ERRATUM TO "STANDARD FINITE ELEMENTS FOR THE
NUMERICAL RESOLUTION OF THE ELLIPTIC MONGE-AMPERE
EQUATION: CLASSICAL SOLUTIONS ”

GERARD AWANOU

ABSTRACT. The proof of Lemma 3.6 in the paper referenced in the title is not
correct. Moreover the numerical results were obtained with an iterative method
different from the one analyzed in the paper. The purpose of this erratum is to give
a correct proof of the main results therein for high order C! elements. For high
order C¥ elements we make the assumption that at a given point the eigenvalues
of the exact solution are the same. The convergence rates are suboptimal for C°
elements.

1. INTRODUCTION

In [3, Lemma 3.6], we claimed a strict contraction property for a mapping 7" in the
H' norm. Unfortunately there was a mistake at the end of step 1 of the proof of
the lemma. It was stated on [3, p. 12| that "Since 8 < 1, for h sufficiently small
a =B+ Chz(1+ ||ull;))"* < 17. However 3, as defined therein, also depends on h,
see [3, p. 10]. Moreover 1 — 3 — 0 at a rate higher than h'/2, and thus the argument
as stated is not correct. As a consequence, the strategy which consists in rescaling
the equation does not work for C° elements and turns out not to be necessary for
C! elements. We give in section 3 an analysis of the iterative method the numerical
results of which were given in [3].

In this erratum we first give corrections for the results claimed in [3] for high order
C! elements. We then give the iterative method which yield the numerical results
presented in [3]. It corresponds to a discretization of the Monge-Ampere equation
with interior penalty terms. We prove that the discretization is well-posed and prove
the convergence of the iterative method for high order elements under the assumption
that at any given point the eigenvalues of the exact solution are the same (3.5).

We use the same notation as in [3]. In addition we extend canonically Sobolev norm
and semi norms to matrix fields.

We recall the scale-trace inequality
1
vllo2ox < Ch™2|v]lo2k, (1.1)

when v is a polynomial on K.
2. THE ARGUMENT FOR C! ELEMENTS
The convergence of the time marching method [3, (3.3)] was given in [1] for cubic

and high order C! elements. The analysis given in [3] may be viewed as a different
1
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approach. The rescaling argument used in [3] turns out not to be necessary. To make
this erratum more readable, we have included the parameter « in the corrections
given here for C! elements. Here « is a constant independent of h. The reader
may assume that o = 1. In this section, V} denotes a finite dimensional space of
piecewise polynomial C* functions with an interpolation operator I, which satisfies
the approximation property [3, (2.3)].

For the statement of [3, Lemma 3.1], instead of "each element 77, we meant ”each
element K.

For the statement of [3, Theorem 3.3] the convergence of the iterative method is in
the H' semi norm, not the H! norm.

We now define
Bh(p) = {vn € Vi, v, = gr,on 09, |vy, — Tnuly < p}.

In addition, we now require that p < 6,/C, where C, is the constant in the Poincaré’s
inequality, i.e. for v, € HY(Q),|lvplli < Cpluply and 8§, = Ch*™/2 for a constant C.
We recall from [3, Lemma 3.1] and [3, (3.1)] that for p < §,/C, and v, € By(p), D?vp,
is piecewise positive definite.

We strengthen the result of [3, Lemma 3.5] as
|[u — T(Iu)|, < Crh% (2.1)
With wy, = Iyu — T'(Iyu), we have using [3, (3.8)] and [3, Lemma 2.1]
a’ﬂ

lwp |} = — Z / (cof rp,) : D*(Iyu — w)wy, dz,

v
KeT, VK

where 1, = tD*I,u + (1 — t)D?u,t € [0, 1]. Using the divergence free row property of
the cofactor matrix

%\whﬁ = Z / div <(Cof7"h)D(Ihu - u)) wy, dz
K

KeTh

= — Z /K ((cof ) D(Ipu — w)) - Dwy, dz

KeTy,

T [;Z /aK((COf ra)D(Iyu — ) - (wyn) ds
= R + Rs.

