not equal to zero), which is
the case of extreme intermittency not observed experimentally in turbulent flows.
Here d is the intermittency dimension, defined in Section 3, which measures the
number of eddies at various scales. The case d = 2 corresponds to the regime where
at each scale the eddies occupy the whole region. Even though two-dimensional
turbulent flows are not expected to be highly intermittent, mathematically, d could
potentially be close or even equal to zero, which is called the case of extreme
intermittency. Obtaining a rigorous positive lower bound on d is a major open
question in mathematical theory of turbulence, see [13, 14] for more background on
analytical approach to intermittency and volumetric theory.

While the first bound in (1.6) proves Conjecture 1.2 modulo a corrector in a small
intermittency region d € (0,20), 0 < 1, the second bound interpolates between two
extreme cases

(1.7) {N:/I2 SI{QG%, for d = 2,

N = A2 < koG, for d =0,

where the first one reflects the optimal bound on the Hausdorff dimension of the
global attractor (1.4) (with removed log), while the second one recovers the es-
timate by John and Titi (1.4) from [36]. Since experimentally and numerically
two-dimensional turbulent flows are found to be non-intermittent, with a few ex-
ceptions, estimate (1.7) validates Conjecture 1.1 in the physically relevant case
d=2.

This leads to the following

Question 1.4. Are there solutions of the 2D NSE with nontrivial longtime behavior,
which are intermittent, i.e., d < 27

Recent experiments and numerical simulations suggest that two-dimensional tur-
bulent flows are not intermittent, i.e., d = 2 [3, 42, 43]. There are also opposite
observations [4, 18], but even if intermittency is present, it is not expected to be
strong. There is also numerical evidence that the number of determining modes
does not grow as fast as theoretically predicted [41]. This suggests that there is a
chance for Conjecture 1.1 to be true for all solutions of the 2D NSE. On the other
hand, the Jones-Titi bound (1.3) and hence (1.7) might still be optimal for some
pathological highly intermittent solutions of the 2D NSE, not found numerically
yet, and thus Conjecture 1.1 might hold only for physically realizable turbulent
solutions.

2. PRELIMINARIES

2.1. Notation. We use the following conventional notations:

e A < B an estimate short for A < ¢B with some absolute constant c;

e A ~ B an estimate of the form ¢; B < A < ¢y B for some absolute constants
c1 and ca;

e A <, B an estimate of the form A < ¢, B with some adimentional constant
¢ that depends on the parameter r;
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o |- llp =1 lls;
e (-,) for the L?inner product.

2.2. Littlewood-Paley decomposition. Littlewood-Paley decomposition theory
are briefly recalled below, see [2, 34]. For an integer ¢, A, = 27/L denotes the g-th
shell frequeuncy. We choose a nonnegative radial function y € C2°(R?) as

(2.8) x(§) = {

Denote ¢(§) := x(£/2) — x(§) and

_Jp(279)  for ¢ >0,
Pq(§) : {X(f) for g = —1.

Note that the sequence of ¢, forms a dyadic partition of unity. For a tempered
distribution vector field u on T2, the g-th Littlewood-Paley projection of u is defined
as

uq(z) == Aqu(z) == Z ﬁ(k)(pq(k:)ei%ﬂk'x,
keZ3
with @(k) being the kth Fourier coefficient of w. Thus we have u = E;’i
the distributional sense. Note that the H® norm of u for s € R satisfies

o 1/2
llull e ~ (Z /\islluqH%) ~

g=-1

_1Ug in

We also use the short notations

Q Q
U< = Z Ugs  U(PQ] = Z Ug, Ug = Ug—1 + Ug + Ugt1-
g=-1 q=P+1

2.3. Bernstein’s inequality and Bony’s paraproduct.

Lemma 2.1. (Bernstein’s inequality) Let n be the spatial dimension and 1 < s <r.
Then for all tempered distributions u on T™,

n(z—1+)
(2.9) Huqu SAg T ||uq||s-

Lemma 2.2. (Bony’s paraproduct) [8] For vector fields u and v we have
Ag(u- Vo) = Z Ag(u<p—2 - Vup) + Z Ag(up - Vogp)
lg—pl<2 lg—p|<2

+ ) Ag(iy - V).

p>q—2
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3. LONG TIME BEHAVIOR: GRASHOF AND KRAICHNAN’S NUMBERS.
INTERMITTENCY

3.1. Grashof’s number. A solution u(t) to the 2D NSE satisfies the enstrophy
equality for the vorticity w = curlw:

B10) GOl = o)l - v [ IauwiBar+ [ (el v
to to

for all t > tg.
In the case of a time-independent force f, it is easy to see that (3.10) implies

t 1 t
(O < lo(to)l = v [ o)+, [ 1113 ar.
0 (0]

where kg = 2mA\g = 27/L, and hence the existence of an absorbing set
(3.11) B:={ue L*T%: |wl: < R}.
Here the radius R is such that

R > vkoG,

where G is the adimensional Grashof number

[1f]lz2

2,2 °
Ve Rg

G =

More precisely, for any solution wu(t) there exists tg, depending only on [|w(0)]|2,
such that

u(t) € B vt > to.
Moreover, there exists a global attractor with the following structure (see [26]):
A = {u(0) : u(-) € L>®(—00, 00; L?) satisfies 2D NSE}.

