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Abstract. In [Hit92], Hitchin used his theory of Higgs bundles to con-

struct an important family of representations ρ : π1(Σ) → Gr where Σ

is a closed, oriented surface of genus at least two, and Gr is the split

real form of a complex adjoint simple Lie group G. These Hitchin rep-

resentations comprise a component of the space of conjugacy classes of

representations of π1(Σ) into Gr and are deformations of the irreducible

Fuchsian representations π1(Σ) → SL2R → Gr which uniformize the

surface Σ. For any choice of marked complex structure on the surface

and any Hitchin representation, we show that the corresponding equi-

variant harmonic map is an immersion. Pulling back the Riemannian

metric on the symmetric space G/K, we construct a map from the space

of Hitchin representations to the space of isotopy classes of Riemannian

metrics on the surface Σ. As an application of this procedure, we obtain

a new lower bound on the exponential growth rate of orbits in G/K

under the action of the image of a Hitchin representation.

1. Introduction

Equivariant harmonic maps became an important tool to study properties

of representations of fundamental groups of closed manifolds some time af-

ter the foundations of the theory were laid by Eells-Sampson [ES64]. Many

of the more remarkable applications were to rigidity theorems, of which the

work of Toledo [Tol89], Gromov-Schoen [GS92], and Corlette [Cor95] are just

a few important examples, with a primary tool being the Bochner formula for

harmonic maps. At around the same time, the theory of Higgs bundles was

introduced by Hitchin [Hit87] and further developed by Simpson [Sim92],

with important analytic foundations laid by Donaldson [Don87] and Cor-

lette [Cor88], showing that equivariant harmonic maps could be used as a

bridge between representation varieties for fundamental groups of compact,

Kähler manifolds (of which Riemann surfaces are the most well developed,
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and rich, examples) and the complex analytic theory of Higgs bundles. This

dictionary came to be known as the non-abelian Hodge correspondence, and

while the theory provides an amazing connection between seemingly dis-

parate subjects, perhaps as a result of this unexpected relationship, it is

very difficult to precisely translate information from one side of the story

to the other. The aim of the present paper is to show that some informa-

tion about the basic properties of equivariant harmonic maps can be rather

easily read off from the data of Higgs bundles.

A harmonic map f : X → M from a Riemann surface to a Riemannian

manifold M is an extremizer of the (conformally invariant) Dirichlet energy,

E(f) =
1

2

∫
X
‖df‖2dV.

Just as the theory of harmonic functions in real dimension two is inextricably

linked to the theory of holomorphic functions in complex dimension one,

harmonic maps f : X →M also give rise to holomorphic objects. Precisely,

the (1, 0)-part of the differential df : TX → f∗(TM) is a holomorphic section

of the canonical bundle K of X twisted by the pull-back of the complexified

tangent bundle f∗(TM)⊗C of M with a suitable complex structure arising

from the Levi-Civita connection on M. The theory of Higgs bundles, seen

in this guise, gives an integrability condition: given a holomorphic section φ

of K ⊗ (TM ⊗ C), it describes when this holomorphic section is the (1, 0)-

part of the differential of a harmonic map f : X → M. Thus, this allows

us to determine properties of the differential of harmonic maps (such as the

rank), by analyzing this associated holomorphic section. We aim to apply

this process in the case of harmonic maps which are equivariant for Hitchin

representations.

In [Hit92], Hitchin discovered a special component of the space of conju-

gacy classes of representations π1(Σ)→ Gr where Σ is a closed, oriented sur-

face of genus at least two, and Gr is the split real form of a complex adjoint

simple Lie group G. As a fundamental example consider G = PSLn(C) and

Gr = PSLn(R). This discovery was made via choosing a complex structure (a

polarization) σ on Σ and identifying a component of the space of poly-stable

G-Higgs bundles on (Σ, σ), which via the non-abelian Hodge correspondence

Hitchin [Hit87] and Simpson [Sim92] had developed earlier, yielded repre-

sentations π1(Σ)→ G. Hitchin used gauge theoretic techniques to conclude

that this component of representations consisted of ρ : π1(Σ) → Gr taking

values in the split real form of G. Moreover, this component was charac-

terized by the fact that it contained all of the Fuchsian uniformizing repre-

sentations ρ : π1(Σ) → SL2(R) → Gr where the latter arrow indicates the

unique, irreducible representation arising from exponentiating the principal

3-dimensional sub-algebra inside the Lie algebra of G. It was originally dis-

covered by Goldman [Gol90] for Gr = SL3(R) (before the paper of Hitchin),
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and then later, by Labourie in general, that every such Hitchin representa-

tion was discrete and faithful, with every element ρ(γ) diagonalizable with

distinct real eigenvalues (purely loxodromic).

Most of the progress in understanding the geometry of Hitchin repre-

sentations has since arisen from dynamical and topological methods, most

notably through the important introduction by Labourie of the notion of

an Anosov representation [Lab06]. The purpose of this paper is to indicate

that the theory of Higgs bundles, which was the original genesis of Hitchin

representations, can be used to reveal some of the geometry in this con-

text. In particular, given any Hitchin representation ρ : π1(Σ) → Gr, a

foundational result of Corlette [Cor88] implies the unique existence of an

equivariant harmonic map,

f : (Σ̃, σ)→ G/K,

where K ⊂ G is the maximal compact subgroup. Using the Higgs bundle

parameterization our main theorem is the following basic property of all

these harmonic maps:

Theorem 1.1. Let G be a complex adjoint simple Lie group and ρ ∈ Hit(G)

a Hitchin representation. For any marked complex structure σ on Σ, let

fρ : (Σ̃, σ)→ G/K be the corresponding ρ-equivariant harmonic map. Then

fρ is an immersion.

