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Abstract

In view of the possibility that the 3D Navier-Stokes equations (NSE) might not
always have regular solutions, we introduce an abstract framework for studying the
asymptotic behavior of multi-valued dissipative evolutionary systems with respect to
two topologies—weak and strong. Each such system possesses a global attractor in the
weak topology, but not necessarily in the strong. In case the latter exists and is weakly
closed, it coincides with the weak global attractor. We give a sufficient condition for
the existence of the strong global attractor, which is verified for the 3D NSE when all
solutions on the weak global attractor are strongly continuous. We also introduce and
study a two-parameter family of models for the Navier-Stokes equations, with similar
properties and open problems. These models always possess weak global attractors,
but on some of them every solution blows up (in a norm stronger than the standard
energy one) in finite time.

Keywords: Navier-Stokes equations, global attractor, blow-up in finite time.

1 Introduction

A remarkable feature of many dissipative partial differential equations (PDES) is the
existence of a global attractor to which all the solutions converge as time goes to
infinity [21, 22]. The global attractad is the minimal closed set in a phase spate

(i.e., the functional space, usually a Banach space, in which the solutions exist) that
uniformly attracts the trajectories starting from any a priori given bounded 6t in
When the topology oiff is referred as the strong (weak) topologyréf we will call

A the strong (respectively weak) global attractor.

It is possible that a dissipative PDE does not have a strong global attractor. For
instance, the 2D Navier-Stokes equations (NSE) on a bounded déimaiR?, when
supplemented with appropriate boundary conditions, possess a strong global attractor
in H (a certain subspace &f(2)?) [15, 22], but it is not yet known whether this holds
for the 3D NSE.

Nevertheless, even for the 3D NSE one can prove that there exists a weak global
attractor [9]. When the strong global attractor is strongly compad{ ife.g., in the
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2D NSE), then it is also the weak global attractor. But, in any case, the weak global
attractor is an appropriate generalization of the strong global attractor since it captures
the long-time behavior of the solutions. In particular, the support of any time-average
measure of the 3D NSE is included in the weak global attractor (see [8]). One should
note that Sell [20] introduced a related notion of a trajectory attr&iarthe space of

all trajectories, which was further studied in [4, 7, 20, 21]. The weak global attractor
coincides with the set of values of all trajectorieQirat any fixed time.

The aim of this study is to present a general abstract framework which is applica-
ble to the 3D NSE even in the case where they do not possess a strong global attractor.
This framework may be also useful in the study of other PDEs for which the existence
of the strong global attractor is in limbo. This aim forces us to consider multi-valued
evolutionary systems. A number of papers have been published concerning attrac-
tors of multi-valued semiflows. See [3] for a comparison of two canonical abstract
frameworks by Melnik and Valero [17] and Ball [1]. The main difference between our
evolutionary systeng and Ball's generalized semiflow is that we do not include the
hypotheses of concatenation and upper semicontinuity with respect to the initial data.
This allows us to consider an evolutionary system whose trajectories are all Leray-
Hopf weak solutions of the 3D NSE.

Our definition of the evolutionary syste# already exploits the effect of dissi-
pativity, namely the existence of an absorbing ball. In fact, the spagewhich the
trajectories of live is, in applications, precisely such an absorbing ball. Since in most
applications the phase space is a separable reflexive Banach space, both the strong and
the weak topologies o are metrizable. This is the motivation for us to define strong
and weak topologies oX to be the ones induced by appropriate metrics.

We show that every evolutionary system always possesses a weak global attractor;
moreover, if the strong global attractor exists and is weakly closed, then it has to
coincide with the weak global attractor. Note that some classical definitions (see, e.g.,
[22]) require a global attractor to be an invariant set. We will see that under a condition,
which is, for example, satisfied by the Leray-Hopf weak solutions of the 3D NSE, the
weak global attractor is also the maximal bounded invariant set. We recall that those
solutions are always weakly continuouslif(2)3.

It is known that if a weak global attractor for the 3D NSE is boundetjrthen
it is in fact strong [9]. Moreover, Ball [1] showed that if a generalized semiflow for a
dissipative evolutionary system is asymptotically compact, then a strong global attrac-
tor exists. This generalizes corresponding results for semiflows (see [11, 12, 16]) and
implies that the strong global attractor for the 3D NSE exists under the condition that
all weak solutions are strongly continuous frgf co) to L2(Q2)? (see [1]). In this
paper we show that even without the assumptions of concatenation and upper semi-
continuity with respect to the initial data, the asymptotic compactness implies that the
weak global attractor is the minimal compact attracting set in the strong metric, i.e.,
the weak global attractor is in fact the strong compact global attractor (Theorem 2.16).
Applied to the 3D NSE, this result implies the existence of a strong compact global
attractor in the case when the solutions on the weak global attractor are continuous in
L2(2)3 (Theorem 3.30).

The convergence of Leray-Hopf weak solutions was also studied by Rosa [19],
namely, he introduced an asymptotic regularity condition to insure the strong conver-
gence of a weak solution towards its weakimit. This condition requires the limit
solutions to be strongly continuous it?(2)3, and implies that the weak global at-



tractor is a strongly compact strongly attracting set if the weak solutions on the weak
global attractor are strongly continuouslii(2)3. Moreover, since a trajectory of the

3D NSE that is not strongly continuous it?(£2)® also, obviously, is not relatively
strongly compact in.?(2)3, the strong continuity of weak solutions on the weak
global attractor4,, is also a necessary condition fdr, to be strongly compact (see
[19]).

Recall that we define a global attractor as the minimal closed (uniformly) attract-
ing set in the corresponding metric, and hence, allow the possibility for the solutions
on a strong global attractor to be discontinuous. We address this issue by studying
the weak convergence of weak solutions towards a weak solution strongly continuous
from the right in L2(Q)3. We show that the weak convergence is strong under the
condition that the "energy jumps” of solutions converge to the "energy jumps” of the
limit solution (Theorem 3.24). However, at this stage, no necessary condition for the
strong convergence is known.

Finally, we provide an example of a dissipative evolutionary system for which
all solutions on the weak global attractor blow-up in finite time. We introduce a
two-parameter family of simple infinite-dimensional systems of differential equations.
These systems, calléddiagonal models for the NSE (TNS modetiiyplay basic fea-
tures of the NSE. In particular, they are examples of dissipative systems that possess a
weak global attractor, but the existence of a strong global attractor is not known.

TNS models have similar form and some similar properties to shell models, specif-
ically dyadic models studied in [10, 14]. Moreover, a similar analysis of the dyadic
models also results in a finite time blow-up (see [5]). In the TNS models though, the
coefficients in the equations are chosen to yield NSE-like scaling properties. More
precisely, we first mimic the Stokes operator in 3D via the choice a positive definite
operator ori? whose eigenvalues grow with the same speed as the eigenvalues of the
Stokes operator. Second, we mimic the nonlinear term of the NSE via the choice of a
bilinear form, which scales like the Sobolev estimate for the NSE. Then we obtain the
following system of differential equations:

%U+VAU+B(U7U) =g, Q)
whereu = (uqy,us,...),
(Au),, = n%uy,

and
B(u,v)), = —n"up_19,-1 + (n 4+ 1) upv,41 n=12,...,
( ’ +1 )

with ug = 0. Herea and§ are two positive parameters. Note that the orthogonality
property ini? holds for B, which implies the existence of an absorbing ball and a
weak global attractor. Moreover, when= 2/3, which corresponds to the speed with
which the eigenvalues of the Stokes operator grow in three-dimensional space, and
B = 11/6, we have the following sharp estimate:

|(B(u, u), Au)| S [Auf*/2|AY2uf*/2,

where|v|? = 3" v2. This estimate is exactly the same as the the estimate based on
the Sobolev inequalities for the nonlinear term of the 3D NSE, Wwithbeing theL2-
norm. It is an open question whether solutions of (1) can lose regularity in the case



(o, B) = (2/3,11/6). However, we show that in the nonviscous case 0, for every
a>0,6>0,v>0,andg, > 0forall n € N, the norm|A#+7=1/G)y]| of every
solution withw,, (0) > 0 andu(0) # 0 blows up (Theorem 4.7).

When the viscosity is not zero, the model always possesses a weak global attractor
Ay. Moreover, we prove that if the forcg is large enough, then all solutions on
A, blow up in finite time in an appropriate norm whef > 3a + 3 (Remark 4.6).
The question whetheA,, is a strong global attractor remains open in the case where
8 >a+1.

2 Evolutionary system and global attractors

Let (X, ds(+,-)) be a metric space endowed with a metti¢ which will be referred
to as a strong metric. Let,(-,-) be another metric oX satisfying the following
conditions:

1. X isd-compact.

2. If ds(up,v,) — 0 @asn — oo for someu,, v, € X, thendy, (u,,v,) — 0 as
n — oo, that is, the identity mapX, ds) — (X, dy) is uniformly continuous.

Due to the latter property,, will be referred to as the weak metric 6h Note that any
strongly compactds-compact) set is weakly compael,(-compact), and any weakly
closed set is strongly closed. Also it will be convenient to denotetbyhe closure
of the setA C X in the topology generated hi;,; here and throughowt stands for
eithers or w.

To define an evolutionary system, first let

T:={1:1=IT,00)forsomeT € R, orl = (—o0,00)},
and for eacll C 7 let (I) denote the set of alk-valued functions od. Now we
define an evolutionary systefnas follows.