The attractor A C B is the L? omega limit of B, and it is the minimal L? closed
attracting set.

In the case of a time-dependent force f = f(t), a relevant object describing the
long-time dynamics is a pullback attractor (see [11] for a general theory applicable
to the NSE). In the nonautonomous case, there exists an absorbing ball B (3.11)
for the vorticity w in L?, with any radius R such that R > vkoG, just as in the
autonomous case, but the Grashof number is now defined as

1 1
T2\ fllezcr) B 1l 22 ) ( T )2

3 1 T —
vikg(l — e vroT)2 v2k3 1—e %

(3.12) G =

where the averaging time is written as T = v~ 1k 2% for adimensional T (com-
monly chosen to be one). Here it is assumed that f is translationally bounded in
L? (R,L?) and

loc

2 o l s 2 d
Iz = Sup 7 ()72 dr.
t

The pullback attractor is defined as the minimal closed pullback attracting set, it
is the pullback omega limit of B, and it has the following structure:

A(t) = {u(t) : u(-) € L*®(—o00, c0; L?) satisfies 2D NSE}.
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Another classical way to introduce the Grashof number, as in [28, 36], is to
consider forces f with
F :=limsup ||f(t)| Lz < oo.
t—o0

We cannot define the pullback attractor in this case, but can still talk about the
long time behavior of solutions to the 2D NSE. Defining the Grashof number as

__F
VK3’
as in the autonomous case, we again have
(3.13) limsup ||w(?)||2 < vkoG,
t—o00

for every solution of the 2D NSE. The bound (3.13), which holds for every definition
of the Grashof number above, is one of the main ingredient that we need here.

3.2. Kraichnan’s number. Fix time 7. For example, T = v~ 'k, ? is a common

choice, but we will keep T as a free parameter. Going back to the enstrophy equality
(3.10) and using (3.13),

t+T t+T
0 < Jw(t + T)|2 < limsup [w(r)||2 2u/ 1 Au(r)|2 dr + 2/ (curl £, u) dr
T—t+ ¢

t
t+T

t+7T
1
<Omfe—v [ aumBdr+ [ I ar

Hence, defining the time average (-), used throughout the paper,
t+T
(F) = lim sup/ F(r)dr,
t—o00 t
and using the bound
(If1172) < (vwo)'G?,
which clearly holds for every definition of the Grashof number in Subsection 3.1,
we obtain

vk3G?

(3.14) (lAu|zs) < +RC,
We can now connect (3.14) to Kraichnan’s number [38], which, taking into ac-
count (possible) intermittency effects, is defined as

1

N\ 7+ _
(3.15) mi=(i5) " m= L),

where d is the intermittency dimension and 7 is the average enstrophy dissipation
rate per unit active volume (i.e., the volume occupied by eddies). In order to define
d, first note that in two dimensions, thanks to Bernstein’s inequality,

(3.16) L7207lluql3 < Mllugll%e < CAZlluqll3,

where Cp is an absolute constant, which depends on the choice of x(§) in (2.8).
The intermittency dimension d is defined as

(3.17) d:=sup {5 eR:0< <Z )\(21+S||quo> <CF L™ <Z )\3||uq||§>} )
a

q
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if the set above in nonempty, and d = 2 in the case of the empty set, i.e, if u becomes
identically zero after some time. Now (3.16) and the fact that (3_, Allugll3) < oo
imply that d € [0,2] and

<Z A§+d|uq||§o> =Cp 'L <Z /\fﬂluq||§> :
q q

The intermittency dimension d, defined in terms of a level of saturation of Bern-
sten’s inequality (see [7, 9, 12, 13] for similar definitions), measures the number of
eddies at various scales. The case d = 2 corresponds to the regime where at each
scale the eddies occupy the whole region. Even though two-dimensional turbulent
flows are not expected to be higly intermittent, mathematically, d could potentially
be close or equal to zero (the case of extreme intermittency). Obtaining a rigorous
positive lower bound on d is a major open question.

