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We propose a new variational formulation of the elliptic Monge—Ampére equation and show how classical
Lagrange elements can be used for the numerical resolution of classical solutions of the equation. Error
estimates are given for Lagrange elements of degree d > nin dimensions n=2 and n=3. No jump term
is used in the variational formulation. We propose to solve the discrete nonlinear system of equations
by a time marching method, and numerical evidence is given which indicates that one approximates in
two dimension a larger class of nonsmooth solutions than what is possible if one simply uses Newton’s
method.
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1. Introduction

This paper addresses the numerical resolution of the Dirichlet problem for the Monge—Ampére equation
detD’u=fin2, u=gonaLn. (1)

A classical solution of (1.1) is a convex function u e C(£2) N C?(£2) which satisfies (1.1). The domain
2 cR", n=2,3, is assumed to be convex with (polygonal) boundary 9£2. Here, D?u denotes the
Hessian of u with (Dzu)i,j = (82u)/(8xi8xj), i,j=1,...,n,and f, g are given functions with f >0 and
g € C(8£2) with g convex on any line segment in 352. A smooth solution of (1.1) solves the variational
problem: find u e W2>°(£2) such that u= g on 952 and

/(detDzu)vdx:/ fvdx forall ve Hi(£2).
2 2

We propose to solve numerically (1.1) with standard Lagrange finite element spaces Vy of
degree d > n by analysing the (nonconforming) variational problem: find u, € Vi, C H1(£2) such that
Un = gn On 952 for an interpolant g, of g and

> /(detDzuh)vhdx=/ fvhdx Vi € Vi N HE(£2). (1.2)
Ke K 2

Here, 9 denotes a quasi-uniform, simplicial and conforming triangulation of the domain. Error esti-
mates for smooth solutions are derived. We propose to solve the discrete nonlinear system of equations
by a time marching method, cf. Theorem 3.3. Numerical evidence is given, which indicates that one
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approximates in two dimension a larger class of nonsmooth solutions than what is possible if one simply
uses Newton’s method.

Closely related to this paper are Brenner & Neilan (2012), Brenner et al. (2011) and Neilan (2013).
Like the authors of these papers, we also use a fixed-point argument, but our approach is essentially
different. No jump term is used in our variational formulation. We are able to give error estimates for
Lagrange elements of degree d > n with no smoothness assumption on the boundary. This is achieved
by a rescaling argument and the effective use of the continuity of the eigenvalues of a matrix as a
function of its entries. The fixed-point argument we use to establish the well-posedness of (1.2) also
yields the theoretical convergence of the time marching iterative method.

The use of the standard Lagrange finite element spaces in connection with the numerical resolution
of (1.1) also appears in mixed methods. A least squares formulation was used in Glowinski (2009) and
recently a direct mixed formulation was presented in Lakkis & Pryer (2013). The latter is essentially the
limiting case of the mixed method for the vanishing moment methodology; cf. Feng & Neilan (2009)
and the references therein. The vanishing moment methodology is a singular perturbation approach
to the Monge-Ampére equation with the perturbation a multiple of the bilaplacian. The convergence
and error estimates for the methods introduced in Glowinski (2009) are still open problems and mixed
methods typically lead to a large system of equations.

In view of having numerical results for nonsmooth solutions, it is natural to use a time marching
method, and not Newton’s method, for solving the discrete nonlinear system of equations. The numer-
ical experiments indicate that the method may be valid for the so-called viscosity solutions. This is
a fascinating and challenging issue and its resolution involves additional new ideas different from
the techniques for error analysis used in this paper. We wish to address this issue in a separate work
(Awanou, 2013d).

Our approach may be viewed as a variant of the method introduced in Brenner et al. (2011). As
pointed out in Brenner et al. (2011), a numerical method based on Lagrange elements and the formu-
lation (1.2) does not work in theory in the sense that it is difficult to use a fixed-point argument with a
mapping defined through a second-order elliptic equation in divergence form with coefficient matrix the
cofactor matrix of D?u. The authors in Brenner et al. (2011) ingeniously added jump terms to facilitate
the above approach. On the other hand, our numerical experiments indicate that (1.1) can be solved
numerically if the discrete nonlinear system of equations is solved by a time marching method. An
advantage of the time marching method is that the user only needs access to a Poisson solver to imple-
ment the scheme. The main advantage, however, is that one has numerical evidence of convergence for
nonsmooth solutions in two dimension for a larger class of nonsmooth solutions than what is possible
if one simply uses Newton’s method. Our numerical experiments are for the case f real valued with
f > 0 on £2. Obviously, the time marching method can also be applied to the discretization proposed
in Brenner et al. (2011), but we believe that, in the context of nonsmooth solutions, the jump terms
in the discretization proposed there may not be necessary. We have chosen not to treat curved bound-
aries for simplicity and to focus on the main ideas. The main motivation to assume that the domain is
smooth and strictly convex is to guarantee the existence of a smooth solution for smooth data. One then
faces the difficulty of practically imposing Dirichlet boundary conditions, a problem solved in Brenner
et al. (2011) by the use of the Nitsche method. Here instead, we will make the assumption ubiqui-
tous in the finite element analysis of numerous problems that the solution is smooth on a polygonal
domain.