In the case G = PSL2(C), this was observed by Hitchin [Hit87] in his

original paper introducing Higgs bundles through an application of a gen-

eral theorem of Schoen-Yau [SY78] about harmonic maps between Riemann

surfaces which are homotopic to diffeomorphisms.

There is an interesting, and not thoroughly explored, relationship be-

tween the immersiveness of equivariant harmonic maps Σ̃ → G/K and the

algebra/geometry of the corresponding representations π1(Σ) → G. When

G = PSL2(R), one can use the well-developed harmonic map theory to assert

that an equivariant harmonic map Σ̃→ H2 is an immersion if and only if the

associated representation if Fuchsian. A theorem of Goldman [Gol80] veri-

fies that this is equivalent to the representation being discrete and faithful.

Though we do not analyze the situation in this paper, this line of ideas can

not be carried over without change in the higher rank case. In particular,

when Gr = PSp4(R), Bradlow, Garcia-Prada, and Gothen [BGPG12] have

discovered many components of representations π1(Σ) → PSp4(R) which

are not Hitchin, but are nonetheless entirely composed of discrete, faithful

representations. It seems very likely that the techniques of the current paper

can be used to show that the corresponding equivariant harmonic maps in

those cases are also immersions. It is unclear in what generality the relation-

ship between discrete and faithful representations and equivariant harmonic

maps being immersions can be pushed, mostly due to the highly transcen-

dental nature of constructing harmonic maps. We state the following as a

question:
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Question: Let ρ : π1(Σ)→ G be a discrete, faithful, reductive represen-

tation where G is a complex, semi-simple Lie group. Under what conditions

are the corresponding equivariant harmonic maps immersions?

The penultimate section of the paper puts forward a dynamical appli-

cation of Theorem 1.1. The primary result concerns the study of the ex-

ponential growth rate of orbits in the symmetric space G/K for the group

Γ = ρ(π1(Σ)) acting via isometries, where ρ is a Hitchin representation.

We produce a lower bound on this exponential growth rate in terms of the

data of the average sectional curvature of an immersed, equivariant minimal

surface.

Theorem 1.2. Let ρ : π1(Σ)→ G be a Hitchin representation where G is a

complex adjoint simple Lie group G. Then there exists

fρ : Σ̃→ G/K,

a ρ-equivariant immersed minimal surface. Let (g,B) denote the induced

metric and second fundamental form of this immersion. Let h(ρ) be the

volume entropy of ρ. Then,

1

Vol(g)

∫
Σ

√
−Sec(Tfρ(fρ(Σ̃))) +

1

2
‖B‖2g dVg ≤ h(ρ).

The first term under the radicand is the ambient sectional curvature of the

tangent two plane to the minimal surface in the symmetric space G/K.

This theorem is an immediate extension of work the author did in the

setting of negative curvature in [San14]. It is interesting to note that in that

case, the principal application was to the study of representations which were

very close to being Fuchsian, while here the main source of information is

gained from representations which are very far from being Fuchsian.

The above inequality gives a formally cheap proof that this exponential

growth rate is always positive, which has been shown using much more so-

phisticated techniques by Sambarino [Sam12] (Sambarino shows much more

than the positivity, he shows that this growth rate is exactly exponential).

Perhaps the most interesting consequence of this is the following: if the

exponential growth rate goes to zero along a sequence of Hitchin representa-

tions, then the corresponding equivariant minimal surfaces in G/K become

increasingly flat. Recent work by Katzarkov-Noll-Pandit-Simpson [KNPS13]

aims to identify a limiting harmonic map in this situation from Σ̃ to a ”uni-

versal building.” The notion that the approximating equivariant minimal

surfaces are getting more and more flat seems congruent with the picture

developed in [KNPS13]. Additionally, recent work of Collier-Li [CL14] has

also exposed this asymptotic flatness phenomenon.

As a last application, for each choice of marked complex structure σ on

Σ, we define a map

Uσ : Hit(G)→M(Σ),
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from the space of Hitchin representations Hit(G) to the deformation space

of Riemannian metrics M(Σ) on the surface Σ, simply by pulling back the

Riemannian metric of the symmetric space through the corresponding equi-

variant harmonic map. By construction this map is equivariant under the

mapping class group action. The fact that the harmonic map is always an

immersion ensures that the these pull-back tensors are Riemannian met-

rics. Unfortunately, this map has deficits. Most importantly, the map is

not injective, the circle action defined in the realm of Higgs bundles often

produces harmonic maps whose pull-back metrics are isometric provided

the rank of G is greater than one. We make one final comment that the

L2-metric on the deformation space of Riemannian metrics M(Σ) equips

this pictures with some Riemannian geometry. In addition, it is well-known

that the restriction of the L2-metric to the Fuchsian representations coin-

cides with the Weil-Petersson metric under the identification of the space

of Fuchsian representations with the Teichmüller space of isotopy classes of

complex structures on Σ. We hope to study this geometry in a future paper.

2. Acknowledgements
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cians over the course of many years. I am particularly grateful to Richard
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3. Background on Harmonic maps

Throughout, Σ is a smooth, connected, oriented surface. For the general

(local) discussion below, we do not require Σ to be closed, although later in

the paper this will be the case.

This exposition draws on heavily on the discussion found in [Moo06]. Let

X = (Σ, σ) be a Riemann surface (here σ is a complex structure) and (M,h)

a Riemannian manifold. Given any C1-mapping f : X → M, the Dirichlet

energy is defined via,

E(f) =
1

2

∫
Σ
‖df‖2 dVg,

where the volume element is computed using any conformal metric g on X

and the Hilbert-Schmidt norm ‖df‖2 is given in local coordinates by the

expression,

‖df‖2 = gij∂if
α∂jf

βhαβ(f).

