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goal: use polyhedral methods and Puiseux series to solve systems of
polynomials

@ space curves
o surfaces

main objects
o tropism
o Puiseux series

focus: exploitation of symmetry
illustration on cyclic n-roots benchmark problems

o cyclic n-roots polynomial systems, n = 4, 8, 9, 12, 24
assumptions on the space curves/surfaces we can find:

o they are reduced, free of multiplicities
o in general position with respect to

o x; = 0 (space curves)
o x; =0, xo =0 (2D surfaces)
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Fundamental Theorem

Theorem (Fundamental Theorem Of Tropical Algebraic Geometry)

we Trop(l)NQ" <= Fpe V(I): —val(p) =w € Q".

Rephrasing the Theorem:

Every rational vector in the tropical variety corresponds to the leading
powers of a Puiseux series, converging to a point in the algebraic variety.

For a constructive proof of the Fundamental Theorem, we refer to
Anders Nedergaard Jensen, Hannah Markwig, Thomas Markwig:
An Algorithm for Lifting Points in a Tropical Variety.

Collect. Math. vol. 59, no. 2, pages 129-165, 2008.

We see Fundamental Theorem of Tropical Algebraic Geometry as a
generalization of Bernshtein's Theorem B.

We use Bernshtein’'s Theorem A &B as a way to solve polynomial systems
with polyhedral methods.
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The cyclic n-roots polynomial systems are benchmark problems for
polynomial system solvers.

A=xo+x1+ - +x,-1=0
fo = xox1 +x1x2 + -+ + Xp—2Xp—1 + Xp—1x0 = 0
F(X)— n—1 i
i=34...,0—1:) J]% moan=0
Jj=0 k=j
fn:X()X1X2...Xn_1—1:0

cyclic n-roots polynomial systems:
o square systems: we expect isolated solutions
o for cyclic 4, 8, 12, 24-roots, we have space curves
o for cyclic 9-roots we have a two dimensional surface
J. Backelin: Square multiples n give infinitely many cyclic n-roots.

Reports, Matematiska Institutionen, Stockholms Universitet, 1989.
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Cyclic n-roots Polynomial Systems

Lemma (Backelin)

If m? divides n, then the dimension of the cyclic n-roots polynomial system
is at least m — 1.

J. Backelin: Square multiples n give infinitely many cyclic n-roots.
Reports, Matematiska Institutionen, Stockholms Universitet, 1989.
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Basic Definitions

Polynomial System

F)=q . x = (x1,52,--,Xn), i € C[x]

We define the support sets of F(x) = 0 to be:
(A1, A2, ..., Ax) = (Supp(fr), Supp(f2), . . ., Supp(fy))
with Ai = ((3117 ai, ..., aln)7 (3217 and, ..., a2n), ceey (aN17 N2y .-y aNn))v

where N is the number of monomials in f;, a; € Z and (ajl,ajz, ceey aJ-,,)
are exponents of a monomial in f;.

Support set A; of f; spans the Newton polytope as P; = ConvexHull(A;)
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The Cayley Embedding & Polytope

Cayley embedding Cg of the set A

k—1

CE(Al, A2, .. Ak) = (A1 X {O}k—l) @] U (Af+1 X e,-)
i=1

where e; denotes the it vector of the standard basis.

Cayley polytope

Ca = conv(Cg) C RMk-1

NOTE

We use the Cayley polytope as a way to combine all individual polytopes
into one polytope.

We use cddlib of K. Fukuda to find facet normals of the Cayley polytope.
We will refer to the facet normals as pretropisms.
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Tropisms and Space Curves

Definition (Pretropism)

A pretropism is a normal vector to at least an edge of each polytope.

a pretropism might generate a Puiseux series expansion of a space curve

Let V = (vi,v2,...,Vv,) be a pretropism, w; > 0, b;, ¢; € C:

(X]_ = tvl(b]_ -+ C]_tW1 +.. )
xp=t2(by+ ot +...)
G(x,t) =4 X3 = t3(bs + 3t +...)

Xp = t""(bp + cat"" +...)

Definition (Tropism)

A tropism is a pretropism which is the leading exponent vector of a
Puiseux series expansion for a curve, expanded about t = 0.
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Initial ldeal

Definition (Initial Form)

Let £ be a polynomial with support A and let V' be a pretropism. Then
the initial form iny/(f) is the sum of all monomials in f, where the inner
product (a, V) reaches its minimum at least twice over a € A.

Initial Form System

For a system F(x) =0, F = (f1,f,...,f), and pretropism V/, the initial
form system is defined by iny/(F) = (iny(f), iny(f), ..., iny(fk)).