Definition 2.1. A mapé that associates to each € 7 a subset€ (I) C F will be
called an evolutionary system if the following conditions are satisfied:

1. £([0,00)) # 0.

2. E(I+s)={u(-): u(-—s)e &)} forall s € R.

3. {u()|r, s u(-) € E(I1)} C E(Iy) for all pairs of I, I, € T, such thatl, C I.
4. £((~00,00)) = {u(") : u(")|fr.c) € E((T,00)) VT € R}.

We will refer to€£ (1) as the set of all trajectories (solutions) on the time intefval
Let P(X) be the set of all subsets &f. For everyt > 0 define a map

R(t) : P(X) — P(X),
ROK = {u(t) : u(0) € K, u(-) € £(0,0))}, K C X.

Note that the assumptions énmply that R(¢) enjoys the following property:
R(t+s)K C R(t)R(s)K, KcX, ts>0. (2)

Let us first point out that the trajectories are not required to be continuous (even
with respect tal,,) nor are they uniquely determined by their starting points, i.e., itis
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possible to have two different trajectoriesv € £([0, 0)), such that(0) = v(0).
Second, there is no assumption of concatenation.df£ ([0, o)) andv € E([T, x))
for someT > 0, so thatu(7T') = v(T), then the following function

), if t € 0,77,
Mw_{v@, if ¢ € (T, 00).

need not be ir€([0,00)). We avoid the assumptions of the continuity, uniqueness,
and concatenation in order to be able to consider an evolutionary system consisting of
Leray-Hopf weak solutions to the 3D Navier-Stokes equations.

Often an evolution of a dynamical system can be described by a semigroup of
continuous mappings acting on some metric spfce

S(t): H—H, t>0.
The semigroup properties are the following:
S(t+s)=S51)S(s), t,s>0, S(0) = ldentity operator. (3)
Then, ifu(t) € H represents a state of the dynamical system at time have
u(t+s) = S(t)u(s), t,s > 0.

A ball B c H is called an absorbing ball, if for any bounded et H there exists
to, such that
S(t)K C B, vt > to.

Hence, if we are interested in the long-time behavior of the dynamical system, it is
enough to consider a restriction of the system to an absorbing ball. So, Webleta
closed absorbing ball, and define the ndaim the following way:

E) :={u() ru(t +s) = S(t)u(s) andu(s) € X Vs € I, t > 0}.

Note that conditions 1-4 for the evolutionary systérautomatically follow from the
semigroup properties (3) ¢f(¢). In addition, letT" be such that

SHXcX  vt>T.

Then we have
R(t)K = S(t)K, VK Cc S(T)X, t > 0.

The 3D Navier-Stokes equations will serve as an instructive illustration and application
of our consideration. As yet in our knlowledge of the 3D NSE, the time evolution of
the 3D NSE cannot be described by a semigroup of maps. Therefore, for the 3D NSE
we will have a more involved definition ¢f (see Section 3).

Having defined the evolutionary systéimwe proceed to define attracting sets and
global attractors. Fod C X andr > 0, denoteB,(A,r) = {u : de(u,A) < r},
where

de(u, A) := ;Ielg de(u, ).



Definition 2.2. A setA C X is ad,-attracting set ¢ = s, w) if it uniformly attracts
X in d,-metric, i.e., for any > 0, there existg,, such that

R()X C Bu(Aye), Vit > to.

Definition 2.3. A, C X is ad,-global attractor = s, w) if A, is @ minimald,-
closedd,-attracting set, i.e., A, is d,-closedd,-attracting and every subset C A,
that is alsod,-closed andl,-attracting satisfiesA = A,.

Note that the empty set is never an attracting set. Note also that Xirsenot
strongly compact, the intersection of twig-closedd,-attracting sets might not h&-
attracting. Nevertheless, the uniqueness of a global attractor is a direct consequence
of the following lemma.

Lemma 2.4. If A, exists andA is a d.-closedd,-attracting set, thend, C A (o =
S, W).

Proof. Let A be an arbitraryl,-closedd,-attracting set. Take any pointe A,. Let
e > 0. If there existg, > 0, such that

R(t)X N Be(a,e) =0, vt > t,

then A, \ B.(a,€/2) is ad.-closedd,-attracting set contradicting the minimality of
A.. S0, there exists a sequertge— oo asn — oo, such that

R(t,)X N Be(a,e) # 0, Vn.
On the other hand, sincé is d,-attracting, we infer that
R(tn)X C Be(A,¢€),
for n large enough. It follows that
AN Be(a,2e) # 0.
SinceA is d,-closed, we have thate A. Thus, 4, C A. O

As a direct consequence of this lemma we have the following.
Corollary 2.5. If A, exists, then it is uniques (= s, w).

Assume now that the weak global attracthy exists. If.A,, is a strongly attracting
set, does it follow that the strong global attractor exists? In general, this may not be
true. However, if the strong global attractor exists, then clearly itlig-attracting set.
Moreover, we have the following.

Theorem 2.6. If A, exists, themd,, exists and
Ay = A"

Proof. If there exists al,,-closedd,,-attracting setd C A" and A =+ A", then
there existsy € A, such that

d = dy(ug, A) > 0.
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By the definition of an attracting set, there exists a ttgne- 0, such that
R(t)X C By(A,d/2) Yt > tg. 4)

Note that
dw(uo, Bw(A,d/2)) > d/2.

Therefore, by virtue of Property 2 in the definitiondyf, there existg > 0, such that
ds(uo, Bw(A4,d/2)) > 6,

whence,
Bs(ug,d) N By (A,d/2) = 0.

Now from (4) it follows that
BS(UU, 5) n R(t)X =0 Vit > tg.

Consequentlyd; \ Bs(ug, 6/2) is ads-closedds-attracting set strictly included ids,
a contradiction. Henced; " is the weak global attractor. O

The following are two simple examples of evolutionary systems that possess a
weak global attractad,,, but not a strong global attractet;.
Example 1.Let

XZ{UELQ(—OO,OO):/ u(x)zdxgl,u(:c):()forx>0},
and define onX the distances

ds(u,v) := (/_O;(u(x) —v(z))? dx)l/Q, dy (u,v) = /_Z ﬁ - f(i()x; U(Zf()z)' da.

Consider the following partial differential equation:

ou Ou

ot o
The trajectories of the evolutionary systéhwill be solutions of this equation, i.e.,

E([s,00)) ={u € F([s,00)) : u(t) = uo(- +t — s),t € [s,00),up € X}, Vs € R,
&((—00,00)) = {0}.

Thenitis easy to show that,, = {0} (see also Theorem 2.14). However, no trajectory
except the trivial one = 0 strongly converges t0 ast — oc.

Example 2. Take
X:{uelQ:Zuigl}.
n=1

whereu = (u,), u, € Rforall n. Foru,v € X, let

- 1/2 00
1 |Un - Un|
s (S n) =3l

n=1



Consider the following differential equation:

d 1
—Up = ——Up, neN
dt n

The trajectories of the evolutionary systéhwill be solutions of this equation, i.e.,
E([s,00)) = {u € F([5,00)) : (un(t)) = (ule* /™) t € [s,00),u’ € X},
fors € R, and
&€((—00,00)) = {0}.

Take anyu’ € X and consider the trajectoryc £([0, o)) starting at.’, i.e.,u(0) =
u°. Then we have

dy(u(1),02 = ua ()2 =3 (9% % -0 as  t— oo

n=1 n=1

However, the convergence is not uniform in themetric, although it is uniform in the
dy,-metric. So agai,, = {0}, but .4, does not exist.

Note that the nonexistence gf; in the two examples is due to two different be-
haviors of the trajectories. In the first example all the nontrivial trajectories converge
to A,, weakly, but not strongly. In the second example all the nontrivial trajectories
converge ta4,, strongly, but not uniformly.

Definition 2.7. The mapR(t) is uniformlyd,-compact ¢ = s, w) if there existg, >
0, such that

U r)x

t>to
is relativelyd,-compact.

Note that sinceX is d,,-compact,R(t) is automatically uniformlyl,,-compact.
Definition 2.8. Thew,-limit (e = s, w) of asetK C X is
we(K) = () |J ROK ,
T>0t>T

where the closure is taken ih,-metric.

Lemma 2.9. Let A be ad,-closedd,-attracting set. Then
we(X) C A.

Proof. Suppose that there exisise we(X) \ A. SinceA is d,-closed, there exists
e > 0, such that
AN Be(a,e) = 0.

By the definition of thewv,-limit, there exist a sequenedg — oo asn — oo and a
sequencer,, € R(t,)X, such thaide(x,,a) — 0 asn — oo. Hence, there exists
N > 0, such that

ZTn & Be(A,€/2), V¥n > N.

This means thatl is notd,-attracting, a contradiction. O



Lemma 2.10. If the mapR(t) is uniformlyd,-compact ¢ = s, w), thenw,(X) is a
nonemptyl,-compacid,-attracting set.

Proof. By Definition 2.7 and the fact tha([0, c0)) # 0, there existsg,, such that

w(T) = R(t)X.

t>T

is a nonemptyl,-compact set for all" > ¢,. In addition,W(s) C W(t) for all
s >1t > 0. Thus,
we(X) = ) W(T)
T>to

is a nonemptyl,-compact set.
We will now prove thatv, (X ) uniformly d.-attractsX. Assume it does not. Then
there existg > 0, such that

V(t) :=W(t) N (X \ Be(we(X),€)) #0, vt > 0.

