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ABSTRACT. We prove the convergence of a damped Newton’s method for the non-
linear system resulting from a discretization of the second boundary value problem
for the Monge-Ampere equation. The boundary condition is enforced through the
use of the notion of asymptotic cone. The differential operator is discretized based
on a discrete analogue of the subdifferential.

1. INTRODUCTION

In this paper we prove the convergence of a damped Newton’s method for a finite
difference approximation of the second boundary value problem for Monge-Ampeére
type equations introduced in [1]. Our result leads to the existence of a solution to
the discretization. The damped Newton’s method allows the use of an initial guess
which may be far from the solution of the discrete problem. We establish the global
convergence of the algorithm for the discretization proposed.

Monge-Ampere type equations with the second boundary value condition arise in geo-
metric optics and optimal transport. The approach in [1] is to interpret the boundary
condition as the prescription of the asymptotic cone of the epigraph of the convex
solution of the Monge-Ampere equation. The convergence analysis of the damped
Newton’s method given here generalizes the ones given in [7, 5.

Let Q and Q* be bounded convex polygonal domains of R?,d > 1 and let R be a
locally integrable function on R? such that R > 0 on Q* and R = 0 on R?\ Q*. Let
f >0 be an integrable function on 2. We assume that the compatibility condition

(1) [ s@ie= [ R,

holds. Recall that for a function u on €2 the subdifferential of v at x € € is defined
by

(1.2) ou(z) ={peR:u(y) >u(x)+p-(y—=x), forall ycQ}.
We are interested in approximating a convex function u which solves

R(Du(z)) det D*u(x) = f(z) in Q

(1.3) ou(Q) = Q.

The first equation in (1.3) is to be interpreted in the sense of Aleksandrov ie. for a
Borel set E C Q, it is required that w(R, u, E) f o p)dp = [, f d:c where
1
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w(R,u,.) is the R-Monge-Ampere measure associated to u. The second equation in
(1.3) is the second boundary condition.

Let ko« denote the support function of Q*, i.e. for z € R?, kqg-(z) = SUp,cqr P - T 1t
is shown in [1] that if one defines for z ¢ Q

(1.4) u(@) = inf uly) + ko-(z —y),

one obtains a convex extension of u to R%. Moreover, (1.3) is equivalent to finding a
convex function u on R? solving (1.4) such that in the sense of Aleksandrov

(1.5) R(Du(z)) det D*u(x) = f(x) in R%.

We refer to solutions of (1.5) as Monge-Ampere functions, anticipating applications
to a more general setting [4].

Solutions of (1.5) are unique up to an additive constant. For z! € €, we may

require that u(z') = 0. In view of the compatibility condition (1.1), (1.5) is formally
equivalent to finding a convex function u on R? solving (1.4) such that in the sense

of Aleksandrov
(1.6) R(Du(z)) det D*u(x) = f(x) + wu(z') in RY,

where w is a constant which we assume to be non positive. For approximating solu-
tions of (1.6), it is proposed in [2] to use piecewise linear convex functions. However,
if v is a piecewise linear convex function, Ov(f2) is a polygon [1, Lemma 10]. We also
approximate the domain Q* by a polygon Y C Q*.

Let h be a small positive parameter and let Z¢ = a + {mh,m € Z?} denote the
orthogonal lattice with mesh length A and with an offset a € Z?. The offset a
may make it easier to choose the decomposition of the domain used for the discrete
Monge-Ampere equation (1.8) below. Put €, = QNZ{ and denote by (rq,...,ry) the
canonical basis of R?. Let
0y, = {x € Qy, such that for some i =1,...,d,z+ hr; ¢ Q) or x — hr; & Q, }.

We note that with our notation 9§, C Q. For z € Q, let V(x) be a finite subset of
74\ {0}. We will refer to functions defined on Z¢ as mesh functions.

We consider the following discrete analogue of the subdifferential of a function. For
x € Z¢ we define for a mesh function vy,

ovup(z) = {p € R% p- (he) > vp(x) — vp(x — he) Ve € V() },

and consider the following discrete version of the R-Monge-Ampere measure

wy (R, v, E) == / R(p)dp.

Oy (E)

We are interested in mesh functions v, which are V-discrete convex in the sense that
for all 2 € ), and e € V(z)

Apevp(x) := vp(x + he) — 2up(z) + vy (z — he) > 0.
We also require a discrete analogue of (1.7), namely, for z € Z%\ Q4

(1.7) op(z) = min vn(y) + ky (x —y),



and we recall that Y C 2* is a polygonal domain approximating 2*.