Note that the intermittency dimension d and Kraichnan’s number &,, are defined
for each individual trajectory. We also define their global analogs as

D :=infd, K, := sup k),
u u
where the infimum and supremum are taken over complete trajectories: u € L>(R; L?)

satisfying (1.1).
Now using the bound (3.14) we can connect the Kraichnan and Grashof numbers:

1

Ky = (L7 72| Aul|2,) 7 < (27r)_d%4fioGdi+4 ! +1 ™
n L - vk3T ’

Also, taking the supremum over all bounded complete trajectories, with the stan-
dard choice T' = V_1I€52, we obtain

KW S 2%:‘<6()CTVDL+47
provided G > 1.

4. DEFINITION OF THE DETERMINING WAVENUMBER A

We first define a determining wavenumber A, (t) for each individual trajectory in
terms of the critical norms at various scales, or local Reynolds numbers, pointwise
in time, as we did for other systems in [6, 7, 9]. Then we show that the time
average A = (/) is also a determining wavenumber for the 2D NSE, which was not
possible to achieve for supercritical equations. Finally, we bound it in terms of the
Kraichnan and Grashof constants.

Fix o € (0,2]. We define a local wavenumber Al in term of a critical norm with
L? based for the vector field u

A (t) = min { g : (LAp—q)7 A, lwpllz2 < cov, Vp > q

(4.18) L,
and A\, 7[|Vw<,l[z2 < cov, q € N},

where c( is an adimensional constant. The wavenumber AL will have an almost
optimal bound when 0 < d, < 20.

We also define a wavenumber A? in term of an L based critical norm
AZ() :=min {\, : (LAp_q)UA;QHCL)p”LOO < cov, Vp > ¢q

(4.19) ’,
and A, ?||[Vw<gll~ < cov, g € N}.
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We point out that A2 will enjoy an optimal bound when d, is away from 0. Note
that a solution of the 2D NSEs starting from L? initial data is regular for all positive
time. Hence the wavenumbers defined in (4.18) and (4.19) are both bounded on
any time interval [T, T3], T > 0; and, as we will see later, on [T}, 00).

We then define

(420) Ay (t) = mln{A’llL (t)> Ai(t)}>
and
(4.21) Ru= (A, A™ — sup Ay,

where the supremum is taken over complete trajectories: u € L*°(R; L?) satisfying
(1.1).

We will prove Theorem 1.3, showing that A, (and hence A™2¥) is a determining
wavenumber in the sense that if the difference of two solutions projected on the
modes below this wavenumber converges to zero, then the whole difference goes to
zero in L?. In particular, if two solutions on the global attractor coincide below
A™2*then they are identical.

5. PROOF OF THEOREM 1.3

In this section we prove the wavenumber defined in (4.20-4.21) is a determining
wavenumber for the 2D NSE as stated in Theorem 1.3. Denote w; = V X uy and
we =V X ug. Let v =u; —us and w = wy; — wo which satisfies the equation

(5.22) wt +up - Vw — vAw + v - Vwy = 0.
Multiplying (5.22) by w and integrating yields
1d
2dt
S—/ (v- V)ws -wd:c—/ (uy - Vw - wdz.
T2 T2

lw @3+ vIIVw(®)l3
(5.23)

Note that [i,(u1 - V)w - wdz = 0. Denote I = [1,(v - V)wy - wdz. Applying the
wavenumber splitting approach developed in [7, 9] we show that

Lemma 5.1. Fiz any (small) o € (0,2). Let 0 < § < 1, the wavenumber A,
defined as in (4.20), and Q such that A\g = Ay,. Then the flux term I satisfies the
estimate

(5.24) 1] < Ceo|| Vw3 + CaorAyt? > " A2 72w, 3,
p<Q

for an absolute constant C' > 0.

Since Ay, (t) = min{AL_ (¢), A2 (¢)}, we will estimate I in two separate cases
according to the definition of AL in (4.18) and A% (4.19) respectively.
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5.1. Intermittency dimension away from zero. Here we prove Lemma 5.1
assuming AL > A2 and hence using the definition of wavenumber A2 in (4.19). We
simply denote AZQ by A in the following estimates without causing confusion. Let
Q be the integer such that A = Ao = 2¢/L. Using Bony’s paraproduct in Lemma
2.2, I can be decomposed as

1= % [ A D)y o

qgz—1p>—1

- Z Z /11‘2 Ay(vep—2 - V(wa)p)wy do

q=—1|q—p|<2

+ Z Z /11‘2 Ag(vp - V(wa)<p—2)wg dz

q2—1|g—p|<2
+ Z Z Ag(Tp - V(w2)p)wg d
q>—1p>q—27T°
=1 + I + I3.

Recall that employ the definition of wavenumber in (4.19). Using Holder’s inequal-
ity we obtain

L] < Z Z /11‘2 |Ag(v<p—2 - V(w2)p)w,| dz

q=—1|g—p|<L2

S Y Iv@p-alz Al @)l llwgllz

p>Q [g—p|<2

+Z Z lv<qll2Apll(w2)plloc [[wqll2

p>Q |q—p|<2

0 D Ilogp-all2V(w)plloolwqllz

p<Q |q—p|<2
= 111 + 112 + 113.