Since |rplo.00 < C, |Ry| < Ch%wy|;. In addition, since Iu is C* and u is smooth, we
have

/ ((cof D*u)D(Ipu — w)) - (wpn) ds = 0.
KeT, 7K
Thus

Ry = Z / ((cof rj, — cof D*u) D(Iu — u)) - (wyn) ds.
KeT;, OK



As in the proof of [6, Lemma 2.6], we have for two matrix fields n and 7
| cof n — cof T|p.0o < Cltn+ (1 — t)7'|6‘;2|77 — T|0.00-
Moreover, as |Iu — |20 < Ch% and |D(lyu — u)|i ox < ChYY2|u|gs1 i, We get
Rl < CR 03 3 / walds < CR25 37 2 [Jwnllos.ox.
KeTy 9K KeTy
By the the trace, Cauchy-Schwarz and Poincaré’s inequalities, we obtain

|R2\s0h2d3<2 h;@l) (Z ||wh||%,2,K) |

KeTy, KeTy
|Ry| < Oth_lehHl < Ch2d_1|wh|1 < Chd|wh|1,

where we used w;, = 0 on 9€2. This completes the proof of (2.1).

For the statement of [3, Lemma 3.6], the strict contraction property of the mapping
T should be in the H' semi norm, i.e.

T (avy,) — T(awp) | < alav, — awy|1,0 < a < 1. (2.2)

For [3, Lemma 3.7] which states that 7" maps aBy(p) into itself, we now take

Cl n

= 2+ = <d 2.3

Pt et e (2:3)

where a is a constant defined below (2.12). This assures that for h sufficiently small
p < 61/(20,) = §/(4C,Cp) R /2. We also note that the constant Cj,, appearing in

the inverse estimates is still generic as it depends on the norms used.

The Banach fixed point theorem still applies. Put By(p) = Bi(p) — Iyu and note that
I,u = g, on 09. Thus for w), € Bh(p), wp, = 0 on 9N and by Poincaré’s inequality we
can define a norm on By, (p) by ||ws|| = |ws|i. We define on By (p) a mapping T' by
T(wh) = T(wp + Ihyu) — Iyu. If wy is a fixed point of T, wy, + Iyu is a fixed point of
T and conversely if vy, is a fixed point of T', vy, — [u is a fixed point of T. Tt can be
readily checked that T satisfies the assumptions of the Banach fixed point theorem
on aBy(p) endowed with the norm ||.||, when T does on aBy(p).

Note that by Poincaré’s inequality, for u, € Br(p), ||[Ipu—un||1 < ClIyu—un|i < Cp,
a property which is used in the proof of [3, Theorem 3.3].

The first displayed equation in the proof of [3, Lemma 3.2] should be

m||z||> < [(cof D*v,(x))z] -2 < M||z||*, 2 € R,
and the correct values of m and M are m = (m/)"/M’' x 1/(2"713) and M =
(M/)n/ml % 3n/2n—1'
We first give a quantitative estimate of the constant ¢ introduced in [3, Lemma 3.1].
The outline of the proof of [3, Lemma 3.1] is as follows.

For all € > 0, there exists § > 0 such that for v € W>*°(Q), |v — ula.o < d implies
INi(D?*v(x)) — Ni(D?*u(x))| < € ae. in , for i = 1 and ¢ = n. Then € is taken
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successively as m//2 and M’/2. It follows from [8, Theorem 1 and Remark 2 p. 39]
that for two symmetric n X n matrices A and B,

|IAi(A) — Xi(B)| < nmax |A,s — Bys|,i = 1,n. (2.4)

Thus we can take 6 < m//(2n). Since m’ < M’, we have 6 < M’/2. We make the

assumption that
m m
0 <min | —, —— 2.5

where Cy is a constant introduced in (2.6) below.

The mapping 7% can be shown to be continuous on aBy(p) by using the expression
of (T} (avy)(awy), z,) given as [3, (3.9)], trace inequalities, inverse estimates and a
mean value theorem for the cofactor matrix [6, Lemma 2.6].