Solving initial form system leads to solutions at infinity that are isolated,
or to the leading coefficients of the Puiseux expansion of a curve.

Puiseux series expansion of a curve: solutions at infinity, denoted by b;

Let V = (vi,v2,...,Vv,) be a pretropism and let t denote a free variable:

Xi=tv,-(bi+citwi+...), [':172,...,”.

Danko Adrovic (UIC) Polyhedral Methods for Algebraic Sets January 6th, 2012 9 /31



Cyclic 4-Roots System

The only pretropism is (1,—1,1, —1)

Cyclic 4-Roots Initial Form In Direction (1, —-1,1,—1)

x1+x3=0
Xox1 + Xox3 + x1x2 + xox3 = 0

in(l’_Ll’_l)(F)(X) - X0X1X3 + X1X2X3 = 0

X0X1X2X3 — 1=0

Using U to transform in 11 _1)(F):

1 -1 1 -1 in1,-11,-1)(F)(2) =
y— |01 00 z1/20+ 23/20 = 0
0 0 1 O 2120+ 2223 +21+23=0
0 0 0 1 212223/20 + 2123/20 =0
21 23 Z12923 — 1=0

X0 = 20, X1 = —, X2 = 2022, X3 = —
20 20
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Cyclic 4-Roots System

Cyclic 4-Root Polynomial System Transformed

z21+z3=0
. 71z +2z223+21+23=0
in1,-11,-1)(F)(2) = 212073+ 2123 =0

212023 — 1 =0

Solutions of the transformed initial form system are

(zi=1lzmn=-1l,zz3=-1)and (n=—-1,z0=—-1,z3=1). Let zo = t
For cyclic 4-roots, the initial terms of the series are exact solutions

Xo = el Xo = ¢!

=1l =il
x3 =t x3 = —t
! q and ! q
Xo = —t Xo = —t
X1 = — = X1 = ¢ L
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Cyclic 8-Roots System

Cyclic 8-roots system:
o 831 facet normals (computed with cdd1ib)

o 29 pretropism generators
o 5 lead to initial forms with solutions
° (17 _15 07 1’ Oa 07 —1? O)

o (1,-1,1,-1,1,—1,1,—1)
o (1,0,— ,0,0,1,0, 1)
o (1,0,-1,1,0,—1,0,0)

e (1,0,0,-1,0,1,-1,0)

For the initial form solutions we used the blackbox solver of PHCpack.
Symbolic manipulations for the computation of the second term of the
Puiseux series were done with Sage.
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Cyclic 8-Roots System

For the pretropism V = (1,-1,0,1,0,0,—1,0), the initial form system is

(X1 +x6=0

x1X2 + X5x6 + Xgx7 = 0
XaX5X6 + X5xX6x7 = 0

i (F)( ) ) XoXx1XeX7 + xgx5x6x7 = 0
v X = XoX1X2XeX7 + XoX1X5X6x7 = 0

X0X1X2X5X6X7 + XoX1X4X5X6X7 + X1X2X3X4X5%6 = 0

X0X1X2X4 X5 X6 X7 + X1 X20X3X4 X5 X6 X7 = 0

X0 X1 X2X3X4 X5 X6 X7 — 1=0

V defines the unimodular coordinate transformation: xg = zp,
X1 = 21/20, X0 = 22, X3 = 2023, X4 = Z4,X5 = Z5,X6 = 26/ 20, X7 = Z7.
Using the new coordinates, we transform the initial form system iny (F)(x).
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Cyclic 8-Roots System

z21+26=0

2170 + 7526 + 2627 = 0
Z47526 + 252627 = 0
iny (F)(2) = ¢ 24252627 + 212627 = 0
21202627 + 21252627 = 0

712223242526 + Z122252627 + 2124252627 = 0

Z120232425262Z7 + 212024252627 — 0

| 212223242526 27 — 1=0

Solving iny(F)(z), we obtain 8 solutions (all in the same orbit). We select

zg=t,z1=—1,20 = _71— é,z:;: —1,zz=1+1,
1
25=§+§,26=l,27=—1—l,l=\/—1.
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Cyclic 8-Roots System

Taking solution at
infinity, we build a
series of the form:

z0 =
zl=—1+ it
Z2=7—§+C2t
z3 = -1+ c3t

zZh =1+ 1+ gt

S—E—i—i—i—ct
DTHTHTS

z6 = | + cet
Z7=(—1—I)+C7t

Danko Adrovic (UIC)

Plugging series form
into transformed
system, collecting all
coefficients of t1,
solving yields