We denote by C}"" the set of V-discrete convex mesh functions which satisfy (1.7).
We can now describe the discretization of the second boundary value problem we
consider in this paper: find u;, € CZ’V such that

(1.8) wy (R, up, {x}) = ; f@)dt + wup(at), z € Qp,

where 2* € Q, and (C,).eq, form a partition of Q, i.e. C,NQy, = { @}, Useq, Co = Q,
and C, N Cy is a set of measure 0 for z # y. In the interior of {2 one may choose as
C, = x + [~h/2,h/2]* the cube centered at z with C, N Q) = {z}. We make an
abuse of notation by not making explicit the dependence of ! on h. The requirement
that the sets C, form a partition is essential for the discretization of the measure with
density f.

The unknowns in (1.8) are the mesh values uy(x),x € Q. For z ¢ Q, the value
up(z) needed for the evaluation of dyvp(x) is obtained from the discrete extension
formula (1.7).

We show that a subsequence of the damped Newton iterations converges to a solution
of (1.8) for w < 0. This gives existence of a solution to (1.8). Taking limits of solutions
to (1.8) as w — 0, we obtain existence of a solution to the problem: find u;, € C,""
such that

(1.9) wy (R,up, {z}) = g ft)dt, xz € Q.

While adding a constant to a solution of (1.9) results in another solution, this is not
the case for (1.8).

We organize the paper as follows. In the next section, we give additional preliminaries.
The damped Newton’s method is introduced in section 3 in a general setting. In
section 4 we give its convergence analysis for (1.8) and discuss the extension to (1.9).

2. PRELIMINARIES

We will use the notation C' for a generic constant and || - || for the Euclidean norm.
We first describe the extended mesh needed for the evaluation of dyvp(x) in (1.8). A
stencil V' is a set valued mapping from €2, to the set of finite subsets of Z%\ {0}. Recall
that a subset W of Z? is symmetric with respect to the origin if Yy € W, —y € W.
We define V,,;, to be a finite subset of Z¢ \ {0} which is symmetric with respect to
the origin, contains the elements of the canonical basis of R?, and contains a vector
parallel to a normal to each facet of the polygonal domain Y. Put

Qe = QU U{z+he:x€Qp e € Vi b
Vinaz(2) = { e € Z*\ {0}, 3y € Qear,y =z + he }.
We assume that
Vinin C V(2) C Viypaz(x), 2 € Qp,
and V(z) C Z%\ {0} is symmetric with respect to the origin for z € €,. We

furthermore assume that if e and f are in V(z), e = rf for a scalar r if and only if
r=—1.
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We will need below the following results from [1].

Lemma 2.1. [1, Theorem 4| There exists a unique solution to (1.8) for V.= V..
and for which uy(z) = 0.

The above theorem asserts the existence and uniqueness of a solution to (1.8) when
the stencil V' is maximal. We prove below that a solution exists when V is not
necessarily equal to V4.

Lemma 2.2. [1, Lemma 2| There exists a constant C independent of vy, € C:’V and
h such that for all x,y € €y,

[on () = vn(y)| < Cllz —yll.
Using Vinin C V(2), 2 € Qp, the next lemma follows from [1, Lemma 2].

Lemma 2.3. Let vy, € C,};’V. Then for x € Qp, Oyvp(x) CY C QF.

3. THE DAMPED NEWTON’S METHOD

We first give a general convergence result, the assumptions of which are then verified
in the next section for our discretization. Let U denote an open subset of RM. In
section 4 we will identify a mesh function with a vector consisting in its values at grid
points. Here, we then denote by v, a generic element of U.

We are interested in the zeros of a mapping G : U — RM with G(vy,) = (Gi(vp))i=1....m-
We recall that ||.|| denotes the Euclidean norm in R™ and put

UE:{U}LEU,GZ(U}L)>—€,l=1,...,M},

for a parameter ¢ > 0. This allows us to study the differentiability of G on an open
set. We assume that G € C*(U., RM) for all ¢ > 0. The current iterate of the damped
Newton’s method is denoted vF and the following iterate is sought along the path

PH(r) = v = (G () — vI) " Glof).
where v is a non negative constant and [ the M x M identity matrix. The term
—vI is introduced to deal with situations where G’(vF) is not known to be invertible
but G'(vF) — vI can be shown to be invertible. When the term —v1 is used in the
computations, it is desirable to choose v small, as suggested by the rate in Theorem
3.1 below. For the general setting considered in this section, we make the assumption

that when vf € U, there exists 7, € (0,1] such that p*(7) € U for all 7 € [0, 7;]. Let
d € (0,1) and choose p € (0,1), e.g. p=1/2.