We modify step 1 of the proof of [3, Lemma 3.6] to prove that for vy, wy, € Bp(p)

n—1

(e}
(T (owp) (awy), zn)| < Blows |y k|zn]1,x + Ca20 llawn |1,k || 20| 1,5 (2.6)

for a constant C'5 independent of h.
We note from [3, p. 10-11] that

o Im

0<p<1-

Without loss of generality, we can thus take as the value of § an upper bound, i.e.

n—1

o™ m
=1- 2.7
: . (2.7
The displayed equation just above [3, (3.11)] says that
1
/ (1 - o cof DQO&Uh)th] “ Dzp, dx| < Blwaly k|20 |1k (2.8)
K

It remains to estimate the term
R= / zn[(cof D*vp,) Dwy) - ng ds.
oK

Since u is smooth, z, is continuous on €2 and Dwy, is also continuous on €2 by the
assumptions in this section, we have

/ zu[(cof D*u)Dwy] - ng ds = 0.
oK
We therefore have
R= / zu[(cof D*vp) Dwy] - ng ds — / zu[(cof D*u) Dwy] - ng ds
oK )

K
= / zn[(cof D*vy, — cof D*u)Dwy] - nk ds.
K
We have by the trace and scaled trace inequalities
|R| < C|| cof D*vy, — cof D*ul|o.00|2|l0.05 || Dwh||0.0x

1
< Ch™ 2| cof D?vy, — cofD2u||07oo||zh||17K||wh||1,K.



As with [6, Lemma 2.6], we have for some ¢ € [0, 1]

|| cof D?vy, — cof D?ulfo.c0 < C[tD?vy + (1 — ¢) D?ul|§ 2 [on — ul,0-

[e.e]

Since |u — Ihulze < Ch?™! and by an inverse estimate and Poincaré’s inequality
lop — Thuloee < Ch7Y"2 ||y, — L)y < Ch™'2|uy, — Iuly, we conclude using
p < CSh? that v, — ulgee < CSh41="2. Thus for d > 3

| Rl < C6llznl .k l[wn 1 k- (2.9)

Combining (2.8)—(2.9), we obtain (2.6).
As in the first part of Step 3 of [3, Lemma 3.6], we have

1T (avy) — T(awy)|? = Z (Tk (avy) — Tk (wy), ¥p), (2.10)
KeTy,

where ¢, = T'(awy,) — T'(qwy,). By the mean value theorem, as T} is continuous, we
have

(T (avp) — Tk (cwp), ¥p)| = ’(/O T (v, + tlawy, — avy))(qwy, — avy)

dt, ¥p,)

- ’ /Ol(T;((owh + t(awy, — awvp))(qwy, — avy), (2.11)

@bh)dt'

1
< / (T (v, + t(awy, — avy))(Qwy, — avy)
0
) 77Z}h>| dt)

where we use the following property of the Riemann integral of Banach valued func-
tions. If A € L(V},R) is continuous, then Afol F(t)dt = fol A(F(t))dt, for F(t) € Vi
|7, Proposition 3.1.3]. For ¢, € Vi, we then take A(F) = (F,¢y,) for F € V..

Alternatively, one can establish (2.11) by direct calculation without using a functional
notation.

Since vy, + t(wp, — vp) € Br(p),t € [0, 1], we get from (2.11) and (2.6)

[(Tx(avn) — T (qwp), Yn)| < Blawn — avply i |[Pnlx

Odn_l

+ C%

l|awn, — avnl|1 i ||V l]1,x-

By Cauchy-Schwarz inequality, we obtain from (2.10)

T (cavn) — T(cwy) |} < Blaws, — avpli]vs

an—l

+ C0

[lawn — aonl[1llvnllr-
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But ¢, = 0 on 992 and thus by Poincaré’s inequality,

o™ 1

1T (avy) — T(aw)]; < (B + 02026 ) lawy, — avg|1|n]1-

Therefore
n—1

|T (cvvp,) — T(awp)|; < (6 + CiC’géa ) lawy, — avyl;.

