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Abstract We give error estimates for a mixed finite element approximation of the
two-dimensional elliptic Monge—Ampere equation with the unknowns approximated
by Lagrange finite elements of degree two. The variables in the formulation are the
scalar variable and the Hessian matrix.
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1 Introduction

Let £2 be a convex polygonal domain of R? with boundary 3£2. We are interested in a
mixed finite element method for the nonlinear elliptic Monge—Ampere equation: find
a smooth convex function u such that

det(D*u) = f in 2 n
u=g on 952.

For u € C*(2), D*u = ((82u)/(8x,~8xj)),~,j:1 ,,,,, » denotes the Hessian matrix of
u and det D?u denotes its determinant. The function f defined on £2 is assumed to
satisfy f > ¢o > 0 for a constant ¢cp > 0 and we assume that g € C(9§2) can be
extended to a function g € C(£2) which is convex in £2.

G. Awanou ()

Department of Mathematics, Statistics, and Computer Science (M/C 249),
University of Illinois at Chicago, Chicago, IL 60607-7045, USA

e-mail: awanou@uic.edu

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10092-014-0127-7&domain=pdf

504 G. Awanou

We consider a mixed formulation with unknowns the scalar variable u and the
Hessian D?u. The scalar variable and the components of the Hessian are approximated
by Lagrange elements of degree k > 2. The method considered in this paper was
analyzed from different point of views in [11] and [5] for smooth solutions of (1).
In both [11] and [5] the convergence of the method for Lagrange elements of degree
k = 1 and k = 2 was left unresolved. In this paper we resolve this issue for quadratic
elements.

The ingredients of our approach consist in a fixed point argument, which yields the
convergence of a time marching method, a “rescaling argument”, i.e. the solution of a
rescaled version of the equation, and the continuity of the eigenvalues of a matrix as
a function of its entries. This is the same approach we took in the case of the standard
finite element discretization of the Monge—Ampere equation [4].

With the mixed methods, as implemented in [10,11], one can apply directly New-
ton’s method to the discrete nonlinear problem and still have numerical evidence of
convergence to a larger class of non smooth solutions than what is possible with
the standard finite element discretization. We refer to [10,11] for the numerical
results. Moreover with the standard finite element discretization [4], convexity must
be enforced weakly through appropriate iterative methods. Although the number of
unknowns in the mixed methods is higher, in [10, 11] the discrete Hessian was elimi-
nated from the discrete equations in the implementation.

However, as observed in [5], this prevents numerical convergence for smooth solu-
tions when linear elements are used to approximate all the unknowns. It is well known
that mixed methods for second order linear elliptic equations lead to saddle point prob-
lems and that when the (1, 1) block is nonsingular a Schur complement can be used
to reduce the size of the linear systems to solve. The mixed methods discussed in this
paper were implemented using a Schur complement in [10,11]. It is a distinguished
feature of Monge—Ampere type equations that how one solves the discrete nonlinear
system equations can lead to dramatically different results for non smooth solutions.
Given the degeneracy of saddle point problems, for non smooth solutions, the method
analyzed in this paper should be implemented as in [10, 11]. Thus we do not reproduce
the numerical results in this paper. The reader should note carefully that for the point
of view of analysis of the methods, one can use either forms. In this paper, it is the
fixed point mapping associated to the reduced equation which will prove useful, c.f.
Lemma 6. This approach can be related to the one taken in [11].

As pointed out in [5,10,11] the mixed method discussed in this paper is the formal
limit of the vanishing moment methodology in mixed form [9]. In fact, as pointed
out in [3], the approach in [9] may be viewed as an iterative method for solving the
nonlinear system resulting from the discretization of (1) by a mixed finite element
method. As usual in the analysis of nonlinear finite element problems, we use a fixed
point argument coupled with a linearization. The argument used in this paper is similar
to the one used in [9] but with several key differences. The fixed point argument used
in this paper leads to the proof of convergence of an iterative method for quadratic
and higher order elements. We use the continuity of the eigenvalues of a matrix as a
function of its entries, a tool which allowed us to solve in [3] the open problem on
the convexity of the solution obtained with the vanishing moment methodology. The
continuity of the eigenvalues coupled with the use of a rescaling argument allow us in
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this paper to give error estimates for quadratic elements. The lowest order elements
allowed in [9] are cubic elements.