Algorithm 1 A damped Newton’s method

1: Choose vj) € U, and set k =0
2. If G(vy) = 0 stop
3: Let i;, be the smallest non-negative integer i such that p*(p') € U, and

IGE (DI < (1= p")IGwR)]l-

Set ?}Z+1 = pk(p’k)
4: k< k+1and go to 2
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The general convergence result for damped Newton’s methods is analogous to [5,
Proposition 6.1] where maps with probability measures as values are considered.
Therein, the map G is assumed to be in C**,0 < a < 1. For G to be merely
C!, as in certain geometric optics problems, and with det G'(x) # 0 for all x € U,
one has convergence [3]. For completeness we adapt the proof of [3] to the case where
the domain of the mapping G is an open set of RM. As with [7, Proposition 2.10] we
will assume that the mapping G is proper, i.e. the preimage of any compact set is a
compact set.

Theorem 3.1. Let G € CY(U,RM) be a proper map with det(G'(z) — vI) # 0 for
some v > 0 and for all x € U. Assume that when v} € U, there exists 73, in (0,1]
such that for all 0 < 7 < 73, pr(7) € U. With an initial guess 1}2 in U, the iterates
v¥ of the damped Newton’s method are well defined and there is a subsequence k; such
that UZZ converges to a zero uy, of G. For k; > ko and ko sufficiently large, if i, = 0
i step 3 of Algorithm 1

ki1 k k k
lop™™ = unll < wllvy' = unll + Clloy" — unll [ vy —un)ll,

where ¢ : RM — RM awith ||sh(vf* —up)|| — 0 when |[vy' —up|| — 0. If G has a unique

zero uy, in U., the whole sequence converges to uy,.

Proof. The proof is divided into three parts. In the first part, we show that given an
iterate vy in the admissible set U, one can find a path from v} which is contained
in U, provided v} is not a zero of G. We show by a contradiction argument that G
decreases in norm along such a path at the rate given in the algorithm. In the second
part, we show that there exists a subsequence of the iterates converging to a zero of
G. Finally in the third part, we give the convergence rate.

Part 1: The damped Newton’s method is well defined. Assume that vf € U. We first
note that it follows from the definitions that for all 7 € [0, 1] we have

(3.1) G(o) + (G'(vy) = vI) (" (1) = vp) = (1 = )G (vp).
Assume that G(vf) # 0. We claim that there exists 7 € (0, 1] such that
IG@ ()] < (1= 8n)IG(wp)ll, V7 € [0, 7).
If such a 7], does not exist, there would exist a sequence 7; converging to 0 such that
(3.2) IG@* (m)I > (1= sm)l|G(up)ll, V.
Since G is C! by assumption, we have
G("(n)) = G(vy) + G'(vy) " (m) = wog) + |Ip"(n) — vil[(0" (m) = vp),

for a function ¢ : RM — RM such that || (p* (7)) —vF)|| — 0 as ||pF(7) — vF|| — 0 or
equivalently 7, — 0. Thus, by (3.1), we have

(33)  GO"(n)) = (1= n)G(vy) + vllp"(n) — vhll + 11" (7) — vl (" () — i),
and thus by (3.2)
(1= sn)lIG(p)ll < [IGEH )| < @ = )G W)l + vIip (1) — v
+ () = il 1w (" (m) = o)l
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This implies that 7(1 — 0)||G(v;)l| < vI[p*(n) — vill + [[P"(7) = vil ¥ (0" (1) — vi)|
which gives using the definition of p*(7;)

1 =G W)l < vllp*(n) = o]l + 1G" (o) T Gop)IH[$ (" (r) = vi)]].
Taking the limit as |[p*(7;) — vf|| = 0, i.e. 7 — 0, we obtain (1 —0)||G(vf)|] <0, a
contradiction as G(vf) # 0 by assumption.

We now show that there exists 7, < min{ 7}, 7}, with 7, > 0 such that for all
7 € 10,7, p"(7) € U, when vy € U..

If p*(7) ¢ U, for some 7 < min{ 77,7 } it must be that at some time 75, < 7, pF(7}) €
OU.. Thus for some i, € {1,..., M } we have G, (p(Tx)) = —e. Let us assume that
71, is chosen so that G;(p¥(7)) > —e for all 7 € [0,7}) and all ¢ € {1,..., M }.

