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Abstract. We consider monomial orderings specified by matrices of a special form and suggest a
new proof of the well-known fact that every monomial ordering can be obtained in this way. The
relations between matrices specifying the same ordering are discussed and the canonical form of a
monomial matrix is presented. We give some applications of this ordering presentation to Grébner
bases of ideals. We also discuss orderings on differential variables and differential monomials. We
prove the property of well-ordering on differential monomials using only two source properties and
without any additional conditions.

1 Monomial Orderings

1.1 Introduction

A set of monomials in n variables can be considered as the set of the formal expressions M" =

{a a2 .. .l | d1,d0,...,in € No} w.r.t. the usual multiplication (addition of exponents). That
is the so called multiplicative form of a monomial. We shall, however, also use an additive form:
denote x = {152 ... %" by the vector a = (at,a?,...,a™) € Ny. The product of monomials z -y

corresponds to the sum of the vectors o + (8 and vice versa.

Let a total ordering < on M"™ = N{ be fixed, i.e. any two different monomials are comparable and
< is irreflexible, asymmetric and transitive. We say that this ordering is a monomial ordering if the
following conditions hold:

I 0<aVa#0, a€Ng,

(1) a<fB=a+y<pB+7Vef,veENG.

One can prove that N is well ordered with respect to any total ordering satisfying the first of these
conditions (see, for example, [2]).

Ezample 1. Lexicographic ordering (lex), total degree and then lexicographic ordering (deglez), total
degree and then reverse lexicographic ordering (degrevlez). See [2] for details.

1.2 Existence of Representation

One can find the proofs of the following Theorems 1, 2 and 4 in [4], [5], [6]. As it is mentioned in
[4], an abstract solution is proposed in [8] and a vectorial approach is presented in [3]. These results
are well-known, but we present our own proofs using only elementary methods.

Theorem 1. Let A = (ai;) be an n by k matriz over R with the following two properties: the rank
of the matriz is n and for each row of A, the first non-zero element in this row is positive. Then,
the ordering on N{ such that

a< e al <z A

is monomial.

Proof. Let us check the properties of monomial orderings. Note that the second property of the
matrix can be formulated in this way: each row of the matrix A is lexicoghraphically greater than
zero vector. Using this fact, we get:

OA:0<leac ﬁAVﬂGNS, 67&07
QA <iex BA= (a+7)A=aA+7A <iee BA+vA = (B+7)A.

Therefore, this ordering is monomial.
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Our aim is to prove the converse result in an elementary way. Let R} = [0,4+00)™ \ {0} be the
set of all vectors with non-negative coordinates without the zero vector. By uv we denote the
standard scalar product of vectors u,v € R™ and by v/ we denote the jth coordinate of the vector
v. Coefficients will also be written with superscripts.

Theorem 2. Consider a monomial ordering < on Ny. Then, there exists a vector v € Rl such
that
a < B=va< vV (B eNg. (1)

Proof. The proof is by reductio ad absurdum. We shall show that there exists a finite set of monomial
pairs (o, 3), a < 8 such that each vector of R} changes the ordering of at least one pair. Then
we shall prove that under certain conditions there are exactly n such pairs. Using the properties of
monomial orderings, we shall obtain a contradiction: o > (3.

Assume that the converse is true, i.e.

Yo € R} 3o, B8 € NG, a < B, va > vfs.

Consider the sets V(4 gy = {v € R" |va > v}, o, f € Ng, a < .
These sets are obviously open in R", because they form the semispaces without a hyperplane.
However,

V= U Vv(a’g) D ]Ri

a,BENS
a<f

Let S; be the non-negative part of the sphere S"~! in R": §, = §"~* NRY. This set is obviously a
compact set in R™ and Sy C V. Hence, we get a finite number of the sets V; = V(, g, )R}, i = 1,m

m
such that Sy C |J Vi.

i=1
Consider a vector v € RY. There exist o, 8 € Ni, a < (3 such that v € V(. gy. It is clear that
cv € Via,p) c €R, ¢ > 0. It follows that v € V(4 5) & ﬁ € Via,s)- However, ﬁ € Sy implies that
diel,m: ﬁ € V;. Hence,

VoeRL Fiel,m:veV,. (2)

For all v € Ny we have V(4 8) = Viatn,8++), because va > vf & v(a +v) > v(8 + ). Thus,
we can assume that the second components of the pairs, 3;, are the same. In fact, let us change
Vi = Via,.,8) for
\% m .
(e +2250 1 Bjs 22 Bj)
g I
We denote the second (common) component of the pairs by 3.

Consider the set V; such that V; C |J Vi. Then, in (2), we can omit this set. Hence, we may assume

=1
i#]
JR— m JR— JR—
that for all sets Vj there exists a vector v; € V; :=V; \ | Vi # @. Clearly, ViNV; = &, i # j. The
i=1
i#]
vectors v; have the following properties:
Vi > U3 (3)
via; < v Vi=1,m, j#1. (4)

We claim that the vectors v;, ¢ = 1, m are linearly independent. Indeed, suppose that there is a
non-trivial linear combination

a'vi+a*va4...+a"vm=0,a €R, i=1,m.

Since the components of the vectors v; are non-negative and these vectors themselves are not equal
to zero, all coefficients a® cannot have the same sign. Moving negative summands to the right-hand
side and, possibly, renumbering vectors and coefficients, we obtain:

vi=clor + ...+ cFuy :dk+1vk+1 + ...+ d"vm, (5)

v£0, ¢t AT dm >0,

and v € R}. By assumption, there is a pair (aj,3), o < [ such that va; > vB. However, if
1 < i<k, then

vy = (dk+1vk+1 + .o+ d M m)a; = dk+lvk+1ai + ...+ d™vmos <

<A B+ .+ d vmB = vs,
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since (4) holds. Similarly, if kK +1 <4 < m, then
vy = (clvl +... 4+ ckvk)ai < (clvl + ...+ ckvk)ﬁ =v0.

Thus, we have a contradiction: va; < v3 Vi = 1, m. This means that the vectors v; are linearly
independent and, in particular, the number of pairs m < n. Let us show that m = n.
Introduce the notation

T, ={a €Ng, a<B|VweV;va>uv8} CNg.

Since < is a well order on N, there exists a minimal element in any non-empty subset of Ng.