C1=—1—/
1
C2=§
C3=0
C4=—1
-1
C5=7
C6=1+/
C7:1

Polyhedral Methods for Algebraic Sets

The second term in
the series, still in the
transformed
coordinates:

z0 =
zl=—1+(-1-1)t

-1 / 1
2=— — -+t
=5 T
z3=-1
z4=1+4+1—1t

1 / 1
Z5—§+§—§t

26 =1+ (1+ 1)t
zZ7=(-1-1)+t
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In certain instances one term in the Puiseux series satisfies the entire
system. The initial form in direction V = (1,-1,1,-1,1,-1,1,—1) is
iny(F)(x) =

X1+X3+X5+X7:0

XoX1 + XoX7 + X1X2 + X2X3 + X3X4 + X4X5 + X5X6 + Xgx7 = 0
XoX1X7 + X1X0X3 + X3Xax5 + X5x6x7 = 0

XoX1X2X3 + XoX1X0X7 + XoX1X6X7 + X0X5XpX7

+ X1X0X3X4 + XpX3X4X5 + X3X4X5X6 + XaX5x6x7 = 0

X0X1X2X3X7 + XoX1X5X6X7 + X1X2X3X4X5 + X3X4X5X6X7 = 0
X0X1X2X3X4X5 + X0X1X2X3X4X7 + X0X1X2X3X6X7 + X0 X1 X2X5X6 X7

+ XoX1X4X5X6X7 + X0X3X4X5X6X7 + X1X2X3X4X5X6 + X2 X3XaX5XeX7 = 0

X0X1X2X3X4X5X7 + X0X1X2X3X5X6X7 + X0X1X3X4X5X6X7 + X1 X2X3X4X5X6X7 = 0

[ X0X1X2X3X4 X5 X6X7 — 1=0
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Cyclic 8-Roots System

The unimodular matrix

1 -1 1 -1 1 -1 1 -1
01 0 0 0 0 0 O
001 0 0 0 0 O

y_ 1000 100 00
000 0 1 0 0 O
00 0 0 0 1 0 O
00 0 0 0 0 1 O
0 0 0 0 0 0 0 1]

and its corresponding coordinate transformation:

X0 = 20, X1 = 21/20, X2 = 2020, X3 = 23/ 29,

X4 = 2024, X5 = Z5/20, X6 = 2026, X7 = 27/ Z0.
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Initial form for V = (1,—-1,1,—1,1,—1,1, —1) after transformation,
iny(F)(2)

21+Z3+Z5+Z7:O

2120 + 2023 + 2324 + z425 + 7526 + 2627 + 21 + 27 = 0
212073 + 732425 + 252627 + 2127 = 0

21297324 + 20232475 + 23247526 + 24252627 + 212223

+ z12077 + 212677 + 252627 = 0

2120232425 + 2324252627 + 21202327 + 21252627 = 0
712273247526 + 202324252627 + 2122232425 + 2122232427

+ 2120232627 + 2120252627 + 2124252627 + 2324252627 = 0

Z1202324752677 + 212023242527 + 212023252627 + 212324252627 = 0

| 212223242526 27 — 1=0

We then solve iny(F)(z).
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Cyclic 8-Roots System

Initial form system iny(F)(z) has 72 solutions. In particular

zZo =1 Xo =1
z1=—1 x; = -1/t
2 =1 Xo = It
zz3 = —1 /=\/—_1 X3=—//t
zz = —1 X4 = —t
z5=1 x5 =1/t
z6 = —1 xg = —It
zz=1 x7 =1/t

satisfies the entire cyclic 8-roots polynomial system.
Applying symmetry, we can find the remaining 7 as well.
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Cyclic 8-Roots System

Definition (Branch Degree)

Let V = (vi,v2,..., V) be a tropism and let R be the set of initial roots
of the initial form system iny(F)(z). Then the degree of the branch is

#R x |malxv, - ml? Vil

Tropisms, their cyclic permutations, and degrees:

(1,-1,1,-1,1,-1,1,-1) 8x2=16
(1,-1,0,1,0,0,—1,0) — (1,0,0,—1,0,1,-1,0) 8x2+8x2 =32
(1,0,—1,0,0,1,0,—1) — (1,0,—1,1,0, — ,,0) 8x2+8x2=32
(1,0,—1,1,0,—1,0,0) — (1,0,—1,0,0,1,0,—1) 8 x2+8 x 2 = 32
(1,0,0,—1,0,1,—1,0) — (1,—1,0,1,0,0,—1,0) 8 x2+8 x 2 = 32

TOTAL = 144
144 is the degree of the solution curve of the cyclic 8-root system.