We have
(34)  [GP"TR) = Gup)ll = |G (0" (Tr)) — Gy (07)| = | = € = Gy (vh)] > 0,

since Gy, (vf) > —e as vy = p¥(0) € U, by assumption. We conclude that 7, > 0.
Otherwise p*(74)) = p*(0) = v} which contradicts (3.4) as the first term on the left
in (3.4) is equal to 0. By construction of 7, p*(7) € U, for all 7 € [0,7%).

Part 2: The sequence v} has a subsequence converging to a zero uy, of G. Let
K={veU, |Gl < |G}

Since G is proper, K is compact. By construction ||G(vi™)|| < ||G(vF)|| and vF € U,
for all k. We therefore have v} € K for all k. Thus up to a subsequence, the

sequence vF converges to an element u, € U, and since the sequence ||G(vF)|| is

strictly decreasing, there exists n > 0 such that ||G(vF)|| — 7.

If n = 0, then G(up) = 0 and the subsequence converges to a zero of G. Now we show
that it is not possible to have i # 0.

Assume that n > 0. If the sequence i; of Step 3 of the algorithm were bounded,
there would exist a constant & > 0 such that p* > ¢ for all k. This would imply that
1 —dp" < 1—6¢ and thus ||G(u;™)]| < (1= 6p™)|IGp)Il < (1 = d)IG(wp)l|- Tt
follows that n < (1 — 6&)n. Thus n = 0 which is a contradiction. We therefore have
limy,_,s0 i, = 00 and consequently limy_, p*~! = 0. Put

= p*
By definition of i; and (3.3), we have
(1= om)IG(up)l| < IGEDI < (1 = 2G| + llp*(7) — vyl
+[1" (7) = vl 0B (7) = v,
and thus
(1= )Gl < vIIp*(7) = vhll + [1p" (7)) = vl [ (2" (7)) — w)-

Recall that the sequence ||G(vf)|| is bounded. Moreover uy, € U, and thus det (G’ (uy,)—
vI) # 0. Since G € C*(U.,RM) it follows that for k sufficiently large ||(G’(vf) —
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1/])71|| < C for a constant C, c.f. [8, $ 2.3.3]. Therefore |[p*(7) — vF|| < O, for a
constant C'. We conclude that

(1 =) |G| < Criy + Coel | (P* (F) — vi)ll.
Since 7, — 0, we obtain n = 0, a contradiction.

Part 30 We first prove that for the subsequence k; obtained in Part 2, we have the
rate |[oy T — || < vl|uft —up| |+ Cllof —un|| [ (0 —up)||, when 4, = 0, for k; > ko
and ko sufficiently large, and where |[¢(v)' — up)|| — 0 as v} — uj, — 0.

For convenience, we denote the subsequence vsl by v below. We have with 75, = p%,
optt = of — 7 (G'(vf) — V])_lG(v’,fL) and
(G'(vf) = vI) (0™ — ) = (G'(v5) — vI) (vf — wp, — 7 (G (vf) — V])_lG(vﬁ))
= (G'(v) — vI) (v — wp) — TG(v}).
Moreover 0 = G(up,) = G(vf) — G (vF) (v —up) +||vf —up| ¥ (v —up). Thus (G'(vf)—
vI) (o —up) = (1—7)G(f) — v(vf —un) + ||vf — un|[¢(vf — up). If i = 0, we have
7 = 1 and in that case (G'(vf) —vI) (vy ' —wp) = —v(vf —wp) +||vf — un| [ (VF — ).

Since (G' (vF) —vI )71 is uniformly bounded for £ sufficiently large, the claim follows
when 7, = 1.

The proof of the last statement is standard. O

4. CONVERGENCE OF THE DAMPED NEWTON’S METHOD FOR THE
DISCRETIZATION

Let M denote the cardinality of €, and denote the points of €, by zt,i =1,..., M.

The set of mesh functions on €, is identified with R*. We note that mesh functions
on (2, are naturally extended to Z¢ using (1.7). Mesh functions which are extended
to Z¢ using (1.7) and for which Ap.vp(z) > 0 for all x € Q, and e € V(x), form
the subset of CZ/’V of strictly V-discrete convex mesh functions. The latter subset is

.....