It is straightforward to check that the integrand ‖df‖2 dVg is invariant under

conformal changes of the metric g → e2ug for any u ∈ C∞(Σ).
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Definition 3.1. A C1-mapping f : X → M is harmonic if it is a critical

point of the Dirichlet energy with respect to all compactly supported varia-

tions of f.

In this paper, all harmonic maps we meet will be smooth and we shall

assume this henceforth.

Note that harmonicity is a well defined notion for maps from the Rie-

mann surface X since the Dirichlet energy is conformally invariant. For our

purposes, it will be important to understand the holomorphic implications

of harmonicity. Suppose f : X → M is a harmonic map and consider the

differential,

df : TX → f∗(TM).

Complexifying the differential and projecting onto the (1, 0)-part using the

complex structure of X defines a map,

∂f : K−1 → f∗(TM)⊗ C,

where K is the canonical bundle of holomorphic 1-forms on X.

The Levi-Civita connection of h defines a connection on the pullback

bundle f∗(TM). The complex linear extension of this connection equips

E = f∗(TM)⊗ C with a holomorphic structure by restricting to the (0, 1)-

part (here we use the fact that Cauchy-Riemann operators on complex vec-

tor bundles over Riemann surfaces are trivially integrable due to the lack

of (0, 2) forms on X). This is commonly called the Koszul-Malgrange holo-

morphic structure. Globally, we may consider ∂f as a smooth section of the

holomorphic vector bundle,

End(K−1, E) ' K ⊗ E,

where K−1 has the natural complex structure of the holomorphic tangent

bundle to X. The following proposition is essential (see [HW08]).

Proposition 3.2. If a map f : X →M is harmonic, then ∂f is a holomor-

phic section of End(K−1, E).

We remark that the equation which encodes the holomorphicity of ∂f

is just a particular form of the Euler-Lagrange equations for the Dirichlet

energy. We refer to reader to the articles [ES64], [HW08] for a detailed

account of the variational description of harmonic maps.

Following standard notation, we shall write ∂f ∈ H0(End(K−1, E)). Since

∂f : K−1 → E is a holomorphic map and K−1 is a line bundle over a

Riemann surface, basic Riemann surface theory implies that either ∂f is

identically zero, or there exists a discrete collection of points {pi} (the branch

points) where ∂f vanishes. For the rest of the discussion we will assume

that X is compact. Choosing a local isothermal coordinate zi satisfying

zi(pi) = 0, there exists ni positive integers such that

∂f

∂zi
= znii gi(zi),(3.1)
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where gi is a non-vanishing holomophic function on the coordinate chart.

Away from the pi, the derivative

∂f

∂z
,

defines a holomorphic section of the projective bundle

P(E).

This defines a complex line in E over the complement of the {pi}. Further-

more, the expression (3.1) implies that we may extend this choice of complex

lines over the branch points and obtain a holomorphic sub-bundle L ⊂ E

which by construction is isomporphic to

L ' K−1 ⊗O(D),

whereD is an effective divisor given by the expressionD =
∑
ni[pi]. In terms

of the map f, the branch points {pi} are the points where the differential df

vanishes. There may be points where the differential has rank 1, but these

may also be understood via this holomorphic picture. Let z = x + iy be

a local isothermal coordinate. Then a local holomorphic frame of K−1 is

given by

∂

∂z
=

1

2

(
∂

∂x
− i ∂

∂y

)
.

Let Ψ : TX → K−1 be the holomorphic isomorphism defined via,

Ψ

(
∂

∂x

)
=

∂

∂z
,

and

Ψ

(
∂

∂y

)
= i

∂

∂z
.

Lastly, if ι : f∗(TM) → f∗(TM) ⊗ C is the natural inclusion, then the

following identities hold:

ι ◦ df
(
∂

∂x

)
= 2Re

(
∂f ◦Ψ

(
∂

∂x

))
,

and

ι ◦ df
(
∂

∂y

)
= 2Re

(
∂f ◦Ψ

(
∂

∂y

))
.

Putting the previous discussion together, and noting that every non-zero

tangent vector appears as some isothermal coordinate vector, we deduce the

following.

Proposition 3.3. A harmonic map f : X → M has no branch points if

and only if ∂f is injective if and only if L ' K−1. Furthermore, f is an

immersion if and only if for all choices of isothermal coordinates,

ι ◦ df
(
∂

∂x

)
= 2Re

(
∂f ◦Ψ

(
∂

∂x

))
,
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and,

ι ◦ df
(
∂

∂y

)
= 2Re

(
∂f ◦Ψ

(
∂

∂y

))
,

are never zero.

A further holomorphic consequence of harmonicity is the following propo-

sition due to Hopf [Hop54],

Proposition 3.4. Let f : X →M be a harmonic map. Then the expression

α = h

(
df

(
∂

∂x

)
, df

(
∂

∂x

))
− h

(
df

(
∂

∂y

)
, df

(
∂

∂y

))
− 2ih

(
df

(
∂

∂x

)
, df

(
∂

∂y

))
dz2,

defines a holomorphic quadratic differential on X.

The harmonic map is weakly conformal if and only if α = 0. This is

equivalent [SU82] to f : X → M being a branched minimal immersion.

In particular, the expression for the Hopf differential α makes clear the

differential of a weakly conformal harmonic map can only have rank 0 or

rank 2. In light of Proposition 3.3, a minimal surface is without branch

points if and only if the (1, 0)-part of the differential is an injective bundle

mapping.