We believe that the fixed-point argument used in this paper and/or the strategy of rescaling the
Monge—Ampére equation would prove useful in resolving other outstanding issues about the numerical
analysis of Monge—-Ampére-type equations; see, for example, Awanou (2013a). For another example,
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our fixed point-rescaling argument provides an alternative to Neilan (2013) for the proof of the well-
posedness of the discretization proposed in Brenner et al. (2011) for quadratic finite elements. Essen-
tially, the rescaling argument is appropriate whenever an argument can be made that a result holds for
the Monge—Ampeére equation, provided the solution is sufficiently small. Thus, instead of describing
the whole rescaling argument, one may simply prove results for the case when the exact solution is
sufficiently small.

In fact, the results of this paper are similar to the ones announced in the context of C' conforming
approximations in a technical report by the author Awanou (2013b), but the analysis is more involved.
Exploiting that similarity, pseudo-transient continuation methods can be developed for (1.1) by taking
appropriate nonconforming discretizations of the iterative methods proposed in Awanou (2013b). We do
not pursue this line of investigation in this paper. The properties of the Lagrange finite element spaces
used in our analysis, namely an approximation property and inverse estimates, also hold for certain C!
conforming approximations. Thus, our error estimates hold for these as well. The error estimates hold
for the following assumption on the exact solution: ue W3 (K) on each element K is strictly convex
on each element and solves (1.2).

We organize the paper as follows. In Section 2, we give the notation used and recall some facts about
determinants and Lagrange finite element spaces. The properties of the finite element spaces needed for
our analysis are stated as well as the requirements on the exact solution. We prove the existence and
uniqueness of the discrete problem (1.2) with the convergence of the time marching method in Section 3.
In Section 4, we give the numerical results. We conclude with some remarks.

2. Notation and preliminaries

Let Py denote the space of polynomials of degree < d. We use the usual notation LP(£2),2 < p < oo for
the Lebesgue spaces and W5P(£2), 1 < s < oo for the Sobolev spaces of elements of LP(£2) with weak
derivatives of order < sin LP(£2). The norms and seminorms in W5P(£2) are denoted by ||.||sp and |.|sp,
respectively, and, when p= 2, we will simply use |.||s and |.|s. Thus, the LP-norm is denoted by ||.]|o.
We will use the simpler notation ||. ||, for the norm in L>(£2).

For a function defined on an element K or more generally on a subdomain S, we will add K or Sto
the norm and seminorm notation. We will need a broken Sobolev norm

1/p

Misp.z= | > IVIgpk |

KeZh

with the above conventions for the case when p 2.
vector to 92, and by nK the unit outward normal vector to 8K for an element K.

For two matrices A= (A;j) and B= (Bjj), A:B= Zﬂjzl AjjBjj denotes their Frobenius inner product.
The divergence of a matrix field is understood as the vector obtained by taking the divergence of each
row. We use the notation Du to denote the gradient vector and, for a matrix A, cof A denotes the matrix
of cofactors of A.

A quantity that is independent of h, but which may depend on s, p, £2, etc., is simply denoted by
C. Throughout the paper, for a discrete function v, the Hessian D?v;, is always computed element by
element. We will assume that 0 < h < 1.
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2.1 Computations with determinants

LeEmMA 2.1 For u,ve C?(K), we have
det D?u — det D?v = cof(tD?u + (1 — t)D?v) : (D?u — D?v),
for some t € [0, 1].