SinceV (t) is de-compact fort > to andV'(s) C V(¢) for s > ¢ > 0, we have that
there exists

Hencex € w,(X). However, this implies that ¢ V (¢), ¢ > 0, a contradiction. O

Theorem 2.11. If the mapR(t) is uniformly d,-compact ¢ = s, w), then thed,-
global attractor exists and satisfies the following additional properties:

(@) Ao = we(X).

(b) A, isde-compact.
Proof. By Lemma 2.10w,(X) is a nonemptyl,-compactd,-attracting set. More-

over,w,(X) is the minimald,-closedd,-attracting set due to Lemma 2.9. Therefore,
we(X) is thed,-global attractor. O

Note that sinceX is d,-compact (see the definition @f,), R(¢) is uniformly
weakly compact. Hence we have the following.

Corollary 2.12. The evolutionary systeghalways possesses a weak global attractor
Ay

Our next goal is to investigate whethgk, is an invariant set in the following
sense.

Definition 2.13. The setd C X is invariant, if

{u(t) : u € &((—o0,0)),u(0) € A} = A, vt > 0.



Assume that,y belongs to some invariant set. Then foral> 0 we have that
up € R(t)X. Henceug € wy(X) = A,,. Therefore,A,, contains every invariant set.
Moreover, we will show thatd,, is invariant under some compactness property that
is for instance satisfied by the family of all Leray-Hopf solutions of the 3D NSE (see
Section 3).

Let C([a,b]; X.) be the space af,-continuousX -valued functions orfa, b] en-
dowed with the metric

de(lab);xe) (u,v) = sup de(u(t),v(t)).
t€la,b]
Let alsoC([a, >0); Xs) be the space af,-continuousX -valued functions offa, o)
endowed with the metric

B 1 sup{de(u(t),v
detiacorxa) (0) = 2 57 T Gup (. ult), o(0) :

Theorem 2.14.1f £([0, 00)) is compact inC'([0, 00); X ), then
(@) Ay =7 := {uo: up = u(0) for someu € £((—o0,))}.
(b) A, is the maximal invariant set.

Proof. Since obviouslyZ is the maximal invariant set, we have thatc A,. It

remains to prove thatl,, C Z. Take anya € A,,. SinceA,, = wy(X), there exist
t, — 00, asn — oo anda,, € R(t,)X, such that,, — a weakly asn — oo. Using
Property 2 in Definition 2.1, there exist, € £([—tn,0)), such thatu,(0) = a,.

Also, Properties 2 and 3 in Definition 2.1 &fimply that&([—t,, o)) is compact in
C([—tn, ); X ) and

{u‘[—t1,00) ‘uE g([_tnvoo))} C g([_tlvoo))v

for everyn. Now, passing to a subsequence and dropping a subindex, we can assume
thatun,|[_, 00) — u' € E([—t1,00)) in C([~t1,0); Xy) asn — oo. By a stan-

dard diagonalization process we obtain that there existF ((—oo, 00)) and a subse-
quence of,,, still denoted byu,,, such that, |[_7 o) — U[—1,00) IN C([~T, 00); Xy )

forall T > 0. Thus, by the compactness we have that . .y € £([-T, 00)) for all

T > 0, and hence; € £((—o0, 00)). Finally, sinceu(0) = a. we havez € Z. Hence,

Ay CT. O

Now that we know that the weak global attractor always exists, we can weaken the
condition on the existence of the strong global attractor.

Definition 2.15. The mapR(t) is asymptoticallyd,-compact ¢ = s, w) if for any
t, — oo and anyz,, € R(t,)X, the sequencéz, } is relativelyd,-compact.
Theorem 2.16. If the mapR(t) is asymptoticallyl;-compact, themd,, is ds-compact
strong global attractor.

Proof. First note thatvs(X) C ww(X) = Ay. On the other hand, let € A, =
ww(X). By the definition ofw,-limit, there existt, — oo asn — oo andz,, €
R(t,)X, such that

dw(zpn,a) — 0 as n — oo.
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Thanks to the asymptotic compactnessRif), this convergence is in fact strong.
Thereforen € ws(X). Hencew,(X) = A,,.

Now let us show thats(X) is ads-attracting set. Assume that it is not. Then there
existe > 0, z,, € X, andt,, — oo asn — oo, such that

Ty € R(t,)X \ Bs(ws(X), €), vn € N.

SinceR(t) is asymptoticallyls-compact, thedz,, } is relativelyds-compact. Passing
to a subsequence and dropping a subindex, we may assume that

Ty, —r€X strongly, asn — oo.

Therefore, we have that € ws(X), a contradiction.

Now note thatu(X) is the minimalds-closedd,-attracting set due to Lemma 2.9.
Thereforews(X) is the strong global attractofs. Finally, let us show thabs(X) is
strongly compact. Take any sequengec ws(X). By the definition ofus-limit, there
existt,, — oo andx,, € R(¢,)X, such that

ds(zp,an) — 0 as n — 00.

Note that{x,, } is relativelyds-compact due to the asymptotic compactnes&@f).
Hence {a, } is relativelyds-compact, which concludes the proof.
O

Finally, in the following example we show that the asymptotic compactness is a
weaker condition than the uniform strong compactness.

Example. Take
X:{uel2:2ui<l}.
n=1

whereu = (uy,), u, € Rforalln. Foru,v € X, let

1 |up — v
ds(u,v) = (Z(un — Un)2> s dw(u, U) = Z ﬁm

n=1 n=1
Consider the following differential equations:

d
—_ = 0
T

and
d

dt
The trajectories of the evolutionary systémvill be solutions of this equation, i.e.,

Uy = —Up, n € N.

E([s,00)) = {u € F([s,00)) : ur(t) = ud, un (t) = ule*™ forn > 2,
t € [s,00),u’ € X},

fors € R, and

E((—o00,00)) ={u:uy € [-1,1],un, =0,n > 2}.
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Clearly, R(¢) is not uniformly strongly compact, but it is asymptotically compact.
Hence, the strong global attractor exists and

As ={u:u; € [-1,1],u, =0,n > 2}.

Finally, Theorems 2.14 and 2.16 imply the following

Remark 2.17. If £([0, o)) is compact inC([0, c0); Xy, ) and R(t) is asymptotically
ds-compact, then the strong global attractgt; exists, and is the strongly compact
maximal invariant set. Consequentl{, is a compact global attractor in the conven-
tional sense.

3 3D Navier-Stokes equations

Here we apply the results from the previous section to the space periodic 3D Navier-
Stokes equations (NSE)

d
%usAu+(u~V)u+Vp:f,

V-u=0,
u, p, f are periodic with period. in each space variable, ®)
u, f are inL (R3)3,

U|t:0 = Uo,

whereu, the velocity, ang, the pressure, are unknownsjs a given driving force,
andv > 0 is the kinematic viscosity coefficient of the fluid. By a Galilean change of
variables, we can assume that the space averagésdero, i.e.,

/ u(z,t) dx =0, Vt,
Q

whereQ) = [0, L]? is a periodic box.
In this section we will apply our general results from the previous section to the
study of the assymptotical behaviour of weak solutions to (5).

3.1 Functional setting

First, let us introduce some notations and functional setting for (5). We denote by
(-,-) and| - | the L?(©2)3-inner product and the correspondihg({2)3-norm. LetV be

the space of alR? trigonometric polynomials of periodl in each variable satisfying
V-u=0andf,u(z)ds = 0. Let H andV to be the closures o? in L?(Q2)* and
H'(Q)3, respectively. Also, define the distaneksby

1 Ju, — vyl
ds(u,v) := |u — |, dy (u,v) = Z PEEEaT—r u,v € H,
KEL? " &

whereu,, andv,, are Fourier coefficients af andv respectively.

We denote byP, : L?(Q)3 — H the L?-orthogonal projection, referred to as
the Leray projector, and by = —P, A = —A the Stokes operator with the domain

12



D(A) = (H?(2))3 N V. The Stokes operator is a self-adjoint positive operator with a
compact inverse. Denote
) 1/2
dz .

3
Jul = 14/2u] = ( [
Q=1
Note that||u| is equivalent to thé7*-norm ofu for u € D(A'/?).

For a rigorous mathematical study of the equation (5) we need a few more concepts
from functional analysis. Namely, I8t’ be the set of all distributions of the form
v = Au, withu € V. TheV’-norm of thisv is by definition|ju||. Endowed with
this norm,V’ becomes the dual space ¥f and ifv € H, then the value of at a
pointw € H equals to the usual scalar prodgetw) in H. Now foru andv in V, let
B(u,v) := P,(u - Vv), which is an element of’. If v € D(A), thenB(u,v) € H.
Moreover,

8ui
8$j

(B(u,v),w) = —(B(u,w),v), u,v,w €V,

in particular,(B(u,v),v) = 0 for all u,v € V.
Equations (5) now can be condensed in the functional differential equation

%u—!—uAu—!—B(u,u) =g in v/, (6)

whereu is aV-valued function of time ang = P, f. Throughout, we will assume
thatg is time independent angde H.