4. Hitchin Representations

4.1. Principal 3-dimensional subalgebra. The following is a rapid re-

view of the theory of complex simple Lie algebras, Higgs bundles and Hitchin

representations. See [Hit92] for a thorough treatment. Fix a complex adjoint

simple Lie group G. Recall that the classical groups are PSLn(C),PSO2n(C),

PSO2n+1(C), and PSp2n(C)). If g is the Lie algebra of G, Lie theory estab-

lishes the existence of a 3-dimensional Lie subalgebra sl(2,C) ⊂ g called the

principal 3-dimensional subalgebra, which is a copy of the Lie algebra of

SL2(C) inside g. Exponentiating one obtains an irreducible representation,

PSL2(C)→ G.

The principal 3-dimensional subalgebra is generated by elements x, e−1, e1 ∈
g satisfying the relations,

[x, e−1] = −e−1,

[x, e1] = e1,

[e−1, e1] = x.

If ` ≥ 1 is the rank of g, then there exist an additional ` − 1 elements

e2, ..., e` ∈ g which, together with e1, span the centralizer of the adjoint

action of e1 on g. These ei are also the highest weight vectors for the adjoint
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action of the principal 3-dimensional subalgebra on g. Restricting to the

adjoint action of the semi-simple element x yields an eigen-decomposition:

g =
M⊕

i=−M
gi,(4.1)

with ei ∈ gmi
. The numbers 1 = m1 < m2 < .... < m` = M are the

exponents of g.

4.2. Higgs bundles. Let G be a complex semi-simple Lie group with max-

imal compact subgroup K ⊂ G, and X a compact Riemann surface of genus

at least two.

Definition 4.1. A G-Higgs bundle is a triple (P,A, φ) where P is a principal

K-bundle over X, A is a connection on P, and φ (the Higgs field) is a

holomorphic section of the twisted complex adjoint bundle K⊗ (Ad(P )⊗C).

Above,

Ad(P ) = P ×Ad(K) k,

denotes the adjoint bundle of Lie algebras with k denoting the Lie algebra

of K. The holomorphic structure on Ad(P )⊗C is that induced from the K-

connection A on P. Bracket with φ defines an endomorphism of Ad(P )⊗C
with values in the canonical bundle K, yielding the confluent definition.

Definition 4.2. A Higgs (vector) bundle is a pair (E, φ) where E is a

holomorphic vector bundle over X and the Higgs field φ is a holomorphic

section of K ⊗ End(E).

A Higgs (vector) bundle (E, φ) is said to be stable if and only if for

every φ-invariant, holomorphic sub-bundle F ⊂ E, the following inequality

is satisfied:

deg(F )

rk(F )
<

deg(E)

rk(E)
,

where the numerator is the degree of the holomorphic bundle and the de-

nominator is the rank. We note that there is a more subtle definition of

a stable G-Higgs bundle, but what we have given here is suitable for our

purposes. A Higgs bundle is poly-stable if it is a direct sum of stable Higgs

bundles. Since this will be the case in our applications, we assume from here

forward that the vector bundle Ad(P )⊗ C is degree zero.

The Hitchin-Kobayashi correspondence (due in this case to Hitchin [Hit87]

and Simpson [Sim92]) relates poly-stable Higgs bundles to solutions of an

important gauge-theoretic system of equations called the self-duality equa-

tions. Suppose we are given a holomorphic structure on Ad(P ) ⊗ C and

a holomorphic section φ ∈ K ⊗ (Ad(P ) ⊗ C) acting as a K-valued endo-

morphism via the Lie bracket. If this pair is poly-stable in the above sense,
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then there exists a unique Hermitian metric H on Ad(P )⊗C yielding Chern

connection ∇H such that the self-duality equations are satisfied:

F (∇H) + [φ, φ∗H ] = 0,(4.2)

∂Hφ = 0.

In the first equation, F is the curvature of the Chern connection and the

adjoint φ∗H is computed using the Hermitian metric H. The second equation

is immediate since φ was assumed holomorphic and the Chern connection

induces the existing holomorphic sturcture. From (4.2), a short computation

reveals that the G-connection

B = ∇H + φ+ φ∗H ,

is flat. Thus, the holonomy of this flat connection defines a representation

ρ : π1(Σ)→ G,

which is reductive, namely that the induced action on the Lie algebra of G

is completely reducible.

Conversely, start with a flat principal G-bundle (P,B) where B is the

flat connection over the Riemann surface X. Since G/K is contractible, we

may reduce the structure group from G to K which correspondingly yields

a decomposition of the flat connection,

B = A+ Ψ,

where A is a K-connection and Ψ is a 1-form with values in the adjoint

bundle. Furthermore, we may split Ψ into (1, 0) and (0, 1) parts,

Ψ = φ+ φ∗H .(4.3)

The first equation from (4.2) is automatic from the flatness of B, whereas

the second equation requires that the reduction of structure group is of a

special type. The flat G-bundle can be reconstructed as a fibered product

of the universal cover X̃ and G,

P = X̃ ×ρ G,

where ρ is the monodromy of B, and the reduction of structure group to K

is equivalent to a ρ-equivariant map

f : X̃ → G/K.

Unwinding the definitions reveals that the second equation of (4.2) is sat-

isfied if and only if the ρ-equivariant map is harmonic in the Riemannian

geometric sense discussed earlier in this paper. The (1, 0)-part of the differ-

ential of f is, after a suitable identification, the section φ defined in (4.3). A

theorem of Corlette [Cor88], due originally in the PSL2(C) case to Donald-

son [Don87], states that such an equivariant harmonic map exists if and only

if the connection B is reductive, namely that any B-invariant sub-bundle

of P has a B-invariant complement. A vanishing theorem shows that the

corresponding Higgs bundle with the holomorphic structure being given by
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the connection A is poly-stable, and furthermore stable if and only if the

flat connection B is irreducible.