With an abuse of notation, we consider a map G : U — R™ defined by
(4.1) Gi(vp) = wy (R, vp, {2 }) — / f@)dt —wuwp(z') fori=1,..., M,
Ci

and we recall that w < 0 is a constant. We now make the assumption that f > 0 in .
Define as in the previous section for e > 0, U, = { vy, € U, G;(vp) > —€,i=1,..., M }.

Lemma 4.1. The set U, is non empty.

Proof. Let u) denote the solution of (1.8) for V' = V.4, and for which uy(z') = 0,
c.f. Lemma 2.1. We have fori=1,..., M,

Gi(ul) = wy(R,u), {2 }) - /C Pt > s (R {27)) - /C Jde=0> —

This completes the proof. 0]
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The goal of this section is to verify the assumptions of Theorem 3.1 for the equation

G(vp) = 0 with G given by (4.1). We will prove the following theorem

Theorem 4.2. Assume that w < 0. Given an initial guess vy € U, the iterate vy
of the damped Newton’s method is well defined, and there is a subsequence le which
converges to a solution uy, of (1.8).

The proof of Theorem 4.2 proceeds in several steps. The path condition in Theorem
3.1 is proved in Theorem 4.3 under the assumption that the mapping G is differ-
entiable with G’(v) — v invertible, for v > 0 and I the identity matrix. The C*
continuity of GG is established in Theorem 4.6 and the invertibility assumption in
Theorem 4.8 under the assumption v > —w. Finally, in Theorem 4.9, we prove that
the mapping G is proper for w < 0. We are then in a position to give the proof of
Theorem 4.2.

Theorem 4.3. Assume that G is differentiable at v € U and G'(v) — vI is invertible
forv >0 and I the identity matriz. There exists 7 in (0, 1] such that for all0 < 7 <

7,p(r) = v —7(G'(v) —vI) ' G(v) € U.

Proof. Since v € U, Apev(2?) > 0 foralli = 1,...,M and e € V(z). Let ¢g =
min{ Apevp(2'),i=1,...,M,e € V(z) } and let ( = ¢/8.

We claim that if |w — v|s = max{|w(z) —v(z)|,z € Qu} < (, then Apow(z?) >
0,i=1,...,M,e € V(x).

Indeed, for x € ), when z + e € ),
Apew(x) = w(x + he) — 2w(z) + w(z — he)
= Apev(z) + ((w — v)(z + he) — 2(w — v)(z) + (w — v)(x — he))

> Apevla) =46 > cg —4¢ = T >0,

where we used |w — v|s < (.

If 4 e ¢ Qp, using (1.7), we have w(z +€) = w(y) + (v +e —y) - ¢ for some g € Y
and y € 0Q),. We have v(z +¢) < wv(y) + (r + e — y) - ¢ and thus

w(r+e) —v(r+e) >wly) —v(y) > —C.

Similarly, when = — e ¢ €, we have w(x — e) — v(z — e) > —(. Thus, arguing as
above, for all e € V(z), Apew(x) > ¢o/2 > 0, which proves the claim.

Since |w — V| < C||lw — v]|| and
lp(7) = il < 7I(G(0) = v1) GO
we have
p(7) = vloe < Cllp(7) =] < C7(|(G'(v) = vI) [ IGO)| < ¢,
for 7 sufficiently small. Here, since v is fixed, ||(G'(v) — 1/[)_1H [|G(v)]| is a constant

independent of 7. It follows that p(7) € U for 7 sufficiently small. The proof is
complete. 0



Let #W denote the cardinality of the set W. Given A € R#¥W  we write A = (A\y)acw
by an abuse of notation, instead of the more familiar notation A = (\;);=1,. zw.

We fix i in {1,..., M} and for A € R#¥V@) et
Q) ={peRip-e< A, YeeV(a')},
where for simplicity we do not mention the dependence of Q(\) on the index .

Consider the mapping S defined by S(\) := fQ(/\) R(p)dp. For a given index j we are

interested in the variations of G;(v) with respect to v(z7), i.e. the derivative at v(a?)
of the application which is the composite of S and the mapping

7n}_}/\:(w(:v —I—ha)—w(x)) |
a€eV (z?)

h

where w is the mesh function defined by

w(z) =v(x),r #27, w!)=r

Let z;,i = 1,...,N € R% Let (rq,...,ry) denote the canonical basis of RY. Given
A € RY, define )
Q) ={zeR\z -z <\,i=1,...,N}.

Assume that the vectors z; are chosen such that the polytope Q()\) is bounded. We
will need the following lemma [6, Lemma 16].