Definition 3.1. A weak solution of6) on [T, oo) is an H-valued function:(t¢) defined
fort € [T, c0), such that
u(*) € C(IT, 00); Hy) N Lig ([T, 00); V),

and
w(-) =g — vAu(-) = B(u(:),u(-)) € Lige([T,00); V'), )

= / (w(s),v)ds YoeV,t>T. ®)

The relations (7) and (8) imply thagiu exists inV’ a.e. in[T, ). Therefore,
often in the literature (8) and (7) are written as (6) and
d 1 /
%u € Lloc([T’ OO); Vv )7

respectively.
The classical fundamental result concerning (6) is the following.

Theorem 3.2 (Leray, Hopf). For everyu, € H, there exists a weak solutiar(t) of
(6) on[T, co0) with u(T") = ug satisfying the following energy inequality:

u(®)[* + 21/-/15 lu(s)]I* ds < |u(to)|* + Z/t (9(s),u(s)) ds (9)

forall t > tg, tp a.e. in[T, 00).
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See [13] for a hypothesis under which the energy equality holds. However, in
general, the existence of weak solutions satisfying the energy equality is not known.
Therefore, we introduce the following definition.

Definition 3.3. A Leray-Hopf solution of th€6) on the interval[T, oo) is a weak
solution on[T, o) satisfying the energy inequality (9) for &l < ¢ty < ¢, ¢ a.e. in

[T, o). The setEx of measure) of pointst, for which the energy inequality does
not hold will be called the exceptional set (of the solution). In addition, the solution
u(t) will be called regular on an intervala, 3) C [T, 00) if u(t) € V and||u(t)]| is
continuous or{«, j3).

Note that the uniqueness of Leray-Hopf solutions of the Initial Value Problem is
not known.

Theorem 3.4 (Leray). For everyuy € V, there exists a strong solutiar{¢) of (6) on
some interval0,T), T > 0, withu(0) = uo.

Theorem 3.5 (Leray). Letu(t) be a Leray-Hopf solution of6) on [T, co). Then there
are at most countably many distinct open intervglssuch that

[T,OO) = Ujj,

u(t) is regular on eachy;, and the measure ¢f’, 00) \ U, I; is zero.

Theorem 3.6. Letu(t) be a regular solution o0, 7). Then every Leray-Hopf solu-
tion v(t) on [0, co) with v(0) = «(0) coincides withu(t) in [0, 7).

Finally, we recall several well-known supplementary facts.

Remark 3.7. The complement of the exceptional &t coincides with the set of
points of strong continuity from the right.

Theorem 3.8. Let u(t), u,(t) be Leray-Hopf solutions on the interviil, oo), such
that
Up — U in C([0,T); Hy),

asn — oo, for somel” > 0. Let(«, 5) C (0,7) be an interval of regularity ofi(t).
Then for every) < § < (6 — «a)/2,

llun(t) —u(t)|] — 0  uniformlyon  [a+6,8— 4],
asn — 00.

Remark 3.9. Let u(t) be a Leray-Hopf solution. As &-valued functionu(t) is
analytic in time on every interval of regularity.
3.2 The weak global attractor for the 3D NSE

A ball B C H is called an absorbing ball for the equation (6) if for any bounded set
K C H, there exist$q, such that

u(t) € B, Yt > to,
for all Leray-Hopf solutions.(t) of (6) on [0, o) with «(0) € K. Itis well known

that there exists an absorbing ballihfor the 3D NSE. In fact, one has the following.
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Proposition 3.10. The 3D Navier-Stokes equations possess an absorbing ball
B = B(0, R),

whereR is any number larger thaty|v—*L/(27) (see, e.g., [6]).
Fix R > |glv~'L/(2n7) and letX be the closed absorbing ball

X={ueH:|u <R},

which is, clearly, weakly compact. Then for any boundediset H, there exists a
timety, such that
u(t) € X, Yt > to,

for every Leray-Hopf solution.(¢) with the initial datau(0) € K. Classical NSE
estimates (see [6]) imply that for any sequence of Leray—Hopf solutigfg (not
only for the ones guaranteed by Theorem 3.2), the following result holds.

Lemma 3.11. Letw,(¢) be a sequence of Leray-Hopf solutions, such that) € X
forall t > ty3. Then

u,, is bounded inL?([ty, T); V),

d . )
Jplin IS bounded inL*/3([t,, T]; V'),

for all T > t,. Moreover, there exists a subsequenge of u,,, which converges in
C([to, T]; Hy) to some Leray-Hopf solution(t), i.e.,

(tn,;,v) = (u,v) uniformly on  [to, 77,
asn; — oo, forallv € H.

Consider an evolutionary system for which a family of all trajectories consists of
all Leray-Hopf solutions of the 3D Navier-Stokes equationsXin More precisely,
define

E([T,00)) := {u(-) : u(-) is a Leray-Hopf solution ofil’, o)
andu(t) € X Vt € [T,00)}, T e R,

E((00,00)) := {u(-) : u(-) is a Leray-Hopf solution oi—oo, co)
andu(t) € X ¥Vt € (—o0,00)}.

Since X is weakly compact, the existence of the weak global attractor is a direct
consequence of Theorem 2.14. Moreover, we have the following.

Lemma 3.12. £([0, c0)) is compact inC'([0, 00); Hy, ).

Proof. Take any sequence, € £([0,0)), n € N. Thanks to Lemma 3.11, there
exists a subsequence, still denoteduy that converges to some € £([0,00)) in
C(]0,1]; Hy,) asn — oo. Now, passing to a subsequence and dropping a subindex,
we obtain that there exists® € £([0, 00)), such thatu,, — u? in C([0,2]; Hy) as

n — oo. Note thatu'(t) = u?(t) on[0,1]. Continuing this diagonalization pro-
cess, we obtain a subsequengg of u, that converges to some € £([0,00)) in
C([0,0); Hy,) asn; — oo, which concludes the proof.
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Now Theorem 2.14 yields the following.

Theorem 3.13. The weak global attractor4,, for the 3D Navier-Stokes equations
exists and satisfies

(@) Ay = {u(0) : u € E((—00,00))}.
(b) A, is the maximal invariant set.

Lemma 3.14. If u(t), a Leray-Hopf solution of the 3D NSE, satisfies

lim sup ||u(t)|| < oo,
t—o0

thenu(t) converges strongly ifif to the weak global attractad,,.

Proof. Suppose that(t) does not converge strongly if to A,,. Then there exist
M > 0 and a sequendg, — oo asn — oo, such that

ds(u(ty), Ay) > M, n € N. (10)

Note that there exists a tinié > 0, such thaf{u(¢) : ¢ > T} is relatively compact in
H. Therefore, passing to a subsequence, we may assuméthatonverges strongly
(and hence weakly) itH to somea € H. Therefore,a € Ay, which contradicts
(20). O

3.3 Strong convergence of Leray-Hopf solutions

The aim of this subsection is to give sufficient conditions for a sequence of Leray-
Hopf solutions on[T, c0) to converge inC([T,cc); H), provided it converges in
C([T,00); Hy). We start with preliminary properties, some of which may have an
intrinsic interest.

Theorem 3.15. Let u(t) be a Leray-Hopf solution of6) on [T, c0). Let Ex be the
exceptional set for this solution (see Def. 3.3). Then for any tyme T, there exist
A_ and A, such that

(a) Foreverysequencg,} C [T,00) \ Ex, such that,, — to, t, < to, it follows
that|u(t,)] — A_ asn — oc.

(b) Forevery sequencg,} C [T,00) \ Ex, such that,, — to, t, > to, it follows
that|u(t,)] — Ay asn — oo.

For theseA_ and A, we will use the following notations:

fl{)rﬁ{)l_|u(t)| =A_ and t&g}u\u(tﬂ = AL

Proof. For{¢,} as in (a), the energy inequality (9) ¢, t,,+«] is

2 bat 2 2 bt
twl? +20 [ (o) ds < )l +2 [ g ut) as,
¢ t

n n

providedt,, . > t,. Taking the upper limit a8 — oo, we obtain

to

lim sup |u(t,)|* + 21// i llu(s)||? ds < |u(tn)|* + 2/ (g,u(s)) ds.

n—oo tn tn
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Taking the lower limit a3, — oo, we arrive at

limsup |u(t,)|? < liminf |u(t,)|?,
n—oo

n—oo

i.e., lim, . |u(t,)| exists. Since the limit exists for any sequenge it does not
depend on the choice of a sequence.
For{t,} asin (b), the energy inequality (9) &), 1, t,] is

tn

ut)P 420 [ o)l ds < fultassP +2 [ (g.u(s)) ds,

tnak tntk
providedt,, . < t,. Taking the lower limit ag — oo, we obtain

tn tn
lu(t,)|? + 21// llu(s)||? ds < liminf |u(t,)|? + 2/ (g,u(s))ds.

to to

Finally, taking the upper limit a8 — oo, we arrive at

limsup |u(t,)|* < liminf |u(t,)|?,
n—oo

n—oo

i.e., lim,_, |u(t,)| exists. Since the limit exists for any sequernge it does not
depend on the choice of a sequence. O

Lemma 3.16. Letu(t) be a Leray-Hopf solution of6) on [T, co). Then

/l-l\m/\u(t)| = lim sup |u(¢)],

t—to— t—to—

/h\m/\u(t)| = limsup |u(¢)],

t—to+ t—to+
and,
i > i > .
Jim [u(®)] = Tim u(®)] > Ju(to) (12)
forall tg > T.