The group G is acting by conjugation on the set of reductive represen-

tations π1(Σ) → G, which translates to an action on Higgs bundles via

bundle automorphisms. The above reversible constructions yield a homeo-

morphism between the space of conjugacy classes of reductive representa-

tions π1(Σ) → G, and the space of gauge equivalence classes of poly-stable

Higgs bundles; this homeomorphism is know as the non-abelian Hodge corre-

spondence since it is a higher rank analogue of Hodge theory for holomorphic

line bundles over X (see [GX08]).

4.3. Hitchin representations. As detailed above, Higgs bundles can be

seen as a machine for producing representations π(Σ)→ G. Hitchin used this

technique to isolate an important component of representations π1(Σ)→ Gr

where Gr is the split real form of a complex adjoint simple Lie group G of

rank `. The split real forms of the classical linear groups consist of PSLn(R),

PSp2n(R),PSO(n, n), and PSO(n, n + 1). Generally, there is a unique (up

to the adjoint action) real form of g for which the Killing form has maximal

index and the exponentiation of this sub-algebra is the split real form. We

quickly review Hitchin’s construction. Recall the weight decomposition (4.1)

of the Lie algebra of G,

g =

M⊕
i=−M

gi.

Consider the holomorphic vector bundle,

E =
M⊕

i=−M
gi ⊗Ki.

Here, gi notates the trivial vector bundle over the closed Riemann surface

X with fiber gi and K is the canonical bundle of holomorphic 1-forms. Note

that this is a holomorphic vector bundle with structure group G. Next,

consider the expression,

φ = e−1 +
∑̀
k=1

αk ⊗ ek,

where αk is a holomorphic section of Kmk+1. Firstly, φ is evidently a holo-

morphic section of K ⊗ E. Next, φ acts as an endomorphism with values

in K by combining the tensor product of holomorphic differentials with

the Lie bracket on g. As observed by Hitchin [Hit92], the bracket oper-

ation is holomorphic, thus we get a Higgs (vector) bundle (E, φ), with

φ ∈ H0(K ⊗ End(E)). Hitchin [Hit92] showed that these Higgs bundles

are all stable, and hence by the non-abelian Hodge correspondence yield

irreducible representations of the fundamental group π1(Σ) → G, which

moreover actually take values in the split real form Gr of G. Furthermore,
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these representations are parameterized by the Hitchin base
⊕`

i=1K
mi+1.

The totality of all such representations forms a component of the space of

conjugacy classes of representations π1(Σ)→ Gr, which is called the Hitchin

component. We will denote the Hitchin component by Hit(G). For us, the

useful thing is that φ is an expression for the (1, 0)-part of the differential

of the corresponding equivariant harmonic map which is known to exist by

the theorem of Corlette [Cor88]. Therefore, we may use the discussion in

section 3 to obtain properties of the differential of those harmonic maps.

5. Hitchin harmonic maps are immersions

Let ρ ∈ Hit(G) for G a complex adjoint simple Lie group of rank `. Let X

be a compact Riemann surface of genus greater than one with universal cover

X̃. Then by Corlette [Cor88], there exists a unique ρ-equivariant harmonic

map

fρ : X̃ → G/K.

We now review the relationship between the adjoint bundle description in

the previous section, and the tangent bundle of the symmetric space G/K.

From ρ, we first construct the flat principal G-bundle

P = X̃ ×ρ G.

The harmonic map fρ is the pullback under the universal covering map

p : X̃ → X of a harmonic section sρ of the associated bundle of symmetric

spaces,

P ×G G/K ' X̃ ×ρ G/K
π−→ X.

This section defines a reduction of structure group of P from G to K and

hence gives a principal K-bundle PK equipped with a K-connection, the

latter being the pullback of the part of the flat connection taking values in

the Lie algebra of K.

Next, taking derivatives yields a sequence of bundles,

0→ V = ker(dπ)→ T (X̃ ×ρ G/K)→ X̃ ×ρ G/K → 0.

Pulling back the bundle V to a bundle over X using the section sρ gives

s∗ρ(V)→ X.

We note that V is a bundle with fiber given by the fibers of the tangent

bundle T (G/K) to the symmetric space G/K which is also equipped with a

K-connection. Recalling the Cartan decomposition g = k ⊕ p, this tangent

bundle is G-equivariantly,

T (G/K) ' G×Ad(K) p.

On the other hand, the adjoint bundle

Ad(PK)→ X,
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is a bundle with fiber k. Complexifying yields an isomorphism,

s∗ρ(V)⊗ C ' Ad(PK)⊗ C,

as bundles equipped with connection, and hence as holomorphic bundles

over X. Lastly, we observe that the complexified adjoint bundle is none

other than the bundle E from our Higgs bundle description,

Ad(PK)⊗ C ' E =
M⊕

i=−M
gi ⊗Ki.

Now, we relate this to the equivariant harmonic map fρ. The tangent

bundle T (G/K) is an equivariant vector bundle over G/K for the action

of G by left translation. Since fρ is ρ-equivariant, the pull-back bundle

f∗ρ (T (G/K)) ⊗ C becomes a π1(X)-equivariant vector bundle over X̃. This

yields the identification,

π1(X)\(f∗ρ (T (G/K))⊗ C) ' s∗ρ(V)⊗ C.

Remarking that all of the connections present on the bundles pullback as

well, which induce holomorphic structures, the following proposition holds.

Proposition 5.1. There is an isomorphism,

β : π1(X)\(f∗ρ (T (G/K))⊗ C) ' Ad(PK)⊗ C ' E =

M⊕
i=−M

gi ⊗Ki,

as holomorphic vector bundles.

Remark: At this point, it is unclear to the author if one can easily show

directly from properties of the representation and the harmonic map that

this is the holomorphic structure on the adjoint bundle. Our current proof

which starts with the Higgs bundle and then works through the non-abelian

Hodge correspondence certainly leaves something to be desired.