Using the value of 8 given by (2.7), the contraction constant in the above equation
is given by

n—1 n—1 n—1
a=1-" 2ot ——1-2 <m = 05025). (2.12)

v 14 14

Note that a > 0 since 5 > 0. By (2.5), C]?C’gé < m and thus a < 1. We have proved
(2.2).

The proof that 7' maps aB(p) into itself is essentially the same as the one given in
[3, Lemma 3.7]. We have

[Ipu —T(vp)|1 < |Ipu —T(Ipu)|y + |T(Lyu) — T'(vp) |1 < Ci1he + alvy, — Ihuly
<(-aptap<p (213)

For [3, Remark 3.8], the convergence of the iterative method should be with the H*
semi norm.

A few references given in (3], [4, 5, 1, 2] have been updated.

3. ANALYSIS OF THE DISCRETIZATION CORRESPONDING WITH THE NUMERICAL
RESULTS GIVEN IN [3]

We use the same notation as in [3] and the previous section. In this section, V}, denotes
a finite dimensional space of piecewise polynomial C'!' functions with an interpolation
operator I, Which satisfies the approximation property [3, (2.3)]. The numerical
results given in [3] were actually obtained with the iterative method

/Du’“rl Duy, dr = —v Z/ (Auf) vhdx—/fvhdx

KeTy
© (3.1)
+ Z / (det D*uf )y, de,
KeTy
Yo, € Vi, N HY(R), given a sufficiently close initial guess u) and with u) = uf™ = g,

on 0f). By integration by parts, we obtain

/DukJrl Dy, dx—u/Duh Duvydx — v Z/ v, Duh nds—/fvh dx
KeTy, &
+ Z / (det D*uf)vy, da.

KeTy,
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Formally, the iterative method converges to a solution of the following discretization
of the Monge-Ampere equation: find u; € V}, such that u;, = g, on 02 and

> /K (det D*up)vp do — v Y /a ) vp(Duy,) - nds

KeT, KeTy,

= / fvh dm,Vvh eV,n H&(Q) (32)
Q

To prove the existence of a local solution to (3.2) and the convergence of the time
marching method (3.1), we will use a fixed point argument. Error estimates follow as
in the proof of [3, Theorem 3.3].

For a given vy, € Vj,, v, = g5, on 0%, define S(v,,) € V}, as the solution of

1// DS(vy) - Dwy, dx = 1// D(vy) - Dwy, dx + Z / (det D?vp)wy, dx
Q Q K

KeTh

wy(Dvy,) -nds — / fwy, dz,Ywy, € V,, N Hy(Q), (3.3)
0

with vy, — S(vp) = 0 on 0N.

Lemma 3.1. We have
\Ihu — S(Iyu)|, < Coh®t, (3.4)

Proof. Note that u is smooth and wy, € V, N Hy(Q) C C°). We then have
> ke, Jox wn(Du) - nds = 0. On the other hand f = det D*u. Thus, with w, =
S(Ipu) — Iyu, and v, = Iyu, we have

1// D[S(v) — vp] - Dwy, dx = Z / (det D*Iu — det D*u)wy, dx
Q K

KeTh
—v Z / wp[D(Ipu — u)] - nds.
K€7—h oK

By approximation properties, the trace inequality, Cauchy-Schwarz inequality and
Poincaré’s inequality

> /8Kwh[D(Ihu —u)]-nds

KeTy

< Ch2 3 fwn [l lesr, i < CRO 2wy s
KeTy,

On the other hand, with zj, = det D*Iu — det D*u and arguing as in the proof of [3,
Lemma 3.5], we have

||Zh|’0’}( S Chd_l.
We conclude using Cauchy-Schwarz inequality that
viwg|p < Ch4

This concludes the proof. 0
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We next make the assumption that the eigenvalues of D?u are the same at a given
point, i.e.

