CONVERGENCE RATE OF A STABLE, MONOTONE AND
CONSISTENT SCHEME FOR THE MONGE-AMPERE EQUATION
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ABSTRACT. We prove a rate of convergence for smooth solutions of the Monge-
Ampere equation of a stable, monotone and consistent discretization. We consider
the Monge-Ampeére equation with a small low order perturbation. No rate of con-
vergence was known for the discretization we consider.

1. INTRODUCTION

We obtain a rate of convergence, in the case of smooth convex solutions, of the finite
difference schemes introduced in [10, 8] for the elliptic Monge-Ampere equation

det D*u = finQ,u = gon 9. (1.1)

Here, for a smooth function u, D*u = ((8%)/(0%8%)) is the Hessian of
ij=1,...,d
u, a symmetric matrix field. We assume that {2 is a bounded convex domain of

RYd>2 g€ C(09) can be extended to a function g € C(€) which is convex in
and f > 0 € C(Q). We consider in this paper a finite difference scheme Fj,(u”) = 0
which is stable, monotone and consistent for the perturbed Monge-Ampere equation

det D*u 4 du = finQ,u = gon o). (1.2)

Here 6 > 0 is a small parameter and, for the discretizations we consider, both the
term du and its discretization are often omitted by an abuse of notation. The scheme
we consider was introduced in [8] but the approach we take also applies to the one
introduced in [10]. The local consistency error is O(h? + df) where h is the spatial
resolution and df the directional resolution. Our global error estimates are in terms
of O(h+d#). The stability of the schemes for smooth solutions is a direct consequence
of our error estimates.

Rate of convergence for smooth solutions were previously established in the context
of finite elements [4, 7, 5] or the standard finite difference method [1, 2]. The rate of
convergence proven in this paper for a stable, monotone and consistent scheme is a
key component of the theory developed in [2] for the convergence of finite difference
discretizations to the Aleksandrov solution of the Monge-Ampere equation. It follows
from the approach taken therein and the results of this paper, that the discretizations
proposed in [10, 8] have approximations which converge to the weak solution, as
defined in [11], of an approximate problem to (1.2), even in the general case where
(1.2) does not have a smooth solution. For convergence results in the classical sense,
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the rate of convergence given here is expected to help establish a rate of convergence
for the scheme without a dependence on the smoothness of the solution. Such a
result would eliminate the need for convergence to an approximate problem, instead
of (1.2), for the theory developed in [2]. See also [3] for a different approach.

2. NOTATIONS AND PRELIMINARIES

We make the usual convention of using the letter C' for various constants independent
of the discretization. We make the assumption that Q = (0,1)4 C R%. Let h > 0
denote the mesh size. We assume without loss of generality that 1/h € Z. Put
Zp={x=(21,...,2,)" €R":2;/h € Z}
Qh =QN7Z,, Q" =QNZ, 00" =0QN7Z, = Q"\ Q.
For # € R? we denote the maximum norm of x by |7|s = max;—;_4|z;|. We will
use the notation |.| for the Euclidean norm.

Let M(Q") denote the set of real valued functions defined on Q", i.e. the set of mesh
functions. For a subset T}, of Q" and v" € M(Q") we define

oo, = max 0" (@) .

Let v be a continuous function on Q and let r,,(v) denote the unique element of M (")
defined by

ra(v)(z) = v(z),z € Q"
We extend the operator 7}, canonically to vector fields and matrix fields. For a function
g defined on 99, 7,(g) defines the analogous restriction on 9Q".

We are first interested in discrete versions of (1.1)
F,(u")(z) = 0,2 € QF u"(2) = ry(g) (), € OQ", (2.1)

where F}, denotes a finite difference discretization of (1.1).