Although it is the fixed point mapping associated to the reduced equation which is
the key tool used, we also introduce the fixed point mapping associated with the mixed
formulation. This is done to highlight the similarity between the analysis in [9], [5]
and this paper.

We note that in [11] a stabilized method was proposed which works numerically
for non smooth solutions in two dimension. It consists in using piecewise constants
for the discrete Hessian and linear elements for the scalar variable. The analysis for
smooth solutions of the lowest order methods discussed in [5,11] cannot be done
with the approach of this paper. The techniques used in this paper generalize to the
three-dimensional problem but only for £ > 3. It should be possible to extend the
approach taken in this paper to the formulation where discontinuous elements are
used to approximate the unknowns [11]. Numerical results reported in [11] indicate
the latter approach could lead to a less accurate approximation of the Hessian. For
simplicity, and to focus on the methodology we present, we do not consider such an
extension in this paper.

We organize the paper as follows. In the Sect. 2 we introduce some notation and
preliminaries. The error analysis of the mixed method is done in Sect. 3.

2 Notation and preliminaries

We use the usual notation LP(£2),2 < p < oo for the Lebesgue spaces and
H*(£2),1 < s < oo for the Sobolev spaces of elements of L?(£2) with weak deriv-
atives of order less than or equal to s in L2(£2). We recall that HO1 (£2) is the subset
of H'(§2) of elements with vanishing trace on 9$2. We also recall that W*°°(£2) is
the Sobolev space of functions with weak derivatives of order less than or equal to s
in L°°(£2). For a given normed space X, we denote by X? the space of vector fields
with components in X and by X?*? the space of matrix fields with each component
in X.

The norm in X is denoted by ||.||x and we omit the subscript £2 and superscripts
2 and 2 x 2 when it is clear from the context. The inner product in L2(2), L*(2)?,
and L2(£2)2*2 is denoted by (,) and we use (, ) for the inner product on Lz(a.Q)
and L?(9£2). For inner products on subsets of 2, we will simply append the subset
notation.

We denote by n the unit outward normal vector to 9£2. We recall that for a matrix
A, A;; denote its entries and the cofactor matrix of A, denoted cof A, is the matrix
with entries (cof A);; = (—1)"*/ det(A)! where det(A)/ is the determinant of the
matrix obtained from A by deleting its ith row and its jth column. For two matrices
A= (Ajj)and B = (B;j), A: B = 21‘2,]‘:1 A;jB;; denotes their Frobenius inner
product. A quantity which is constant is simply denoted by C.

For a scalar function v we denote by Dv its gradient vector and recall that
D?v denotes the Hessian matrix of second order derivatives. The divergence of a
matrix field is understood as the vector obtained by taking the divergence of each
row.
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In this section and Sect. 3 we assume that (1) has a solution which is sufficiently
smooth. Put ¢ = D?u. Then the unique convex solution u € H 3(£2) of (1) satisfies
the following mixed problem: Find (u, o) € H2(£2) x H'(£2)>*2 such that

(0,7) + (divt, Du) — (Du,tn) =0, VYt e H'(£2)>*?
(deto, v) = (f, v), Yv € Hy(2) 2)
u=g on 952.

It is proved in [5] that the above variational problem is well defined.

2.1 Discrete variational problem

We denote by 7}, a triangulation of §2 into simplices K and assume that 7}, is quasi-
uniform. We denote by V), the standard Lagrange finite element space of degree k >
2 and denote by Xj the space of symmetric matrix fields with components in the
Lagrange finite element space of degree k > 2. Let I, denote the standard Lagrange
interpolation operator from H®(£§2),s > k + 1 into the space Vj,. We use as well
the notation /;, for the matrix version of the Lagrange interpolation operator mapping
H®(£2)>*2 fors > k+ 1, into ;. We consider the problem: find (uy,, 07,) € V), x Zp,
such that

(op, T) + (divt, Dup) — (Duy, tn) =0, Vte X,
(det oy, v) =(f;v), YweVyiNHj() ()
up = gj on 052,

where g, = I, 8. It follows from the analysis in [5,11] that (3) is well-posed for k > 3

and error estimates were given. In Sect. 3 we give an error analysis valid for k > 2.
For v, € Vj, we will make the abuse of notation of using D?vy, to denote the