Suppose &; = mi%l a. By construction, we have V{4, 8y C V{4, ). Therefore, as in (2), we have
acT;

Yo eRL FieT,m: veV; = Va,ps (6)

Now let v € Nij be an arbitrary non-zero monomial. From the first property of monomial orderings,
it follows that
Y]a << FIeNy:y+d=a = v< a

In particular, if v | &;, v; € Vi, then &; — v < &;, and, hence, we obtain
& —v¢ T = vi(Gi —7) <vif <= vid; < vy + 0.
Thus, since v;@; > v;3, we have
0 < ;0 —viff < viy. (7)

Now consider the standard base vectors e; € R} (all components except for the jth one are zeroes
and the jth component equals one). By assumption, for each such vector, there exists a number
t=1(j) : e; € V. Suppose that there exists at least one non-zero component & # 0, k # j, of &;.
Formally, we set v = &Fey; i.e., v is the projection of &; onto ey. By construction, v|é&;. Combining
this with (7), we obtain a contradiction:

0<eja; —ejf<ey=adreer=0(#k) =0<0.
This implies that the monomial &;, ¢ = i(j), which corresponds to the vector e;, can be written as
6(,’ = ajej, (8)

where o’ € N is a coefficient. This means that the number of pairs of monomials is m > n, because
a’e; and a’e; are different monomials, i # j. On the other hand, by the aforesaid, m < n. Thus, we
have m = n and all monomials &; have the form as in (8).

For simplicity, in what follows, we write a; instead of &;. Let us embed the monomials «; in
R™ and construct a hyperplane I" which contains these monomials. It is clear that the vector
= (ai17 ce a%) € RY is the normal vector to I', since la; = 1, i = 1, m = n. If we have I§ > 1,
then we get the contradiction immediately: there is no pair (&;, ) for I to change the ordering. This

yields {3 < 1. We may represent § as a linear combination:
n i
ﬁ:ZcZai, clzze(@, >0
i=1

(this is possible, since the vectors «; form a basis of R™). In these terms,

C:=18= icilai = ici <1
1=1 =1

We now set )

i M C’L

P=1Tc

where M is a sufficiently large natural number such that all p® € No.
Consider the formal monomial

= 0,

B:=06+ Zpiw - ).

Some components of this vector may be negative. To make it meaningful, we may assume that we
have shifted the monomials «; and 3 along some large vector (monomial) d. This shifting takes the
vector (3 to the vector 3+ ¢, making its components positive integers. Note that our proof does not
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depend on §. Consequently we don’t do that. When we write 3 < 3, we mean that 3+ < 3+ 6.
We get:

— n . n . " .
3= chai + Zpl(chaj — ;)
i=1 i=1 Jj=1 . . .

= Zciai + Z(Zpi)cjaj — Zpiai = Z:(cZ + cinj —pai.
i=1

j=1 i=1 i=1 i=1 j=1
Let us look at the coefficients of this decomposition. We may write:

Ci+Cinj_pi:Ci(1+1]l402;Cj)_ 1]\{c10
=

j=1

MC M ) ¢

- = - — =ci(1— <
1) STl MO-M)=c(1-M) <0,

:ci(l—i—

since M > 1, ¢; > 0. By the previous formula we obtain the chain of monomial inequalities:

Bl0=>8<0< i <pVYi=Tn

At the same time, since 8 — a; > 0, we have
B=B+> p'(B—a)>p
i=1

Comparing this result with the previous one, we obtain by transitivity that 8 < . But a monomial
ordering must be irreflexible. This contradiction concludes the proof.

Theorem 3. Let K C N be a closed w.r.t. addition subset of monomials in n variables. Consider
a total ordering <x on K satisfying the following conditions:

a<k a+vy VYa€ K, veNy such that o+~ € K, (9)
a<kg fB=>a+v<x B+ (10)
Va,B3 € K, v € Z" such that a +v € K, B+~ € K.

Then <k can be extended to the monomial ordering < on N§ such that
a<kg f < a<pVa,pfeK.
Proof. Consider the set of all non-ordered pairs of different monomials

P={{a,B}|a,feNy, a3}

This set is obviously countable. Let us number its elements. We must learn to compare the elements
of any pair in P and that comparison should be well-defined.
Suppose Vi = {8 —a €Z" | o, € K, a <x B} UNy \ {0}. Consider the set of monomials

Pr={{7v,y+v}|veNg,veV, v+veN} CP.

Let us introduce the ordering on these pairs. We say that v < v+ v if p1 € P1, p = {~,v+v}. This
definition is well-defined and agrees with the ordering <. Indeed, if v € Vi then —v ¢ Vi, and
thus the pair p cannot be represented as p = {7,y — v}. Therefore, for any such pair p, the vector
v = —a €V is uniquely defined. If v, y+v € K then y+ o, v+ 8 € K and v+ a <k 7+ 0.
Hence v <k v+ 8 — a (property (10)). At the same time if v <x v+ 8 — « then @ <x ( and
v=0—ac V.
It is clear that v < v+ 6 Vv,0 € Ni (if § # 0, then we may take v = § € V7). Besides that
M <v2=714+0 <72+ Vy1,72,0 € Ng. Actually, v = (y2+6) — (11 + ) =72 — 71 € V1. We see
that all properties of monomial orderings are satisfied.
Let the inequality P1 # P hold; then we have not extended the ordering to all pairs yet. Take the
pair p = {«, B} with the minimal number in P\ P;. Let us say that o < 3 & «a <jee 8. Construct
the sets Vo = Vi U {8 — a} and P» = Py U{{v,7 + (8 — a)}}. It is not hard to prove that for all
pairs in P> the conditions as above hold.
If we continue this process, we either stop at some step, or get a sequence P, P2, Ps,... with the
oo
condition |J P; = P. We stress that for all pairs p of different monomials there exists a number m
such that 1p 16 Py, and, therefore, we are able to compare the elements of this pair. The ordering
specified in this way is monomial and agrees with <g.
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Theorem 4. Consider a monomial ordering < on the set of monomials in n variables. Then there

exists a matriz A = (aqj) over R of the size n by k and of the rank k such that

a<fB = al <. B4, (11)

and, moreover, the first non-zero element in each row of this matriz is positive.

Proof. We shall prove this theorem by induction on the number of variables. Since in the one-
dimensional case there is only one monomial ordering (by degree), any matrix A = (A) A > 0 of
the size 1 by 1 satisfies the theorem. Suppose we can find such matrix for any monomial ordering
in n — 1 variables, n > 2. Let us show that it is possible to construct a matrix for the case of n

variables.