Using the definition (4.19) for ug and Littlewood-Paley theorem, we deduce from
the Holder’s, Cauchy—Schwarz, and Jensen inequalities

L= Y lv@e-zlzdell@2)plloo lwllz

P>Q |g—p|<2
,SCOZ/Z Z A2+0)\;_0qu”2 Z [[0p ]2
p>Q Jg—p|<2 Q<p'<p—2
Ser S Ml 30 Ao llaAp2A 7 A
>Q Q<p'<q
< cov Z Agllwqll2 Z >\;,2;'||”p’||2)‘g'—q
>Q Q<p'<q
2
Seor Y Nwgld +eor D S Allvy l2(EAy—g)°
~ gl1%qll2 0 p’ 1Vp’ 112 P’ —q
>Q >Q \Q<p'<q
Co
S VI Vwll3

Soe
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where we needed o > 0 to apply Jensen’s inequality in the last step and used the
fact Ay vy [lz ~ [lwp |2

Again using Holder’s inequality, definition (4.19), the Cauchy—Schwarz inequality
and Jensen’s inequality, we have

L= 3 Jo<allApl@pllolglls

p>Q [g—p|<2

S, >, AN wgllallv<ll
p>Q |g—p|<2

Seor 3 AN uglls 3 o e
>Q-2 p'<Q

5 )

Seov D Agllwalladg—y [ 257 D0 A llwwll2A g

>Q—2 p'<Q

2
Seov | D Mllwglla(LAg—g)7 | +covA®™ Y7 A2 w13
>Q—2 p'<@Q

Co —1—
S m”||VW|I§+CoVA4+25||V uwcols

provided 6 > 0 (and recall o > 0).
To estimate I3 we first decompose it as

Li=3" S Jvepalla V(w2)plloo w2

q<Q |g—p|<2

<D Y Mlvep—l2Vwa)plloollog 2

q<@Q |g—p|<2
Q

p>
+3 D lvsp—2llel V(w)plloollwgllz

q<Q |g—p|<L2
p<Q

=: I131 + L130.

The first term is estimated as

i <cov > Y AN ogpallallwll2

Q—-1<q¢<Q |g—p|<L2
P>Q

S 3 Nllwgl3 + cordv<ol3
Q-1<¢<Q
S covl| V|3 + corA* |V Pwcqll3
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where we used the fact that A\g ~ A; ~ A, in the second step. We estimate the
second term as

Iiz2 < cov Z A |lwgll2llv<qll2
9<Q

S AP AT T wglla AT | AT TN w2 A,

9<Q p'<q
5 —2-9§ 2(1+26
< oA T AT, [3A20 82
q<Q
2
246 -1-6 5
+ cov Z AT Z Ay Cllwp ll2 Ay —g
q<Q p'<q

< cov AV w3

provided § > 0.
The term I can be handled in an analogous way. We first decompose it

12| < Z Z /11‘2 |Ag(vp - V(w2)<p—2)wg| dz

q=—1|q—p|<2

<Y D ol V(w2)@p-2llosllwgllz

>Q |g—p|<2

+3 0 > lwplalV(ws)<qllsollwqll2

>Q |g—p|<2

2 D opllallV(ws) <p-zllosliwg 2

q<Q |g—p|<2
=: Ip1 + Ixo + Io3

where we adopt the convention that (Q,p — 2] is empty if p— 2 < Q. The subitems
are estimated in the following

Iy < Z Z [[vpll2llewqll2 Z IV (w2)p llso

>Q |q—p|<2 Q<p'<p—2
<Y A w2 S Allwa)pllso
>Q Q<p'<q
S Y A lwglls D ALTAR
>Q Q<p'<q
1— —
Seov Y Mlwglls Yo A TATTON?
>Q Q<p’'<q

S Y A2llwgll3
>Q
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since ¢ > 0; and

IQQ:Z Z [vpll2llV (w2) <l oo llwgll2

>Q |g—p|<2

Sewr S ST A wllslwyll24°

>Q |g—p|<L2
Scov Y A2lwgll3;
>Q

B=Y Y IlalVen)z el

q<Q |g—p|<2

SeorA* Y Y vpllzllwllz

q<Q |g—p|<L2

< covd® Z Z lvpll2llwgll2

Q—-1<¢<Q Q+1<p<LQ+2

ey Y lvpllallwgl

q<Q |g—p|<2
p<Q

Scav Y Allwgll3 + covA® Y NG lwgll3
Q—-1<q<Q+2 a<Q
S cov|| VWl + cor A2y A2y [3AFY
q<Q
< cov||Vwlf3 + covA*™ |V w3,

where we used that 1 4+ 26 > 0 to obtain the last step.
To estimate I3, applying integration by parts and Holder’s inequality yields that