Hessian of v;, computed element by element. We will need the broken Sobolev norm

1
2

Wl = | 2 I,
KeT,

2.2 Properties of the Lagrange finite element spaces

We recall some properties of the Lagrange finite element space of degree k > 1 that
will be used in this paper. They can be found in [6,8]. We have
Interpolation error estimates.

o = Invll i < CR*FY (o] ust, Vo € HS(2), j =0, 1,

4
v = Iyl < Ch*v|grsr, Vv € HS(82). )
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Inverse inequalities

vl < Ch7Y[vll2, Vv €V )
Wil < Ch7 ol 2, Yo eV, (6)
ol g7y < CH* ol 2, Yo € V. @)
Scaled trace inequality
_1
Nvll2ge) < Ch™2||vl[L2, Vv € Vi 3

2.3 Algebra with matrix fields

We collect in the following lemma some properties of matrix fields, the proof of which
can be found in [1,5].

Lemma 1 For K € T, and u, v € C2(K) we have
det D*u — det D*v = cof (t D*u + (1 — 1) D*v) : (D*u — D*v), 9)

for somet € [0, 1]. It can be shown thatt = 1/2, [7].
For two 2 x 2 matrix fields n and t

[[cof(m) : Tl < ClinllpellTll2, (10)
cof (n) — cof (t) = cof(n — 7). (1

2.4 Continuity of the eigenvalues of a matrix as a function of its entries

Let A1(A) and A2(A) denote the smallest and largest eigenvalues of the symmetric
matrix A. We have

Lemma 2 ([4, Lemma 3.1]) There exists constants m, M > 0 independent of h and
a constant Ceony > 0 independent of h such that for all vy, € Vy, with vy, = g on 052
and

low = Inull g1 < Ceonvh?.
we have

m < A1(cof D*vp(x)) < Aa(cof D*vp(x)) <M, Vx e K,K € T,.

The following lemma was used implicitly in [1,2,4].

Lemma 3 Assume 0 < o < 1 and o < (m + M)/(2m) for constants m, M > 0. Let
B be a symmetric matrix field such that

0 <ma <A1 (B(x)) < (B(x)) < Ma, Vx e 2.
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Then forv = (m + M)/2

1
y = sup (Dv, Dw) — —(BDv, Dw)|,
v,weV, v
ol g1 =1 lwl 1 =1

satisfies 0 <y < L.

Proof Since A1(B) and A(B) are the minimum and maximum respectively of the
Rayleigh quotient ((Bz) - 2)/||z| |2, where ||z|| denotes the Euclidean norm of RZ, we
have for x € £2

ma|lzll* < (B(0)2) -z < Mallzl]®, zeR
This implies
otlw|ill 5/ [B(x)Dw(x)]- Dw(x) dx < Moz|w|ill, w € Vj.
2
If we assume in addition that |w|51 = 1, we get
ma < / [B(x)Dw(x)]- Dw(x) dx < Ma, w € Vj.
2
It follows that
Mo 1 mo
1- 2% < | 1 = 2B()Dwx)] - Dw(x) dx < (1 - —) w e V.
v o v v

Since v = (m + M)/2, we have

aM m+M—2Ma
_— <

]——= 1
v m+ M
am m+ M —2ma
]l-—=——<1.
% m-+ M
If we define
1
B = sup (Dv, Dv) — —(BDv, Dv)|,
veVy, vl ,1=1 v

by the assumptions on «, we have

0<pB<l.
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Quadratic mixed elements for Monge—Ampére equation in 2D 509

We can define a bilinear form on V), by the formula

1
(p.q) = / [(1 - —(B(x)) Dp(x)} . Dq(x) dx.
7 v

Then because

1
@ﬁ)=1«p+%p+q%%p—%p—q»

and using the definition of 8, we get assuming that |p|g1 = gl = 1,

|@ﬂﬂ5§@+%p+w+§@—%p—m

B B

< = =
4 4

lp+4ql3 +=p—ql3 =B

This completes the proof. O

3 Error analysis of the mixed method for smooth solutions
We will assume without loss of generality that 7 < 1. The goal of this section is to

prove the local solvability of (3) for Lagrange elements of degree k > 2. We define
for p > 0,

Bi(p) = {(wn, ) € Vi x Zn, llwp = Inull g < o, llnw = Tnollp2 < ')
We are interested in elements (wy,, ;) € V), X X, satisfying
(nn, T) + (div T, Dwy) — (Dwy, Tn) =0, VY1 € Z). (12)
We define

Znp = {(wp, np) € Vi x Zpy, wy = gp, on 052, (wp, np) solves (12)} and

By(p) = By(p) N Zj.