Lemma 4.4. Let p: R — R be a continuous function. Define

S() = / p(p)dp

QM)
(1) If z # 0 for all i, S is continuous on R?.
(2) VR > 0, 3Qr C R? compact such that YN € RN, max; |N — \| < R implies

Q(\) C Qr.
(3) There exists a function ng : Rt — R satisfying lims_onr(s) = 0 such that

for allz,y € Qr, |p(x) = p(y)| < nr(l|z —yll).
(4) Letige{1,...., N}, A€ RN and t > 0. We have

1

(g()\ + try,) — S(/\)) = ;/O Gio (N + sri,)ds,

~ | =

(5) LetI1;, denote the orthogonal projection onto the hyperplane orthogonal to z;,.
Put Py(A) = H(QN) N{z € R,z - 2y = Ay, }). We have

PN ={yeRy -z, =0 andy-;(z) <N — N2 - 2o /||20| |7 # 40 }-

(6) Define px(y) = p(y + Nizio /|12 |*). We have [ 2ig|] 19:0(A) — i ()] < [As] +

|As|, where

A= [ () = p)dy

ig (A)

4y = /P - J—

Piy(V)
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(7) As X = A, [Ai] — 0 by (3) above and if the vectors 1l;,(z;) are non zero,
|As| — 0 using (1) above, giving the C' continuity of S.

Lemma 4.5. Let W be a set of non zero vectors which contains the canonical basis

of R with the property that for e and f in'V, e = rf for a scalar v if and only if

r = —1. Assume furthermore that W is symmetric with respect to the origin. Let R
be continuous on * and assume that for X € R¥W Q(\) C Q*. Then the mapping

A S(A) r=/ R(p)dp,
QM)
is C* continuous on { X € R¥W X\_, + X\, > 0,Va € W } with

oS 1 /
=7 R(p)dp.
O ||all QNN peR? p-a=\g }

Proof. Since W contains the canonical basis of R, the polytope Q()) is bounded.
Let e,a € W such that e # a. Let II, denote the orthogonal projection onto the
hyperplane orthogonal to a. By Lemma 4.4 we have

ILQMNN{zeR z-a=\,}) =
{yERday'azoandy'Ha(e) S)‘e_)\ae'a/||a”27e7éa}‘

Ife=—aX,—A(—a)-a/lla]]*> = Ao + As > 0 by assumption. We then have
trivially y - I,(—a) =0 < A_, + A,. Thus
IL(QMNN{zeR z-a=\,}) =
{yeRy-a=0andy-M,(e) <A — Aae-a/|la|]*,e ¢ {a,—a}}.

If e ¢ {a,—a}, e and a are independent which implies II,(e) # 0. The C*! continuity
of S follows as for Lemma 4.4 OJ

Recall that for = € Q,, V() satisfies the assumptions on W in Lemma 4.5. Define
forveU
v(z + ha) —v(z
D (0) () = ( h) (z)
Recall that dyv(z) = {p € R4 p- (he) < Ape(v)(x),Ve € V(z)}. Thus, if we put
A= (Mre(v)(2))ecv(z) We have

dvv(r) = Q).

We omit the dependence of A on x as it will be clear from the context.

Theorem 4.6. The mapping G is C' continuous on U for R continuous on .

Proof. By Lemma 2.3, for v € U, dyv(z) C Q* for all z € Q. Since elements of U
are strictly discrete convex, we have for v € U, A\p,(v)(z) + A_pa(v)(z) > 0 for all
r € Q. We note that the mapping vy, — vi(z') is C! continuous. On the other

hand, the mapping v, — wy (R, vy, {z'}) is the composite of S and the mapping
w . By Lemma 4.5 the functional G is C! continuous on
a€V(z?)

U. O

Vp
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For x € Q, and e € V(z) such that x + he ¢ Q,, we define

['(z + he) = argmin vy, (y) + ky (z — y).
yeIN,

A priori, I'(x 4 he) is multi-valued. We assume that for the implementation a unique
choice is made for pairs (x,e) such that © + he ¢ Q. If 2 + he € Qj, we put
['(x + he) = x + he.

Given i € {1,..., M }, dyv(z') and hence wy (R, v, {z"}) depends on z*, z° + he, e €
V(z') when z' + he € ), and on T'(x' + he) when z° + he ¢ ;. We have for
i,je{l,..., M}

(4.2) if 2/ ¢ {a' + he,e € V(2")},27 ¢ O, and j # i,
Owy (R, v, {x'})/0v(2?) = 0.
(4.3) If 27 ¢ {2" + he,e € V(2")},27 € O, and j # i,

dwv (R, {a'}) _ 3 ! R(p)dp.