Proof. The result follows from the mean value theorem and the expression of the derivative of the map-
ping F : u— detD?u. We have F’(u)(v) = (cof D?u) : D?v. First, note that d(detA)/(3Ay) = (cof A);;
see, for example, formula (23) p. 440 of Evans (1998). The result then follows from the chain rule. [

LEMMA 2.2 For n=2 and n= 3, and two matrix fields n and

Il cof(n) : tllo < Clnll% Iz lo, (2.1)
|| cof(n) — cof(t)llo < C(lItn + (L — O)T o) 2lIn — T llo. (2.2)

Proof. The bound (2.1) is given by a direct computation. For n=2, we have cof(n) — cof(r) =
cof(n — ) from which the result follows. For n=3, we use the mean value theorem. It is enough
to estimate the first entry of cof(n) — cof(r) which is equal to

et (7722 7723> — det <T22 123) — cof (t <7722 7723> +d—1 <722 T23>>:
N32 133 T32 733 n32 133 T32 733
N22 — T22 123 — 123
N32 — 732 133 — 133/’
for some t € [0, 1]. Direct computation then gives (2.2). O

2.2 Assumptions on the approximation spaces

For the discretization (1.2), one can use either the Lagrange finite element spaces or certain finite-
dimensional spaces of C* functions. To make our results applicable to other types of discretizations, we
formulate our assumptions on the approximation spaces.

AssUMPTION 2.3 (Approximation property) The finite-dimensional space Vi, ¢ H(£2) contains the
Lagrange space of degree d
{Vh € C(2), Vhlk € Pa, VK € Fh},

and there exists a linear interpolation operator I, mapping C" (£2) forr = 0 orr = 1 into V;, and a constant
C such that if wis in the Sobolev space W't1P(£2),1 < p< oo, 0 <1 < d,

I+1—k
lw— |hW||k,p,L%I < Caph + |W|I+1,pv (2-3)

fork=0,1,2.

The interpolant gy, used in (1.2) is taken as I, applied to a continuous extension of g.

When Vj, is the Lagrange finite element space, the interpolant I, is taken as the standard interpolation
operator defined from the degrees of freedom. It is then known that Assumption 2.3 holds (Brenner &
Scott, 2002).
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As a consequence of (2.3),
aWllkp,, < (1+ Cap) [Wllkp,  We W P(2), k=0,1,2, (2.4)

for all p.

The Monge—Ampére equation (1.1) involves D?u and the time marching method involves solving
Poisson equations. It turns out that, for the fixed-point argument, one needs to relate the H'-norm of v,
for Vi, € Vi 0 || Vhl|2,00,.25,- We Will need inverse estimates.

ASSUMPTION 2.4 Inverse estimates
—t in(0,n/p—
IWhlltp, < Cipyh®ttmin@n/p n/Q)”Wh”sq,%: (2.5)

for0<s<t,1<p q<ooand wy € V.

The inverse estimates hold for the Lagrange finite element spaces as a consequence of the quasi-
uniformity assumption on the triangulation (Brenner & Scott, 2002).

2.3 Assumptions on the exact solution

Let A1 (A) and An(A) denote the smallest and largest eigenvalues of a symmetric matrix A. We make the
following assumption on the exact solution.

AssuMPTION 2.5 Local piecewise smooth and strict convexity assumption. The solution u of (1.1) isin
W3 (7)) N HY(£2), strictly convex on each element K and for constants m/, M’ > 0, independent of h,

m < A1 (D2u(X) < An(D?u(x) <M’ VWxeK, Ke .

Moreover, we require the exact solution u to solve the problem: find u e W2 (.%,), strictly convex on
each element T, such that u=gon 952 and

> /K(detDzu)vdx=/ fvdx VveVhNnHHQ). (2.6)
Keh £2

We note that Assumption 2.5 trivially holds for a strictly convex solution u in C3(£2). In that case
f > ¢y > 0 for a constant cg.

3. Well-posedness of the discrete problem and error estimates

The proof of all lemmas in this section are given at the end of the section.
We first state a fundamental observation about the behaviour of discrete functions near the inter-
polant Iu.

LeEMMA 3.1 There exists § > 0 such that, for h sufficiently small and for all v, € Vi, with ||v, — lhull1 <
8/(2Ciny)ht2 D?(vn|) is positive definite with
3m’

2 1

m
5 < 11D (Vhlk) < AnD?(Vhlk) <

where m' and M’ are the constants of Assumption 2.5. Thus, cof D?(vh|k) is invertible on each
element T.
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Let

)
8p = ——h!t2, 3.1
T (3.1)

By Lemma 3.1, for vy € Vi, |[Vh — Inull1 < 8h, Vi IS piecewise strictly convex with smallest eigenvalue
bounded below by nv/2 and above by 3M’/2. Put

Xh={Vh € Vh, Vo =0nh 0N 382, |[Vh — InUll1 < dn}.

As a consequence of Assumption 2.5, we obtain the following lemma..

LemMma 3.2 There exists constants m, M > 0 independent of h such that, for all v, € X,
M < A (cof D2Vh(X)) < An(cOfDVh(X) <M VxeK, K e .

It follows that
miwi? « < / [(cof D?Vh(X)DW(X)] - DW(x) dx< MW, weH(K). (3.2)
K

The main result of this section is the following theorem.