13| < Z Z /11‘2 |A¢(0p ® (w2)p) Vwg| d

q>—1p>q—2

<D 2 Adllwgllali@s2)plle

p>Q Q<q<p+2

+ 30 Alvpllallwg 2l (@s2)p 1o

p>Qq<Q

303 Mllaplallwgllzll(ws)pllo
Pp<Q q<p+2

=: I31 + I35 + I33.
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By Holder’s inequality, definition (4.19), the Cauchy-Schwarz inequality and Jensen’s
inequality we infer

=Y > Alplallwgllzll@2)pllo

P>Q Q<q<p+2

SO Il @pllee Do Agllwgllz

p>Q Q<q<p+2
Scov Y AT Tl Do Agllwll
p>Q Q<q<p+2
S > Mlaplls Y Agllwall2AG A2
p>Q Q<q<p+2
S cov Z Apllep||2 Z Aqllwalzszf;
p>Q Q<q<p+2
2
S cov Z A;%”“p”% + cov Z Z )‘qHWqH?/\gj;
p>Q p>Q \Q<q<p+2
Scov Y Allwpll3.
p>Q

Similarly we have

I3 = Z Z /\qH{)pH2”Wq||2||(w2)p”f>o

p>Q q<Q
S Y IBpllzll@s2)plloe D Agllwgll2
p>Q 9<Q
Scov Y AN il Y Agllwglla
p>Q q<Q

Saw 3 Mldglle | 47430 27 g llarg oX A

p>Q q<Q
Seov Yy Apl@pllz [ 470D AT flwg 122G,
p>Q a<Q
2
Scov Y Mlwplls +cor Y [ A7 AT 0 lwg 228,
p>Q—1 p>Q q<Q

< cov||Vwlf3 + cov AV 0w g3

where we used o > 0. Turning to I33, we first decompose it

Is=>" > Mloplalwgllzll@s)pllec

P<Q q<p+2
= > Mlpllallwglal@)pllee + D> > AgllTpllzllwgllzli(ws)plloo
p<Q Q<q<p+2 p<Q q<p+2

a<Q
: 1331 + I330.
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As before, applying the definition (4.19), Holder’s inequality, the Cauchy—Schwarz
inequality and Jensen’s inequality, we have

I331 < cov Z A2 312 Z Agllwqll2

p<Q Q<q<p+2
<cv Y. NGl YD Agllwgll
Q—2<p<Q Q<g<Q+2
Scovllvgilz Y. Adwgllataor Y AN vl D Agllwglle
Q<q<Q+2 Q—2<p<Q Q<g<Q+2
Scov Y Nlwgld +eora® 3T A wpll2A 1S Y Agllwglle
Q<q<Q+2 Q—2<p<Q Q<q<Q+2

2
Seov Do Nkl teord™ {50 4 el
R<q<Q+2 O—220<Q

S cov| Vel + cov ATV wsq 3.
Recalling ¥, = vp—1 + vp + vp11 and Allvgi1ll2 ~ ||wg+1ll2 we have

T332 < cov Z AS)‘p_1||ﬁp||2 Z Agllwqll2

p<Q q<p+2,9<Q

S covvgille D Adllwalla +cov Y- AN wplle D Agllwlle,

q<Q p<Q q<p+2,9<Q

which we can further split using the Cauchy—Schwarz inequality,

Isgs S covAfwgialla [ 47700 A 0 lwg 2227,
q<Q

+ AT AT wa AR [ Y A wpll2 A,
q<Q q—2<p<Q
2

< couA2 gl + cor A2 | 37 A0 lwy 222
q<Q

+ couA*T2 Z )\(]_2_25||wq||§)\2(}526) + couAtt? Z Z /\;1_5||wp||2)\;,1;ré
q<Q q<Q \g—2<p<@Q

S covh?lwgrll3 + cov AT Y T AT |w, |13
p<Q

where we need f% < § < 1 to obtain the last step.
Combining the estimates above we have for 0 > 0 and 0 < § < 1

1] < Ceor||Vwll3 + CoorA™5 37 A2, |3

p<Q

for some absolute constant C.
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5.2. Small intermittency dimension. Now we prove Lemma 5.1 assuming AL <
A2, and hence using the definition of wavenumber A} in (4.18). We denote A} by
A and let Q be the integer such that A = \g = 29 /L.