Take a vector v € R such that o < § = va < v8 Va, 5 € Ni. The existence of the vector v is
guaranteed by Theorem 2. Consider the set of pairs of monomials which cannot be compared when

using vector v:
E={(a,8) €Ng xNi | a < B3, va = vf}.

If this set is empty, then we have already constructed the matrix (it consists of one column).
Otherwise, notice that monomials in each pair («, 8) € E belong to a hyperplane (which, clearly,
depends on pair). This hyperplane is orthogonal to v. Consider the family of such hyperplanes which
contain at least one integer point in Nj. By M denote the set of all monomials in the hyperplane
I' and by ar denote the minimal element of the set Mr (it always exists, since our ordering is

monomial).

Now suppose that there are only finitely many hyperplanes {I'} such that the element ap be-
longs to some coordinate axis, i.e. ar = (0,...,0, ab = Ar,0,.. .,0). Choose the maximal com-
ponent A = max Ar. We can find the hyperplane @ in the family such that for all monomi-
als in Ms we have that at least one of its components is greater than A. Let us evaluate the
minimal monomial ag = (ab,...,aR) in &. This monomial cannot belong to any coordinate
axis. Moreover, o > A for some k. Let us shift all monomials in Mg along the integer vector

k+1

(—ag,..., fa'q“;l, 0,—ag ,...,—agp). (Some monomials may not remain non-negative; then we
exclude them.) We claim that this shifting takes the hyperplane & to some other hyperplane @’
such that the monomial ag is in the kth coordinate axis, and it remains minimal in Mg/ as before.
This shifted monomial has the form (0, ..., ak o ,0), ak > A. This contradicts A being maximal.
Hence, there are infinitely many hyperplanes with the property as above. This means that there
exists a coordinate axis x,, containing infinitely many monomials of the form ar. Let us fix this

value of m.

Consider the family H of all v-orthogonal hyperplanes in {I'} which intersect the z, axis in some
integer point Br. We claim that this point is the minimal monomial in I', i.e. fr = ar. Indeed,
for any hyperplane I" € H there exists a hyperplane @ such that ag > 7" by the above. Shifting

along the vector ag — O, we obtain that G is the minimal element in M as well.
Now consider a projection along x,:

¢ HNNy — Np~ %
Let « be in the hyperplane I' € H. Consider

a=(a ,...,a")»ﬂa':(al,...,amfl,amﬂ,...,a").

Denote K = Im(¢) C Ngil. Now we can construct the ordering <x on K. Let o/, € K, o €
¢~ (), B €¢~(A) and let o and § be in the same hyperplane (by construction of H, it is possible
to do so). We say that o/ <k @' if o < 3. This ordering is well-defined, since different elements
of the pre-image ¢~ *(a’) differ only in the mth component. Further, if (a1, 81) and (a2, 32) are
different pairs of the pre-images (o', 3') and the elements of each pair are in the same hyperplane in
H, then we obtain (a2, 82) = (a1 +7, 81 + ) (or vice versa). By the second property of monomial

orderings we get
a1 < f1 & a < P2 =a <k [ is well-defined.

It is easy to prove that <k satisfies the conditions of Theorem 3. Indeed, we have that any element
in ¢71(0) is minimal in its hyperplane. This means that 0 <x o Vo' € K. Furthermore, let
o <k B,y €z and o/, 3,0’ ++',8 ++ € K. In this case for o ++' and 3’ 4+~ we can find
two pre-images of the form o+ 6,8+ 6, 6 € Z2~'. Evidently, a +§ < 3+ 5 =o' ++' <x B +7'.

Besides, if o/, 3’ € K, then o + 3 is also in K, i.e. K is closed w.r.t. addition.

Now, let us use Theorem 3. Let us extend the ordering <k to a monomial ordering <,—1 on Nj~*.
By the inductive hypothesis, there exists a matrix B of the size n—1 by s specifying <,—1. Inserting
zeros as the kth row and the vector v as the first column, we obtain the matrix A of the size n by

s + 1. This matrix specifies the ordering <.

5
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In fact, we can compare monomials of different v-orthogonal hyperplanes at the first step. Let «
and (8 belong to the same v-orthogonal hyperplane. It is possible to find a hyperplane I' € H which
is situated above, and a monomial v € I" such that « | 7. Let 6 = 8+ (y — «) € M. We get

a<fey<iey <kl ey < d e
& ' B <iex 8'B = YA <jex 6A & @A <ien BA.

On the other hand, if a > 3, then § < a and BA <jex @A. Therefore, the matrix A specifies the
monomial ordering <. This completes the proof.

Remark 1. The matrix from this theorem is of the size n by m where m < n. Besides that, all its
elements are non-negative.

Remark 2. The condition that the first non-zero element in a matrix is greater than zero is necessary.
Let i be a number of the line with the opposite property; then z; > x2 in the sense of this ordering.
Contradiction.

1.3 Classification of Monomial Orderings

Let us investigate the properties of the specification of monomial ordering described above. We shall
present the admissible transformations of the monomial matrices and give a classification of them.
First we consider a general case. We propose an independent proof of the fact presented in [5]. This
classification is covered by Theorem 6.

We also consider a special class of rational orderings. The equivalence in this case (in the case of
rational matrices) is given by Theorem 7. First of all, let us consider the lexicographic ordering.
;From now we shall use a multiplicative form of monomials.

Definition 1. Two matrices C1 and C2 are said to be equivalent w.r.t. the monomial ordering <
iff they specify the same order as the above.

It is absolutely clear that the identity matrix specifies the lexicographic ordering x1 > x2 > ... > .
Let us denote this ordering by <je;. The following Lemma 1 and Lemma 2 describe all matrices
which specify <jeq.

Lemma 1. FEach upper-triangle matriz with positive elements in the main diagonal gives us <jeq-
Let us denote such matrices by U.

Proof. Let C = (c;5). Consider arbitrary monomials a = (a*,...,a™) and 8 = (8',...,3"). Let us
denote by <jes the order specified by the matrix C. Then a <jez, f <= aC <jex BC. It is
equivalent to

(ozlcn7 alein + aea, .. altcin + ..+ a"cnn) <iew

<iew (Btcit, Breiz + B2caz, ..., Blein + ... 4 B Can).