Danko Adrovic (UIC) Polyhedral Methods for Algebraic Sets January 6th, 2012 20 / 31



The only tropismsis V = (1,-1,1,-1,1,-1,1,-1,1,-1,1,—1).

The generating solutions to the quadratic space curve solutions of the cyclic
12-roots problem are on the next slide.

They are given in the transformed coordinates.

For any solution generator (r1, ra, ..., n1):

=1t z1=n, 22=1"r, Z3 =13, Z4 = I}, Z5 = Is,
26 = I, Zr = Ir7, Z3 = I3, Z9 = f9, Z10 = ho, Z11 = N1
we return it to the original coordinates we obtain

n 3 5
Xo =1, X1 = —, X2 = rt, X3:?7 X4 = rat, st?

_ _n . _ . i
Xe = ret, x7 = rE Xg = rgt, xg = F X10 = not, X11 = Y

Applying definition for the branch degree,

m m
#R X | maxv; — miny;
i=1 i=1

we see that all space curves are quadric.

R. Sabeti. Numerical-symbolic exact irreducible decomposition of cyclic-12.

LMS Journal of Computation and Mathematics, 14:155172, 2011.
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Cyclic 12-Roots Polynomial System Con
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Extending the tropism Vi, = (1,-1,1,-1,1,-1,1,—-1,1,—1,1, —1) of the
cyclic 12-roots polynomial system to Vo4 =
(1,-1,1,-1,1,-1,1,-1,1,-1,1,-1,1,—-1,1,-1,1,-1,1,-1,1,-1,1, -1),
we obtain a valid tropisms for the cyclic 24-roots.

Exploiting the symmetry of the solution generators of the cyclic 12, we can
solve the cyclic 24-roots in direction of Vo4 and obtain exact representation
of one of its components!

xo=t x =t (L +1) 0=t L), =t (L +1),

=t =t (5 = g) %=t =t (2~ ),
xg = t(1.86602540378444 — 3.23205080756888 x* /),

xo = t~1(0.232050807568877 — 0.133974596215561 * /),

xi0=—t, xi1 =t N =L+ 1), xio=—t, xi3 =t (=L — 1),
X14 = t(_% + @)7 X15 = t_l(§ - é)v X16 = t, x17 = t_l(_g + é),
xig = —t, x19 = t (%2 + 1),

xg0 = t(—1.86602540378444 + 3.23205080756888 * /),

xo1 = t~1(—0.232050807568877 + 0.133974596215561 * /),
X =t, Xp3 = Fl(? — é )
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Tropisms and Two-Dimensional Surfaces

Let U = (u1,up,...,up) and V = (vi,vo,...,v,) be two tropisms:

a pair of tropisms generate a Puiseux series expansion of a

two-dimensional surface

x1 =t (b + M+ dit ..
Xo = t262(by + t® 4+ ot +...)
G(x,t1, to) = {x3 =t (bs + c3t{ + d3th® +...)

Xn = &5 (bn F Gpt" Fdnts" 1+ ..0)

Danko Adrovic (UIC) Polyhedral Methods for Algebraic Sets January 6th, 2012 24 /31



Tropisms and Two-Dimensional Surfaces

Square matrix M, with det(M) = £ 1, is composed of two tropisms U and V and
integer values, denoted with x.

up Up U3 Ug ccc Up_l Up
VI V2 V3 Vg cee Va1 Vp
*
M= *
N, R, « 3
x1=z'zy'z5...zp; =1 x1 =ttt (b + atf? + ditst +..)
_ AT/ IR, « B
Xp = 21"22;225" . ..z:;; =1 X = t12t22(b2 + C2t12 + d2t22 +.. )
x3 =222 ...z}, z3 = b3 + c3t]° + d3t§3 X =3 (bs + oot + d3t253 +...)
_ SUn_Vvn _x* *, n . n
Xn = 21"2" 23 -+ Zni 2y = by + Cot{" + dpth" + ... x, = £t (b + ot + dnth” +...)
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Two pretropisms of the cyclic 9-roots polynomial system are
u=1(1,1,-2,1,1,-2,1,1,-2) and V = (0,1,-1,0,1,-1,0,1, —1).
Computing initial form Iny(Co)(x), and then Iny (Iny(Co))(x) yields a system:

X2+ x5 +xg =0

Xoxg + x2x3 + x5x6 = 0

XoX1X2 + XoX1Xg + XoX7Xg + X1X2X3 + X2X3X4 + X3XaX5
+XaX5X6 + X5X6X7 + Xex7Xg = 0