We will estimate the flux I = [,(v- V)ws - wdz in (5.23) in a way similar to
Subsection 5.1. The decomposition of I into subitems is the same as in Subsec-
tion 5.1. We only present the estimates of these subitems below. Using Holder’s
inequality, Bernstein’s inequality, definition (4.18), the Cauchy—Schwarz inequality
and Jensen’s inequality, we obtain

i<y Y lv@pallleoroll@2)pll2llwgll2

p>Q |g—p|<2
SarS S AT wgle S Allop e
p>Q |q—p|<2 Q<p'<p-2
Scov Y Adllwglla D A llvw 22, A 7AG™
>Q Q<p'<q
< cov Z Agllwgll2 Z >\12)’||UP/||2)\Z’—q
>Q Q<p'<q
2
< cov Z )\3||wq\|§ + cov Z Z A§/||vp/ ll2(LAp—q)°
>Q >Q \Q<p'<g
Co 2
S m’/\ww”z»

provided ¢ > 0. Similarly we have

La< ) Y lvzalscrpll@s)pllllwgllz

p>Q |g—p|<L2
Seav Y Y AN |wglzllv<qlls
p>Q [g—p|<2
Seor S0 AFAT gl 37 Aol
>Q—2 p'<Q

) —1-4 )
SCOI/ Z )\q‘|(&)q”2)\67q AE;F Z)\p’l pr/HQ/\pﬂ;lQ
>Q-2 p'<Q
2
C _9_
Seov [ D0 Mllwglla(LAg-g)7 | + —osw a2 S 2027 |2

1—-2-9¢
>Q-2 P<Q

Co Co 11—
5 ml/”VMH% + my/l‘H»?z?”v 1 §W§Q||§

where we needed o > 0 and 6 > —1.
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Proceeding to I3, we have

Ls< Y Y lvspallcllV(@)pllllwgll2

q<Q |g—p|<2

<D D vgp-zllocl Viwa)pll2lwllz

q<Q |g—p|<2
p>Q

+ 0 D lvgp-allllViwa)pllzllwgll2

q<Q |g—p|<2
p<Q

=: I131 + I130.
The estimates of I131 and I35 are performed as

Liz1 < cov Z Z )\2;0)‘;1)_0||USp72HOOquH2

Q—-1<¢<Q |q—p|<2
p>Q

Scov Y Agllwgll + covd®luzqlli
Q-1<4<Q
< cov|| V|3 + corA™|| Vw3

where we used the fact A\g ~ Aq ~ A, again; and

Iiz2 < cov Z A?[lwgll2llv<qllos
9<Q

S e A0 AT lwg [2ATEE | A0 D AL w22,

q<Q p'<q

5 —92-2§ 2(2426
< AN T AT, [3A2EE2Y

a<Q

2
5 —1-6 5
+eov ) (AT A w2
q<Q p'<q

< cov ATV w3

provided § > —1. The subitems of I are estimated as

<Y Y vl Viws)@p-2ll2lwglle

7>Q |g—p|<2
,SZ Z [[vp][2]lwglloc Z IV (w2)p |2
¢>Q [g—p|<L2 Q<p'<p-2
Sav Y w3 Y aeaAtte
>Q—2 Q<p'<q
Seov Y Mlwlls Yo ATATIN?
>Q Q<p'<q

S Y A2llwgll3
>Q
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for o > 0; and similarly

122§Z Z [vpll2[1V (w2) <@ll2llwg |l o

7>Q |g—p|<L2

Seav Y Y A A llwplla]lwgll2 47
7>Q |g—p|<L2

Seov Y A2lwyll3;
>Q

Ly< Y Y loplelViws)pollzllogllso

q<Q |g—p|<2

S S Allolalwlle

q<Q |g—p|<L2

< couA? Z Z Agllvpllzllwll2

Q—-1<¢<Q Q+1<p<Q+2

—1—001//122 Z Agllvpll2llwqll2

q<Q |g—p|<2
p<Q

Sav Y Nlwgll3 +corA® D lwgl3
Q—-1<q<Q+2 q<Q
S o[ Vw5 + cor ™Y AT lwg [3ATY
<Q
< cov|| Vw2 + e A2 | V1 00|13

provided § > —1.

17

In the end, applying Holder’s inequality, definition (4.18), the Cauchy—Schwarz
inequality and Jensen’s inequality, the subitems I3 and I35 are estimated as follows,

I3 < Z [Tpl2[l(w2)pll2 Z Agllwglloe

p>Q Q<g<p+2

Scov Y AT Tl Do Nllwgl

p>Q Q<q<p+2

Seow D Mpl@plls Do AgllwallaAGT A A, *

p>Q Q<g<p+2

Seov ) Mlplls Do Agllwgll2AiEy
p>Q Q<q<p+2

S cov Z A;%”“p”% + cov Z Z )‘qHWqH?)‘gi;

p>Q p>Q \R<q<p+2

S o S A2yl
p>Q
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for o > 0. Now for I35 we have