TueoREM 3.3 Let the finite-dimensional spaces Vi, ¢ H1(£2) contain piecewise polynomials of degree
d>n, n=2,3. Assume that the spaces V; satisfy Assumption 2.3 of approximation property and
Assumption 2.5 of inverse estimates. Assume also that the exact solution ue W!*1°(Z%,) N H1(£2),
n < | < d satisfies Assumption 2.5 of strict convexity and solves (2.6). Then, the problem (1.2) has a
unique local solution u, in a small neighbourhood of Iyu. The solution uy, is strictly convex on each
element and we have the error estimates

ch*
ch',

(U — Unll2, 2

NN

U — Unllz

for h sufficiently small. Moreover, with a sufficiently close initial guess u?, the sequence defined by,
Uk =gy on 942,

Vv

2| DU Dyydx= —— / Du - Dvy dx — / v dx + / (detD*uvndx, (3.3
a”—l/g h a1 /o h o Ig% K " &)

YVh € Vh N HE (£2), converges linearly to uy, in the H1-norm for v = (M + m)/2, o« = h® and for h suffi-
ciently small.

Before we give the proof of the above theorem, we will state several lemmas whose proofs are given
at the end of the section.
We recall that o« > 0 is a small parameter which may depend on h. For p > 0, let

Bh(p) ={Vh € Vh, Vh =0n 0N 3£2, [[Vh — Inully < p}.

The ball Bn(p) is nonempty as it contains Inu. If v, € Br(p), llavh — alpull; < ap. Note also that if v, is
strictly convex, so is aV.

GTOZ ‘6T Joquiedag uo 1senb Aq /B1o'seulnofpioyxoeu fewy/:dny wouy papeojumoq


http://imajna.oxfordjournals.org/

STANDARD FINITE ELEMENTS FOR CLASSICAL SOLUTIONS OF THE MONGE-AMPERE 7 of 17

For a given v, € Vi, Vh = gn 0N 352, define T(avy) € V;, as the solution of

v/ DT(avy) - Dwydx= v/ D(aVpy) - DWp dX + " Z /(det D?Vi) W, dx
2 2 K

Ke

—Oln/fthX VWhEVhﬂH(}(.Q), (3.4
2

with v, — T(avh,) =0 on 952 and we recall that v = (M + m)/2, where M and mare the constants of
Lemma 3.2.

We will show that T has a unique fixed point au, with uy in Bh(p) for h sufficiently small.

The motivation to introduce the damping parameter « is that it allows one to solve a rescaled version
of (1.1). Indeed, det D?u = f is equivalent to det « D?u = "f . Taking « as a power of hwill play a crucial
role in proving the well-posedness of (1.2) and obtaining optimal error estimates.

LemMma 3.4 The mapping T is well defined and if aup, is a fixed point of T, i.e., T(«Un) = auy, then up
solves (1.2).

The next lemma says that the mapping T does not move the centre I,,u of a ball B, (p) too far.
LemmMA 3.5 We have
llelhu — T(@lqW [l < Coa U3 2 Ul 41 (35)

The next two lemmas establish the contraction mapping property of T under the assumption that
d>nand o =h.

LemmMma 3.6 For hsufficiently small, and 0 < p < 8, T is a strict contraction mapping in the ball «By(p),
i.e., for vh, Wh € Bh(p),

[T(avn) — T(awn)[l1 < @llavh —awqll1, O0<a<l.

LemMA 3.7 For h sufficiently small and p = 8/(4Ciny)h', n <1 < d, where § and Cj,, are the constants
in (3.1), T is a strict contraction in «Bn(p) and maps «Bp(p) into itself.

The previous lemmas will readily allow us to conclude the solvability of (1.2) and derive error
estimates in the H'-norm by using the explicit expression of the radius p of the above lemma. We can
now give the proof of Theorem 3.3.

Proof of Theorem3.3. Since the mapping T is a strict contraction which maps aBn(p) into itself,
the existence of a fixed point ou, with u, € By(p) follows from the Banach fixed-point theorem. By
Lemma 3.4, uj, solves (1.2).

From the expression of p given in Lemma 3.7, we get, using the value of o = h®,

lu— Unlly < lu— Inully + [[1hu — Unlly < Ch|uli4q + CH

< Ch,
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which proves the H* error estimate. By (2.3) and (2.5),
U= Unll2,7 < llU—Inullz, 7 + llhU = Unll2, 2,
< [lu—lnullz, 5 + h=H{[1hu — unll2
< Ch™*ulia + Ch' T,

which proves that
lu = Unlz, 2, < Ch'™.