If o' < 8%, then o <jex B. Let o = 8. We have
a1012 + a2022 < ﬂlclg +ﬂ2622 < a2022 < ﬂ2022 — o < ﬁQ.

Continuing this process, we conclude that o <jez 3 iff vector (61 —at,..., 0" — a™) has the first
non-zero coordinate being positive. This is equivalent to o <jex 0.

Lemma 2. We can obtain <jcp only by using matrices of the form described in Lemma 1. Multi-
plying any lex-matriz by the matriz of the same type as U, we obtain a lex-matriz again.

Proof. Let us prove the first part of the lemma. Suppose we obtain <;e, by the matrix C = (C'L‘j)?’jzl.
Assume ¢;; # 0, ¢ < j (x). Consider the element ¢;; such that j is minimum with the property (x).
Then ¢;; > 0, since this is the first non-zero element in the ith row. Then there exists k& € N such
that kc;; < cjj. Because of the minimal property of j, we have :E;C <lezo Ti, but i < j. Contradiction.
Now, let ¢i; < 0 for some ¢. We have already proved that ¢;; = 0 if ¢ < j. Then ¢ = 0, otherwise
¢ii < 0 is the first non-zero element in the row. Contradiction again. Consider ¢;; with this property
and maximal 7. Then i < n (if ¢hn = 0, then z, and 1 are incomparable elements in the sense of
<ilex). Thus, we conclude that cii+1 > 0, cit1i+1 > 0. Therefore, mﬁ_H <lexz ¥i for some [ € N.
Contradiction.

The second part of the proof uses the following fact: if we multiply two U-matrices, we obtain an
U-matrix again (it is easy to check).

We shall describe some matrices which do not change monomial orderings in the following sense:



Classification and Applications of Monomial Orderings and the Properties of Differential Orderings

Lemma 3. Let U be a matriz such as in Lemma 1 and C specifies a monomial ordering <. Then

the matriz CU specifies the same ordering <.

Proof.
a<f = aC <z fC <= (aC)U <iex (BC)U.

In these implications the matrix U is applied to the vector rather than to the monomial. This
fact does not contradict anything (lexicographic ordering on R™ does not have the property of a

well-order only). The lemma is proved.

Let us note that we can multiply the columns of monomial matrices by positive numbers and add
linear combinations of previous columns to a column. Indeed, a multiplication of a monomial matrix

by an U-matrix reflects all these transformations.

Definition 2. We shall say that a column of a monomial matriz is main iff it contains the first
non-zero element in some row. We shall call this element the main element in these column and

row.

Notice that a column may have more than one main element.

Theorem 5. Fach monomial ordering can be specified by a matrix with non-zero determinant and

non-negative elements.

Proof. Consider a monomial ordering <. By Theorem 4, there exists an n x m matrix C' specifying
< such that all of its first non-zero elements in the rows are positive. By Lemma 3, we can multiply
the matrix C from the right by U-matrices. Let us choose the first non-zero column in the matrix

C.

Note that by Theorem 4 this column does not contain negative numbers. We have constructed a
linear system of columns independent on R. (It consists only of one non-zero column.) We shall

follow this tactics in the next steps of the algorithm.

Let us use the elementary transformations of the columns of matrix C. We have described above
some transformations that do not change the ordering. Let us walk through the matrix C' column
by column from the left to the right. We shall add new columns, linearly independent with the

previous ones, from the matrix C to the system.

Suppose that at some step of the algorithm the column is linearly dependent with the system already
constructed: (vigy1 = alvi+... + akvk). Then, making elementary transformations of the matrix C'
(subtracting a linear combination of the first k& columns from the (k + 1)th column), we obtain the
matrix C; = CULUs ... Uy (U; is an upper-triangle with 1 at the diagonal, ¢ = 1,..., k), where the

(k + 1)th column is zero. Thus, we can exclude it from the matrix C;.
Continuing this process we obtain the matrix C; of the rank [ which consists of | columns.

Let us consider a linearly independent system of columns {v1,...,v}. Suppose this system is the
result of the algorithm described above. Let us extend it in arbitrary way to a basis of linear space
R™. We shall insert vectors obtained by such operation at the end of the matrix C; (from the

right-hand side). We shall get the matrix C’, det(C’) # 0.

Let us prove the second part of the theorem. Consider the first column of the matrix C’ (it is
non-negative). Multiplying it by sufficiently large positive number, we may add it to other columns.
This transformation does not change the ordering according to the lemma above. By continuing we

shall obtain a matrix with non-negative elements. The theorem is completely proved.
Ezample 2. Consider the monomial matrix

1210
C=1241-1
001 1

According to the algorithm, consider the first column. It forms a system of columns C;. The second
column is linearly dependent with the first. We can subtract the first column, multiplied by 2, from

the second one. We obtain:

121 0 571288 101 0
Co=1241-1 00 10l= 201 -1
001 1 0001 001 1

Let us delete the second column from the system C (we obtain the matrix Cs) and add the second

column of C'5 to the third one. The matrix C is the output of the algorithm:

110 111
Cs=|21-1|, c=(210
01 1 012

7
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Thus, if we speak about a monomial matrix, we can assume that it satisfies the assertion of the
previous theorem. Now we shall investigate monomial matrices from another point of view. We shall
classify monomial matrices and provide the canonical form.

Corollary 1. We can assume that the columns of a monomial matriz are orthogonal.

Proof. The process of orthogonalisation of the finite number of vectors can be formulated in the
language of applying U-matrices. First, we work with the first column of the matrix, then apply it
to the second, etc.

Definition 3. The monomial matriz is a matriz specifying a monomial ordering.

First of all, let us transform the monomial matrix. We shall exclude non-necessary columns from
this matrix. Let the new matrix consist of the minimal number of columns of the source matrix and
specify the same ordering.

Remark 3. We shall build the system of minimal number of rows of the monomial matrix moving
from the left column to the right. We shall delete columns which do not differ new monomials.

Lemma 4. Let A and B be monomial matrices with orthonormal columns and consist of minimal
number of them. Suppose that A and B specify a monomial ordering <. Then the first columns of
A and B are equal.

Proof. This fact is easy to understand if we consider the 2 or 3-dimensional case and draw the
pictures. But we give the analytical proof.