Using this isomorphism we obtain the following commutative diagram:

∂fρ : p∗(K−1) f∗ρ (T (G/K))⊗ C

φ : K−1 E,

where the left vertical arrow is the quotient map under the π1(X)-action and

the right vertical arrow, which we will denote by β, is the isomorphism β

of proposition 5.1 precomposed with the quotient by the π1(X)-action. We

remark that the top line consists of π1(X)-equivariant holomorphic bundles

over X̃ and the bottom line consists of holomorphic vector bundles over X.
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Since the vertical arrows are local diffeomorphisms, the mapping properties

of ∂fρ are determined by that of φ.

By the Hitchin parameterization,

φ = e−1 +
∑̀
k=1

αk ⊗ ek,

for some choice of pluri-canonical sections αk ∈ H0(Kmk+1) where the Higgs

bundle (E, φ) corresponds, via the non-Abelian Hodge correspondence, to

ρ. How does φ act as such a map? Pick a local holomorphic frame ∂
∂z of

K−1, then contract each pluri-canonical section appearing in φ with this

this vector to obtain:

φ

(
∂

∂z

)
=

∂

∂z
⊗ e−1 +

∑̀
k=1

αk

(
∂

∂z
,−
)
⊗ ek ∈ E.

Remembering our earlier discussion of harmonic maps from section 3, let

ι : f∗ρ (T (G/K)) → f∗ρ (T (G/K)) ⊗ C be the natural inclusion and Ψ :

p∗TΣ → p∗K−1 the holomorphic identification of the tangent bundle with

the holomorphic tangent bundle. Then,

β ◦ ι ◦ dfρ
(
∂

∂x

)
= 2Re

(
β ◦ ∂fρ ◦Ψ

(
∂

∂x

))
(5.1)

= 2Re

(
φ

(
∂

∂z

))
,

and,

β ◦ ι ◦ dfρ
(
∂

∂y

)
= 2Re

(
β ◦ ∂fρ ◦Ψ

(
∂

∂y

))
(5.2)

= 2Re

(
φ

(
i
∂

∂z

))
.

For any choice of isothermal coordinates, φ acts according to,

Re

(
φ

(
∂

∂z

))
=

1

2

∂

∂x
⊗ e−1 + Re

(∑̀
k=1

αk

(
∂

∂z
,−
)
⊗ ek

)
,

and,

Re

(
φ

(
i
∂

∂z

))
=

1

2

∂

∂y
⊗ e−1 + Re

(∑̀
k=1

αk

(
i
∂

∂z
,−
)
⊗ ek

)
.

Since the sum E =
⊕M

i=−M gi⊗Ki is direct, the non-vanishing of the K−1⊗
g−1 piece implies that both,

Re

(
φ

(
∂

∂z

))
,

and

Re

(
φ

(
i
∂

∂z

))
,
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never vanish. Hence, from (5.1) and (5.2),

dfρ

(
∂

∂x

)
, dfρ

(
∂

∂y

)
6= 0.

Having seen Proposition 3.3 in action, this proves dfρ is injective.

Theorem 5.2. Let G be a complex adjoint simple Lie group, ρ ∈ Hit(G) be a

Hitchin representation, and fρ : X̃ → G/K the corresponding ρ-equivariant

harmonic map. Then fρ is an immersion.

We remark that this theorem follows from the result of Schoen-Yau [SY78]

in the case that G = PSL2(C). Next, if one is only interested in the above

statement for those harmonic maps which are also conformal, namely those

which are branched minimal immersions, corresponding to α1 = 0, the proof

simplifies. For it is immediate that the Higgs field φ is a non-vanishing map

of holomorphic vector bundles. Then, it follows from the comment following

Proposition 3.4 that all such maps are immersions and the more detailed

argument given above is unnecessary.

In rank one, the theorem of Schoen-Yau asserts that the harmonic map is

an embedding. It is an interesting problem, which we state as a conjecture

here, to explore this in higher rank.

Conjecture 5.3. Let G be a complex adjoint simple Lie group, ρ ∈ Hit(G)

be a Hitchin representation, and fρ : X̃ → G/K the corresponding ρ-

equivariant harmonic map. Then fρ is an embedding.

6. Applications

In this section, we record some interesting consequences of Theorem 5.2.

6.1. Volume entropy. We start this section with a review of some basic

submanifold theory. Suppose M is a complete, Riemannian manifold of

dimension at least 3 and f : Σ̃ → M is an immersion. Let ∇ denote the

Levi-Civita connection of M and ∇T the component of ∇ tangential to the

image of f. Then the second fundamental form is the symmetric 2-tensor

with values in the normal bundle given by,

B(X,Y ) = ∇XY −∇TXY,

where X,Y ∈ Γ(f∗TM) are tangent to the image of f. Thus, B is a normal

bundle valued symmetric 2-tensor, which we write in a local trivialization of

the normal bundle as (B1, ..., Bn−2). Then each Bi is an ordinary real valued

2-tensor over the chosen trivializing open set. Denoting by g the induced

metric of the immersion f, the immersion is minimal if the trace of the Bi
with respect to g simultaneously vanish:

trgBi = Hi = 0.
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For each i, Hi is the i-th mean curvature of the immersion. Denoting the

Riemannian metric on M by angled brackets 〈 , 〉, the Gauss equation reads:

Kg = Sec(∂1, ∂2)− 〈B(∂1, ∂2), B(∂1, ∂2)〉+ 〈B(∂1, ∂1), B(∂2, ∂2)〉,

where Kg is the sectional curvature of g and Sec(∂1, ∂2) is the sectional

curvature of the two plane spanned by {∂1, ∂2} computed in the Riemannian

metric of M . Choosing isothermal coordinates on Σ̃ for the metric g and

writing the result with respect to an orthonormal framing of the normal

bundle, the minimality of f implies,

B(∂1, ∂1) = −B(∂2, ∂2).