Finally, we prove the convergence of the time marching method (3.3). Since T is a strict contraction in

B (p), the sequence defined by U™ = T (auf), uk™ = UK on 352 converges linearly to cun. Simpli-
fying by «", we get the convergence of (3.3). O

We conclude this section with the proofs of Lemmas 3.1-3.7.

Proof of Lemma 3.1. Recall that the eigenvalues of a (symmetric) matrix are continuous functions of its
entries, as roots of the characteristic equation, Ostrowski (1960) Appendix K, or Harris & Martin (1987).
Thus, for all € > 0, there exists § > 0 such that for ve W2 (£2), |V — U|z,. < & implies [11(D?V(X)) —
r(D2u(x))| < € a.e. in £2.

By Assumption 2.5, 11(D?u(x)) > m, a.e. in £2, and with € =m' /2, we obtain i (D?v(x)) > m' /2,
a.e. in £2. We conclude that, for [v — Uz, <8, A1(D?V(X)) > m /2 a.e. in £2.

Now, by (2.3), |u— lhulze0 < Caphd*1|u|d+1yoo. So, for h sufficiently small, |u— lhU|2,00 < 3/2.
Moreover, by (2.5) and the assumption of the lemma

1)
[V — InUl200 < Cinh™ =21V — Intills < 5.

It follows that A1(D?Vh(X)) > M /2 a.e. in £2, as claimed.
If necessary, by taking 8 smaller, we have |A,(D?Vh(X)) — An(D?uU(X))| <M’/2 a.e. in £2. Thus,
An(D?Vh(X) < An(D?u(x)) + M’/2 < 3M’/2. This concludes the proof. O

Proof of Lemma 3.2. We first note that, by Lemma 3.1, there exists constants m, M > 0 such that m<
A1(cof D2V, (X)) < An(cof D?vih(X)) < M a.e. in £2 for v, € X To prove this, recall that, for an invertible
matrix A, cof A= (det A)(A~1)T. Since a matrix and its transpose have the same set of eigenvalues, the
eigenvalues of cof A are of the form det A/A;, where A;,i =1,...,nis an eigenvalue of A. Applying this
observation to A= D?u(x) and using Lemma 3.1, we obtain that the eigenvalues of cof D?v,,(x) are a.e.
uniformly bounded below by m= (m)"/M’ and above by M = (M")"/m.

Since A1(D?vh(X)) and An(D?vh(X)) are the minimum and maximum, respectively, of the Rayleigh
quotient [(cof D?vn(X))Z] - z/||z||?, where ||z|| denotes the standard Euclidean norm in R", we have

m|1z)* < [(cof D*vh(x)Z] - z< M|Z)°, zeR"

This implies

mwi? « < / [(cof D?Vh(¥)DW(X)] - Dw(x) dx < MW, weH(K).
K
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Proof of Lemma 3.4. The existence of T(avy) solving (3.4) is an immediate consequence of the Lax—
Milgram lemma.
If T(xup) = aup, then

o Z /(detDzuh)vhdx=a”/ fVhdx  Vvh € Vh NHG (£2),
Ke K 2

and thus up solves (1.2). Conversely, if up solves (1.2), auy is a fixed point of T. O
Proof of Lemma 3.5. From (2.3) and (2.4), we obtain

lu— Ihullzx < Ch'=uligg, (3.6)
Ihullzk < Cllullz. 3.7)

Put wy = alpu — T (xlpu) and note that wy, € H(}(.Q). Since the exact solution solves (2.6), we have

/fwhdx=/(det D2u)w, dx.
2 2

With v, = l,uin (3.4), we obtain
v / D[T(aVh) — aVi] - DWh dx = " Z /(det D?lu — det D2uywi, dx | . (3.8)
2 Ke K

Put
z, = det D?I,u — det D?u.

We have, by Lemma 2.1,
Zn = (cof(tD?Ihu + (1 — t)D?u)) : (D?lu — D?u),
for some t € [0, 1]. Thus, by Lemma 2.2, (3.7) and (3.6),

I Znllox < CIItD?lnu+ (1 — t)D?w) |5 |ID?Ihu — D?ullox
< ClnUll2,00 + I1Ull2,00)™ ThU — Ull2x

n-1pi-1 11y, -1
< Clullzah  lullifak < Ch Ul o lIull k-

By Lemma 3.4 and (3.8), we obtain

2
vWhiZ < Ca” > lIznllok IWhllox
Ke

=1y, -1 I=Lp,, -1
< Ca"hHullzsllullialwhllo < Ca™ N ully Slullia Wl

The result then follows by Poincaré’s inequality. O
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Proof of Lemma 3.6. We define
Vk = {Wnlk, K€ %h, VheXn},

and denote by Vj the space of linear continuous functionals on Vk. For F € Vi, |IF|l will denote the
operator norm of F. We define a mapping Tk : «Bn(p) — Vi defined by

n n
(TK(avh),zh)za/ Dvh~Dzhdx+a—/(detD2vh)zhdx— O[—/fzhdx.
K vV JK vV JK

Note that the restriction of elements of «Bp(p) to K are in V.
Step 1: We claim that, for vy € Bh(p) and wh € Vi, || Tk (Vi) (eWh) || < allwy |1k for a constant a
such that 0 < a < 1 and h sufficiently small.