Iz < ) l15pll2ll@2)pll2 D Agllwglloe

p>Q 9<Q
Seaov Y AN Bl D A2 |wg -

p>Q q<Q

Using the Cauchy—Schwarz inequality, we conclude

Ip Seov Y Mpll@plla | 4770 DA 7wl AG 0 TIATTOA 2

P>Q q<Q
Scor Y Mll@plla [ 427 TN 0 lwg 2237,

P>Q q<Q

2

Scov Y Mlwpls +eov Yo [ 477D AT wgll2AB,

p>Q—1 p>Q 7<Q
Scov Y Allwplls + oA TN VT3,

p>Q—1 9<Q

provided § > —3. We need to further split the last term I33,

Iz=3 > Altplallwgllocliwn)pl2

P<Q q<p+2
S Y AN Tle Y Alwglla+eov D ANl Y Adllwglla
p<Q Q<q<p+2 p<Q q<p+2
q<Q
=: Is31 + I332
and estimate the subitems I337 and I335 as
I331 < cov Z AN oyl Z N llwgllz
Q—2<p<Q Q<g<Q+2
Scvllwoalla Y Mlwglla4cor Do AN sl D> Alllwgll
Q<g<Q+2 Q—2<p<Q Q<q<Q+2
5 —1-5 —1446
Seov Do Nllwqlld +eova® 3T N oA D AdllwllaA-o
Q<g<Q+2 Q—2<p<Q Q<g<Q+2

2
Scov D Nlwglly +eor A 3T AT w2
QR<q<Q+2 Q—2<p<@Q

< cov||Vwll3 + cor A" 2 [V w3,
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and

Issy S covAlvgilla Y Mllwgllz +cov > APA M lwplla Y- A2llwqll2
7<Q p<Q q<p+2,9<Q

S covA|wgiallz | A7 AT 0 lwgll2A3EY
<Q

+ e AN AT wg AT | DS AT T w2t
q<Q q—2<p<Q

Finally, thanks to the Cauchy—Schwarz inequality,

I330 S COVA2||WQ+1H§ + cor At Z )‘q_l_é”wq”ﬁ‘gj:g?
q<Q

—2— 2(2+20 —1— —
+ U N AT g [BAZEEE) gAY T ST A T w2 1

q P—q
q<Q q<Q \g—2<p<Q

< cov?||wor |3 + cov AT VT 0w, |13,
<@
provided —1 <6 < 1.

Putting the estimates above together we conclude that (5.24) is proved for o > 0
and 0 < 6 < 1.

5.3. Finishing the proof of Theorem 1.3. First we recall a generalization of
Gronwall’s lemma from [27].

Lemma 5.2. Let a(t) be a locally integrable real valued function on (0,00), satis-
fying for some 0 < T < oo the following conditions:

T+t T+t
lim inf ¢(T)dr >0, lim sup/ ¢~ (1) dr < 00,
t—o00 t t—o00 t
where ¢~ = max{—¢,0}. Let 1(t) be a measurable real valued function on (0,00)

such that

P(t) — 0, as t — oo.

Suppose £(t) is an absolutely continuous non-negative function on (0,00) such that

%5 + @& < 1, a.e. on (0,00).

Then

) —0 as t — 0.

Now we are ready to prove the main result. Choosing ¢y small enough compared
to C~1 ~ (1 —279)2, we obtain from (5.24) that
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—v||Vw|3 +1
v
< *§||Vw|\§ + cCor AT Z AL 2720 |w, |13
p<Q
(5.25) < —Z2|lwog |2 + LA 220, 12 4 Y patasy,, 2
UV — v _ v
< YR (ol - 2wgllf) + LAI A2 )3 4 LAt g |2
4 8 8
<

v — — v —
guwugﬁ (=24 (A/A)*F2) + 3 (442 + A2 w13

It follows from (5.23) and (5.25) that

d
(5.26) Zlel3 + gllwl < v,
where
Ot) = SA (2= (A/2), t) = £ (447 + A2) gl

Since A(t) is bounded, we have

T+t
lim sup/ ¢~ (1) dr < 0.
t

t—o0
Also, lim; o w<g(t) = 0 implies that lim; o, ¢ () = 0. Finally, thanks to Jensen’s
inequality,
4426

T s 1 T+t
hglogff/t (2 —(4/4) ) dtZQ—mhigsogp T/t Adt =1>0.
Hence

T+t
lim inf/ o(r)dr > 0.
t

t—o00

Thus applying Lemma 5.2 to (5.26) yields

Jim [w(t)]l> = 0.

6. ESTIMATES OF THE DETERMINING WAVENUMBER

In this section we prove estimates (1.6) for the average wavenumber A.