In [5] the local solvability of (3) was obtained by a fixed point argument which
consists in a linearization at the exact solution of (1). To be able to obtain results
for quadratic elements we use a time marching method combined with a rescaling
argument. This is the point of view we took in [2,4]. We first describe the time marching
method at the continuous level.
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510 G. Awanou

Let v > 0. We consider the sequence of problems

—vAUt = —vAW +detD?u" — f in 2

wtl=g on 9£2.
Put o1 = D%+, We obtain the equivalent problems

ot = DXyt in @
—vtro"™ ' = —vtro” +dete” — f, in 2

utl'=g¢ onodf,

where tr A denotes the trace of the matrix A.
We are thus lead to consider the sequence of discrete problems: find (qu , ag +1 ) €

Vi x Xy, such that uZH = g5 on 982 and

(07!, 1) + (dive, Dup™) — (Dupt! tn) =0, VT ey, (13)
—v(ro" ! v) = —v(wo™, v) + (detoj, — fiv), Yo e ViNHy(2). (14)

given an initial guess (ug, a,?). We prove below the convergence of (qu N Htoa

local solution (uj,, op,) of the discrete problem (3).
Let @ > 0. We define a mapping 7 : V), x X), — V x Zj by

T (wp, np) = (Tr(wp, 1), To(wp, M),
where Ty (wy, n,) and T2 (wy,, ny) satisfy

(mn — T2(wp, mp), ©) +(div T, D(w, — Ty (wp, i)
—(D(wp — T1(wp, np)), Tn) = (Mp, T) (15)
+(divt, Dwp) — (Dwp, tn), VtTe X,

—v(tr T (wp, a), v) = —v(tr g, v) + (et g, — o f,v), Vv € VN Hy(2)
(16)
Ti(wp, np) = wp on 982. (17
Note that (15) is equivalent to

(T2 (wp, np), ©) + (div T, DT (wp, np)) — (DT1(wp, np), Th) =0V T € Xy, (18)

Let I denote the 2 x 2 identity matrix. We first make the following important obser-
vation.
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Forv e V; N Hé(.Q) and T = v/, we have divt = Dv and since v = 0 on 952,
we have in addition Tn = 0 on 9£2. Thus using (18) we obtain

- V(tr TZ(wh, n/’l)s U) = _V(Tz(whv r]l’l)s UI) = U(DTI (wha 77h)7 DU) (19)
Similarly, we obtain that if (wy,, np,) solves (12), then
(tr gy, v) = —(Dwy, Dv), Yv € Vi, N Hy (£2). (20)

Lemma 4 The mapping T is well defined and if («¢wy,, any) is a fixed point of (15)—
(17) with wy, = gy, on 082, then (wy,, ) solves the nonlinear problem (3).

Proof To prove the first assertion, it is enough to prove that if (wy, ny) € Vi x Xy is
such that w, = 0 on 952 and

(Mn, ©) + (divt, Dwp) — (Dwp, Tn) =0, Vv e Xy
—v(trnp,v) =0, Yve VN H(82),
then wy, = 0 and n;, = 0.
Using (20), we obtain 0 = —(tr np, v) = (Dwy, Dv), forallv € V, N HO1 (£2).
Thus |wh|§{, = 0. This proves that w; = 0 by Poincaré’s inequality. Using T = ny,

we obtain as well n;, = 0.
The proof of the second assertion is immediate. O

We recall from [5, Remark 3.6], see also [10,11], that for v, € V}, there exists a
unique 71, € Xj denoted H (vy), such that

(H(vp), T) + (divt, Dvp) — (Dvp, tn) =0, VT € Xy, 2n
holds. To see this consider the problem: find 1;, € ¥ such that
(nn, ) = —(div r, Dvy) + (Dvy, Tn), V1 € Zj. (22)

For T € ¥j, we define F(t) = —(divt, Dvy) + (Dvy, tn). Clearly F is linear. By
the Schwarz inequality, (6) and (8)

| — (divt, Duy) + (Dvp, T - n)| < Clltl|grlvall g +C||Uh||H1(a_rz)||75||L2(a_rz)

_ _1
< Ch™ Mopllg +h™ 2 il i eIt 2.