n
(T (@Vh) (aWh), Zn) = (x/ Dw, - Dz, dx + % /[div(cof DZVh)DWh]Zh dx
K K
n
= ot/ DW, - Dz dX — — /[(cof D?vi,)Dw] - Dz, dx
K vV JK
an
+— / Zn[(cof D?vi)Dwp] - ng ds,
oK

and we used the expression of the derivative of the mapping u— det D?u also used in the proof of
Lemma 2.1. Therefore,

(Tk (@Vh) (@Wh), Zn) = o /

1
KI — Zcof Dzavh> th} - Dz, dx
K

v

n
+ %/ zn[(cof D?v,)Dwi] - Nk ds, (3.9)
oK

where | is the n x n identity matrix. We define

1
/ [(I — = cof Dzavh)) th} . Dwh, dx
K v

By assumption p < 8. Thus, by (3.2) we obtain

M n—-1 . 1 ne1
(1 - = > W2 ¢ </ KI — = (cof Dzavm) Dw} . Dwdx < (1— m > W2,
v ’ K v v :

Since v=(M + m)/2, we have

p=  sup

WheVK,|Wh1k=1
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Thus, since for h sufficiently small

o - m+M <m+M’
2M 2m
we have
0<p <1l

Define pn = Wh/|Wh|1k and gn = zv/|z|1.x for wy = 0 and z, £ 0. Then,

| — (1/v) cof D2avi,) DW;] - Dz, dx 1
Ll = @/v) cof D arve)Dwh] - D2, & _ / [<| - Coszth)> Dph:| .Dgndx|.  (3.10)
[Wh1k1Znl1Kk K v
We can define a bilinear form on Vi by the formula
1
(P, 9) =/ [(I — Z(cof Dzavh)> Dp] - Dqdx.
Q 1%
Then, because
P.D=3P+ap+ad —(P-—ap—0q),
and using the definition of 8, we obtain
| (P, )| < %ph + Ohlik + %ph — Ghlik =B,
since pn and gy are unit vectors in the |.|1 k seminorm. It follows from (3.10) that
| [ [ = (1/v) cof D%aviy) D] - Dz, dx| <p
[Wh|1k|Znl1,k
We then have, for vy, Wi, € V,
1
/ KI . cof Dzavh) th] - Dz, dX| < BIWhl1k|Zhl1k < BlIWnllsklZallik-
K
In other words,
| — (1/v) cof D?avy)DwWh] - Dz, dx
| [ [ —(1/v) aVn)DWh] - Dz, dX| <8 (3.11)
IWhl1k llZnll1k
Next, we bound the second term on the right of (3.9). We need the scaled trace inequality
IVIlL2 oKy < ChE1/2||V||L2(K) YV € Vh. (3.12)

We have, by Schwarz inequality, (3.12) and (2.5),

/ Z[(cof D*Vh)Dwh] - nk ds < Ch|| (cof D?Vi) DWh lox || Znllok
oK

~1p, (n—1
< Ch™ | Vhlg oo IWhll 1k 11011,k

< Ch™ W20 w1 IVl 1z 11 - (3.13)
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By (3.11) and (3.13),

[{Tk (Vh) (@Wh), Zn) |
IWhll1k I Znll1k

Sa(p + Ca VAT v .

We conclude, using the expression of « = h® and assuming p < 1, that

i) G | = sup 11X 2
20 1Znll1,k

< (B + ChA=W20-D=L )y by w3 ¢

<a(B + Ch* V20 D=1(lyy — Iullok + aullL)™) IWhlLk
<a(B+ Ch*V20=D=1(p 4 |jufl)™") [Whl 1k

< (B + Ch2 (@ + [Jull)™ ) llewh |1k,

and we recall that n =2, 3, allowing us to treat the two cases in a unified fashion.
Since B < 1, for h sufficiently small a= g + Ch'/2(1 + |lu|j1)™* < 1. This proves the result.