Let a and b be the first columns of matrices A and B and o € Q™. A and B specify the same
ordering. Then (a,a)(a,b) > 0. If a = b, then it is trivial. The idea of the proof is based on the
density of Q" in R". If a # b, we can choose an a-orthogonal vector and obtain the contradiction
with (o, a)(a, b) > 0.

More formally: let a’ be orthogonal to a, then the hyperplane L : {a1z1+a2z2+...+anzn =0}, a =
(a1,az,...,a,), which is orthogonal to a, contains a’. Consider a sequence {a,},a; € Q",i € N
with the properties (a2k,a) > 0, (a2x—1,a) < 0, k € N and lim a, = a'. Using the inequality

n— oo

(a,a)(a,b) > 0, we obtain that (aak,b) > 0, (a2k—1,b) <0, k € N. Due to the fact that a scalar
product is a continuous function we conclude that ( lim «, = a’,b) = 0. Since a and b are of the

n—oo
length 1 and (a’,b) = 0, we conclude that a = b or a = —b. The latter case cannot appear, since a
and b form the first columns in the corresponding monomial matrices.

Theorem 6. Let A and B be monomial matrices specifying the monomial ordering <. Then we
can transform A to B and present the canonical matrixz of <. This canonical matriz is uniquely
determined.

Proof. First of all, let us apply Lemma 4 to A and B. We obtain that the first columns of A and B
are the same. At the next steps of comparing columns we may have problems.

At the first step we used the density of rational vectors. The collision is a consequence of the
following fact. The dimension over Q of all rational vectors which go to zero after the first step
of the comparison decreases rapidly. By this reason these vectors need to be compared by other
columns. Let us note that the corresponding dimension over R decreases only by 1 as a dimension
of solutions of one non-zero linear equation. We shall illustrate these facts in the example below.
By construction, the second column in our matrices is orthogonal to the first. Consider linear space
L over Q generated by linearly independent rational vectors, which become zeros after the first step
(i.e. which are orthogonal to the first column). Let us denote the corresponding linear space over R
by M.

Let k =dim M —dim L > 0. If k£ is equal to zero, then we can apply the previous lemma, since the
property of density holds in this case. Consider the case k > 0. The idea is to make a projection of
the second column to L and apply the lemma to L. There will be no problems in this situation.
Consider an orthonormal system of k vectors, which are orthogonal to the first column and to L. Let
us insert them into our matrices between the first and the second columns. We obtain the matrices
specifying the same order, because these new columns annihilate all rational vectors, which need to
be compared by the second column. Now, using admissible upper-triangle transformations, we can
make these new columns orthogonal to all previous columns in the new matrix. Then we can apply
the lemma. Hence, the second column is uniquely determined.

Continuing all these operations for the whole matrix, we obtain the algorithm, which gives us the
canonical matrix. During the proof we obtain that the number of minimal columns is an invariant
of the order. The numbers of columns, which we need to insert in the matrix after each step, are
also invariants.
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Let us prove the second part of the theorem. By the proof, if two matrices specify the same ordering,
then their canonical matrix — orthogonal normal form — is uniquely determined. If two matrices
specify different orderings, then their canonical matrices cannot be equal, since we do not change

order during transformations.

Corollary 2. There are interesting invariants of monomial orderings such that the minimal number
of columns representing the order and the number of orthogonal vectors inserted in the matriz at

each step in the process of proving the theorem.

Corollary 3. We can operate with canonical monomial matrices. Different canonical matrices pro-

vide different monomial orderings and we can distinguish monomial matrices.

Let us illustrate the previous theorem. We shall show that temporary insertion of the columns in

the monomial matrix is necessary. Consider the following

Ezxample 3. Let us investigate two matrices:

10 11
A=(v20], B=|[+v20
01 01

They specify the same monomial ordering. Their first columns are equal. The monomials that cannot
be distinguished by the first column differ only in the third component. Thus, the second columns

of these matrices distinguish them.

Two columns of A and the second column of B form the basis of R3. That is why we cannot transform
A using U-matrix. The dimension over R decreases by 1 and over Q by 2 after applying the first
column. Hence, we can insert one orthogonal column in A and B. By the projection along this
vector we obtain the second column of canonical matrix. (Let us first make A and B orthogonal.)

The extended and canonical matrices are:

1/vV/3 1/v/3 0 1/v/30
o' = vaB-vaBol|, c=|{\2B0
0 0 1 0 1

Remark 4. We can canonically determine the additional columns. They are the solutions of a system
of linear equations. Then, let the first vector be the extension of the free solution 1,0,...,0 (free

variables), etc.

1.4 Consequences

Proposition 1. The cardinality of all monomial orderings in a fized number of variables is con-

tinuum.

Proof. One can give an independent proof of this fact, but let us apply the results obtained above.
Note that each monomial ordering can be specified by a matrix in M, (R). Thus, the set of all
monomial orderings has the cardinal type not greater than continuum. Let us prove the reverse

inequality. Consider the family of monomial matrices:

M = {C € Ma(R) | C:(ig) a e R\ Q).

This set is a continuum set and each M specify different ordering. This is the case due to Theorem 6,
according to which we can represent each matrix in a canonical form, but the canonical monomial

matrix is uniquely determined.

Proposition 2. If a monomial matrix A which specifies a monomial ordering on monomials in n

variables consists of k columns and k < n, then A has at least one irrational element.

Proof. The proof uses the fact that n rational vectors of dimension k are always linearly dependent
on Q (k < n). We can clear out denominators in the equation of a linear dependence. We can
also represent each element in Z as the difference of two natural numbers. Thus, there exist two

monomials which cannot be distinguished. This contradicts the definition of a monomial ordering.

9
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1.5 The Applications

Corollary 4. If we try to reduce the number of columns in a rational monomial matriz, we loose
the ability to present the monomial ordering in the computer.

Proposition 3. There are monomial orderings which cannot be presented in the computer.

10
o= (W O) |
Using Corollary 1, we obtain the result: the first column of this matrix forms the minimal system of
columns specifying this ordering. (First column distinguishes all monomials, but this is an invariant

property of an ordering.) That is why this matrix cannot be represented in a two-column minimal
form. But we noted above that rational matrices must contain at least n = 2 columns.

Proof. Let us consider the example:

Remark 5. 1f the degrees of polynomials in our computations are restricted by some natural number,
we can represent the irrational elements of a monomial matrix with the necessary precision in the
computer and use this approximation in our particular task.