Proof. Take anyt, > T'. Obviously, we have

Tlim |u(t)| < limsup |u(t)],

t—to— t—to—

/h\m/\u(t)| < lim sup |u(t)].
t—to+ t—to+

To show the opposite inequalities, note that for ang [T, o) \ Ex andts > t¢1, the
energy inequality (9) ofty, to] is

fu(t2)[2 + 20 / ()P ds < Ju(t) +2 / (g, u(s)) ds.

First, we fixt; < to and take the upper limit as — t,—, obtaining

t() tO
lim sup |u(t)|* + 2V/ llu(s)||? ds < |u(ty)|* + 2/ (g,u(s)) ds.
ty

t—to— ty
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Now we take the limit ag; — t;— avoiding the exceptional set (see Theorem 3.15).
We get
limsup |u(t)* < lim |u(t)].

t—to— t—to—

Second, we fix, > to and take the limit ag; — ty+ avoiding the exceptional
set. We arrive at

ta

t2 —
(e + 20 [ )P ds < T u(o +2 [ (g, u(s)) ds.
—lo

to to

Taking the upper limit as, — ty+, we get

limsup [u(t)? < lim |u(t)].
t—to+ t—to+

Third, we fixt, > t; and take the limit ag; — ¢y— avoiding the exceptional set.
We obtain

to

u(t)? +2v [ ) ds < T (o +2 [ (g, u(s)) ds.

to to

Taking the limit ag, — tp+ avoiding the exceptional set, we get

. 2 <1 .
i [u(®) < T Ju(t)

Finally the weak continuity of.(t) yields

i >
Jim Ju(t)] = Julto)];

which concludes the proof. O

Remark 3.17. We can now rewrite the energy inequality for a Leray-Hopf solution
u(t) in the following form:

t o t
\wwﬁ+2g/\m@mﬁwztnpgwwﬁ+2jkguw»da (12)
to —to to
forall 0 <tg <t.

Recall that if the energy nortu(t)| of a Leray-Hopf solution is continuous from
the right at some = ¢, thent, does not belong to the exceptional setid¢t), i.e. the
energy inequality holds far, (see Remark 3.7).

Lemma 3.18. Let u(t) be a Leray-Hopf solution of6) on [T, 00). Then|u(t)]| is
continuous from the right at= ¢, > T if and only if

i [u(®)] = u(to) .
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Proof. If |u(t)| is continuous from the right at= ¢, > T', then, thanks to Lemma 3.186,
we have that

Tlim |u(t)] = limsup [u(t)] = [ulto)]- (13)
t—to+ t—to+

Assume now that (13) holds. Due to the weak continuity @f, we have
. 2 >
timinf fu(t)]* > Ju(to)!.

Hence,

. 2
Jim [u(®)" = Ju(to)]-

O
Now we will show that the strong continuity of a Leray-Hopf solution is equivalent
to the strong continuity from the left (avoiding the exceptional set).

Lemma 3.19. Let u(t) be a Leray-Hopf solution of6) on [T, o0). Then|u(t)| is
continuous at =ty > 7' if and only if

lim_|u(t)] = |u(to)]

t—to—

Proof. Clearly, if |u(t)| is continuous at = ¢, > T, then

Tlim Ju(t)] = limsup [u(t)] = |u(to)]. (14)
t—to— t—to—

Assume now that (14) holds. Then due to the weak continuity(of, we have

lim_|u(t)] = |u(to)]-

t—tog—

In addition, Lemma 3.16 (equation (11)) implies that

Jim fu(t)] = fu(to)l.

Finally, thanks to Lemma 3.18, we have

Jim Ju(®)] = u(to)]

Therefore|u(t)] is continuous at = tg. O

We will now study a weak convergence of Leray-Hopf solutions. Our goal is to
obtain sufficient conditions for a strong convergence.

Lemma 3.20. Let{u, (¢)}, u(t) be Leray-Hopf solutions a) on [T}, o). f u,, — u
in C([T1,Tz]; Hy), then

lim sup /1-1:m/|un(t)| < tlim [u(?)],
—to—

n—oo t —to—

for all tg € (T1, T3]
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Proof. Suppose this is not true for somge (71, T»]. Then passing to a subsequence
and dropping the subindexes, we can assume that

lm Jun ()] — lim |u(t)] >8>0,  ¥n
t—to— t—to—

and|u, (t)| — |u(t)| on[T1,T:] \ S, whereS is a set of zero measure, which includes
the exceptional set far(t).

LetS’ := SuU (U, Exn), whereEz, is the exceptional set far, (t). The energy
inequality foru,, (¢) implies

T—to—

Tim Jun(7)P? < huxtn2+—2j{°<g,un<s» ds

for all t € [Ty,t] \ S’. Taking the upper limit a& — oo and using the strong
convergence ofi,, (t) to u(¢) on [Ty, T»] \ S’, we obtain

to
limsup lim |u, (7 )|2 < |u(t)|2 + 2/ (g,u(s)) ds, t € [T1,to] \ S
t

n—oo T—to—

Finally, lettingt — t,—, we get

—_~—

lim sup hm - Jun(t W2 < lim Ju(t)]?,

n— oo t—to—

which is in contradiction with the definition of O

Lemma 3.21. Let{u,(¢)}, u(t) be Leray-Hopf solutions a) on [T}, ). If u, — u
in C([T1,T3]; Hy), then

—_ >/'\./
liminf lim Jun()] 2 i fu(®)]

forall ty € [T1,T5).

Proof. Suppose this is not true for somge [T1,T%). Then passing to a subsequence
and dropping the subindexes, we can assume that

— e B
Jm fun(t)] - lim Ju(t)| <8 <0, Vn

and|u, ()] — |u(t)] on[T1,Ts] \ S, whereS is a zero measure set, which includes
the exceptional set far(t). The energy inequality (12) far,, (¢) implies

fun (£)? < ’EFWA>P+2/me@»m,

T—1 to

forall t € [tg, T»]. Taking the lower limit as — oo and using the strong convergence
of u, (t) towu(t) on [Ty, Ts] \ S, we obtain

lu(t))? <11m1nf/l_1\m/\un( )\2+2/ (g,u(s)) ds,  t€[to,To]\S.

n—oo T—t
to

Finally, lettingt — o+, we get
— i T (2
L O < lminf L, fun OF

which is in contradiction with the definition of O
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Definition 3.22. For u(t), a Leray-Hopf solution of6), denote

[u(to)] s= Tn_[u(t)| — Tim [u(t)],

which we will call the energy norm jump (loss)tat .

Note that due to (11), the energy norm jumps of the Leray-Hopf solutions are never
negative, i.e.,
[u(t)] > 0, vt,

for any Leray-Hopf solutionu(t). Moreover, we have the following result.
Theorem 3.23.Let{u,(t)}, u(t) be Leray-Hopf solutions of6) on [T}, 00). If u,, —
win C([Ty,Ty], Hy ), then

lim sup[u, ()] < [u(t)],

n—oo

forall t € (T1,T3).

Proof. Indeed, Lemmas 3.20 and 3.21 yield

s 10)] = s (0, (0] — T a0

n—oo n—oo

< lim sup /1_1\m/|un(t)| — liminf /1_1\m/|un(t)|
n—oo t—to— n—oo t—to+

< T et
< Jdim |ut)] = lim [u(?)]

= [u(to)]-
O

Assume now that Leray-Hopf solutions converge weakly to a strongly continuous
from the right in H Leray-Hopf solution. We will show that the weak convergence
is strong if the energy jumps of solutions converge to the energy jumps of the limit
solution.

Theorem 3.24.Let{u,(t)}, u(t) be Leray-Hopf solutions of6) on [T7, co). If u,, —
uin C([Tl, TQ], HW),

lm |u(t)] = |u(to)], and lim inf[u, (to)] > [u(to)],

t—to+ n—o00

for somety € (11, 13), then

lim |uy,(to)] = |u(to)].

n—o0
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Proof. Thanks to (11) and Lemma 3.20, we have

lim sup |u,, (to)| < lim sup . li£n+|un )|
—to

n—oo n—oo

< lim inf/li\n'1/|un(t)\ — lim infu, (t9)]
n—oo t—top— n— oo

< timsup Tim_fun (1) — [ulto)]

n—oo

< /l_i\n_l/|u(t)| — [u(to)]

T t—to—

= T fu(t)

= [u(to)],

which concludes the proof. O

Note that if a Leray-Hopf solution(¢) is continuous at = t¢, then[u(t)] = 0.
Therefore, in particular, Theorem 3.24 immediately implies the following.

Corollary 3.25. Let{u,} be a sequence of Leray-Hopf solutiong6fon [T}, co). If
u, — win C([Th, Tz]; Hy), and|u(t)| is continuous at some= ¢, € (71, 7%), then
un (to) — u(to) strongly inH.

So, if a solutionu(t) on the weak global atractor is continuoudin then it attracts
its basin strongly. Note that this is exactly Rosa’s asymptotic regularity condition (see
[19)]).

3.4 The strong global attractor for the 3D NSE

In this subsection we will see that if all solutions on the weak global attratjoare
continuous inH, thenA,, is the strong global attractor. First, we will show that if a
solution belongs to4,, on some open time-intervdl then on any closed subinterval
of I it has to coincide with a solution that stays.dy, for all time.

Lemma 3.26. Letu € ([T, 0)) and @ € £(]0, 00)), such thatu(T) = @(T") and
T~ > T
Jim [a)] = lim [u(?)],

for someT” > 0. Let

Thenv € £([0, 0)).