2.1. Consistency. We recall that the consistency error of the scheme is defined as
| F3(rh(u))|o,0p and that the scheme is consistent if for u € C*(Q) [Fy(rn(u))] 0 — 0
as h — 0. We will assume that the discretization Fj,(u”") = 0 is consistent. For
the scheme we consider, the consistency error is given in terms of the usual spatial
resolution A and the directional resolution.

To introduce the directional resolution, we first note that the determinant of the
Hessian of a smooth function is essentially a second order directional derivative. More
precisely, if we let W denote the set of orthogonal bases of R?, we have [§]

d

T (2
vi (D7 u(x))y;
det D*u(r) = min H Z(—g))z,
(V1yeeesvg) EW ey |Vz|
where v} denotes the transpose of v;.
The local directional resolution at x is defined as
h
o

do(z) = i - —.
()= Y b o o]
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We note that as h — 0, df(x) — 0. The directional resolution df is then defined as

df = min df(x).
erg
The directional resolution can also be defined in terms of the angles between vectors.
Here we have followed the approach used in [6].

Let zo € QF such that
df(zo) = min df(x).

xeﬂg

We denote by W), the set of orthogonal bases of R? such that (c1,...,0q) € Wy if
and only if 2y + a; € Q" Vi. Let v" be a given mesh function and let x € Qf, such
that z + a; € Q" but 2 — a; ¢ Q" for some i. We denote by T, the intersection
with 9 of the line through z and = + «; closest to . We then define v"(z — ;)
to be the value obtained by quadratic interpolation of v"(z,,), v"(z) and v"(z + o).
Similarly, if z — a; € Q" but z +«; ¢ Q" for some i, we define v"*(z + ;) by quadratic
interpolation of v"(x,,), v"(x) and v"(x — ;), where now x,, is the intersection with
0f) of the line through x and x — a; closest to x.

We consider the discrete Monge-Ampere operator defined by

M[uh)(z) = g H u(z + o) — 2u™(x) + u"(x — ai)' (2.2)

|ovi|?

The operator M|ry,(u)] is shown in [8] to be consistent with det D?u(z). We give here
a detailed proof.

By a Taylor series expansion

() 4 0) = raw)(z) + Dry(u)(2) - o+ ga” Drafu)(z)a
+ £D(a” DPry(u)(a)a) -+ Oflal*

()& — ) = () (@) — Draw)(z) - + 507 Dryw)(z)a
- éD(aTD2rh(u)(a:)a) “a+0(lal").

Thus using |a;| = O(h) for a; € R? such that o + a; € Q" we have

al D?u(z)a; _ ri(u)(x + a;) — 2rp(u)(z) + rp(u) (2 — o)
;|2 |2

+ O(h?). (2.3)

Moreover, for v € R?, [v] = 1, and o € R? with 29+« € Q" a direction vector closest
to v, i.e. v = argmingera 4 4ceqn [V — (/|C]|, we have

(v + %)TDQU(Q;) (v - I%!) = o7 D?u(z)v — O‘TD;#.

By definition of o, |[v — a/|a|] < df. Let us assume that u € C*(Q) (so that second
derivatives of u are locally bounded). Since |v + a/]a|| < 2, for a constant C' > 0 we
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have |(v + o/|a])? D*u(z)(v — a/|al)] < Cdf. Thus by (2.3)

UTD2U(ZL‘)U _ Th(u)@ + Oé) - 2rh(u)($) + 7ah(u)(x B O‘) + O(h2) + O(d&) (24)

Let z € QF and let v, = (vy,...,v4) € Wy, such that

ﬁrh (x 4+ 1) = 2rp(u) () 4+ rp(u)(x — 1)
|vi]? '
=1
Thus
& VT D2u(x)v;

Mir(w))@) = [T

> det D*u(z) + Ch? + Cdb.

+O(h%) + O(do)

|vi]?