In [4], the fan and walk of Grobner bases are discussed. These notions give us some information
about the distribution of different reduced Grobner bases. The set of monomial ideals generated by
the leading terms of Grobner bases of an ideal w.r.t. different monomial orderings is proved to be
finite ([4, Lemma 2.6]).
So the set Grébner bases of an ideal with fixed set of leading terms is proved to be finite.
To use a fixed Grobner basis, we need to know the leading term of each member of the basis.
”To use” means to do the reduction process and other applications of Grébner bases. Let G be
the Grobner base w.r.t. a monomial ordering <. We have proved that < can be represented by its
canonical orthogonal matrix form. The first column in the matrix could appear to have irrational
entries and cannot be represented precisely in the computer.
This problem can be solved by means of the Grobner fan. The main idea has been formulated in [4],
Theorem 2.7 (a) and (d), which says that the interior of the cone D;* is a nonempty subset of R™.
As defined in [4], D;* consists of all vectors in R™ which can correctly distinguish the monomials
of elements in the Grobner basis of an ideal according to <. Union of all cones D;* covers R} (for
complete definitions and assertions see [4]).
Hence, we can choose a rational vector from this cone and use it instead of the vector which has some
irrational components. We shall call this vector irrational. First, we should compute the Grébner
basis of the ideal I and then use the approximation of the irrational vector.
On the other hand, to compute Grébner bases, we can use rational vectors instead of irrational
vectors. The idea is based on the Grébner walk technique. First of all, we should choose a rational
vector as near as possible to irrational one. Suppose that we have a precise representation of this
irrational vector in the computer. Multiple application of this procedure for computing this vector
can be very expensive. Hence, we cannot use it in the Grébner bases computations, but we can
construct a segment from the end of the rational vector and to the end of the irrational one.
Then, we should compute the Grébner basis G using rational numbers and find the intersection
points of our segment with the cones C'¢. These points are the solutions to the linear equations in
the parameter ¢ on the segment

2(t)LT(g) = 2(t)NL(g). (12)
In these equations, N L(g) denotes a nonleading term of g and ¢ is a parameter on the segment. We
should do this operation for each element g of the Grébner basis G of I and for any its nonleading
term.
We may approximately find the solutions to equations (12) under the condition that the approximate
solution must be inside the segment. This work being completed, we choose a rational vector which
is nearer to the irrational one than these solutions. In this way, either we obtain a rational vector
which gives us the same Grébner basis as the irrational one or there exist solutions to (12). In the
latter case, we must recompute once the Grobner basis.
Thus, we can use the monomial matrices with rational elements in many cases. Let us classify the
admissible transformations for these orderings.

Theorem 7. If the monomial matrices A, B € M, (Q) specify the same monomial ordering <, then
we can use only U-type transformations to walk from A to B. Only upper-triangle transformations
with positive elements on the diagonal are admissible for these matrices.

Proof. In the conditions of the theorem (it is important) we obtain that C' = A™'B specify the
lexicographic order. Let a = aA,b = BA. We have: o < f <= a <jex b. Then a <jex b <=
aA™! <bAT! <= aA7'B <. bAT'B.

Thus, according to Lemma 2, the matrix C' is an upper-triangle matrix U with positive elements in
the diagonal. Hence, A™*B = U and B = AU.
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Remark 6. An easy example shows that previous theorem will became wrong if we omit the condi-

tion A, B € M, (Q):
()= ()

Thus, A~'B does not specify <jez-

2 Differential Orderings

Above we worked with monomials in a finite set of variables. But in differential algebra we often
have to consider infinite sets of differential variables, which are well ordered by some ranking.
We suppose that the reader is familiar with some notions of differential algebra, but nevertheless
we give all necessary definitions.
We denote by N,,, the subset {1,2,...,m} of natural numbers.
A ranking < is a total ordering on a set of differential variables DV with the basic set of derivation
operators d;, j € Ny, and basic variables y;, ¢ € N,, satisfying the following conditions:

1. the property of translation: (a,4) < (8,7) <= (a+7,1) < (B+7,7);

2. the property of positivity: (a, i) > (0,14).
The notation («,7) = (au,...,Qm,1) is used for the differential variable 57 ... 55" y;. Any ranking
well orders the set DV'. The proof of this fact and examples of rankings could be found in [3]. Some
approaches to classifications of all rankings were made in [1] and [7].
Below we shall call differential variables simply variables.
Now let us construct monomials in the set DV and consider orderings on them. We mean that only
finitely many variables can occur in a monomial. If y;, ¢ € Ny, are basic variables and §;, j € Ny,

. . . . d
are basic derivation operators, then every monomial can be represented as t = uj* - ... -uds | where
up = Opys, = 07 ... 6hFmy;, are different determinates and dj are their degrees. But we may

consider DV as an infinite well-ordered set of algebraically independent variables. In other words,
we may disregard the differentiations of variables.
We denote by DM the set of all monomials. We shall use letters ¢, p, s, t, u for monomials and
x, y, z for variables.
When considering some practical problems (for example, Ollivier’s method of construction of stan-
dard bases in differential ideals), it becomes natural to use admissible orderings on monomials
instead of rankings.
Such orderings on DM should satisfy the following essential and natural properties:
1. the restriction of this ordering to variables must be a ranking, i.e. the properties of translation
and positivity must hold for variables;
2. every monomial must be greater than or equal to 1 (positivity);
3. this ordering must be consistent with multiplication by monomials (translation): t; < t2 <=
tis< tes Vse DM.
Note that in [9] several additional axioms of the so called differential term-orders were formulated.
But we shall prove the following result without using any additional conditions, which played an
important role in [9].

Theorem 8. The set DM is well ordered w.r.t. any linear order satisfying the properties above.

Proof. According to Property 1, the set DV is well ordered.

We prove the theorem by reductio ad absurdum. Suppose that there exists an infinite sequence {s;}
strictly decreasing w.r.t. a given order <;i.e., ¢ < j <= s; > s;. We need to obtain a contradiction
to this fact.

The following definitions and lemmas are needed below.

Definition 4. Let s be a differential monomial, u be a differential variable. The tail of the monomial
s w.r.t. u is the monomial Ty, (s) constructed of the variables from s which are strictly higher than
u. In this definition we take these variables in corresponding powers. By analogy, the head H,(s) of
s w.r.t. u is the monomial constructed of the variables which are not higher than u. And if x < y
are variables then the medium part of s is the monomial My ,(s) = X = M) _ Tuls)

He(s)Ty(s) = Ha(s) — Ty(s)’
It is evident that Hy(s)Tu(s) = s Vs,u € DM.