Proof. Obviously, v(t) is a weak solution of the 3D NSE. To show that it satisfies
the energy inequality, take anly> T andt, € (0,T), to ¢ Ex, whereFEz is the
exceptional set fofi. Then we have

t o t
\v(t)|2+2V/ [o(s)|?ds < lim IU(S)\2+2/ (g,v(s)) ds,
T s—T+ T
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and . .
T o(s) 42 [ oGP ds < fotto) P42 [ (g2 0(e) s
s—L— to to

Adding these inequalities, we obtain

o(t)[2 + 20 / lo(s) 2 ds < [o(to)[> +2 / (9. 0(s)) ds,

to

which concludes the proof. O

Corollary 3.27. Letu € E([T,00)) andu € E((—o0,00)), such thatw(T) = (T
andu(t) is strongly continuous from the right at= T. Let

Mw{a@,th,

u(t), t>1T.

Thenv € E((—o0, 0)).

Lemma 3.28. Letu(t) be a Leray-Hopf solution € £([T}, o0)), such thatu(t) € Ay
forall t € (T1,T>). Then for anyT, € (T1,T5), there existe € £((—o0, 00)), such
thatu(t) = v(¢¥) on [Ty, o). In particular, u(t) € A, for all ¢t > T3.

Proof. First note thatTy,Ty) contains some interval of regularity eft) and take
T in the interior of this interval. Since(T) € A, there exists a solutiod <
E((—o00,0)), such thati(T) = w(T). We will now glue them at point = T,
obtaining

v(t) =

u(t), t>T.

{mw,t<r

Sinceu(t) is strongly continuous d@t= 7', Corolary 3.27 implies that € £((—o0, c0)).
[

Assume now that all solutions that stay on the weak global attractor are strongly
continuous inH. We will prove that in this case the weak global attractor is strong.
This generalizes a well-known result in [9]. Indeed,4f, is bounded inV/, then
all the solutions, as long as they stay on the weak global attractor, are regular, and are
therefore continuous if/. This also weakens the condition of Ball [1] — the continuity
of all Leray-Hopf solutions fron{0, co) to H.

Lemma 3.29. If all solutions on the weak global attractor are strongly continuous in
H,i.e. ifE((—o00,00)) C C((—o0,00); H), thenR(t) is asymptotically compact.

Proof. Take any{¢,}, such thatt, — oo asn — oo, andz, € R(t,)X. Then

there exists a sequence of solutianse £([0, o)), such thaw,,(¢,) = z,,. We will

show that{z,,} has a convergent subsequence. Without loss of generality, there exists
T > 0, such that,, > 2T for all n. Consider a sequeneg,(t) = v, (t +t, — 1),
wheret > 0. Due to Lemma 3.12([0, 00)) is compact inC'([0, o0); Hy,). Hence,
passing to a subsequence and dropping a subindex, we can assumg ¢baerges

to someu € £([0,00)) in C([0,00); Hy) asn — oo. By the definition of the weak
global attractory(t) € A,, forall ¢t € [0, 00). Applying Lemma 3.28 with{T}, T>) =
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(0,T), we obtain that there exists a complete trajectory £((—o0, o)), such that
u(t) = v(t) on[T/2,00). Therefore,

ue C([T/2,00); H).

Hence, Corollary 3.25 yields that,(T) — «(T') strongly inH, i.e.,z, — u(T)
strongly inH. O

We can now conclude with the two main results of this section. First, as a direct
consequence of Theorem 2.16 and Lemma 3.29 we obtain

Theorem 3.30. If all solutions on the weak global attractor are strongly continuous in
H, then the strong global attractad exists, is strongly compact, and coincides with
Ay

Proof. Due to Lemma 3.29 we have thA&(t) is asymptotically compact. Then Theo-
rem 2.16 implies thatl exists, is strongly compact, and coincides with. O

Second, we prove that the conditii(—oo, 00)) C C((—o0,c0); H) is equiva-
lent to a condition that all the “energy jumps” uniformly converge to zero as time goes
to infinity. More precisely, let

[R(t)X] := sup{[u(t)] : u € £([0,00))}.

Then we have the following.
Theorem 3.31. £((—o0, ) C C((—o0,00); H) if and only if [R(¢t)X] — 0 as

t — 0.

Proof. It is obvious that if{[R(¢)X] — 0 ast — oo, then we have ((—oo, x)) C
C((~o0, 00); H).

Assume now thag ((—oo,00)) C C((—o0,00); H), but [R(t)X] does not con-
verge to0 ast — oo. Then there exist a sequence of Leray-Hopf solutionss
£([0,00)) and a time sequeneg — oo asn — oo, such that

lim sup[vy, (t,)] > 0. (15)

n—oo

Proceeding as in the proof of Lemma 3.29, we can now assume that there exists some
T > 0, such that the sequeneg,(t) = v, (t + t, — T) (wheret > 0) converges

in C([0,00); Hy,) to the restrictionu = v|}y ) Of some complete trajectory <
E((—o0, x0)). Sincew(t) is continuous inf, by Theorem 3.23 we must have

lim v (t,)] = Bim [u, ()] = [u(T)] = [o(T)] =0,

n—oo n—oo

a contradiction.
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3.5 Regular part of the global attractor

We define the regular part of the weak global attractor, first introduced is [9], as fol-
lows.
Areg :={up : 37 > 0,u € E((—00,00)) with u(0) = ug, such thatu(t) is regular
on(—7,7), and for eachi € £((—o0, 00)) with @(0) = «(0) we have
u(t) =a(t) vVt € (—7,7) }.
The following result was proven in [9]:
Theorem 3.32. The regular part of the global attractor satisfies the following proper-
ties:
(a) Arcg is weakly open imd,,,
(b) Aseg is weakly dense ind,,,
(c) Ifall solutions inA,, are regular, thend,, is bounded iri” (hence A,.; = Ay).

Part(c) was misstated in [9] as
() If Ay, C V, thenA,e, = A

However, the proof provided in [9] yields only). As yet it is not known whethe(i’)
is true.

Now we will further study the case when all weak solutions on the weak global
attractor of the 3D NSE are continuousih Under this assumption, Theorem 3.30
implies that the strong compact global attractrexists and4, = A,,. Moreover,

Theorem 3.33. If £((—o00,00)) C C((—o0,00); H), then the regular part of the
global attractor A,., is strongly dense iods.

Proof. Due to Theorem 3.30; exists and is strongly compact. Therefore, weak and
strong topologies are equivalent gfy. Then sinceA,., is weakly dense iy, it is
also strongly dense id, = A,,. O

We conclude this section with the following remark. In the case when the cubic
box 2 = [0, L]? is replaced by the cuboid = [0, L] x [0,] with 0 < | < L, there
exists a functiorx(g) > 0, such that if

l

7 <olo), (16)

thenA,, is the strong global attractor and is regular (see [18, 23]). It would be interest-
ing to show that for some values bfL larger tham(g), all the Leray-Hopf solutions
on A,, are strongly continuous, i.e4,, is also the strong global attractor.

4 Tridiagonal models for the Navier-Stokes equations
In this section we introduce a two-parameter family of new simple models for the

Navier-Stokes equations with a nonlinear term enjoying the same basic properties as
the nonlinear ternB (u, u) in the NSE (6).
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The role of the spacH will be played byi? with the usual inner product and norm:
(u,v) = Zunvn, lu| =/ (u, ).
n=1

The norm|u| will be called the energy norm. Led : D(A) — H be the Laplace
operator defined by
(Au)p =n%tp,  n2>1,

for somea > 0. The domainD(A) of this operator is

oo
{u : Zn%ui < oo}.

n=1

Clearly, D(A) is dense inH and A is a positive definite operator whose eigenvalues
are
1,2%,3%,...

LetV = A~'/2H endowed with the following inner product and norm:
((w,0) =Y nunva,  [luf = v/((u,w)).
n=1

Here|lu|| is an analog of/!-norm of u and we will call it the enstrophy norm. Let

also
00 1/2
Jull, = (z) ,
n=1

which is an analog off "/ “-norm ofu.
Our models for the NSE are given by the following equations:

d
%un +vn®u, — nﬁui_l +(n+ 1)ﬁunun+1 = gn, n=123... 17)
Uug = 0.

Here,v > 0, « > 0, andg8 > 1. Note that the value O%un is determined only by

the values ofu,,_1, u,, andu,.1. Therefore, we will refer to the equations (17) as
the tridiagonal model for the Navier-Stokes equations or shortly TNS equations. For
u = (u1,us,...) they can be written in a more condensed form as

d
pri + vAu+ B(u,u) = g, (18)
where
(B(u,v))n = —1Pup_105-1 + (n + 1) unv, 11,
anduy = 0. Note that the orthogonality property holds Br

(B(u,v),v) = (—nﬁun_lvn_lvn +(n+ 1)Bunvn+1vn)

NE

3
Il
s

(=1 U 1vn—1v + 1Py _1v,05-1)

1 1
=11
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In the case of TNS equations, a weak solution/Bnx) (or (—oo, o), if T =
—o0) of (17) is actually a locally bounde#f-valued functionu(t) on [T, o0), such
thatu,, € C'([T, c0)) andu,,(t) satisfies (17) for alh. From now on weak solutions
will be called just solutions.