6.1. Estimates in term of the Kraichnan number. Recall that the intermit-
tency dimension d € [0, 2] is defined so that

(6.27) <Z >\Z+dlluq||§o> <L <Z /\;‘||uq||§> ~
q

q

We first handle the case when the intermittency d is away from zero and hence use
definition (4.19) of the determining wavenumber. Note that whenever A(t) > Ao,
we have that one of the conditions in definition of A2 in (4.19) is not satisfied for
qg=Q —1,1i.e.,

(6.28) 2(1’_62*'1)‘7)\{2271||wp||Oo > cov, for some  p>Q,
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or
(6.29) IVw<g-1lloc > cgu)\z—Fl = teou®.
Recall from the previous section that co ~ (1 —27)2. Thus we have
(cov)? A% < 64(Np—qL)* A?||wpl%, for some p>Q,
or
(cov)? A% < 64]|Vweg-1]%.
provided A > A\y. Hence, adding the right hand sides, we obtain

(6.30) (cov)*(A = 20)° S [IVwzo-1l3 + Sgg(L)\p—Q)ZGAQprHgC~
Using (6.30) and Jensen’s inequality we get
(4) = Xo S (A= o))t
20 42 2 o
< <  (IPwsa-tl2 + sup (T 2l ) )
=Q
2 a¥a
a da—2 Ad -
N < V)2 Z Ad wglloo (LAGQ—q) 2 + 2 SUlp(L)‘q—Q)2 ||Wq||§o>
9<Q—1 2@
d+4
< < 3 D Aglwlls + sup( A _Q>2“dAZ||wq||§o>
q<Q 1

d+4

< “Zxdanw > ,

where d € [20, 2] was used at the last step. Since ||wq|lco S Aglltiglloc by Bernstein’s
inequality, 1t then follows from (6.27)
T

T+
v L%
(A) =X S <V3 > A(2,+d||uq||§o> S < > >\3qu|§> = K.
q q

Extreme intermittency. Now we consider the case d € [0,20], not expected
in turbulent flows, but still plausible mathematically. For A(t) > Ao, one of the
conditions in definition of Al in (4.18) is not satisfied for ¢ = Q — 1, i.e.,

(6.31) 2(”_Q+1)")\é£1\|wp|\g > cov, for some  p>Q,
or
(6.32) [Vweg-1ll2 > covdy_y = FeovA®.
It follows
(cov)?A* < 16(/\p_QL)2"/12||wp||§a for some p>Q,
or

(cov)? A" < 16]Vwzg-1]3.
Combining the two estimates above yields
(6.33) (cor)*(4 = 20)" S |Vwzq-1ll + S;lg(LApr)z"ﬁprII%
b=



22 ALEXEY CHESKIDOV AND MIMI DAI

We infer from (6.33) and Jensen’s inequality

(4) = X0 S {(A— A7

1
1

1
<{ ——— [ |[Vw<g_1]|3 + sup(LA,_0)*" A?||w 2>>
< (Gage (I7wsa-1lf + sup(2rs-)* A

1 1 o 4
5< S A2+ L sup(Lh_o)? 2A5wq|z>
V7 ¢>Q

2
q<Q-1

) i
TESEREY
q

since 0 < 1. Thanks to |lwgll2 S Agllugll2 by Bernstein’s inequality, we thus have
for d < 20,

i d
1 4 2 ’ AN K\ '
<A>—/\OS<VQZq:>‘q”uq”2> = Rn (50 < Ry FTO :

where we assumed that x, > kg at the last step. To conclude, when &, > ko, we
have

/151177, for d > 20,

=

(6.34)

1

/Ignn(gg) : for d < 2.

o

In the above estimate we assumed that ¢ was a fixed small positive number. If
we are interested in the extreme intermittency regime d € (0, 20), not observed ex-
perimentally, then recall that Theorem 5.1 holds for any o € (0,2) in the definition
of A2 as long as ¢ < (1 —277)2. Then given the intermittency dimension d > 0,
the optimal choice for ¢ is o = d/2, and we arrive at a more precise estimate

n a4
A S Kymin {(1 — 4_d)_ﬁ’ (“51“77) Ia+16 } .

6.2. Estimates in term of the Grashof number. Recall from Subsection 3.2
that

kn S /@OG%H,
provided G > 1. Thus
{AgﬁoGdi‘l, for d > 20,

(6.35) _ 5 4
A < koG G2+ for d < 20,

Note that the extreme intermittency regime d = 0 is the worst case scenario for
the estimates (6.35). Indeed, (6.35) implies

A < koGz,
i.e., the number of determining modes A? is always bounded by G, which recovers
the result by Jones and Titi [36].

In the physically relevant case d = 2, usually observed in experiments, the esti-
mates (6.35) become

=

/IglioG
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which is consistent with the classical result [17] on the finite dimensionality of the
global attractor A

dimpA < G5 (1 +1og G),

with the logarithmic factor of G' removed.
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