Thus a unique solution n, = H (v;,) exists by the Lax-Milgram Lemma.

Remark 1 From the definition of H (vy) (21) and (22), we have for v, € V},,

H(avy) = aH(vy).
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512 G. Awanou

Lemma S Let v, € Vj, such that ||v, — Ihu||g1 < p. Then
|H (vg) — Iyo |2 < Ch™ '+ CHAL
Proof For t € Zj, by (2) and (21) we have

(H(vp) — Ino,v) = (H(vp) —0,7) + (0 — Iho, 7)
= (0 — Ipo,t) — (divt, D(vy, — u)) + (D(v, — u), tn)
= (0 — Ipo, 1) — (divt, D(vy — Iyu)) + (D(vy, — Iyu), Tn)
— (divt, D(Iyu — u)) + (D(Ipu — u), tn).

Let t = H(v,) — Iyo. By the Schwarz inequality, (6) and (8)

1712, < llo = ol 20Tl 2 + CliTl gi 1 Dwn — )l 2
+ CIIDp — L)l 2y 1Tl 202y + CllTl gt |1 DU — w) ]l 2
+ CIDUpu — w20 ITl2200)
< llo = ol 2Tl 2+ Ch ™ Tl 2+ Ch™ D p— I | 20 1T 1202
+ Ch el 2 g — wll g1 + Ch™2 DU — w20 17 2

Therefore

Itll;2 < CHF 4 Ch ' + chF! 4 Cht-
< Ch™'pw+Ch!,

This proves the result. O
It follows from Lemma 5, with u = 0, that (I,u, H(I,u)) € Bp(p), i.e. the ball
Bp(p) # ¥ for p = Coh* for a constant Cy > 0. See also [5, Lemma 3.5]. As a
consequence, see also [11],

|H (Iyu) — Iyo|| 2 < Coh* . (23)

Let
By(p) = {vn € Vi, vy = g on 382, ||vy — Tyull g < p),

and consider the mapping

7~"1 : Vi, =V, defined by fl(vh) = T (v, H(vp)).

The motivation to introduce a discrete Hessian H (vy,) in this paper, as opposed to
the approach in [5], is given by Lemma 6 below.
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Lemma 6 If wy, is a fixed point of Tl, then (wy,, H(wy)) is a fixed point of T and
equivalently, if (wp, np) is a fixed point of T, then wy, is a fixed point of 7).
Proof The result was given as [5, Remark 3.6 ]. Let wy, be a fixed point of fl . We have
Ty (wp, H(wp)) = wy andby (18) and (21), T2 (wp, H(wp)) = H(T1(wp, H(wp))) =
H (wp,). This proves that (wy,, H (wp)) is a fixed point of 7.

Conversely if (wy, 1) is a fixed point of 7', then Ti(wp) = Ti(wp, H(wp)) =
T1(wp, np) = wy,. This completes the proof. O

Lemma 7 We have for0 < a <1
Ci o k1
lNodpu — Ti(alpu, H(alpu))l|gr < —ao”h"" 7, (24)
v

for a positive constant Cj.

Proof Since T (alpu, H(alpu)) —alpyu = 0 on 952, by (19) and (16) we have using
wy, = alpu, ny = H(alpu) and v = Ty (wp, np) — wp

V(DT (Wi, 1), Dv) = =v(tr Ta(wp, qa), v) = —v(tr ny, v) + (detny — & £, v).
It follows that
v|Dv|iz = —v(Dwy, Dv) — v(tr ny, v) + (detn, — otzf, v).
Therefore, using (20), we get
v[Dv[7, = (detny — o> f, v). (25)