This verifies that the Gauss equation in this setting is,

Kg = Sec(∂1, ∂2)− 1

2
‖B‖2g.

Next we need to introduce an important inequality due to Manning [Man81].

Suppose (Σ, g) is a Riemannian surface of genus at least 2.. The unit tangent

bundle to Σ admits a measure mL, the Liouville measure, which is invariant

under the geodesic flow; in a local trivialization mL is a product of Rie-

mannian volume on Σ with standard Lebesgue measure on the circle. We

normalize so that mL has unit mass. To any invariant probability measure

on the unit tangent bundle T 1(Σ), there is an associated non-negative real

number h(mL) called the measure-theoretic entropy, which is a measure of

the dynamical/measure complexity of the geodesic flow with respect to mL

(see [KH95] for a discussion of these objects). In [Man81], Manning proved

the following inequality.

Theorem 6.1 ( [Man81]). Let (Σ, g) be a Riemannian surface of non-

positive curvature. Then,

1√
Vol(g)

∫
Σ

√
−Kg dVg ≤ h(mL),

where h(mL) is the measure theoretic entropy of the geodesic flow with respect

to Liouville measure.

Remark: Note that if K = −1 in the above formula, the inequality

becomes equality: h(mL) =
√

Vol(g) =
√
−2πχ(Σ).

Somewhat earlier, Manning [Man79] introduced the following important

definition.

Definition 6.2. Let (M, g) be a closed, oriented Riemannian manifold. Let

Bg(p,R) be the metric ball in the universal cover M̃ of radius R centered at

a basepoint p ∈ M̃. The volume entropy is the quantity,

E(g) = lim sup
R→∞

log|Bg(p,R)|
R

,

where |Bg(p,R)| is the Riemannian volume of the ball centered at p of radius

R.
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In [San14], we prove the following simple corollary to Theorem 6.1.

Theorem 6.3. Suppose (Σ, g) is a Riemannian surface of genus at least

two and g has non-positive sectional curvature Kg. Then the volume entropy

satisfies,

1

Vol(g)

∫
Σ

√
−Kg dVg ≤ E(g).

Now, let ρ : π1(Σ)→ G be a Hitchin representation and select a point in

the symmetric space p ∈ G/K. Define a function,

Np,ρ(R) := |{γ ∈ π1(Σ) | d(p, ρ(γ)(p)) ≤ R}|,

where the distance is measured in the symmetric space G/K.

Definition 6.4. The volume entropy of ρ based at p ∈ G/K is,

h(ρ, p) := lim sup
R→∞

log(Np,ρ(R))

R
.

Remark: It follows readily from the triangle inequality that the volume

entropy is independent of the point p ∈ G/K, hence we will simply refer to

the volume entropy h(ρ).

The following theorem yields a lower bound on h(ρ).

Theorem 6.5. Let ρ : π1(Σ)→ G be a Hitchin representation where G is a

complex adjoint simple Lie group G. Then there exists,

fρ : Σ̃→ G/K,

a ρ-equivariant minimal immersion. Denote by (g,B) the induced metric

and second fundamental form of the minimal immersion. Let h(ρ) be the

volume entropy of ρ. Then,

1

Vol(g)

∫
Σ

√
−Sec

(
Tfρ(fρ(Σ̃))

)
+

1

2
‖B‖2g dVg ≤ h(ρ).

Proof. Let ρ : π1(Σ) → G be a Hitchin representation, by a theorem of

Labourie [Lab08] there exists a ρ-equivariant branched minimal immersion,

fρ : Σ̃→ G/K.

Since minimal maps are equivalently conformal, harmonic maps [SU82], The-

orem 5.2 implies fρ is an immersion. Let g be the induced metric via the

immersion fρ. Fixing p ∈ Σ̃, define the function,

Ñp(R) := |{γ ∈ π1(Σ) | dg(p, γ(p)) ≤ R}|.

Because ρ is a Hitchin representation, it is faithful [Lab06]. Since fρ is an

isometric immersion, it follows that,

Ñp(R) ≤ Nfρ(p),ρ(R).
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This inequality is just expressing the fact that distances measured in g dom-

inate distances measured in the symmetric space. Taking logarithms of each

side, dividing by R, and taking the lim sup reveals,

lim sup
R→∞

Ñp(R)

R
≤ lim sup

R→∞

Nfρ(p),ρ(R)

R
.

It is a straightforward exercise to see that the left hand side converges to

E(g) and the right hand side converges to h(ρ, fρ(p)) by definition. This

implies,

E(g) ≤ h(ρ).

Since f is minimal, the Gauss equation reads,

Kg = Sec(Tfρ(fρ(Σ̃)))− 1

2
‖B‖2g.

Since G/K is a non-compact symmetric space, it has non-positive sectional

curvature from which it follows that g has non-positive sectional curvature.

Applying Theorem 6.5,

1

Vol(g)

∫
Σ

√
−Kg dVg ≤ E(g) ≤ h(ρ, fρ(p)).

Plugging in the Gauss equation gives the desired estimate,

1

Vol(g)

∫
Σ

√
−Sec(Tfρ(fρ(Σ̃))) +

1

2
‖B‖2g dVg ≤ h(ρ).

�

This inequality gives a cheap way to see that that the volume entropy

of ρ is positive. Employing thermodynamic formalism, much more refined

control on this quantity is obtained by Sambarino [Sam12].

Corollary 6.6. With the notation above, h(ρ) > 0.