Sep 2: The mapping Tk is a strict contraction, i.e., for vy, Wh € Br(p), | Tk (@Vh) — Tk (awp) || <

allavy — awh |1k, 0 <a<1.
Using the mean value theorem,

1
[Tk (Vh) — Tk (@Wh)[l = || / Tic (@Vh + t(@Wh — aVh)) (@Wh — avh) dt|
JO
1
< / 1T (Vi + t(eWh — avh)) (@Wh — avpy) || dt.
0
Since By(p) is convex, Vi, + t(Wh — Vi) € Br(p),t € [0, 1], and by the result established in Step 1,
1
[Tk (@Vh) — Tk (awWh) || < / allaWh — aVh |1k dt = allaewh — aVh 1 k-
0
Step 3: The mapping T is a strict contraction in «Bn(p).

/ D(T(avp) — T(awh)) - Dy dx= O{/ D(vh — Wp) - Dyrp dx
2 2

n
+ Z / (det D?vy, — det D?wi,)vrp dx
K

%
Ke

— Z (Tk (Vh) — Tk (@Wh), ¥n).

Ke %,
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With ¥, = T(avi) — T(awy), we obtain, using the result from Step 2 and the observation that vy, =0
on as2,

IT(evh) — Tewn) 2 < 7 [Tk (ev) — Tic(ewn) | [ ¥nll1

Ke %
<a ) llavh — oWhll1k | ¥nllik
KeTh
1/2 1/2
2 2
S h — hil1,k hil1,k
<a lleevih — oW || l[¥nll
Ke Ke %,

= alavh — aWn|l1[[¥nll1

<aCpllavh — aWn|l1|¥hl1,

where C,, is the constant in the Poincare’s inequality. It follows that || T (cevh) — T (awn)[l1 < allavh —
O[Wh||1. O

Proof of Lemma 3.7. Since p =38/(4Cinv)h' and | >n for n=2,3, we obtain | >1+n/2 and thus
p < bh.

Let v € Bn(p). Then, using Lemma 3.5 and the observation that h'* < (1 — a)p for h sufficiently
small

[T (vn) — elpully < IT(avh) — T(alhlls + [IT(elht) — alpully

-1
< allavh — alpully + Cra"n Ul g o

< allavh — alpul; + Cah' 518
< allavy — alpul; + Cah+?
<allavh — alpulls + (1 — &)ap
<aop + (1 —a)ap

< ap,

and we conclude that

IT(avh) — alpull < ap.

This proves the result. O

REMARK 3.8 Let us assume that (1.2) has a strictly convex solution uy, (independently of the smoothness
of u). If, in addition, its eigenvalues are bounded below and above by constants independent of h, then
using again the continuity of the eigenvalues of a matrix as a function of its entries, we obtain the
existence of 8’ > 0 such that, for v, in

Y= {Vh € Vi, Vh =01 0N 882, ||V — Unllx < C8'h*2),

GTOZ ‘6T Joquiedag uo 1senb Aq /B1o'seulnofpioyxoeu fewy/:dny wouy papeojumoq


http://imajna.oxfordjournals.org/

14 of 17 G. AWANOU

TaBLEl Testld=2, v=50

h Iterations [lu— upl|L2 Rate lu— Un|lH: Rate
: 71 4.38 x 1072 2,05 x 107

! 54 2.18 x1072 100 1.04x 107t 098
i 461 9.00 x 1073 128 419 x 1072 131
% 493 2.76 x 1072 1.70 1.28 x 1072 171
i 459 7.35 x 1074 1.91 3.40 x 10~2 1.91
135 448 1.86 x 10~ 1.98 8.65 x 10~ 1.97

=
N
[ec]

Vi, is convex. It is not difficult to see that the mapping T is also a strict contraction in Y™ for h sufficiently
small. One obtains the linear convergence of the iterative method (3.3) to uj, as follows:

k41 k k
leus™ — aunlls = | T(au) — T(aun) |1 < allaul —aunll;, 0<a<1.

Simplifying by o proves the claim.

4. Numerical results

The implementation is done in Matlab. The computational domain is the unit square [0, 1]> which is first
divided into squares of side length h. Then, each square is divided into two triangles by the diagonal
with positive slope. We use standard test functions for numerical convergence to viscosity solutions of
nondegenerate Monge—-Ampére equations, i.e., forf > 0in £2.

Test 1: u(x,y) = e +y)/2 with corresponding f and g. This solution is infinitely differentiable.

Test 2: u(x,y) = —/2 — x2 — y2 with corresponding f and g. This solution is not in H2(£2).

Test 3: g(x,¥) =0 and f (x,y) = 1. No exact solution is known in this case.

The initial guess was taken as the finite element approximation of the solution of the Poisson
equation

Al =2/fin2, W=gonag.