Remark 7. This terminology does not contradict the common sense, since we write variables in
monomials starting from the smallest. Then the head is the first part of a monomial and the tail is
the last one.

Definition 5. The hyperdegree G(s) of the monomial s is the sum of its degree and the number
of wvariables occuring in s. Note that G(Hu(s)) + G(Tu(s)) = G(s) Vs,u. Also note that 2degs >
G(s) > degs Vs € DM.
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Definition 6. Let us imagine that we count variables in a monomial taking into account their
powers. Let S and T be multisets of variables occuring in s and t respectively. We shall say that
monomial s majorises monomial t iff either t = 1 or there exists an injective map ¢ : T — S such
that Vt € T t < ¢(t). It is clear that if s majorises t, then s > t. For example, if v < y, then xy
majorises x2.

Remark 8. Note that if all variables in s are greater than any variable in ¢, and deg s > degt, then
s majorises t. It is evedent, that if ¢ divides s then s majorises t.

Ezample 4. Let t = 2%y, s = uxy?z>, u <z < y < z. Then
Hy(s) = uzy®, Ty(t) =1, May(s) = y*, G(s) =11
and s majorises t.

Lemma 5. Let {s;} be a sequence of monomials such that {G(s;)} is bounded. In other words,
there exist N, D € N such that every element {s;} depends on at most N variables, and the degree
of each element does not exceed D. Then this sequence cannot strictly decrease w.r.t. <.

Proof. The proof is by induction on N.

Base of induction. Note that we can extract a subsequence of monomials from {s;} with the following
property: the degree of every monomial is the same (say, equals to K < D). We can assume that
elements {s;} already satisfy this property. The case N = 1 is clear: all elements of the sequence are

variables raised to the power K: uf > uX > ... >uf > ... Hence, u1 >ua > ... >un > ..., but
this sequence cannot strictly decrease, because the set of variables DV is well ordered according to
Property 1.

Step of induction. Suppose that the statement is proved for all N’ < N and is not valid for a
sequence {s;}, where s; depends on N variables.

Let us use the inner induction on D. The case D = 1 corresponds to N = 1 and has been considered
above. Let D > 1. Suppose there exist a variable v and a subsequence {s;, } such that u occurs
in each s;,. Then, we can divide all monomials in this subsequence by u. We obtain a strictly
decreasing sequence such that the degree of each monomial in this sequence is lower than D — 1. In
this case we can use the inductive assumption. Hence, it is sufficient to consider the following case:
for each variable u there exist only finitely many monomials in {s;} containing w.

We do not need the induction on D in this case. As above, we can suppose that all monomials in
{s:} have the same degree K. Denote by R the set of the highest variables occurring in monomials
{si}. Since the set DV D R is well ordered, there exists a minimal element z in R. Assume that
x corresponds to si. Cutting off the beginning of the sequence we may assume that £ = 1. As
above, we can suppose that no other element from {s;} contains = (we shall exclude the finite set
of monomials which contain z). Let us consider two cases.

Case 1. There exists a monomial s; > s1 such that all variables occurring in s, are greater than z,
i.e. Hy(sq) = 1. Obviously, in this case the variables of sq are higher than the variables of s1. Since
the degrees of the monomials are the same, we obtain the contradiction s; < si which proves the
theorem.

Case 2. Suppose that all monomials in the sequence except for s; can be written in the form
$i = piqi, where the monomials p; = H(s;) and ¢; = Ty (s;) are non-trivial, depend on at most
N — 1 variables and all variables in p; are lower than x and variables in ¢; are higher than x. We
can apply the induction hypothesis to monomials ¢;. Thus, in the set {g;} there exists a minimal
element g, . We have the following inequalities:

Piqi = 85 < Smy = PmyqQmy < Pmy Q5 Vj > ma,

hence, p; < pm, Vj > mi.
Consider the set {g; | ¢ > m1} and find in this set the minimal element g.,,. We can write the
similar inequalities for ma > m, and, in particular, for py, < pm,

PGt = 81 < Smy = PmyQmy S Pma @t < Pmy @ VI > ma.

Thus, we have p; < Pmy, < DPm; VI > mo. Continuing this process, we obtain a strictly decreasing
sequence {pm, } of monomials depending on at most N —1 variables and whose degrees are bounded.
By the induction hypothesis, we have a contradiction, which completes the proof.

Lemma 6. Let x <y be variables from DV, s1,s2 € DM be monomials and
G(Ms(52)) > 2G(Ha(s1):

Then Hy(s2) majorises Hy(s1), and, in particular, Hy(s2) > Hg(s1).
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Proof. Since Hy(s2) = Haz(s2)Ma,y(s2), we get My y(s2) < Hy(s2) and Hy(s2) majorises My y(s2).

Thus, it is sufficient to prove that M, ,(s2) majorises Hy(s1). We have

2deg My y(s2) = G(My y(s2)) > 2G(Hx(s1)) > 2deg Hy(s1),

and deg M, ,(s2) > deg H.(s1). To complete the proof, note that every variable occurring in

M, y(s2) is greater than any variable occurring in Hz(s1) according to Definition 4.

Proof of Theorem 8.

According to Lemma 5, it is sufficient to show that, for any strictly decreasing sequence {s;}, the

sequence {G(s;)} is bounded.

Assume the contrary. Then we can extract a subsequence from {s;} such shat {G(s;,)} strictly
increases. Without loss of generality, we may suppose that the source sequence already satisfies this
property. We shall say that the sequence {s;} is bad, if it strictly decreases, but the hyperdegrees
of its elements strictly increase. Notice, that any subsequence of a bad sequence is a bad sequence

again.
Now we need the following lemma:

Lemma 7. For any wvariable y and for any bad sequence {s;} the sequence {G(Ty(si))} is un-

bounded.

Proof. To prove this fact, we shall use the principle of transfinite induction. It can be formulated
in the following way: if (for all y € Y ) the validity of a property A(y) can be derived from the
validity of the properties A(x) for all x <y, then the property A is valid for ally € Y, where Y is

a well-ordered set. We shall apply this principle to the well-ordered set DV.