A solutionu(t) is strong (or regular) on some interVaj , 75|, if ||u(¢)|| is bounded
on [Ty, T5]. A solution is strong o7y, c0), if it is strong on every intervall’, Ts],
T > 0.

A Leray-Hopf solution of (17) on the intervéll’, co) is a solution of (17) offil", cc)
satisfying the energy inequality

[u(t)? +2V~/t lu(r)|* dr < Ju(to) +2/t (9, (7)) dr,

forall T <ty < t, tga.e. in[T,00). The setEz of thoset, for which the energy
inequality does not hold will be called the exceptional set.

4.1 A priori estimates and the existence of strong solutions

Taking a limit of the Galerkin approximation, the existence of Leray-Hopf solutions
follows in exactly the same way as for the 3D NSE. In this paper we will show some
priori estimates, which can be obtained rigurously for the Leray-Hopf solutions. For
simplicity, we assume thatis independent of timg; € H, andg,, > 0 for all n.

Energy estimates.Formally taking a scalar product of (17) with we obtain

1d
§%|U\2 < —v|ull* + |g]|ul
v lg|?
< _ 2, V2 1917
< —vful® + Sl + 5
_ Ve la?
=gl + 5

Using Gronwall’s inequality, we conclude that

(O < e ) + L1 - ), 19)

HenceB = {u € H : |u| < R} is an absorbing ball for the Leray-Hopf solutions,
whereR is any number larger thag| /v.

Enstrophy estimates.Letv = A2y and

a25, 0<a<l,
cp =
201 a> 1.
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Using Holder’s inequality, we obtain the following estimate for the nonlinear term:
[ee]
[(B(u,u), Au)| < Z [(n+1)* —n%] (n + 1) ulu, 1
n=1

o0
<ep » P2 o Plug g |

n=1

oo
< Cb(mgx [vn]) Z nﬁfa/271v721
n=1
< Cb‘U||A1/2U|2ﬁ/a72/a71|v‘72ﬁ/a+2/a+3

_ Cb‘A1/2,U|25/a—2/a—1|U|—2[3/a+2/(x+4

_ Cb‘Au|2’6/a72/a71||u||72B/a+2/a+4,
wheneves € [a/2+1,3a/2+ 1]. Choosingu to have only two consecutive nonzero
terms, it is easy to check that this estimate is sharp. Moreover, when2/3 and

8 =11/6, we have
|(B(u7u)7Au)| < cb|Au|3/2”uH3/27

which is exactly what Sobolev estimates give for the 3D NSE. Therefore, formally
taking a scalar product of (17) withu, we obtain

1d

2Ll < oAl + eyl AuP P2l + (g, Au)
v 3664 3 v
< —ylA Z1A 2 b 6 A2 Z1A 2
< —vlAul + ] Au + S5 ul® + o Jgf + £ |Au
v 364 3
< —ZJAup + S ul® + gl

a Riccati-type equation fdfu||?. Hence, the model has the same enstrophy estimates
as the 3D NSE, similar properties, and the same open question concerning the regular-
ity of the solutions in the casgy, 5) = (2/3,11/6). In particular, we have a global
existence of Leray-Hopf weak solutions (see Theorem 3.2), local existence of strong
solutions (see Theorem 3.4), Leray’s structure theorem (see Theorem 3.5), unique-
ness of strong solutions in the class of Leray-Hopf solutions (see Theorem 3.6), and
existence of a weak global attractor (see Theorem 3.13).

In the casda, 5) = (1/2,7/4), we have

|(B(u,w), Au)| < ep|Aul?[[ul],

which corresponds to the 4D Navier-Stokes equations. In the(aage = (2/5,17/10),
we have

|(B(u, u), Au)| < ep| Aul™?[|u /2,
which corresponds to the 5D Navier-Stokes equations. In general, the choice
2 3 1
o Pty

would correspond to the d-dimensional Navier-Stokes equations.

o =
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The similarity of the TNS equations (17) with the NSE holds also for values of
d # 3. Indeed, wher23 < 3a + 2, the enstrophy estimate implies a local exis-
tence of strong solutions, i.e., solutions whose enstrophy norms are continuous. More
precisely, if26 < 3« + 2, then for any initial datay € V, there exists a strong
solutionu(t) with u(0) = uy on some interval0,7]. In terms of the dimension, a
sufficient condition for the local existence of strong solutiond is 4. In the case
wheng < a + 1, the enstrophy estimate implies a global regularity. In terms of the
dimension, a sufficient condition for the global existence of strong solutiohsig.

Now we will concentrate on the solutions with initial data(0) > 0 for all n.

Theorem 4.1. Letu(t) be a solution of(17) with u,, (0) > 0. Thenu,(¢) > 0 for all
t > 0, andu(t) satisfies the energy inequality

u(®)* + 2V/t lu(r)|* dr < fu(to)|* + 2/ (g, u(r)) dr (20)

to

forall 0 <ty <t.

Proof. A general solution for, (t) can be written as
t
Un(t) = u,(0) exp (/ [z/na +(n+ l)ﬁunH(T)] dT)
0
t t
—I—/ (gn + nPu2_,(s)) exp (—/ [vn® + (n 4+ 1) upi1 (7)) d7'> ds.
0 s

Sinceu,,(0) > 0 for all n, thenu, (t) > 0 for all n, ¢ > 0. Hence, multiplying (17) by
uy, taking a sum from to IV, and integrating betweety andt, we obtain

N N ¢ N
Z un(t)? = Z un(to)” + QV/ Z n®u? dr
n=1 n=1

to p=1

t t N
= —2/ (N + 1)ﬁu?qu+1 dr + 2 Zgnun dr

to to =1

t N
§2/ ZgnundT.
to

n=1

Taking the limit asV — oo, we obtain (20).

4.2 Blow-up in finite time

Here, wher2g — 3a — 3 > 0 andg; > 0 is large enough, we will show that every
solutionw(t) of (17) with u,,(0) > 0 blows up in finite time in an appropriate norm.
First, we need the following two lemmas.

Lemma 4.2. Letu(t) be a solution tq17)on [0, co) with u,, (0) > 0 for all n. Assume
that [u(t)l|a(g+--1)/3 € L, ([0, 00); R). Then

t o0 t o0
/ ZnﬁJﬂ*luiun_,_l dr < oo, / Zn‘”wflui dr < o0, (22)

to p—=1 to p=1
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and

t t o0
IIU(t)Hi—IIU(to)IliﬂL?V/ lulloy dr > 27/ Y+ 1) g dr (22)
to to

n=1

forall 0 <ty <t,0<~vy<1.

Proof. Thanks to Theorem 4.1, (t) > 0 for all n, ¢ > 0. Since||u(t)
integrable orty, t] for all 0 < ¢y, < ¢, we obtain

/t
to

||g(5+7—1)/3 is

e’} t 0o
Znﬁ'w_luiunﬂ dr < 2/ Znﬁ'w_lui dr

n=1 to p=1

./ 3/2
< 2/ (Z ng(ﬁ+71)ui> dr
to \n=1

t

—2 / T
to

< 0.

Hence, the relations in (21) hold. In particular,

t
liminf [ n?Tu2u, 1 dr = 0. (23)

n—oo tO

Now multiplying (17) byn”w,,, taking a sum from to NV, and integrating front, to
t, we obtain

N N t N
z:rﬂun(t)2 - Z nYuy, (to)? + 21// Z T2 dr
n=1 n=1 to n=1
+t N—1
= 2/ Z (n+1)°((n+1) —n)u2u,q, dr
to p=1
t t N
— 2/ (N + 1)'6NWU?VUN+1 dr + 2 Z nwgnun dr
to to p=1
t N—1 t
>2y [ > (n+ )Pl g dr — 2/ (N +1)°NTujun 1 dr
to p=1 to

Thanks to (23), taking the lower limit &8 — oo, we get (22).

Lemma 4.3. For anyc > 0, there existg; > 0, such that
t+1
/ lul? dr > ¢, vt >0,
t

for all solutionsu(t) with g = (g1, g2, - - . ).
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Proof. Take anyc > 0. Thanks to Theorem 4.1, (¢t) > 0 for all n, ¢ > 0. Therefore,

t+1/2 t+1/2
u1(t+1/2)2u1(t)—1// u1d7—2ﬁ/ uus d7 + g1.
t t

Now integrating this inequality ovét, ¢ + 1/2], we obtain

t+1 t+1 t+1 t+1 7
/ u1d7'—|—u/ U1d7'—|—2ﬁ71/ u%dT—FQﬁ*l/ u3dr > 5
¢ t t ¢

Hence, using Cauchy-Schwarz inequality, we get

(v+1) </tt+1(u§ +u§)dr)

Obviously, forg; large enough, we have that

t4+1 t+1
/ |u|? dr > / (uf +u3)dr > c.
t t

1/2

B—1 o 2 g
+2 (ui +u3)dr > 5"
t

Now we proceed to our main result in this section.

Theorem 4.4. For every solutionu(t) to equation (17) withu,, (0) > 0, v > 0,
26 —3a—3 >0, andg large enoughUu(t)Hg(ﬁﬂfl)/g is not locally integrable for
all v > 0.