On the other hand since f = det D*u = deto, by (9) and Remark 1, on each element
K

detn;, — azf =det H(alpu) — o’ deto = deta H (Ipu) — o? deto
= o®(det H(Ipu) — deto)
= a’(cof (tH (Inu) + (1 — )o) : (H (Iu) — 0)), (26)

for some ¢ € [0, 1].
By (4) we have || [0 ||~ < C||o||r~. Thus by (23) and (5)

\[H(Iyu)|| oo < [|H () — Iho ||z + | Iho|lpe < ChY|H (Iyu) — Iho|| 2
+ 1yolie < Ch*2 4+ Cllo||p= < C, since k > 2.
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Thus by (10) and (23)

| det(H (Ipu)) — detoll2xy < ClltH (Iqu) + (1 — )0 || poo gy | H Tnu) — o'l 12k
< CllH(Ipu) — o |l 12k
< CIlH(Ipu) = Inoll2xy + Cllno — oll2 k)
< ChF !,

Therefore by (4) and (26)
|| det nj, — a® fl ;2 = o?| det(H (Iu)) — deta || ;2 < Ca®h* 1 (27)

And so combining (25)—(27), (23), Cauchy—Schwarz inequality, the interpolation error
estimate (4) and Poincare’s inequality, we get

C _ _
@1 < Sapkt 2pk—1
1%

lv

C
llvll2 = —a [Vl
%

from which (24) follows. ]
We will need the following lemma

Lemma 8 Let (wy,, ny) € Zj,. Then for a piecewise smooth symmetric matrix field P
((cof P) : npp, v) + ((cof P)Dwy,, Dv) < Chl|v||gi|lwallg1, (28)

forallv e VN Hé (82) and for a constant C which depends on || cof P||gi+1(T,).

Proof The proof is the same as the proof of [5, Lemma 3.7]. There the proof was
given for P = D?u, but it carries over to the general case of this lemma line
by line. The dependence of the constant C on || cof P||gk+i(7, arises from the
use in the proof of the approximation property || Pg, (v cof P) — vcof P||gm(7,) <
Ch*1=m |y cof P|| Hk+1(T;,)- Here Py, denotes the L? projection operator into Xj. O

Lemma 9 For (wpn, ni) € Br(p), p = Cohk, we have
[l = D*wpllz~ < CH 2.
Proof Recall that for (wy, n5) € Br(p), we have n, = H(wy,). We have by (5), (23)

|lnn — D*wplL < [|H (wp) — D*wp]| L
< |Hwp) — Iho ||z + |[Iho — D*wp]|L
< Ch™Y|H(wp) = Iho|lp2 + [|Iho — D*ul|r + || D*u — D*wy || o
< Ch*=2 + CH**Y 4+ |D%u — D* Iyu|| o + || D Iu — D*wp ||
< Ch* 2 4 Ch Y| Lu — wil
< Ch*2.
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The next lemma states a crucial contraction property of the mapping 77 in « By, (p).

Lemma 10 Let (wy, n1), (w2, n2) € By(p) with p < min(Co, Cronv)h*. We have
[T (@wy, any) — Ti(aws, an2) |y < alew) — aws| g1, (29)

oruov<a<|, Su ctentysma,oz: andv = (m + .
for0 1, h sufficientl ] W2 and (m+ M)/2

Proof Put v = Ti(aw, any) — Ti(awy, an). By assumption v € Vi, N Hj(£2).
Using (19) and (16) we obtain

v(DTi(awr, any) — DTy (awz, anz), Dv)
= —v(tr o (awy, any) — tr Tr(@wsz, anz), v)
= —v(tran; —tranz, v) + (detan; — detans, v).

Therefore, using (9), we have for some ¢ € [0, 1] and with the notation

Q=1+ (1 —0nnand Q = tD*wy + (1 — 1) D*ws,

vl = —(tran — tramn, v)
+1((cof a(tny + (1 = )n2)) ey — n2), v)
=((-1+ %cofon) sa(m — m2), v)
=— :a(m —n),v) — (Da(wy — wz), Dv)
+L((cof € Q) : (1 — m2), v) + L((cof @ Q) Dar(wy — wy), Dv)
+ (Da(wi — wz), Dv) — L((cof Q) Da(wi — wy), Dv)
+ L ((cof a Q) Dar(wy — wy), Dv) — L((cof € Q) Dex(wy — w»), Dv).