It follows that

lim M{[ry,(u)](z) > det D*u(z). (2.5)
h—0
Next, if (v, ... ud) is a basis of eigenvectors of D?u(z), we know from [8] that

det D?u(z) = []L, v! D*u(x)v;/|vi]>. We claim that for each o > 0, we can find
(1, .-y pa) € Wy(z) such that |v;/|vi| — pi/|pi|| < dO for all i. This follows from the
observation that for i # j, v;/|v;| is obtained from v;/|v;| by an orthogonal transfor-
mation. We recall that orthogonal transformations preserve inner products and that
for u € R? such that o & u € Qy,, the image of i by a rotation of angle 7/2 in a plane
spanned by two axis vectors is a vector y’ for which = + u/ € €. Thus having found
w1 such that |vy /|| — p1 /||| < dO, the other vectors p;,i = 1,...,d are obtained

by orthogonal transformations.
It then follows from (2.4) that

d
det DPu(z) = H rp(u)(z + p;) — 2r;il(tu|)2(x) + rn(u) (@ — 1) +O(R?) + O(dh)

> M[rp(w)](x) + O(h?) + O(dh).
We conclude that
det D*u(z) > }lllir(l) Mrp(u)](x). (2.6)

It follows from (2.5) and (2.6) that consistency holds for u € C*(Q).

We note that because of the use of quadratic interpolation for values at points = + «
not on the grid, the consistency error will be globally O(h + df). To summarize

| M [rp(u)] — det DQu\OO,Qg < Cy(h + db). (2.7)

3. RATE OF CONVERGENCE

The proof of the rate of convergence is an application of the combined fixed point
iterative method used in [7].



5

To ensure convergence to a convex solution of (1.1), it is natural to use a suitable
notion of discrete convexity. We require that at an interior grid point x and for a € R¢
such that xo £ a € Q"

u(z + a) — 2u"(z) + u"(xz — ) >0, (3.1)

with the usual assumption of the value of u"(z + «) (resp. u”(z — a)) obtained by
quadratic interpolation of u"(x,), u"(z) and u"(x — a) (resp. u"(z,), u"(z) and
u'(z + a)) when =+ a ¢ Q" (resp. ¥ —a ¢ Q"). Here we have denoted by z, the
intersection with 0 of the line through = and = — « closest to x (resp. the line
through = and = + « closest to z).

We denote by C(2") the set of mesh functions which satisfy (3.1).

As with [8], the discrete convexity conditions can be combined with a discretization of
the differential operator in a single equation. Recall that T = max(x,0) and define

M) = it ﬁmax(uh(x—i—ozi)—2uh(:c)+uh(x—ozl-)70)‘

||

Put
Fy(u")(x) = M*[u")(2) + up, — i (f)(2).

In practice the term duy is not used. It makes the discretization proper as defined
below. And guarantees uniqueness of the discrete solution. For consistency, we are
forced to consider the perturbed equation (1.2).

The discrete Monge-Ampere equation is given by
M [u"](x) + dup, — ra(f)(2)
u(x)

Let N(x) denote the set of points x+«a, o« € W), and let # N (x) denote the cardinality
of the set N(z). We note that the discretization takes the form

0,7 € Qh (32)

A

Fh<uh)(w) = Fh(uh<x)7 uh(y) - uh(x)’y;ém,yeN(m))a

where for 2 € Qf', Fj, is a real valued map defined on R x R#N®)_ For convenience
we do not write explicitly the dependence of F}, on z.

A scheme is proper if there is § > 0 such that for x € QF and for all ag,a; € R and
be R#N(m), ag < aj implies Fh(ag,b) — Fh(al, b) < 5(&0 — (11).

Thus our scheme is proper and the constant 6 > 0 can be chosen independently of h.
The scheme is degenerate elliptic since if it is nondecreasing in each of the variables
u() and u'(y) — u'(x),y € N(),y # .