We define

V= a1’

where v and « are the parameters in (3.3). It is not easy to estimate the lower and upper values mand
M. Thus, trial and error are used in the selection of v. If the numerical error is deemed not accurate, one
increases v. In Awanou (2013d), it is shown that if one regularizes the data, the sequence of problems
associated with (1.2) have solutions which are piecewise strictly convex. In that case, trial and error
should also be used for the choice of v. In Tables 1 and 2, we used the value of ¥ that gives a sufficiently
accurate solution at the finest level of refinement displayed. On coarser meshes, a smaller value of »
may be used, and hence the solution could be obtained with fewer iterations.

For the test function in Test 1, which is a smooth function and the one in Test 3 (Fig. 1), we used the
iterative method of Theorem 3.3. For the nonsmooth solution of Test 2, we found the following truncated
version more efficient. Form=1, 2, .. ., we consider truncating functions ym(x) defined by xm(X) = —m
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TaBLE2 Test2d =2, v =150, m= 250

h [lu— Unl|L2 Rate lu— Unlly: Rate
i 106 1.79 x 107t 1.1718

i 249 6.54 x 1072 1.45 5.47 x 107t 1.10
z 554 1.24 x 1072 2.40 1.52 x 107t 1.85
25 886 210 x 107° 256  6.00 x 1072 1.34
. 993 491 x 10~* 2.09 427 x 1072 0.49

0 o

Fig. 1. Test3d =2, h= %8, 7 = 50, with three iterations.

for x < —m, ym(X) = x for —-m< x< mand xm(X) = mfor x > mand the sequence of problems

D/ DU™. Dy, dx:f)/ DUE™ . Dv, dx + > /Xm(det D2UE™ — f vy dx,
2 2 K

with US™™ = g, on 9.2.

15 of 17

Compared with C! conforming approximations or mixed methods, the standard finite element
method is less able to capture convex solutions. However, we note the unusual high-order convergence
rate in the L2-norm for the nonsmooth solution of Test 2. The optimal convergence rate of Theorem 3.3
is an asymptotic convergence rate. For higher-order elements, better numerical convergence rates are
obtained with the iterative methods discussed in Awanou (2013c) or the finite element version of the
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ones discussed in Benamou et al. (2010). It could just be that the time marching method is not accurate
enough to approximate the solution for high-order elements. In summary, the discrete problem (1.2) has
a unique local solution, and the time marching method proposed in this paper is efficient for nonsmooth
solutions, with f > 0, and quadratic elements. In particular, the time marching method is not robust
enough to handle the situation, where the right-hand side of (1.1) is a measure, i.e., a Dirac distribution.
For these situations, in the context of standard discretizations, one may have to use mixed methods as
in Lakkis & Pryer (2013) or Neilan (2014). In addition, Newton’s method can then be applied directly
to the resolution of the nonlinear system resulting from the discretization of (1.1). It seems that the time
marching method is enough to handle easily strictly convex viscosity solutions for the discretization
discussed in this paper. The extension of the analysis in Awanou (2013d) to the case of mixed methods
will be discussed in Awanou (2014).

5. Concluding remarks

REMARK 5.1 The motivation to choose the test functions in (1.2) to be in H&(_Q) stems from the use of
Lagrange elements in (3.3).

ReMARK 5.2 Numerical evidence of convergence of standard discretizations of the Monge-Ampére
equation to nonsmooth solutions has been discussed for a long time in the finite element context (Feng
& Neilan, 2009; Glowinski, 2009; Lakkis & Pryer, 2013) and the references therein. In Benamou et al.
(2010), for the two-dimensional Monge—Ampere equation, it was proposed to discretize, with the stan-
dard finite difference method, the following iterative method:

AU = ((Aw)? + 2(F — detD?u)¥?in 2, uw1=gonas.

As for the time marching method (3.3), the above approach requires solving only Poisson equations, and
can be used for numerical evidence of convergence to nonsmooth solutions even with a finite element
discretization. However, even for smooth solutions, its convergence properties are not understood.

REMARK 5.3 With regard to general fully nonlinear equations, the time marching method has been
applied to the Pucci equation and the Gauss curvature equation in a previous version of Awanou (2013b).
Since the proof of convergence for the Monge—Ampére equation exploits the divergence form of the
equation, it is not clear whether the techniques used here can be extended to other fully nonlinear
equations. It should also be noted that the Monge—Ampeére equation has a geometric structure, as evi-
denced by the version of the Aleksandrov theory, which consists in approximation by smooth functions.
This makes it easier to understand convergence of standard discretizations to nonsmooth solutions; see
Awanou (2013d).
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