PRELIMINARY EXAM : APPLICATIONS ORIENTED MATH

1. Find the leading term in the asymptotic expansion of the follow-
ing integral, in the indicated limits

/2
I(\) = V't exp [A(sint + cost)] dt.
0

(a) A — 400 (b) A — —o0.

2. Consider the following integral as A — 400
22 2
/Cexp l)\ (5 — Z)] dz.
(a) Find all saddle points in the complex z plane.

(b) At each saddle, find the local steepest descent (SD) and steep-
est ascent (SA) directions.

(c) Find the (global) steepest descent contour though each saddle.
(d) If C' is the real axis, where z goes from —oo to +o00, which

saddle(s) determine the asymptotic behavior of the integral 7 What
if C' is the imaginary axis, where z goes from —i00 to +i00 7

3. Consider the ODE

1
v'(@) = (2 + =5 ) ylo).
(a) Classify the points z = 0 and © = oo as ordinary, regular
singular or irregular singular.

(b) Find the asymptotic behaviors of all solutions, in the limit
x — 0.

(c) Find the asymptotic behaviors of all solutions, in the limit
xr — 00.



4. Consider the boundary value problem

y'(x) + N1+ z)y(z) = 0, 0<z<1

y(0) =0, y'(1) — W6y(1) = 0.

Find the asymptotic behavior of the large eigenvalues and the cor-
responding eigenfunctions.

5. Consider the equation

2 exp(—a?) =e.
(a) Assume that € is positive and sufficiently small. How many
solutions does this equation have in the range x > 0 7

(b) Find two terms in the asymptotic expansions of all solutions,
in the limit ¢ — 0.

6. Consider the following oscillator with non-linear damping :

y'(t) +y(t) + S OF =0,

y(0) =1, y'(0) = 0.
Use the two-time method to find an approximation to y(t), valid up
to times t = O(e71).



7. Consider the following singularly perturbed boundary value prob-
lem :

ey’ (2) + 2?7y (x) + y(z) = 1,

y(0) =0, y(1) = 2.

Construct an outer solution, locate any boundary layers and give
their thickness, and then obtain a one term composite approxima-
tion.

8. Consider the following singularly perturbed boundary value prob-
lem, defined in the upper semicircle D = {(x,y) : 22 +y* < 1,y > 0}

AU+ Uy = gy + Uyy] + uy =0, (x,y) € D

u(x,0) = f(z), -l<z<l1

u=g(h), r=y/x2+y2=1 0<6<m.

Construct an outer solution, locate any boundary layers and give
their thickness. Give the ODE/PDE that applies in each layer, but
you need not solve it.