M =m'. (3.5)
We then take m

For vy, € Bp(p), p < i, we define

KI _ %cof D%h(x))y] -y'.

v = sup
[lyll=1
Since
mlly||* < [(cof D*vn(x))yl -y < M|ly[|*,y € R",
we get
M
ygmax{‘l—@, 1—— }:h.
v v
Arguing as in the proof of [3, (3.11)] we obtain
1
(12 cot2ua) o -af <Ml el oo € (5.7)

We can now state

Theorem 3.2. For p = 2C5h% "t d > 3+ n/2, the mapping S is a strict contraction
in Bp(p) which maps By(p) into itself.

Proof. We first prove that for v, and wy, in By(p), |S(vn) — S(wp)|1 < 1/2|vp — wp]s-
Put z, = S(vy) — S(wy). Using (3.3) and an integration by parts, we have

1
alf == / (Avy, — Awp)zpda + = Y / (det D*vy, — det D*wy,) 2, da.
KeTy, K v KeT;, K

Using [3, Lemma 2.1], there exists ¢ € [0, 1] such that det D?v;, —det D*wy, = cof(ry,) :
D*(vy, — wy,) with r, = tD?vy, + (1 — t)D?wy,. Thus, using the divergence row free
property of the cofactor matrix

1
A Z /K (; cof rp, — [) : D?(vy, — wp)2p do

KeTh

=) /Kdiv ((% cof 1y, — [)D(vh — wh)> 2, dx

KeTy

:/Q Kf_%cofrh)p(vh—ww] Day de

-y /M [(1_ %Cofrh>D(Uh—wh)] - (znn) ds

KeTy,
= U1 + Ug.

Since r, € By(p), as for [3, (3.11)], we have § = v = h and
U] < hlop — wali|znl1- (3.8)
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On the other hand by the trace and scale trace inequalities, Cauchy-Schwarz and
Poincaré’s inequalities

|Us| < Z v, — wa 1,05k 28

0,0K
KeTy
1
< Ch > h72|v, — walyillznl i
KeTy

1
< Ch2 v, — wp 1|26,

where we used z, = 0 on 9. We therefore have |z,]2 < (h + Ch2)|vp — wpli|zh,
from which the contraction property follows.

The proof that S maps By (p) into itself is similar to (2.13).

4. ACKNOWLEDGEMENTS

The author was partially supported by NSF grant DMS-1319640. The author thanks
Eric Malitz, Andrew McRae and Chris Budd for many useful discussions.

REFERENCES

[1] Awanou, G.: Pseudo transient continuation and time marching methods for Monge-Ampere type
equations. Adv. Comput. Math. 41(4), 907-935 (2015)

[2] Awanou, G.: Spline element method for Monge-Ampere equations. BIT 55(3), 625-646 (2015)

[3] Awanou, G.: Standard finite elements for the numerical resolution of the elliptic Monge-Ampere
equations: classical solutions. IMA J. Numer. Anal. 35(3), 1150-1166 (2015)

[4] Awanou, G.: On standard finite difference discretizations of the elliptic Monge-Ampeére equation
(2016). To appear in J Sci Comput doi:10.1007/s10915-016-0220-y

[5] Awanou, G.: Standard finite elements for the numerical resolution of the elliptic Monge-Ampere
equation: Aleksandrov solutions (2016). To appear in ESAIM:M2AN

[6] Awanou, G., Li, H.: Error analysis of a mixed finite element method for the Monge-Ampere
equation. Int. J. Num. Analysis and Modeling 11, 745-761 (2014)

[7] Drébek, P., Milota, J.: Methods of nonlinear analysis, second edn. Birkh&user Advanced Texts:
Basler Lehrbiicher. [Birkhduser Advanced Texts: Basel Textbooks]. Birkhduser/Springer Basel
AG, Basel (2013). Applications to differential equations

[8] Hoffman, A.J., Wielandt, H-W.: The variation of the spectrum of a normal matrix. Duke Math.
J. 20, 37-39 (1953)

DEPARTMENT OF MATHEMATICS, STATISTICS, AND COMPUTER SCIENCE, M/C 249. UNIVERSITY
OF ILLINOIS AT CHICAGO, CHICAGO, IL 60607-7045, USA

E-mail address: awanou@uic.edu

URL: http://www.math.uic.edu/ awanou