A scheme Fj,(u) = 0 is Lipschitz continuous if there is K > 0 such that for all z € Qf
and (CL(), bo), (al, b1> € R#N(x)+1

A A

| Fh((ao,b0)) — Fr((a1,b1))| < Kl(ao, bo) — (a1, b1)|co-
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We claim that our scheme is locally Lipschitz continuous with Lipschitz constant
K = C/h*. For (a,b) € R¥N@+! we can find r € R?**! such that

d
Fi((a,8)) = = f(x) + bro+ [ [ "7

=1

If M*[vh)(z) =0 we take r; = 0,i = 1,...,2d. Otherwise we have

d h h h
s T V(4 ) = 20" (2) + " (2 — )
e =11 e ,
for an orthogonal basis (a, ..., o). We then take r; = h%/|oy|> (v (2 + a;) — v"(2)),

and 7;,q = h?/]ag|>(v"(x — ;) — v"(x)). In both cases, ro = v"(x).

Since the map r — [, (ri+7i4a)/h? is multilinear, F}, is locally Lipschitz continuous
with Lipschitz constant max(d, C'/h??) which we can take as C/h?? for h sufficiently
small.

Next we define the mapping
S M(Q") — M(Q"), S(w")(z) = v"(x) — vE, (") (), (3.3)
for v > 0 and for p > 0 the ball
Bilp) = {v" € C("), lun — 1n(0) oy < P}

Note that on Bj(p), the Lipschitz constant K depends on p. We will assume that
p < 1 so that K can be assumed to be independent of p. We have [9, Theorem 7]

Lemma 3.1. There exists a positive constant a < 1 such that for all v w" €
Bu(p),p < 1, we have

’S(Uh) - S(wh)‘oo,ﬂg < a|,Uh - wh|oo,ﬂg7

for Cy < v < Cy where Cy and C are positive constants.
The proof of [9, Theorem 7] shows that under the assumption v/ < 1, the constant

a takes the form max(1 — vd, vK). If necessary, by taking v smaller we may assume
that vK < 1/2 and vd < 1/2. Thus the constant a takes the form

a=1-—vd,
and since K = C/h?? we have v < Ch*.
We can now state the main result of this paper.
Theorem 3.2. For u € C*(Q), (3.2) has a solution u" and we have

= () g < (),

for a constant C'" which is a scalar multiple of the mazimum of the deriwatives of u up
to order 4 on Q) and d.
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Proof. Let us first assume that (3.2) has a solution u" which is a fixed point of the
mapping S. Recall that the exact solution u solves the perturbed Monge-Ampere
equation (1.2). We have using (2.7)

[ = ()]s = 1S(W") = i(u)]oc ap
< [S(u") = S(ru(w))lso gy +1S(ra(w) = ra(u)loc oy

< alu” —rp,(u o, + [S(Tr(w) = r(w)| s ap

()
= alu" — i (u)loo 0y + vFn(rhu)| o 0p
= alu" —ri(u)loo gy + vIM[rn(u)] — ri(det D*u)l o
)

< alu" —rp(u o, + Cv(h + db),

by the consistency of the scheme, the observation that r,(u) is discrete convex and
(1.2). The constant C is a consistency error constant and depends on the maximum
of derivatives of v up to order 4 on 2 and d.

We therefore have
v
u" = rh(u)] o op < Cm(h + db)

C
= —(h +db).
J
To complete the proof we now show that (3.2) has a solution u”" in By(p) with p =
Cy(h + df) /6. This also gives the convergence rate. We note that for h sufficiently
small, we have p < 1. Also, p = Cov(h+df)/(1—a). Asabove |S(rp(u))—rn(u)|oor <

Cov(h + df). We have for v" € By,(p)
1S(") = 70 (0] < 1) = ()] + 15 (w) = 700
< alu" = r(u)] o on + Cov(h + df) < ap + Cov(h + db)
=ap+ (1 —a)p <p.
This shows that S maps the ball By(p) into itself, and by Theorem 3.1 is a strict

contraction in Bp(p). The result then follows from the Banach fixed point theorem.
U
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