Proof. Suppose h(ρ) = 0. Then Theorem 6.5 implies that for any ρ-equivariant,

immersed minimal surface with induced metric and second fundamental form

(g,B), the following equality holds:

1

Vol(g)

∫
Σ

√
−Sec(Tfρ(fρ(Σ̃))) +

1

2
‖B‖2g dVg = 0.

This implies that the integrand vanishes,√
−Sec(Tfρ(fρ(Σ̃))) +

1

2
‖B‖2g = 0.(6.1)

Since G/K has non-positive sectional curvature, (6.1) implies,

Sec(Tfρ(fρ(Σ̃))) = ‖B‖2g = 0.

By the Gauss equation, Kg = Sec(Tfρ(fρ(Σ̃))) − 1
2‖B‖

2
g = 0. Since (Σ, g)

is a metric on a surface of genus at least two, this is impossible by the

Gauss-Bonnet theorem. This completes the proof. �
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The following Corollary is immediate from Theorem 6.5.

Corollary 6.7. Let ρn : π1(Σ)→ G be a sequence of Hitchin representations

with corresponding sequence of ρn-equivariant minimal surfaces,

fρn : Σ̃→ G/K.

Suppose h(ρn)→ 0. Then,

1

Vol(gn)

∫
Σ

√
−Sec

(
Tfρn (fρn(Σ̃))

)
+

1

2
‖Bn‖2gn dVgn → 0.

Remark: The mantra of this corollary is: nearly zero volume entropy

implies nearly flat, nearly totally geodesic equivariant minimal surfaces. We

make the important remark that nearly in the previous sentence is only

meant to be interpreted in a measure theoretic sense: it is certainly possible,

and actually expected, that there exists points on the surface where the

curvature concentrates and blows up in the limit.

The above corollary is only useful if we can produce sequences of Hitchin

representations satisfying the hypothesis that h(ρn)→ 0. Some very recent

progress has been made in this direction for SL3(C)-Hitchin representations

by Zhang [Zha13] who exhibits certain sequences of Hitchin representations

along which h(ρ) → 0. In another direction, a recent preprint of Collier-

Li [CL14] exhibits sequences of SLn(C)-Hitchin representations for which

the equivariant minimal surfaces become increasingly flat in the induced

metric. Their methods, which entail obtaining precise asymptotics on the

Harmonic metric associated to certain one parameter families of Hitchin

representations, are totally different than those present here. It is unknown

if the sequences ρn : π1(Σ)→ SLn(C) which they study satisfy h(ρn)→ 0.

The problem of understanding the formal mathematical objects encoded

in the limit remains a very interesting one, we mention the paper of Par-

reau [Par12] which gives an algebraic/topological interpretation in terms of

actions on Buildings.

6.2. Hitchin representations as metrics on surfaces. Our final theo-

rem gives a way to interpret Hitchin representations as Riemannian metrics

on surfaces. This theorem is not very satisfying, as we would like to dispense

with the dependence on the complex structure, but as it stands it is the best

we can do. In what followsM(Σ) denotes the set of Riemannian metrics on

Σ up to isotopy.

Theorem 6.8. Fix a complex adjoint simple Lie group G, and let Hit(G) be

the space of all Hitchin representation considered up to conjugacy. Then for

each choice of marked complex structure σ ∈ T (where T is the Teichmüller

space of Σ), there is a mapping class group equivariant mapping

Uσ : Hit(G)→M(Σ).
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Remark: It would take us too far afield to attempt a careful proof here,

but the above map should be real analytic. We give a brief outline: it

is well-known that the non-abelian Hodge correspondence identifiying the

conjugacy classes of irreducible representations with the set of stable Higgs

bundles is real analytic. The harmonic map is constructed by solving a

semi-linear system of elliptic partial differential equations and hence by the

regularity theory developed by Morrey, the harmonic map depends real an-

alytically on the coefficients of that elliptic system. As pulling back the

metric from the symmetric space is a quadratic expression in the derivatives

of the harmonic map, this pull-back also depends real analytically on the

coefficients. This completes the sketch.

Proof. By Theorem 5.2, for any ρ ∈ Hit(G) the corresponding equivariant

harmonic map,

fρ : (Σ̃, σ)→ G/K,

is an immersion. The Killing form on g induces a left-invariant Riemannian

metric on G/K which we denote by HG. Pulling back HG via the immer-

sion fρ defines a Riemannian metric on the universal cover Σ̃. Moreover,

by equivariance the deck group π1(Σ) acts via isometries and this metric

descends to the quotient surface Σ; this recipe defines Uσ(ρ).

Now, suppose that η : Σ→ Σ is a diffeomorphism and η̃ : Σ̃→ Σ̃ a lift to

the universal cover. Then,

fρ(η̃(γ(x))) = fρ(η∗(γ)(x)) = ρ(η∗(γ))fρ(x),

for every γ ∈ π1(Σ) acting by deck transformations. Thus, the equivariant

map for the representation ρ◦η∗ is fρ ◦ η̃. Hence, the corresponding pullback

metric changes by pullback via η. This proves the mapping class group

equivariance. �

Remark: As mentioned in the introduction, unless G = PSL2(C), the

above map will not be injective. The S1-action given by multiplying the

Higgs field by eiθ produces non-trivial (provided the rank is greater than one)

one-parameter families of harmonic maps which all have the same energy. If

the harmonic map is in addition conformal, these conformal harmonic maps

(hence minimal surfaces) all have isometric pullback metrics. The families

thus obtained are well known in the integrable systems literature where they

are called the associated family of harmonic maps.

Remark: This mapping suggests the possibility of studying the geometry

of the space of Hitchin representations via the study of this space of Rie-

mannian metrics. That being said, developing workable expressions for the

Riemannian metrics one obtains in this fashion seems a challenging proposal.
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