Au(a)) e Jaontpera pheny=n,. )

elev(xt)
zi+he’¢Qh,F(zi+he/):zﬂ

For e € V(2%) and z' + he € Q, \ 9O,
owy(R,v,{z"}) 1

Ou(xi+he)  hlle]] /Q()\)ﬂ{peRd7p-(he))\he}
while for e € V(z') and z* + he € 99,

(4.4)

R(p)dp,

Owy (R, v, { 2
(4:5) 31)((ZEZ +{h6)}) B Z

1
- / R(p)dp,
e’ Jomng perd p-(he')=np. }

e/ eV (zt)
F(;ci+he/)=mi+he

where we also used I'(z? + he) = x° + he. That is, the sum in (4.5) also includes the
term on the right hand side of (4.4).

When z' ¢ 0,
(4.6) Owy (R,v,{z"}) _ Z 1

A R(p)dp.
du(a?) e el /czu)m{pew,p-(he):m }
Finally when z¢ € 09,
un 2teled s o / R(p)dp
v (x?) eV (i) hllel| QNN peR? p-(he)=Ape }
7l
+ PaTIVII R(p)dp
e,;@ hIEN] Jountpertphen=r,. }

z;+he' ¢Qy, (2t +he)=a?

R(p)dp.

1
> hllel|

e€V (x?)
T(zt+he)#axl

/Q(/\)ﬁ{peRd,p-(hE)/\he }
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Put

e =

R(p)dp.
hllell Jouynipertp(he)=ane }

Let A = (aij)ij=1,..m be a M x M matrix. A row i of A is diagonally dominant
if laii| > >, |ai;| and strictly diagonally dominant if the strict inequality holds.
A matrix A is said to be weakly diagonally dominant if all its rows are diagonally
dominant. A matrix A is strictly diagonally dominant if all its rows are strictly
diagonally dominant.

We will prove that for v in U, G'(v) —vI is invertible as a strictly diagonally dominant
under a condition on v and the constant w in (1.6)

Theorem 4.7. At each v in U, the matriz B with entries Owy (R, v,{z'})/0v(a?)
1,7 =1,..., M, is a weakly diagonally dominant matriz with B;; <0, B;; > 0,7 # 1
and ’B”’ = Z];ﬁz ’Bij’7 ’L,j = 1, RN ,M.

Proof. Note that the entries of B are computed from (4.2)—(4.7). This also shows
that B; < 0 and B;; > 0,5 # 4, 4,5 = 1,..., M. Recall that for a given index
i =1,...,M, and e € V(z%), elther xz—i—he € Oy or z; + he ¢ ) and when
T + he ¢ Qh, (x; + he) = z; for some x; € OQ,.

Using (4.6), we have for = ¢ 0Qy,,1 # 1

Owy (R,v,{z'}) ’ _
Ov(x?)

1

hllel| /Q()\)ﬂ{peRd (he)=Ape

/ R(p)dp.
Bllell Jomnt peraphey=rn. }

Possible non zero elements of row i correspond to those directions ¢’ for which z* +
he' € Q, and the directions ¢ for which 2' + he” ¢ Q;, but for which I'(z? + he") =
2l 2l € OO,7 # i. Note that when T'(z' + he’) = a7, the expression (4.5) of
0G;(v)/Ov(27) takes into account all directions €' for which T'(x* 4+ he’) = ;. Recall
also that by assumption I'(z° + he;) = (2% + hes) only when e; = es.

We claim that, if 2 ¢ 0Q,

R(p )dp‘
eV ()

GV(

(4.8)

dwy (R,v, {z'})|
Ov(z?) ‘ B Z

awV(Ru v, { xi }>
o Ov(x?) '
Let e € V(x'). If 2 + he € Q, \ 02,, we have L, = dwy (R, v, {x'})/0v(z" + he) by
(4.4). If ' + he € O, dwy (R, v,{z'})/Ov(z* + he) is the sum of L. and positive
terms by (4.5). If z° + he ¢ Qp, dwy (R, v,{x"})/Ov(2?) where 27 = T'(z + he) is
also the sum of L. and positive terms by (4.5). We conclude that 3 cy i) Le <
Zj;ﬁi awV(R, U, { $i })/(%(ac])