If y is the minimal element in Y then the statement is valid. Indeed, if {G(Ty(s:))} is bounded,
then {G(Hy(s;))} is unbounded, because G(s;) = G(Hy(s:)) + G(Ty(s;)) increases. But Hy(s) has
the form yP for some exponent p, since y is the minimal variable. Hence it is possible to extract
a subsequence from {s;} of the form s;; = y"Ty(s;;), where {p;} strictly increases. But then
the monomials T}, (s;;) strictly decrease, because the source sequence does. If, according to the
hypothesis, the hyperdegrees {G(Ty(si;)} are bounded then Lemma 5 immediately leads us to a

contradiction. Thus, the basis of the induction is completed.

The step of the induction can be done in a similar way. So then, consider that the statement is valid
fo all z < y, but is not valid for y. Then there exists a bad sequence {s;} such that {G(Ty(s:))}
is bounded. In addition we may consider that H,(s;) # 1 V 4. Let us call such a sequence that
contradicts the statement a very bad sequence. It is clear that a subsequence of a very bad sequence
is also very bad. Since {G(H,(s;))} is unbounded, one can extraxt a subsequence {s;, } from {s;}

such that {G(Hy(si,))} strictly increases. We may assume that {s;} is namely of this latter kind.

Now our aim is to provide that no monomial s; contains the variable y. If it is possible to extract

such a subsequence from {s;}, we shall work futher with this subsequence.

Assume that it is impossible. Then we can wittingly extract a subsequence {s;;} such that all its
elements constain y, and {deg, s;; } either increases, or is constant. Let us divide every monomial s;;

by the maximal degree of y, occuring in it, i.e. by ydegy i

is namely of this latter form.

Thus, if the inductive step cannot be completed for y then there exists a very bad sequence of

monomials {s;} without elements containing y. In particular,

IM e N: G(Ty(s:)) < MV i.

Let n; = 1 and z be the highest variable in Hy(sn,) (it is well defined since the head is non-trivial).
But sp, is free of y and consequently, x < y. Hence the induction statement is valid for z, when
considering the bad sequence {s;}. Therefore, for the number M + 2G(Hy(sn,)) there exists an

index m2 > ny such that the hyperdegree of the tail Ty (sn,) is greater than that number:
G(Tw(8ny)) > M + 2G(Hy(8n,))-
At the same time G(Ty(sn,)) < M by assumption. Hence

G(Mzy(sny) = G(Te(sny)) = G(Ty(snz)) > 2G(Hy(sn,)) = 2G(Ha(sn,)),

. Thus we get rid of y. This new sequence
strictly decreases, because {s;} does. The hyperdegrees of its elements cannot be bounded, otherwise
we get a contradiction by Lemma 5. Hence, choosing again a subsequence with hyperdegrees strictly
increasing, we may assume we get a bad subsequence. Note, that the hyperdegrees of the elements’
tails w.r.t y have not been changed after division. It follows that they are still bounded. Further, we
may disregard the elements with the trivial head Hy(s;;), since the hyperdegrees are unbounded.
This means that the sequence we have obtained is very bad. As before, we may consider that {s;}
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because H(sn,) = Hy(sn,) by choosing z. Applying Lemma 6, we get that H,(sn,) majorises
Hy(sn,) = Hy(sn, ). For simplicity, we shall write p; = Hy(sn,), ¢i = Ty(sn,;). We have just showed
that p2 > p1. But p2g2 = sp, < Sn; = p1q1, whence g2 < g1. Now let us cut off the beginning of
the sequence {s;} to make sp, the first element. We see that this new sequence is very bad again
and its elements are free of y. Hence all above reasonings from this paragraph are valid for them.
Thus we can find the monomial sn, = p3gs, n3 > n2 > n1 such that gz < ¢2 < ¢1. Continuing this
process, we construct the infinite strictly decreasing sequence {g; }. But ¢; = Ty (sn, ), and it implies
that G(gi) < M. This fact contradicts to Lemma 5. Therefore the inductive step is completed and
the lemma is proved.

Now it is easy to prove the theorem. Indeed, we need to show, that a bad sequence cannot exist.
Assume the contrary and let {s;} be a bad sequence. It is evident that s1 # 1. Denote by y the highest
variable in s1. According to the previous lemma, G(Ty(s;)) is unbounded, and, particularly, there
is an index m > 1 such that G(Ty(sm)) > 2deg s1. Then degTy(sm) > deg s1. Since all variables in
T, (sm) are greater than any variable in s1, we get that Ty (sm) (as well as s, ) majorises s1. Hence
Sm = 81, but this contradicts to the fact that {s;} decreases. The theorem is proved completely.

3 Acknowledgements

The authors thank Prof. E.V.Pankratiev for scientific advising and support during preparing this
paper. We also thank the referees for their helpful comments.

References

1. Carra Ferro, G., Sit, W.Y.: On Term Orderings and Rankings. Computational Algebra. Marcel
Dekker, New York, 31-77, 1994

2. Cox, D., Little, J., O’Shea, D.: Ideals, Varieties, and Algorithms. An Introduction to Compu-

tational Algebraic Geometry and Commutative Algebra. Springer-Verlag, New York, 1998

Kolchin, E.R.: Differential Algebra and Algebraic Groups. Academic Press, New York, 1973

Mora, T., Robbiano, L.: Grébner Fan of an Ideal, J. Symb. Comp. 6 (1988) 183-208

5. Robbiano, L.: Term orderings on the polynomial ring. In: Proc. EUROCAL 85, B.F. Caviness
(Ed.), Springer Lect. Notes Comp Sci. 204 (1985) 513-517

6. Robbiano, L.: On the theory of graded structures, J. Symb. Comp. 2 (1986) 139-170

7. Rust, C., Reid, G.J.: Rankings of Partial Derivatives. In: Proceedings of the 1997 International
Symposium on Symbolic and Algebraic Computation, W.Kiichlin (ed.), ACM Press, New York
(1997) 9-16

8. Trevisan, G.: Classificazione dei semplici ordinamenti di un gruppo libero commutativo con N
generatori. Rend. Sem. Mat. Padova 22 (1953) 143-156

9. Weispfenning, V.: Differential Term-Orders. In: Proc. of the 1993 International Symposium on
Symbolic and Algebraic Computation, M. Bronstein (Ed.), ACM Press, New York (1993)

w0



