Definitions for Unstable Formula Theorem:

2.28 Definition. The formula ¢(%;7) has the order property if in some
model of T" there exist infinite sequences {@; :i < w} and {b; : ¢ < w} such
that = ¢(a;;b;) iff ¢ < 5.

We want to generalize that just a bit to "L-order property" for an arbitrary linear
ordering L. By compactness, the statement doesn't depend on the infinite ordering
chosen.

The following refines Baldwin's Definition 111.1.15 on p. 58, which appears as (4)
below. A phi-m-type is just an phi-type.
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This is a "phi-kappa-tree above p" for a formula phi, a type p, and a cardinal kappa.
If unspecified, p is { x=x }.
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Fig. 1. I'(y(¢, 2)

to L additional constant symbols @,, 7 € 2% and ., s € 2<~.
Iy(o,k) ={pl@.):re2*}u {¢(ET;ET|I-}T':*:' 1< K}

Here p(@,) denotes {1)(@,): v € p} and ¢"(*) denotes ¢ or —¢ depending
on whether () is 0 or 1.

The collection I';(¢, k) is consistent just if there is a complete binary
tree of height k of extensions of p by instances of ¢ such that each path
is consistent but the paths are pairwise contradictory. Note we can easily
extend our definition to F“(tﬁ,fc} by letting () denote the empty type.
The following diagram illustrates the definition of I'y(¢, k). The @, in the
definition correspond to paths through the tree; the ¢, correspond to nodes.

The 10 equivalent conditions:
1 big phi-stone space for all lambda
2 big phi stone space for one infinite lambda
3w order property
3f L-order property for all finite linear orders L
3w* L-order property where L is omega with the opposite ordering
4 phi-trees of every finite height
5 phi-trees of every ordinal height
6 R"m(x=x, \phi, \infty) = \infty
7 R*m(x=x, \phi, 2) \geq \omega
8 there is a type which is not definable
9 for every psi, there is a phi-type which is not psi-definable
10 no phi-stone space has infinite Cantor-Bendixon rank