(30)

For (wi, n1), (w2, m2) € Bu(p), t(wy, n1) + (1 — 1)(w2, n2) € By (p) and thus for i
sufficiently small, by Lemmas 2 and 3 we get

1 —
[(D(wy —w3), Dv) =~ ((cof @ Q) D(wy —w2), Dv)| <y lwi —walgivlpr.  31)

forO <y < 1.
On the other hand, by Lemma 8, with P = I, we have

| = = (m—m),v) — (D(wy —w2), Dv)| < Chlwy —walyivlg. (32)
Applying Lemma 8, with P = Q, we get
[((cof Q) : (111 = ). v) + ((cof Q) D(wy — w2), Dv)| < Chllcof Qll s (7,

lwi — wa|g1|v]g.
(33)
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Finally, since by (11)
cof Q — cof @ = cof(Q — Q) = cof (t(n — D*w1) + (1 = )2 — D*w)),
we get using Lemma 9
|| cof Q — cof O||z < CH*™2 < C, since k > 2.
Thus

|1 ((cof Q)D(wy — w), Dv) — L ((cof Q)D(wi — wy), Dv)| < Clwy — wa g
|U|Hl .
(34)

We conclude from (30)—(34) that
vlgt < (v + Ch + Cahl|cof Q| giri(7,) + Ca)law) — awsz|yi. (35)
Using the inverse estimate (7) and noting that p < 12

|l cof Qll sz < Ch™* M| cof Ql1,2 < CR™*Y1QII,

< Ch ™  Mjm + (1 = Hnall

< Ch NIz + 1n2ll2)

< Ch N Im = Lol 2 + 12 — Ino |l 2 + 2[4 || 12)

<Ch ' p +lloll2) < Ch N (Ch+ ol 2) < ChF
Since y < 1, and a = h¥*2, for h sufficiently small, Ch + Cahl| cof Q|| yi+i(7,) +
Ca < 1 — y. We conclude from (35) that (29) holds. O

Lemma 11 For p = min(Co, Ceonv)h¥, the mapping Ty has a unique fixed point in
a By (p) for o = h**2,

Proof Note thatby (~29), Tl is a~strict contraction in aéh (,0)~f0r p <min(Cp, Coonv) .
We now show that 77 maps « By, (p) into itself. Let v;, € By (p). We have by (29) and
(24)

1Ty (avy) — adpull g < ||T1(@vp) — Ty (eedpu)|| g1 + || Ty (eedpu) — alyul|
21 k—1
h

< allavy —alpul|yr + Cra
2k+1 __ k+1 k
<aap + Ciah =aap + C1h"" ah”.
Therefore for A sufficiently small, C1h**! < min(Cp, Ceony)(1 — a) and so

1T (ccvp) — alpull g < aap + (1 — a)ap.

The result then follows from the Banach fixed point theorem. O
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We can now state the main result of this paper

Theorem 1 Ler (u, o) € H*3(2) x H*1(2)2*2 denote the unique convex solution
of (2). Problem (3) has a unique local solution (up, op) for k > 2 and h sufficiently
small. We have

lup — Tyull g < Ch*

llow — Ino |l < CR*1.

Proof Recall that for (up, o) € Bi(p), we have o, = H(uj). The result follows
from Lemmas 6, 11 and 4, the definition of Bj(p) and (23).

The local solution u;, given by Lemma 11 satisfies ||up — Ipu|| g1 < Ch*. Since by
Lemma 6, (up, H(up)) is a fixed point of 7', by Lemma 4, (u,, H (u,)) solves (3). By
the definition of Bj,(p) o}, = H (uy,) and by (23), we have |0, — [0 || ;1 < Ch*~ L,

O

Remark 2 As with [4], the analysis of this paper extends to the three dimensional case
when one assumes k > 3. In the quadratic case, in three dimension, one obtains that
the solution uy, is much closer to the interpolant than what can be expected from the
approximation properties of the finite element space. However, upon a rescaling of the
equation, this difficulty disappears. The same argument applies to the standard finite
element discretization [4].

Remark 3 1If it is known that (3) has a solution (uj, oj,) with uj, piecewise strictly
convex, the fixed point argument of this paper can be repeated with @ = vA**? to
prove that the solution is locally unique.
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