On the other hand, by (4.2)-(4.5), either dwy (R, v,{x"})/0v(z?) is a sum of terms
Le,e € V(x),T(2" + he) = 27 or Owy (R, v,{x"})/0v(2?) = 0. Since T is one-to-one,
we obtain 3., wy (R, v, { 2" })/0v(a’) < 3"y (y) Le. This proves (4.8).
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If ' € 99y, we have using (4.7)

Owy (R, v, {2 1
dv(x?) hlle| QNN peR® p-(he)=Ape }

ecV (z?)
[(zi4he)#zt

If T'(z' 4+ he) = 27 and j # i, then ['(z' 4+ he) # x'. The same argument as above
then shows that (4.8) holds when z* € 9€2;,. This shows that for all i,5 = 1,..., M,
|Biil = >4 |Bijl- [
Theorem 4.8. At each v in U the matriz G'(v) — vI is invertible for v > —w where
w < 0 is the constant in (1.6).

Proof. Let D be the M x M matrix with D;; = 0,7 # land D;; = —w,4,j =1,..., M.
Put A = G'(v) —vI. We have A = B+ D — vl where B is the matrix from Theorem
4.7. Recall that B;; <0, B;; > 0,5 # ¢ and |By| = Z#i |Bijl, i, =1,..., M.
Since w < 0 and v > —w > 0 we get |Ay| = |By1 —w—v| = =By +w+v =
|Bul+w+v=> Byl +twt+v=>3_,[Ayl+tw+v >3 Ayl

Let 1 < ¢ < M. We have A;; = B;; — v. Thus |A;| = =B +v. If B = 0, then
A;; = —w. We have

D 1AGl =1Aal+ Y Ayl = [wl+)_ Byl = —w+|Bis| = —w—Bi; = |Ai|-v—uw.
J# j¢{di1} J#i
It follows that [A;| — >, [Ay| = w+v > 0 since v > —w.
If1<i< M and B;; # 0, then A;; = —w + Bj;. Since w < 0 and B;; > 0, we have
|Aj1| = —w+ Bjy. Also, for j #iand j # 1, A;; = By; and |A;;| = |Bi;| +v. We have

|Aiil =Y 1Al = [Bal + v = > Ayl — |Aal = |Bul +v = |By| — |Aa]
i gt part

= Z |B¢j|+V—Z |B”|—|A11’ = I/+|Bil|_‘Ail‘ = V+|BZ'1’+’LU—B“ =v+w > 0.

i i
Jj# 7

We conclude that G'(v) — v is a strictly diagonally dominant matrix and is hence
invertible. This completes the proof. ([l

Theorem 4.9. The mapping G : U, — RM s proper for w < 0.

Proof. Let K be a compact subset of RM. Since G is continuous by Lemma 4.6,
G7Y(K) is closed. As K is bounded, there exists a constant C' such that for v €
G 1K) we have ||G(v)|]| < C. Since for i = 1,...,M, G;(v) = wy(R,v,{z"})
— Jo , f()dt —wv(z') we obtain

ful o)) < 6@+ (R D+ [ 0@ <G+ [ Rwdp+ [ o

It follows that for v € G7Y(K), we have |v(z!)| < C/|w| for a constant C. Using
Lemma 2.2 we obtain for x € Q;, and v € U, |[v(z)] < |v(z!)] + Jv(z) —v(z!)] < C.
This shows that G7!(K) is a bounded subset of U.. We concluded that G7!(K) is
compact. ]
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We can now give the proof of Theorem 4.2.

Proof of Theorem 4.2. The result follows immediately from Theorem 3.1, Theorem
4.3 and Theorems 4.6-4.9. U

Theorem 4.10. There exists a solution to (1.9).

Proof. Taking limits of solutions to (1.8) as w — 0, we obtain a solution to (1.9). O

Remark 4.11. To combine (1.5) with the unicity condition u(z') = 0 in a single
equation as for (1.6), we need w # 0. That then required v > —w > 0.

Remark 4.12. [t is possible to prove convergence rates for the damped Newton’s
method better than the ones in Theorem 3.1, with further regularity assumptions on
the density R as in [5]. We wish to do that in the more general setting of generated
Jacobians.

Remark 4.13. Theorem 3.1 does not guarantee a fast decrease of the error. For a
fized §, it may be possible to have iy, large. In fact, iy, may depend on the iterate v¥.
Since G'(x) — v1 is invertible for all x € Qp and v > —w, it should be possible as in
the proof of [6, Proposition 24, step 2| to prove that i), depends continuously on vy

and use a compactness argument to get a uniform bound on iy.
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