XoX1X2Xg + XoX3X4X5 + X5Xx7xg = 0

lnv(an(Cg))(x) _ X0X1XoX3Xg + XoX5XeX7Xg + XoX3XaX5X5 = O
X0X1X2X3XaX5 + XoX1X2X3XaXg + X0X1X2X3X7X8

+XoX1X2X6X7Xg + X0X1X5X6X7X8 + X0XaX5X6X7Xg + X1X2X3X4X5X6
+X2X3X4X5X6X7 + X3X4X5X6X7X3 = 0

X0X1X2X3X4X5X8 + X0X1 X2 X5X6X7Xg + X2X3X4 X5 X6 X7Xg = 0

X0X1X2X3X4X5X6Xg + X0X1X2X3X5X6X7Xg + XoX2X3XaX5X6X7Xg = 0

X0X1X2X3X4 X5 X X7Xg — 1=0

For one of the first solutions of the cyclic 9-roots polynomial system, we refer to
J. C. Faugere, A new efficient algorithm for computing Grébner bases (Fy).
Journal of Pure and Applied Algebra, Vol. 139, Number 1-3, Pages 61-88, Year
1999. Proceedings of MEGA'98, 22-27 June 1998, Saint-Malo, France.
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Cyclic 9-Roots Polynomial System Cont.

U=(11-211 211 -2)

V=(01,-101-101-1)

The unimodular coordinate transformation M : C[x] — C[z] acts on the
exponents. The new coordinates are given by

X0 = 20

11 -2 11 -2 11 -2 X1 = 207
01 -101-101 -1 X =252z 2
00 1 00 0 00 O s = 2028
00 0 10 0 00 O s

M=100 0 01 0 00 0 e
00 0 00 1 00 O X5 =252 25
00 0 00 0 10 O X6 = 202
00 000 0 01 0 Xr = 207177
00 0 00 0 00 1]

Xg = 20_221_128

We use the coordinate change to transform the initial form system and the

original cyclic 9-roots system.
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Cyclic 9-Roots Polynomial System Cont.

The transformed initial form system Iny(/Iny(Co))(2) is given by

'22 +2z5+23=0

zpz3+ 2526 + 23 = 0

207374 + 732425 + Z4Z526 + Z52627 + Z6Z728 + 2223 + zZ728 + 22 + 23 = 0
20732475 + 75267723 + 2228 = 0

2073247576 + 25262728 + 227323 = 0

227324752627 + 232425262728 + 2223242526 + 2425262728 + 22232475 + 22232423
+22232723 + 22262728 + 25262725 = 0

23247677 + 7324 + 2627 = 0

z4z7+ 24+ 27 =0

\22232425262728 —1=0

Its solution is

1 31 1 31 1 31 1 3/
22:—5—\/_7,232—54-\/2_724:_54'\/2_)25:1726:_5_\/2_’
272_%_3@’ zs:-%-}-@,wherelzv—l
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Cyclic 9-Roots Polynomial System Cont.

The following assignment satisfies cyclic 9-roots polynomial system entirely.

Zp=1 Xo=1t
z1=1t X1 = tib
Xo = 20 Z __1_@ X —t_zt_l(—l—@)
2T T2 72 271 R T T
X1 = 2021 \/gl ) \/gl
o 1
X2 =2 2Z1 'z 23=—§+T X3=t1(—§+7)
X3 = ZpZ3 1 \/§I 1 \/§/
X4 = 207124 =5+ 5 X4:t1t2(—§+7)
X5 = 20_221_125 z5=1 X5 = t1_2t2_1
X7 = 202127 6 2 2 6= 1T 2
—2_-1 1 V3l 1 V3
Xg = Z Zy T Zg —_ - e P
0 “1 z7 5 5 X7 t1t2( > > )
1 V3l g, 1 W/3I
28——5 T Xg =1t “ty (_§+T
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Recent Developments

This polyhedral method:

o very good at finding components of specific dimension

Recently, we used this polyhedral method to find solution components to all
cyclic n-roots polynomial systems, where n = m?, n,m € N.

A preprint of this result will be available on January 16"
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Summary and Conjecture

What we know about dimensions of the cyclic n-roots polynomial systems,
where n =k x m:

k\m 1 2 3 4 5 6 7 8
1 00010001
2 010101 3
3 00 2 1 1
4 1113 1

5 00 4

6 01 1 5
7 0 6
8 131 7

Lemma (Backelin)

If m? divides n, then the dimension of the cyclic n-roots polynomial system is
at least m — 1.

For every cyclic n-roots polynomial system, where n = m?, n,m € N, the
largest dimension of its solution set is m — 1.
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