Proof. Thanks to Theorem 4.1, (¢t) > 0 for all n,¢ > 0. Assume that there exist
v € (0, min{26 — 3a — 3,1})

and a solutionu(t) to (17), such thafju(t)|s(g1y-1)/3 € Li.([0,00);R). Then
Lemma 4.2 implies that

T
/ Znﬁ+7 u? Un4+1 dT < 00 and / pPtr-t ‘3 > dT < 00,
0 n=

for all T > 0. Moreover, sincex + v < 2(8 + v — 1)/3, we have thafju(t)
locally integrable on0, co).

Now note that ifu, 1 > 2u,, thenu,u? ; < iud ;. Otherwiseu,u? , <
2u?u, 1. Hence,

Hoz—&-’y-

UpuZ g < %ufH_l + 20Uy 41, n € N. (24)
This also implies

unun+1un+2 S

2

U + u u
Uy Un+1 n+1%np42
) (25)
m

1.
2
1
2

IN

UpUnt1 + Zun+2 + un+1un+2a
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for all n € N. From (17) we have

d
%(u”u"+l) = —v(n*+ (n+1)*)uptni1 + nﬁui_lun+1 —(n+ 1)’6)“““31—&—1

+ (n+1)Pu — (n + 2) untin s 1Un g2 + UnGni1 + Unt1Gn-
From this, using inequalities (24) and (25), we obtain

oo

o
Z(n + )" N (up i) (4 1) Z n+ 1) uptn 1) (t)

n=1

t+1 OO
+2V/ O‘+A’71u7,,un+1 dr
t+1 oo
+ (34 (3/2)° / Zn+1ﬁ+7 Y2ty g dT

t+1 oo
> 4/ 13 dr,  (26)

for all ¢ > 0. On the other hand, Lemma 4.2 yields

t4+1 0

t+1
lu(t+1)113 ~ u()]l3 +2 / lull2 iy dr = 27 / > (n ) g dr
t
(27)
for all ¢ > 0. Denote

t+1 t+1 ©o°
00 = [ W+ g [ 30 )7 ) )

Note that©(t) is absolutely continuous 0, co). We will show that®(t) is a Lya-
punov function for the equation, i.e(t) is always increasing. Indeed, multiplying
the inequality (26) by~ /(3 + (3/2)”) and adding (27), we obtain

d t+1 ) 471/ t+1 N L
70022 [t [ S ) s dr
t+1 OC .
6+2 / ", dr,

a.e. on(0, 00). Sincey is such that

€:=20—-3a—~v—3>0,

n=1

let
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Figure 1: Regions of local regularity, global regularity, and blow-up.

Now Holder’s inequality yields

t+1 t+1 t+1 oo 2/3
/ Zn‘“”u dr < / E:n’l*6 dr / 5+7*1ui dr
t —

n=1 n=1

t10<> 2/3
- 2/3</ ﬁ+’v13d7.>

t+1 ©o° t+1 oo 3/2
/ 5+7_1u2 dr > A Z na'wu dr .
t

Finally, we obtaln

d (3/2)o¢+'y t+1 )
a@(t) > —2v (1 + 273+(3/2)[3) /t [w(T) 54 dT

Hence,

it ([ )

a.e. on(0,c0). Due to Lemma 4.3, ifj; is large enough, then there exists a positive
constant;, such that

%G(t) >cO(t)32, ae. on0,0).
This is a Riccati-type equation. Henég(t) blows up in finite time, which contradicts
the fact that it is continuous dn, o). O

Figure 1 shows three regions, the ones where we were able to prove local regularity,
global regularity, and and blow-up in finite time. The lab&i3, 3D, and4D show the
dimensions of the Navier-Stokes systems corresponding to the models at those points.
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4.3 Non-regular weak global attractor

As in Subsection 3.2, we can define an evolutionary sygtevhose trajectories are all
Leray-Hopf solutions of the TNS equations. The weak global attractor for this system
is

Ay, = {up € H : there exists a Leray-Hopf solutiar(t) on (—oco, o),
such that:(0) = uo and|u(t)] is bounded orf—oo, 00)}.

Recall thaty,, > 0 for all n € N. Obviously, ifg = 0, thenA,, = {0}. Henceforth

we will assume thag # 0.

Theorem 4.5.If g,, = 0 for all n > N, then everys = (u1,u2,...) € A, satisfies
Uy > 0, n=12...

Proof. A general solution fow,, (t) can be written as

U (£) = wn (t) exp (_ /t vn® + (n+ 1) Pup 1 (7) dT>

¢ ¢
+ / exp </ vn® 4 (n + 1)Pup 41 (1) dT) (gn +nPu2_,(s))ds. (28)
to S

Clearly, this implies the following facts.
(@) If u,(to) > 0 for somen andty, thenu,,(t) > 0 for all t > ¢.
(b) If |u(t)| is bounded for alk € R, thenw,(t) > 0 for all t € R, whenever
un+1(t) > 0forallt € R.

Now assume that there exist$ € A,,, such thau®, < 0 for someN > N,. Then
there exists a Leray-Hopf solutiar(t), such that:(0) = «° and|u(t)| is bounded on
(—o0, 00). For such a solution we havey (t) < 0 for all ¢ < 0. In addition, from the
energy inequality fou,(¢) we deduce that

] o] t1 el
Z un(tl)2 - Z un(to)2 < 2/ [NﬂuN_l(T)2uN(T) —v Z naun(T)2 dr
n=N n=N to n=N
t; ©©
< —2v Z u, (1)% dr,
o p=N
forall tg < ¢; < 0. Hence,
Z U (to)? > e 2Vto Z u,(0)?,
n=N n=N

for all ty < 0. This implies thatu(t)|? is not bounded backwards in time, a contradic-
tion.

Now take any® € A,,. There exists a Leray-Hopf solutiart), such that:(0) =
u? and|u(t)| is bounded orf—oo, ). For such a solution we proved that

un(t) >0, Vi e R,n > N,.

Now note that due to the remark (b) aboveyjif,;(t) > 0 for all t € R, thenu,,(t) >
0 for all t € R, which concludes the proof. O
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Now Theorem 4.5 allows us to apply all the results in Subsection 4.2 to the solu-
tions on the weak global attractgk,,. Therefore, we have the following.

Remark 4.6. Let 23 > 3a + 3 and g; be large enough. Thefu(t)||2(34v-1)/3
blows up in finite time for every solutiom(¢) on A, i.e., Ay, is not bounded in
H2B+=1)/G2) for any~y > 0.

However, this does not mean that the weak global attractor cannot be strong. The
question whethed,, is the strong global attractor remains open in the ¢asea + 1.

4.4 Tridiagonal models for the Euler equations

In this section we consider the tridiagonal models for the Euler equations (TE), the
equations (17) withv = 0. First, let us show the global existence of the weak solutions
to the TE equations. Take a sequenge— 0 asj — oo. Givenu® € H, letu’(t) be
a solution of (17) withv = v; andw?(0) = u". Itis easy to show that the sequence
{u’} is weakly equicontinuous. Therefore, thanks to Ascoli-Arzela theorem, passing
to a subsequence and dropping a subindex, we obtain that there exists a function
[0,00) — H, such thatu/ — wu in C([0,00); Hy) asj — oo. Clearly, u(t) is
a solution of the TE equations, in the sense that it is a locally bouifle@lued
function on[T’, >), such that,, € C*([0, co0)) andu,, (¢) satisfies (17) for ath.

Now let us show that in the nonviscous case 0, for every solutionu(t) of (17),
the norm||w(t)||2(g4~—1),3 blows up for anye > 0, 8 > 1, andy > 0, reflecting the
fact that there is no backward energy transfer for this model.

Theorem 4.7. Letu(t) be a solution of(17)on [0, co) withv = 0, g,, > 0, u, (0) >0
for all n, andu(0) # 0. Then||u(t)||2(g+—1)/3 iS ot bounded o0, co) for every
v>0.

Proof. Clearly, itis enough to prove the theorem in the case whetey < min{1, 2(5—
1)}. Assume thafju(t)||2(34+~—-1)/3 IS bounded orj0, co). Then Lemma 4.2 implies
that

t oo
lu()I3 = llu(to)ll3 = 27/ Y+ )T i dr 20, (29)
t

0 n=1
forall 0 <ty < t. Thus,|lu(t)|? is non-decreasing. Since < 2(3 + v —1)/3,
lu(t)]|y is bounded o0, c0). Then there exist&, > 0 such that

. 2
Jim [lu(t)[? = Ep.

Then (29) implies that

lim Un (T)?Up 1 (T) dT = 0, n € N. (30)

t—o0 t

Hence,

t t
uiunﬂ dr + 2/ Gn Uy, AT
0

¢
Un (1) — u, (0)? = 2n5/0 u? _u, dr —2(n + l)ﬁ/o
— 271’8/ u?_u, dr —2(n + 1)ﬁ/ Uty 41 d7 + 2/ gnly, AT,

0 0 0
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ast — oo. Henceu,(oo) := lim;_ o un(t) exists for alln. Now (30) implies
that u,, (co)un4+1(00) = 0 for all n. Suppose thati;(co) # 0 for somek. Then
up+1(00) = 0 and there existg > 0, such that

(k+ 2w (Duya(t) < 3k +1)%uk(00)*  and () > Jup(o0)?,
for all t > to. Thus,

d

g = (k +1)Pup(t)? — (k4 2)Pupy1 (O ugr2(t) + grsr
> 5k +1)%uy(00)?,

for all n > ty. Therefore,
lim ug41(t) = oo,
t—o0

a contradiction. O
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